Nonlinear kinetic Fokker-Planck equations as gradient
flows of the free energy
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Abstract We consider nonhomogeneous kinetic equations that involve a free transport
operator and a diffusion of porous medium type acting on velocities. The main novelty
is a gradient flow interpretation of dynamics driven by an interplay of conservative
and dissipative effects. We rely on a notion of discrepancy adapted to a phase space
of positions and velocities, built upon second-order characteristics obeying Newton’s
laws. The equation appears as the steepest descent of the free energy functional. We also
prove that approximate solutions constructed with an implicit Euler scheme converge to
a solution of the kinetic equation. Thus, we generalise to a family of nonlinear kinetic
equations the celebrated JKO scheme in mass transport theory. Most of our results are
new even in the case of the linear Vlasov—Fokker—Planck equation.
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1 Introduction and main results

For any m > 1, we consider the nonlinear kinetic Fokker—Planck equation

atf"'U'fozvv : (f (Vupm(f)+v)) (1)
for t > 0, over the phase space I" := R? x R? 5 (x, v) of positions and velocities, where
f is a nonnegative distribution function and

Pul(f) = = !

is the pressure variable. With P;(f) = log f, the case m = 1 is the linear Vlasov—
Fokker—Planck equation corresponding to the second-order Langevin process. Equa-
tion (1) admits a Lyapunov functional, namely the free energy ¥, given by

— 1 L)
Foulf) = //F(m Pulf)+ 5 I ) fdxdo.

Indeed, for a smooth solution of (1) with sufficient decay properties, we have

STl ) == I = = [[ 9Py 4o fasao <0,

where 7,,,(f) denotes a generalized Fisher information functional. Characterising the
nonhomogeneous kinetic equation (1) as a gradient flow of the energy 7, requires a
notion of discrepancy, tailored on the second-order nature of Newton’s equations

x'(t) =), V(1) =F(x(1),0(1))

associated to a force field R* x I' 2 (¢,x,v) — F;(x,v) with values in R4, On a finite
time interval [0,7] > ¢, a curve of measures (u,), subject to a measurable force field
(F;), with values in L2 (u;; R¢) gets transported according to the Vlasov equation

i +v- Vo + Vo - (Frp) =0 in D'((0,7) xT). @

Let #,(I") be the set of probability measures y on I with ffr (|x|2 + |v|2) du < o0, As
in [6], given u, v € Po(I") and T > 0, we define

T
d>(u,v) = inf T/ F?, . dt, po=p, =v, 3
7 (1, v) it T 1Felliz ) Mo =H, HT

by minimising over all admissible (u;, Fy); to (2). In [6, Theorems 1.4-1.7], dy -regular
curves of measures (u, ), are identified with solutions to (2) and

dn (tes frsn)

, .
= lim
|ﬂt |d h0, h
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is well defined for almost every ¢t. We shall write ¥, (u;) = +o0 and 7,,,(u;) = 400
if u; is not absolutely continuous with respect to Lebesgue’s measure. For a smooth

function f, wehave V, - (f VP (f)) = Ap f™, ﬁVqu(f) =0 Vo (f™1/2) and

1(h) = [[ (@Y OGP g -2d ) asa @)

which are relevant quantities for nonsmooth solutions to (2). Nonnegative weak so-
lutions f € L (R*L'(1+ [v[%,I")) N L™ (R*;L™(T")) have to be understood in the
distributional sense and written in terms of f and f™ only. See Lemma 1 in Section 2

for details and consequences. With these conventions, we can state our first main result.

Theorem 1 (Chain rule for the free energy and gradient flow) . Ler m € [1,3/2]
and T > 0. If uy = f(t,-,-) is in P(T) for a.e. t and solves (2), with fOT (Fon () +

Im(,u,))dt+f0T ||F,||i2(# ) dt < oo, then, for anegligible set A C [0,T] and a.e. (a, b) €
([0.T)\ A)? with b > a,

b
Tm(/vlb) - Tm(ﬂa) = / //rFt : (Vqu(Ht) + U) Mt dx dv dt
‘ (5)

S /b (113 + L)) .
= 2 p tld

Equality in the inequality of (5) is attained if and only if f is a solution to the nonlinear
kinetic Fokker-Planck equation (1) on the time interval [0, T]. Moreover, in this case,

|luila = Zm(pte) - (6)

In other words, among solutions of Vlasov’s equations, all curves of maximal energy
dissipation (Fisher information) solve (1). Our proof crucially relies on convexity proper-
ties of the Fisher information, which are only ensured under the conditionm € [1,3/2].
Next, let us consider a second-order version of the JKO scheme.

Theorem 2 (Minimising-movement scheme and maximal dissipation) .

Let m > 1. The scheme starting at ,u(()h) = po € Po(T) with Fp, (19) < o0, and

(h) . Y
2 <agmin (70 + 5.3 )| g

is well-posed for any h € (0,1) and k € N. The piecewise constant interpolations
(ut(h)) , are relatively compact in L] (R*;L'(I")). Up 10 the extraction of a sequence,
any limit u = limy 0, " solves (1) in D' (R* x T') with initial datum . Moreover,

if m € [1,3/2], u dissipates the energy maximally, in the sense that (5) is an equality.

One crucial point of our scheme (7) is strong compactness, which we establish
by extending the L'-contraction argument of [19] (also see [22]) beyond the case
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of bounded domains. Contraction entails uniform equi-continuity with respect to x-
translations, while the Fisher information 7,,, bounds the oscillations in the v-variable.
Thus, we control the relevant nonlinear quantities along the scheme and identify limit
curves u with solutions to (1). The threshold m = 3/2 does not play a role here, as 7,
is lower semicontinuous in the strong topology for any m > 1.

Moreover, we prove that limit curves produced by the scheme satisfy some reverse
form of Inequality (5) for any m > 1, see (55). When m € [1,3/2], the maximal
dissipation property of Theorem 1 follows, i.e., we have equality in (5). This gradient
flow interpretation of (1) is new, even in the case m = 1, and the strong compactness
for (7) may be of independent interest.

Equation (1) is probably an oversimplified nonlinear kinetic equation for significant
applications in physics. However, the gradient flow property not only makes sense in
a functional framework of mathematical interest, but also admits an interpretation in
mechanics that may apply in more realistic models.

Let us conclude this introduction with a brief review of the literature. The JKO
scheme [20] (also see [27, Section 4.4]) characterises the linear Fokker—Planck equa-
tion as the maximal dissipation flow of the free energy according to the Wasserstein
distance. This property was formally extended to nonlinear diffusions by Otto’s calculus
in [23] and later justified as a gradient flow in [3]. In linear diffusion models, adapted
free energy functionals and distances can be chosen simultaneously [10]. Minimising-
movement schemes for kinetic equations appeared in [16, 17], and later in [4, 12, 11].
For the classical alternative of splitting schemes, we refer to [24] and references therein.
Various notions of optimal transport distances adapted to Newton’s laws have been
considered for instance in [17, 16, 15, 4, 6, 21], which also play a role in Wasserstein
stability of solutions to Vlasov’s equation, including mean-field forces, Poisson kernels
and Fokker—Planck diffusions in velocities (see, e.g., [ 18] and references therein). Such
an approach has interesting consequences for large time asymptotics, uniqueness, par-
ticle approximation and propagation of molecular chaos, which are out of our scope.
However, we can refer to [21] for a recent numerical implementation with m = 1, with
or without self-consistent mean field Poisson coupling. In this paper, we rely on the
kinetic optimal transport discrepancy dr of [6] in order to characterise (1) as the flow
of maximal dissipation of the free energy for m > 1. The restriction m < 3/2 appears,
for instance, also in [14]. Apart from [1], which is devoted to a model of granular media
with a different approach, our gradient flow interpretation is new in kinetic theory, even
in the linear case m = 1, while the (weak) convergence of (7) is already known from [12]
if m = 1. The first key ingredient is the chain rule, introduced in [3, Chapter 10, pp. 228
& 233 (E)] in the context of Wasserstein gradient flows. The proof via regularisation by
convolution originates from [ 13, 8] using the Galilean group as in [28]. The second key
ingredient is strong compactness for (7), as discussed above. Similar considerations,
adapted to a splitting scheme, are also crucial in [5].

This paper is organised as follows. Theorem 1 is proved in Section 2. The proof of
Theorem 2 is split into two sections: convergence of the JKO scheme to a solution to (1)
in Section 3; maximal dissipation in the range m € [1,3/2] in Section 4.
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2 Chain rule for the free energy and gradient flow

This section is devoted to the proof of Theorem 1. Without further notice, we shall
assume that all corresponding assumptions are satisfied.

Step 1: Regularisation via Galilean convolution. Let (u, F) = (u, F;); be as in
Theorem 1 and denote by f; the density of u,. We extend (in time) the force field F
by 0 outside [0, 7] and then extend f by solving (2) for all times. Let y/ be a smooth
probability density supported on [—1,0] with ¢ > 0 on (—1,0) and for € € (0, 1), let
us consider the mollifier on R X I" defined by

1 (t) o (xPoP)

Ne(t,x,0) = aona Yz

Inspired by [28], we regularise f and F by
f€i=7ie*f and FE::(UE*(Ff))/fe (8)

where the Galilean convolution x is defined by

(ne * f)(t,x,v) :=‘[R//Fne(t—s,x—y—s(v—w),v—w)f(s,y,w)dydwds.

According to [6, Lemma 4.9], (f,€, Ff); then is a smooth classical solution to (2) on
R x I'. Moreover, it is a strong approximation in the sense that /€ and f€F€ converge
strongly in L' (R;L'(T")) to f and fF respectively. Passing to a vanishing sequence

loc
of €’s, we may also assume that the previous convergence holds a.e. in (¢, x, v) and, for

ae.t,inL! (). Again following [6, Lemma 4.9], we have

T T
[V eyt < [ 1F R ©)

T T
lim/ //|x|2ff dt:/ / X2 du, dt,
€=0: Jo r 0 r

T T
lim/ //|v|2f; dt:/ //|v|2dm dt.
€—0; Jo r 0 r

By (9), \/f€F€ is bounded in L2((O, T) x F) and, up to the extraction of sequences,
converges weakly to some limit G. By strong L? convergence of 1/f€ to \/7 and strong
L' convergence of f€F€ to fF we readily have fF = \[fG, , G = \[fF. Weak L?
convergence of y/f€F€ to \/7 F is in fact strong because of the convergence of the L?
norm deduced from (9). Hence, we have

s |77

for any € > 0 and

(10)

=0. (11)

L2((0,T)xT)
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By the same reasoning, from the second condition in (10), we deduce, after passing to
a subsequence if necessary,

32&””(\/]0_5—\/?) 207y =0 and 6121(}+[/I:|U|2f‘t6 =[/F|U|2dﬂt (12)

where the second equality holds for a.e. .

Step 2: Bounds in free energy and Fisher information. We rely on Jensen’s inequality
and on the data processing inequality: integrated convex functions decrease under
convolution. See for instance [9, Chapter 2]. If m > 1, using the data processing
inequality and letting € — 0, gives

m S m : 1 s m m
0y < Tt Ly < Timsup - /R () WfimsW s = 1l
for a.e. t, where the first inequality holds by Fatou’s Lemma. For m = 1, we can argue
similarly, using second moments (see for instance [20]) to bound the negative part of
f€log(f€), and Fatou’s Lemma. Using again (12), for any m > 1, we obtain

lirrol Fn(uif) = Fu(uy) forae.te[0,T]. (13)

Next, let us turn our attention to the Fisher information 7, ( f;) which is more delicate.
First of all, to define 7, ( f;) rigorously via (4), we shall use the following lemma (whose
standard proof by approximation is left to the reader).

Lemma 1 Leta € (0, +0) and let L be a homogeneous first-order differential operator.
Ifg € Ll () is nonnegative, Lg € L} ("), and g* ' Lg e L} (), then

loc loc loc
L(g")=ag"'Lg.
Applied with L. = V,,, f = g% a = 1/(m — 1/2) and m € [1,3/2], if f € L" (),
and V,(f™"1/2) e L2 _(T"), then

loc

va — m—11/2 f3/2—m Vv (fm—l/Z) c Llloc(r) )
The key observation now is that the function

23X 12 if s > 0,
RxRY5 (5,X) - O(s,X) :=4{0ifs=0and X =0, (14)
+o00 otherwise,
is jointly convex and lower semicontinuous for 1 < m < 3/2 (and actually only in this

range for m). Our assumptions on the curve f then ensure that V, f~1/? is L2, and
thanks to Lemma 1, the identity
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holds for f = f; and a.e. t. Recalling that we interpret \/f V, P,,,(f) as Fy) v, fmol2,

we write
2
m? //rg(f, Vof) = ”‘/?VUP”!(f)|’L2(F) :

These considerations lead to the following.

Lemma 2 For any a and b such that 0 < a < b < T, we have

. 6 i _
iy | OePa )+ N = (9P 0T =0 09
In addition, for any fixed € > 0, there is a constant C(T, €) > 0 such that
b
/ / IViPm(fOI fE€dxdvdt < C(T,€). (16)
a r

Proof. Thanks to (12), to establish (15), we just need to prove that /f€ V,P,,(f€)
converges to y/f V, Py (f) in L?((a, b) X T). By (8) and Lemma 1, we have

t+e€
V,fe(t,x,v) :/ ”//ne(t—s,x—y—s(u—w),v—w) Vuf(s,y,w)dydwds.
t r

We now apply Jensen’s inequality to the function ® defined in (14) and deduce from
the assumption fOT 1, (f) dt < oo that

/ / Vo Pou(FI £€ dx dvdr = / f/@(ff Vo ) dx dodt
<m /b+6//®(f Vo f) dx dvdi = / //w Pu(f)P fdxdvdi+o(1).

This implies that \/f€ V,P,,(f€) is bounded in L? and since (f€)™!/? converges to
Fm12in LY 0m=1/2) ' the weak limit of \/f€ V,P,,(f€) necessarily is \/7VUPm(f) =
m—Ll/Q V, ™12 But thanks to (17), we see that the convergence is in fact strong. This
completes the proof of (15).

an

To show (16), we proceed in a similar way, except that the derivative with respect
to x acts on the mollifier. More precisely, according to [28, p. 6], we have

fof(t,x,v)=/t+6 /F(Vynf)(s,y,w)f(t—s,x—y—s(v—w),v—w)dydwds.

Using the homogeneity of ® and Jensen’s inequality again yields

/ab//r(a(ff,vxff)dxdudt < (T+E)Z"H[j//F@)(nf,vxnf)dxdudt = C(T,e€)
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which is finite for fixed € > 0. This proves (16). O

Step 3: Chain rule for regular solutions. Thanks to (17)-(16), the Wasserstein slope
(see [3, Theorem 10.4.13]) of F,, satisfies

// Veo Pun(f€) = (0.0)* £€ dx dv = [0F (f€)> € L'(0.T)
r
and 7, is convex along Wasserstein geodesics (see [3, Section 9.3]). At the same time,

(u€), is a 2—absolutely continuous curve in the Wasserstein distance. According to [3,
p- 233], the chain rule applies for a.e. t € (0,7T), that is,

d
ST = [[ (TP 0+ (TuPa(r) +0) - FE ) v, (18)
r
The first term in the right-hand side, however, vanishes thanks to Stoke’s theorem.
Indeed, the function V,P,,(f€) - v f€ is integrable on I" for a.e. t € (a, b). Then, if

(@n)nen is a sequence of smooth and compactly supported cut-off functions such that
¢, = 1 on centered balls of radius n, we obtain

//Vme(fE)-vadxdvz lim //goanPm(fe)-vffdxdv
T n—oo T
-~ lim ﬂVx¢n'v(fe)m dxdv =0
r

because the field v (£€)™ belongs to L' (T") for a.e. € (a, b). Taking this observation
into account, we integrate (18) over the interval (a, b) to get

b
T =) = [ [[ (uputry+0) - Fepeaxavar, a9)
a r
which is (5) for the regularised pair (f€, F€).
Step 4: Conclusion. The equality in (5) is proved by passing to the limit € — 0,

in (19), thanks to (11)-(13)-(15). Since (V,P,,(u;) + v) is a v-gradient (precisely, in
the L% (u)-closure of gradients of smooth functions), we may write

b
Fo41) = Fonlha) = [ //F (VoPu(jar) +0) - (Fy +Go) oy dedods

for any G, € L2(u;;R?) with V,, - (G; ;) = 0 for a.e. t € (a, b). We apply Young’s
inequality

/ab //r (VoPum(ps) +0) - (F; + Gy) py dx dv dt
b

1 2
>3 [ (1R Gl + Tt ) o
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take the infimum in the right-hand side over all (G,);, and obtain the norm of the
projection of F; over v-gradients, that is, |u/|q, by [0, Proposition 5.23]. This proves (5).

Equality is achieved if and only if the two fields F; and V,P,,(f;) + v are opposite,
up to adding a force field (G,), such that V, - (G, u) = 0. In this case, (5) holds with

lkila = IVo P (fe) + 0llL2 () = Zm (1) -

3 Strong convergence of the minimising-movement scheme

All computations are performed for m > 1, but, with minor changes, can be extended
to the linear case m = 1.

Step 1: Basic estimates for a JKO type scheme. Let /2 € (0, 1). On the phase space T,
the transformation
Gn(x,v) = (x+hv,v), (x,v) el

preserves Lebesgue’s measure as well as the velocity marginal. As a consequence we
have F,, (1) = F(Grap) for every u € P,(I'), where Gp#u denotes the push forward
of u through Gj;,. Following [6, Section 3.1], one can rewrite dfl defined by (3) as the
value of the optimal transport problem

d?(u,v) = inf //rxrch((x,v),(y,w))dy((x,v),(y,w))

yell(p,v)

where I1(y, v) is the set of probability measures on I' X I with marginals u and v, and

tlw—of? =|(ow) - Gu(x, o). (20)

h 2

Ch((x, U),(y,w)) =12 |y—x U+w|2

Here, the squared norm | - |fl on the phase space is defined by

|(a,b)[} =12 a_bf
R A

2
+[b? = |An(a, b)), with Ap(a,b) = (T‘Ba - \/§b,b) .

The cost function cj, appears for instance in [15, (4.1)]. With this notation, we have

a7 (11, v) = Wi (Grapts v) = W2 ((An 0 Gn)apt, Apsv) 1)

where W), is the Wasserstein distance associated with the norm | - |;, and W is the usual
2-Wasserstein distance. See [15] for details. Notice that the scheme (7) may also be
written as

. 1
1" € arg min {Tm(V) +— W2 (Qh#u,(f’),v);, keN, u”=py. (2
vePy () 2h
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Standard lower semicontinuity and convexity arguments ensure that this scheme is
well-posed, and the explicit form of the cost c;, guarantees the uniqueness of an optimal

transport plan y(h) € H(u ,((h) , y,(fr)l) for the cost c,. We define the piecewise constant

in tzmemapt0—>,ut( )by
w =" re (kb (k+ )R], keN, p"(0) =g

Taking gh#ﬂjf’) as a competitor in the minimisation (22), we have

Fou (1) + 517 W2 (G 112 < o (Gror”) = 7 (") . 23)

and, in particular,
(h)
max Fm (,uk ) < Fm (po) - (24)

Let us fix a time horizon 7 > 0 and define N = [T/h]. Summing (23) over k and
using the fact that ¥, is nonnegative yield

N-

N-1

1 n  (h 1 n  (h
> 57 Wi (Guen ) = 57 2o (1) < o). @9)
k=0 k=0

Since moments in velocity are bounded by (24), we have
W (. Gul) <€, ken,

Together with the crude inequality W? < 2 W,zl and (25), we obtain

N-1 N-—

Z4 ﬁ (/‘ih)’#/(i)l) ‘5% 2, (h2 + W, (gh ui’”,ufffl)) <¢.  (26)

—_

for some constant ¢ depending on 7. In what follows, the constant ¢’ may change from
formula to formula but stays independent of 4. As a consequence,

W( (h),uih))<<€\/|t—s|+ 0<s t<T. 27)

Finally, using the triangle inequality, Cauchy—Schwarz, and (26) we get

2 4 (h) 2 2 (h)
d <2 , dug +2 w ( s )
cea N}//I(x v)|”dpy, /Fl(x v)|” dpo cemax W ko 1y

..........

- 2 N-1
I h h h
s%+z(zw(#§(1>,#;{+>l)) SE+2N Y W (#i),uiﬁ) <¢. (28)
k=0
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Step 2: Euler-Lagrange equations and approximate nonlinear kinetic Fokker—
Planck equation. Let S(h) ( [S](!”]1 , [S (h)]z) be the dj-optimal transport map

k
(h)

vs O ,u( ). For every smooth vector field V: I" — T, the first variation

d+
[Tm ((1d +e€ V)#u,(fi)l [/ cnd S(h) id+e V) #u,(cﬁ)l]
<

(with cj, given by (20)) at e = 0 is nonnegative Therefore, tedious but standard com-
putations (see, e.g., [20, 7]) yield ,uk+1 f dx dv with f™ € W-I(T") and

5002 (U7 2

from pu

f 6 f
(h) Dy (f™) @
[Sk (y,w)]2=w+h T+w ,
with Dy, = % Vx +V,. By plugging this in the cost, we obtain
2 (h) (h) ") ()
dj Hics1 [/ Cr d(Sy"id)wmyy
V my |2 D m
/ DGR gy ] 22 >+w) w60
r
v (f’”) ’
Uf +w’ du,((}i)l ,

where the inequality is obtained from “72 < %2 + (a + b)?. By Lemma 1 applied

witha =1-1/(2m) and g = ™, we find f’”‘% € Wll(;CI(F) and we can write
1 1 m
S L") = —
f \/? m—1/2

In particular,

L(fm‘l/z) , forbothL =V, and L =Dy. G

h? _ .
(" wil) = G [[ (B2 19 PP 0 £ =209, dv
h? _
= (@ Fam PP g =2ap7) dvdo= 1, (1) . 32
where integration by parts can be proven using f € L™ (I"). Setting

m m—1/2
F" :=—(%+u)=-(m_’"l/2m({/? )+v), au\", = fdxdo (33)

for any 7 € (k h, (k + 1) h), Equation (30) gives
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Uoofa o L O e
20 () = 5 /k IRy (34)

Combining (32), (34), and (25), we deduce

T T
/0 Hth)Hiz(“;h))dH/O Lu(u\")dt <%

b4

-1
(h)  (h)
@ (1" 1) <€, G9)

| -
I
(=)

n

Letn € D((0,T) xI'). Using the fact that p(h) (S,(ch)) :“1(:31’ we have

[ Joa a5 [rnratu i)
:]:Z:_; //r(" (k) =tk b)) duag?)
:NZ// ”n(kh 3 (s(’“) ) R(h)) anl”, . (36)
k=1

where the error term R](ch) in the second-order Taylor expansion satisfies
h 1 h P
R < S 10?7l | 5 - id
Writing 1y := n(k h, -) and, once again, /Jk_H f dx dv, we observe that, by (29),
(h) (1) n (1)
- FVxnk‘([Sk ]l—y) ey =\t | )Vt - w ity

hZ ) m /’l3 .
- — div, (Ving) f™ dx dv - — Ayni fMdx dv,
2 JJr r 6

whence, recalling (24), and allowing % to depend on 7,

‘// R [S“ y+hw)du(h)

Furthermore,

<CH T (i) < €1 6D

1 ) |
215 il <1 =G0 S g + 100 7 =il )
< ||1d - gh”iz(u(h)) + 2//“6}1 ° S]((h) _ ld”i dﬂ]((}j.)l

h h h J h
: h2//||v|| d'u( )+2d2 ('“l(c )’”I(c+)l) 3 (h2+d2 ( . “1(<+)1))
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where we used y,((h) =S ,(ch>#y](fi)1 ,and |-]> <2 |%l in the second line, and the optimality

of S,((h) and (28) in the third line. By (25), we obtain that ZkN:]] /fr |R,(<h) | dﬂ,(clfr)l <% h.
Hence, using (36), (37), and (29), we obtain

T T
/ //a,ndu}’” dt:—/ //vxn-udu,(’” dt
0 r 0 r
T
—/ [/VUU~F(”) du™ dt +0(h) .
0 r

In other words, we have shown that, in the distributional sense,
o™ 40 Vo™ 4, (F<h> ;Nl)) —0 ash—0,. (38)

In conclusion of this step, observe that the vector measure Q" := F() (") is bounded
in total variation uniformly in &, because, by the Cauchy—Schwarz inequality and (35),

T T
107 lIrv =/0 ||Fz(h)||Lu(ﬂt(m)df S/o ||Fr(h)||L2(ﬂj">)dt <. (39)

Step 3: L'-contraction and L' -equicontinuity in x.In [19], an L!-contraction principle
is established for JKO steps which, in particular, implies the following. Given R > 0
and absolutely continuous probabilities ; and u, supported on Bg, and denoting by

vi = argmin {Fn(v) + 5 Wiuv)}, i=1,2,
VGPz(r)
supp(v) CBr

we have

(v = v2)+lli ey < 1 — )+l (Bg) -
Let us briefly explain how to to extend this principle to the full space by approximation
and ['-convergence arguments. Let y; be in P,(I') N L1(T), let (R,,),cn be a sequence
of radii such that R,, T oo and y;(Bg,) > 1/2, and let ' be the normalised restriction
of u; to Br,, i.e., u'(A) = u;(ANBR,) /i (BR,). For v € P»(I'), define the functionals

Ji(v) = Fm(v) + ﬁ W2(ur,v) if supp(v) C Bg,,
l e otherwise,

and denote by v!' the minimiser of J!'. It is easy to check that the sequence (J]'),en
I'-converges to 7, + ﬁ W}Zl (i, -) as n — oo for the narrow topology (to construct re-
covery sequences, one can use the same approximation by restriction and normalisation
as in the definition of u'). This entails narrow (in fact, weak L") convergence of v} to
a minimiser v; of %, + 55 W2(y;, ). By the L!-contraction principle of [19],

104 = v)llLi(Br,) < 1] = 124 llLr (B, -
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and, since ' converges to y; in L! and using the weak lower semicontinuity properties
of the left hand side, by passing to the liminf, we readily obtain the desired inequality

IO =v2)ellui ey < (1 = #2)+ Ml () -

In our JKO scheme, recall that uliﬁ)l is obtained from p,(ih) through (22). For § € R¢,

set 75(x,v) = (x — &, v). The invariance of ¥, by horizontal translations gives

, 1
Ton u\) = aregpnzlrr)l {Tm(V) 5 W, ((Ta o Grupl”, V)} ,
veP

which, combined with the above L!-contraction principle and the commutation of Gy,
with horizontal translations, yields

[[s4 'ul(c}i)l - ”I(:—)IHL‘ @ = (75 o gh)#”l(ch) - gh#/‘ll(ch)“Ll = ”75#1“1(<h) - /ll(ch)”Ll (T’

so that for all k and all 6 € R?, we have

7o #,ih) - /'l]((h)HLl @ < Bo(6) = |74 1o — /JO”LI -

We have thus shown that

ililo) |7s# ﬂ;h) - ,Ut(h)”Ll(l—) < Ap(d). (40)

Since g lies in L' ("), we have lims_,0, Ag(6) = 0.

Step 4: Strong L'-compactness. We are going to show that (") is relatively compact
inL!((0,T)XT). To this end, we will make use of the refined version of the Aubin-Lions

compactness Theorem due to Rossi and Savaré [25]. Notice that, in addition to the con-
tractivity (40), we have a uniform bound C on the moments sup, ¢ 1 ffr [(x,v)]? d,u,(h)

by (28), as well as on /OT I, (,uih)) dt thanks to (35). Define K as the set of func-
tions f € L! N P,(T") that satisfy

//|(x,v)|2fdxdv£C, If 075" = Fluiry < B0(8) VoeR:, (@)
r

and set
In(f) iffeK,

Hmlf) = {+oo if f e L)\ K.

We have
T
sup/ Fm (,u(h) (t)) dt<C
rn Jo

and W (1™ (2), u™ (5)) < € [t — s| + h for any (¢, s) € [0,T]? by (27). If we prove
that sublevel sets of ¢, are relatively compact in L!(T), [25, Theorem 2] will enable
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us to conclude. To this end, we will invoke the Riesz—Fréchet—Kolmogorov Theorem on
a sublevel set of _#,,. Indeed, it follows from the uniform moment bound that any such
sublevel is equitight, and we already have equicontinuity for x-translations thanks to the
second property in (41). There only remains to prove equicontinuity for v-translations.
Fix a sublevel set S of _#,,,. There exists a constant Cs such that ||V, f m=1/2 lL2ary < Cs
for all f € S. Fix one such f. Denoting g := f™ /2, one can express f = g2¢ for
the exponent 6 = 1/(2m — 1), which is smaller than 1 since m > 1. For every § € R¢
and R > 0, denoting by Bg the ball of radius R centered at 0, it follows that

// | f(x,v+06) — f(x,v)| dvdx
BrXBRr

= // |g(x,v+5)9 - g(x, v)9| (g(x,v+6)6 + g(x, v)g) dv dx
BrXBR

_ 0 0 0
S//BRXBR lg(x,0+0) —g(x,0)|? (g(x,v+6)? +g(x,0)%) dvdx

02 1/2
<2|Bg|'"? ([/ lg(x,v+6) — gl(x, v)|2dvdx) ([/gzs dvdx)
BRXBR r
/2 12
<2117 |Bg|1~* ( I |Vv(fm-”2)|2dvdx) ( J[ra dx) < Cr(Cs161)°,
r r

where we used the fact that 6 < 1 in the third line, and Holder’s inequality with
exponents 2/(1 — 6),2/6, and 2 in the third line. Therefore,

6 - -2
1£ (.64 = fllury < Cr (Cs l6)* + € (R + (R-16)) )
for R > |6], which yields the desired v-equicontinuity.

Step 5: Limit points solve (1). Let 1 be a L! (R*;L!(I"))-limit point of x".
We observe the following. First, thanks to (27) and the refined version of the
Arzela—Ascoli Theorem from [3, Proposition 3.3.1], we may assume that yu €
CO12([0,T], (P2(I), W)) with

lim sup W(yt(h),,u,)zo.
h=0: t¢[0,T]

In particular, 4(0) = po. Secondly, by indentifying 1V and u with their densities with
respect to the Lebesgue measure, we have /u® — /i in L((0,T) x T'). Thirdly,
by the uniform bound (24) on the L"*-norm and the Dunford—Pettis Theorem, we may
assume that (,u(h))m_l/2 converges weakly to x~1/2 in L ((0,T) X w) for all bounded
domain w c T. Lastly, by (35), we may also assume that F ") y/u(") converges weakly
in L?((0,7) x I'; R?) to some function G.

From the previous observations and using (33), we obtain, for any test function n €
D((0,T) xT),
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(n.G) = lim (ﬁ/z (Dum, (uMym172) - <v 7. A >)

i (Vorn, p" 2y — . vy,

hence
G =~ (525 Volu™ ") +uyi) .

In the light of (38), and again by the three convergences observed above, for any test
function 7, we find

0= lim (((c% +v- V) u™)+ <an IO NN >)

={( +v- V)0, 1) + (Vo V. G)
= <(at +v- Vx) n, ﬂ> - m—Ll/Z <VU77’ Vv(:um_l/z) \/ﬁ> - <an’ UH) ’

which is the desired conclusion.

4 Maximal dissipation for m € [1,3/2]

Now we assume that m € [1,3/2] and fix an horizon 7' > 0. We know from Section 3
that we may assume that the family V) constructed by the JKO scheme converges in
L! ((0,T) x I') and uniformly in time in Wasserstein distance to some y. The goal of
this section is to prove that u dissipates the energy maximally.

Step 1: De Giorgi interpolation and discrete energy dissipation. We first need to
improve (23) into a sharper discrete energy dissipation inequality. To do so, following [3,
26, 27], we consider a De Giorgi variational interpolation scheme. For every k =
0,...,N—1land@ € (0,1], let

ﬁl(ch)(ﬁ) = arg min {Tm(v) +
VEPz(F)

261)/1 Wi (Q” ", )}

so that ﬁ(h)(l) ,uk}i)l From

Fun(9(0) + 572 W3 (Gusn"” 9" 0)) < Fon (Gusn”)

20h

we infer that 8 — v,ih) (@) can be continuously extended (in the Wasserstein sense) at O
with ﬁl(ch) 0) = gh#u,(f’) , and also that

sup Wh (gh#y(h) A(h)(é’)) (42)
6€[0,1]
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It follows from classical arguments (see [27, paragraph 3.2] and [3, paragraphs
3.1-3.2]) that the following dissipation inequality holds

7o (1)~ 7o 1) + s W3 (Grotl? )+ 2 [ o7 (12 @) a0 <.
where “)

L (Fon(p) = Fn(v)),
|0 Fon ()| = hryﬂj;lP AR

denotes the descending metric slope. Here we use again %, (/Jf(h) ) =Fm (gh#/l,((h) ), and
the convergence v — p is intended in the W}, sense or, equivalently, in the W sense, as
long as /& € (0, 1) is fixed.

Let us compute the metric slope. To do this, we define

m—1
F () = Tm(Agl#f)=M//fmdxdu+1/ l* fdedv.  (44)
m — 1 r 2 T

Thanks to (21), we observe that

. T (Anstt) = T (Aniv)
|0F" (Ansp)| = lim sup

+ = (9 ?m
v—u W(Ah#,u» Ah#v) | " (#)|

where |0?',,(,h)| stands for the slope in the usual Wasserstein sense. Using the explicit

form of (44), T,,(lh) is a displacement convex functional in the usual Wasserstein sense
on I'. Thus, when |¢9(F(h) (;1)| < +00, [3, Theorem 10.4.13] ensures that du = f dx dv
with /™ € W (I"), and

07 () = //F

From the change of variables d(A,gu) = det(A,)~' f o A~V dx dv, we deduce

m 2
det(A;)"™! V""’T(f) +(0,0)| dy.

|0 Fn ([ = [0F (Apsur) |2

2
Vio(f™) o A}
(VoS )o)A— 1 +(0,v)| d(Apzp)
m 1 2
// ol 5 g, T |2 (fvem) g

Consider Dy, = 4V, +V,. When [aF,\" ()| is finite, by Lemma 1 applied with @ =
1-1/(2m) and g = f™, we may write D, (f™) in terms of \/? and D, (f™m1/2),
see (31). We infer that
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2
dxdv.

0T (1P 2 T (f) = //F ' e Dulr)

Moreover, by a direct change of variable argument, one can easily obtain the alternative
expression for this modified Fisher information as

I (f) = I (f 0 Gy) = T (G_y o) - (45)
Let us define the curve [0,7] > ¢ — " by
t—kh
ﬁ?%_*”( _ y te(kh(k+1)h], 0<k<N-1

Inequality (43), together with (21), (45), and (34) implies

1 | [+Dh
h h h h h h
0 i) ) o ) o [ )

(h) WY, L ool m ), L R ()
=Tm(,uk+])_7:m(/lk )+ﬁd (,u ﬂk+l>+§‘/kvh Im( _h#,us )d

2 7 ) =T ) o5 [ IR+ 0008
(46)

From W? <2 W,%, the triangle inequality, and (25), (42), we deduce

sup W( (h),ﬁ,(h)) <% sup Wh( (h),ﬁ,(h)) <€ Vh.
te[0,T] te[0,T]

Moreover, by the very same L'-contraction and invariance by horizontal translations
arguments as in Section 3, the interpolation 4 satisfies

sup [lrsal™

-4, )”LI(F) < max ||‘1'5#M( ) — My )||L1(F) < Ap(9). 47)
t€[0,T]

Step 2: Maximal dissipation. In view of (46), it is natural to define the family of curves
of measures ") = g_%#ﬁ(h). Then, we have

, 2, 2 o (h)
[Jia-6.y[ aa =% [[ wPas]
2 4 r

s—ﬁ{“ﬂg%#.

IA

~(h) ~(h
Wz('u;)’#;))

As a consequence, we obtain

lim sup W( (),y,):O
h—=0: [0,
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and we have uniform moment bounds on i". We deduce from (47):

sup |lrsea™ — g™ )“Ll(l") sup [lrsea™ - " )”Ll(l") < Ao(9). (48)

t€[0,T] t€[0,T]

Observe now that (24) and (46) implies

/OT Im( (h))ds <. (49)

With uniform moment bounds, (48) and (49), we can argue exactly as in Section 3 to
deduce that /i) is relatively compact in L' ((0,T) x I') hence we may assume

i 18 =l 71, =0

If t € (kh,(k+1)h], by construction %, (ﬂ;h)) = Fm (,Lt]((+)1) hence summing the
inequalities (46), from k = 0 to £, we obtain

0> Fi (1) = Fanlrt0)

1 (L+1) h h) 2 1 ([’+1)h ()
5 [ W dreg [ L) ar
1! .
> Fon (11" ) = Fon o) + 5 / IFIR, o, AT+ 5 /O I(A®)dr. (50

Recalling (33), using (39) and a standard lower semicontinuity argument (see [2, Theo-
rem 2.34]), we deduce that Q" converges in the sense of distributions to some vector
measure Q with Q; = F, u;, F; € L?(u;), such that the pair (y,, F;) solves (2) and

/ //|F| dHTdT_/ //| d,urd‘r<]1mmf/ ﬂ|F(h)| du (h)d
0 0 dp- 0

(51
forany ¢ € [0,7T].
Let us now write the Fisher information of ,u(

A7) = [ (G 7@y ) ~<">)dxdv e
(h) m-1/2 ~(h)
// 1/2 ) fy dx dv (53)

By Lemma 3, the first term in (52) is lower semicontinuous for the strong L! topology.

)

Lemma3 Let @« > 0, and (fy)nen be a sequence of probability densities on T.
If (fu)nen converges strongly in L' (') to f, then we have

liminfﬂ|VUfn”|2dxdv2/ Vo £ dx do.
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In (53), we have to handle the product of v+/i by V,(i")"~1/2. Note that
v\/ji™ converges weakly in L? to v /i, but, by Wasserstein convergence, we also have
convergence of second moments, which implies that the convergence of these square

roots is in fact strong in L?. As for the L2-bounded sequence V, (ﬂ“’) )m_l/ 2, one easily
deduces from the strong convergence of 7™ to yin L', that V, (ﬂ(h))m_l/ 2 converges

to Vv(,&(h))m_]/ 2 weakly in L2. Using these observations and Fatou’s lemma for the
second term in (52), we get

t t
lim inf / I (/15/‘)) dr > / Ip(pr) dr . (54)
h=0.Jo 0

To pass to the liminf in (50), we notice that ¥, is lower semicontinuous for the
convergence in Wasserstein distance, so that with (51), (54) and Fatou’s lemma, we
conclude that, for a.e. t € [0, T], the limit curve satisfies

1 /! 1 /!
02 ) =T+ 5 [ WPl dre 3 [ Tutun) e

1 t
> Fn(pte) = Fn (o) + 5/ (I/J’Tlﬁ +Im(/1‘r)) dr (55)
0

where we used the fact that [u7|g < [|F;||i2(,,) for a.e. 7 by [6, Proposition 5.5].

For m € [1,3/2], we can now use the chain rule (5) in Theorem 1 (note that until
now, we have not used any restriction on m > 1) . Indeed, fix r and a sequence t,, — 0
in the full-measure set for which (5) holds. Since # — u; is W-continuous and ¥, is
lower semicontinuous, we obtain

1 t
o pi) < o 5, < o) + 5 it [ ([ 3+ ) )

n

1 ! 72
< )+ [ (1B + Zuun)) .
0

It follows that (55) is, in fact an equality. Writing this equality for two times t = a
and t = b, and by substraction, we obtain equality in (5).
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