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1. Introduction: from fractional diffusion limits to hypocoercivity

We study decay rates in kinetic equations when local equilibria have fat tails.
Let us start by some heuristics in a simplified framework, in order to outline our
strategy and explain why fractional diffusion limits play a crucial role. Our goal
is to build an adapted Lyapunov functional and develop a L2-hypocoercivity
method. In this introduction, we shall insist on scalings and exponents. The
reader interested in detailed results is invited to go directly to Section 2.

Let us consider the Cauchy problem
Of +v-Vof =Lf, £(0,z,v) = f™(z,v) (1)
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for a distribution function f(¢,z,v) depending on a position variable z € R%,
on a velocity variable v € R%, and on time t > 0. The collision operator L
acts only on the v variable and, by assumption, its null space is spanned by a
local equilibrium F'. We shall also assume that F' is a probability density with
algebraic decay given for some v > 0 by

VoeR?:, F(u)= —2 where (0):=+/1+ 0. 2)

d+
()™
It is classical that the normalization constant c, is given by
d+
.- L&)
7T w2 ( 1)

We shall also consider the measure
dp = F(v)dv

and define for functions f and g of the variable v € R a scalar product and a
norm respectively by

i [ Fadu and = [ 1R de @

Here f denotes the complex conjugate of f, as we shall later allow for complex
valued functions.

1.1. Decay rates of the homogeneous solution. If f is an homogeneous solution
of (1), that is, a function which depends only on v € R?, with initial datum
S e L} (dv) NL?(dp) such that [, f™dv =1, then

d
S =FIP=2 (L)

It is natural to ask whether such an estimate proves the convergence of the
solution f(t,-) to F as t — +oo and provides us with a rate of convergence.
Let us assume that L is a self-adjoint operator on L2(du) such that, for some
k€ (0,7):

(i) the interpolation inequality

Listanze (=) ([ ora) 0

holds if [, gdu =0, for some 6 € (0,1) and C > 0,
(ii) there is a constant Cj such that

V>0, / £t (o) dp < Ck/ 72 ) g,
Rd Rd
then an elementary computation shows the algebraic decay rate

i —2a —1/a
Ve>0, |f(t) - FI?< (I - FII72 + kat) "
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with a = (1—6)/0 and & = 2C~ (Cy fou [F2? ()" dp) ™. In this framework,
the convergence rate to I is algebraic. This is already an indication that in the
general case of (1), we can expect a similar bound on the rate of convergence to
a local equilibrium, that is, locally in . The bound depends on k and, of course,
on the choice of L. For a general solution, the main difficulty is to understand
the interplay of the transport operator v-V, and of the collision operator L: this
question is the main issue of this paper.

1.2. Scalings and fractional diffusion limits. We consider the non-homogeneous
case of (1), i.e., solutions which explicitly depend on z, and specialize to solutions
which have a finite total mass. Since there is no stationary solution, we expect
that a nonnegative solution f of (1) with appropriate conditions on the initial
datum is locally vanishing as t — +o00 and we aim at measuring its decay rate in a
well-chosen norm. Our strategy is to adapt the L2-hypocoercivity method of [11]
to the case of local equilibria with fat tails and, in practice, to F. We expect
some decoupling of the rate of convergence to local equilibria and the decay rate
of the spatial density p = fRd fdv in a micro/macro decomposition perspective.
We learn from [21,11,10] that diffusion limits are usually a convenient tool for
uncovering the decay rate at the macroscopic scale, for the simple reason that
the rate is uniform with respect to the scaling corresponding to this limit. This is
not a surprise because the Lyapunov function in the standard L2-hypocoercivity
method is built by twisting the standard L2-norm with the term which measures
the macroscopic rate of convergence in the diffusion limit. A new difficulty arises
from local equilibria with fat tails: in a certain range of v, only fractional diffusion
equations can be expected in the appropriate scaling. Let us explain at a formal
level why.
In order to fix ideas, we consider the simple scattering operator defined by

Lf:z—l/ b, o) (f F — fF'Ydv’ with b(v,v') = ()% (v/)°
Rd

with Z := [pa (v)ﬁ F(v) dv and local mass conservation property: [, Lfdv = 0.
Let us investigate the diffusion limit as € — 04 of the scaled kinetic equation
written in Fourier variables as

e O f +icv-£f=Lf (5)
for some exponent « to be chosen. We can rewrite the scattering operator as

~

Lf = 271 ()? (rF - Zf) with r(t,€) == / WP F(t,€,0") d' .
Rd
As a consequence, the Fourier transform of the spatial density defined as

p(t7£) = /]Rd f(t,f,’l}) dv

solves the continuity equation

eaatp—i—ie/ f-vfdvzo.
R4



4 E. Bouin, J. Dolbeault, L. Lafleche & C. Schmeiser

The fractional diffusion limit as € — 0 has already been studied, for instance
in [33,4] (more references will be given later). Let us perform a formal Hilbert
expansion as in [36], in which only the case 5 = 0 is covered, and as in [19] where

the collision frequency is |v|®. We look for some g such that f: Z7'rF+g¢,s0
that (5) has to be replaced with

Ea(Fatr+6tg)+i5v-§(Z_1rF+g)+<v>Bg:0_

If we assume that the O(¢®) term is negligible compared to the other factors,
this means that g(t,&,v) = g-(t,&,v) up to lower order terms, where

iev-§&

— 77 V).
iavf—l—(v}ﬂz 6O FE)

gs(tvgvv) = -
Hence we obtain at formal level that
Zo(t.6) =r(t.)+ 2 [ g6 dom et +2 [ gu(t.6v)do=a(O)r(t,6)
Rd Rd
and
1eZ §~vfdv%i5/ €&-vgedv=>b.(&)r(t, &)
Rd R

where

v)? 22 (y . £)2
a:(§) 1:/ %F(U)dv and b, (€) ::/ (v-§)

— = — F(v)dv.
rRd iev- &+ (v) Rt iev- €+ (v)’ (v

In the limiting regime, the continuity equation becomes

b ()
a:(§)

It is easy to check that lim._o, a-(§) = 1, so that
(.6) 5 Z0(08).

e—0

e Op + p=0.

If B+~ > 2, then lim._,o, e~ 2b.(£) = « [¢|*. With the choice o = 2, we recover
the standard diffusion limit as ¢ — 04 and obtain that, in the diffusion limit,
the spatial density p solves the heat equation written in Fourier variables,

Op+rlEPp=0

with diffusion coefficient k = ¢y [, (v - €)? ()~ qy, where e = £/|¢]. No-
tice that & is independent of e € S¢~ 1.

Now let us consider the range 8+ v < 2. As a subcase of (2), for local equi-
libria with heavy tails such that

F(v) :=c¢, )" with B+y<2, B<1,

b: (&) diverges as ¢ — 04 for £ # 0. This is why we have to pick an appropriate
value of o # 2. After observing that b.(£) = by(c|£|e) with e = £/|{], a tedious
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but elementary computation inspired by [33] and [36, Proposition 2.1] shows
that

=

by (ce) ~ /| S iy

v[>19€0 e+ (v)

2 (v
N/ —( )" (v F(v)dv
lwi>1 (ev-e)2 + (v)*°
L (w2 helt e

jw|>eT27 (W - €)% +|w[?8 Jw|dH

using the change of variables v = £7-T w. This suggests to make the choice
Y-8
1-5

By taking the limit as ¢ — 04, we expect that the spatial density p (in Fourier
variables) solves the fractional heat equation

Op+K|E[*p=0 (6)

o =

s
with K = fRd (wwe)2+||ﬁ||2ﬁ I I‘“’” dw. The expression of « is going to play a key

role in this paper.

1.8. Mode-by-mode L2-hypocoercivity. We recall that

im e ¢ (U ) 5)2 <U>B il v
ELO+E ba(f) - /]Rd (’U . 5)2 + <’U>25 <U>d+’y d

As in [11,10], our goal is to build a quadratic form fb—> H[J?] that can be com-
pared with its own ¢-derivative whenever f solves (1), and which is also equiva-

lent to || f||2, without integrating on & € R%. Let us introduce some notation. We
define the transport operator T in Fourier variables by

Tfi=iv-€f
and the orthogonal projection N on the subspace generated by F' is given by

Mg =py ' where pg::/ gdv.
Rd

In the mode-by-mode approach of the L2-hypocoercivity method, in which & can
be seen as a simple parameter, we define

A Civ-9) 0

HelT] = I +6 Re (A ) . Ac = (- &2+ ()"

If f solves (1), then
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with

Delf] == 2(Lf, ) + 0 (ATNF, f)
— 5 Re(TAcf, f) + 0 Re(A:T(1 = M) J, f) — 6 Re(AcLf, f) .

We can expect that — <Lf, f) controls [|(1 — I'I)]?H2 by (4) and notice that

(A:TOF, F) = by (&) [NF]2.

~

The technical point of the method is to prove that all other terms in D¢[f] can
be estimated in terms of — (Lf, f) and (A TTf, f).

Even if this is not straightforward, the expression of H¢[f] is compatible with
a fractional diffusion limit and this is why one can expect to get a decay rate
which corresponds to the decay of the solution of (6), given by the fractional
Nash inequality

~

_d
2l Ee, (7)

Let d > 2 and assume that 8 € (0,1) and v € (0,2) are such that § <y < 2—p.
We shall prove that there exists a positive constant C' such that, if f is a solution
of (1) with initial condition f* € L!(dz dv) N L2(dz du), then

lulls(ae) < Cxash el 2 lll€

-4 in
Vt >0, ”in?(dzd,u) SCA+t) = |f Hil(dxdv)ﬂLz(dxdu)‘

Here and throughout this paper, we use the notation || f||%~y == |l fI1% + || 13-
Detailed results and references will be given in Section 2 for a much wider range
of parameters (covering the case 8 < 0) and other collision operators L. For
technical reasons that will be exposed later, we shall also use a slightly modified
definition of the operator A¢. Our main task is to relate the corresponding
functionals D¢ and H¢ and to establish decay rates using a convenient extension
of the fractional Nash inequality. The outline of the strategy and key technical
results are given in Section 3.

2. Assumptions and main results

2.1. Three collision operators. We shall cover three cases of linear collision op-
erators whose local equilibria are given by (2):
> the generalized Fokker-Planck operator with local equlibrium F'

Lif =V, (FV,.(F7'f)), (a)
> the linear Boltzmann operator, or scattering collision operator
Laf = [ b (F0) PO = £ P v (b)
R
> the fractional Fokker-Planck operator

Lsf = AJ2f+V, - (Ef), (c)
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with o € (0,2). In this latter case, we shall simply assume that the friction force
E = E(v) is radial and solves the equation

APF +V, - (EF)=0. (8)

The operator Ay /? has Fourier symbol — |¢]7 and coincides with A, if o = 2 but
Case (a) should not be considered as a limit of Case (¢) when ¢ — 2_. Notice
that AJ/? is a shorthand notation for —(—A,)?/2.

In Case (b), for the linear Boltzmann operator, we have in mind a collision
kernel b with either b(v,v) = Z=* ()’ )’ with Z := Jga W) F(v)dv as
in [33] and in Section 1, or b(v,v’) = |[v/ —v|?. We shall assume that the collision
frequency v is positive, locally bounded and verifies

v(v) = /Rd bv,v') F(@')dv'  ~  |v|? (HO)

|[v] =400

for a given 8 € R. Inspired by our observations on the fractional diffusion limit
of Section 1 and after noticing that the three above operators can formally be
written as B[f] —v(v) f, we define 3 as the exponent at infinity of the function v.
This means 8 = — 2 in Case (a) and § = v — ¢ in Case (¢), as a consequence of
the fact that

E(v) = G(v) (v)7 v,

where G € L>®(R?) is a positive function such that G= € L°°(B§(1)). This
property is independent of the other results of the paper and will be proved in
Proposition 4 of Section 6.1. Notice that 5 = v—o in Case (¢) does not approach
B = —2of Case (a) as 0 — 2_: in view of rates, this limit is very singular.

In Case (b), additional assumptions are needed. The local mass conservation
property is equivalent to

/Rd (b(v,v") = b(v',v)) F(v')dv' = 0. (H1)

As in [10], we also assume the existence of constants § < 0 and B > 0 such that

()" ) < b(v,0) < Blo— o). (H2)

All these assumptions are verified for instance when

bW, v) = 271 (/) (v)? with |8] < 7,

b(v',v) = v —v|? with 3 e (—d/2,0].
Summarizing, we shall say that Assumption (H) holds if L is one of the three
operators corresponding to the cases (a), (b), or (c), and if additionally the above

assumptions hold in Case (b), i.e.,

L=Ly, Ly, orLy and (HO)-(H2) hold in Case (b). (H)
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2.2. Main results: decay rates. Our purpose is to consider a solution of (1) with
finite mass and discuss its decay rates as t — 400 in terms of 3, v > 0,

“T1-3 o =2 if B+y>2.

Notice that o € (0,2) if 8+ v < 2. With this notation, our main result goes as
follows.

— /: N
y—p5 and {a @ if B+y<2, )

Theorem 1. Let d > 2, v > 0 and assume that 5 and vy are such that

B<~v, B+y#2.

Under Assumption (H), for any k € (0,7), there is a constant C' > 0 such that,
for any solution f of (1) with initial condition f™ € L'(dx dv) NL2(dzdu) and
for any t >0,

—4 in .
112 apy < C L+ 07 [1F21F1 40 dvynr2 (e dp if B>0,

— min l,,i . .
Hf”iz(dfmu) <C(1+1) {a Iﬁ\} ||fm||il(dxdu)mL2(<v>’°dxdu) i B<0.

,,,,, d 4
22220 decay rate t” o ©iit decay rate tT 2
—k_ d
decay rate t 18] N decay rate (¢tIn(t))” 2
Y
B=—2
\
\
X
\,
\
AN
NG R
o=2_
X %
9 ;
%
\ /
\\ //
X //
XS s o=04
X /.
X .7
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X’/
X
X
2%
7 \
// \\
.
.
,
B

Fig. 1. Ast — +o0, decay rates are at most O(t‘k/w') if 8 < 0 < k < ~ sufficiently close to ~y
and v < 7« (B), with v, given by (10), and otherwise either O(t~%/®) if max{0,8} <y <2-43
or O(t=%/2) if v > max{2 — 3, 8}. The picture corresponds to Theorem 1 and 2 with d = 3.
In Case (c), v is limited to the strip enclosed between the two dashed red lines.

If d > 2 and § < 0, the threshold between the region with decay rate
O(t‘k/w), with k& < 7 but close enough to v, and the region with decay rate
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O(t=%") is obtained by solving % + % = 0 in the limit case k = . The corre-
d

sponding curve is given by 5 +— v.(5) defined as

fy*(ﬂ)::max{%(ﬁ+\/(4d+1)62—4d6),g\,8|} i d>3,
7*(ﬂ)=%(5+\/ﬁ(9ﬂ—8)) it d=2.

If d > 3, notice that v, (8) := (B8+/(4d+ 1) B> —4dB)/2if —4/(d—2) < B <0
and 7. (8) = 48| if B < —4/(d — 2). See Figures 1 and 2.

(10)

8

Fig. 2. Decay rates of Theorem 1 and 2 depending on § and + in dimension d = 2, as t — 4oc0.
The caption convention is the same as for Figure 1. When 8 < 0, the upper threshold of the
region with decay rate O(t—*/181), with k close enough to 7, is v = v+ ().

If B+~ = 2, there is a logarithmic correction. The following result deals with
this special case, in any dimension.

Theorem 2. Let d > 1, v >0, 8 =2—v <1 and f be a solution of (1) with
initial condition f* € L(dz dv). Assume that (H) holds. For any k € (0,~) if

B <0 and for k=0 if >0, if fi" € L2((v)* dzdp), then there is a constant
C > 0 such that, for anyt > 0,

_a
”f”i?(dz dp) <C ((2 + t) IOg(2 + t)) ’ ”fm”il(dac dv)NL2((v)*dz dp)

under the additional condition k < % (B| if d > 3. If d > 3 and k > £ |B|, then,

for anyt >0,

k
2 — 18] in|2
A2 @z apy < C L+ PHLFITL e dw)nre oy de du) -
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If d = 1, the results when 8 # 2 — « slightly differs from Theorem 1. Let

(8) =max {18, % (8+EF-15)} .
Notice that o < 0if 8+ v < 0 and v (8) = — 5 > 0 if and only if < —1.

Theorem 3. Assume that (H) holds. Let d = 1, v > max{0, 5} and f be a
solution of (1) with initial condition f* € L'(dz dv).

e If3>0and B+~ # 2 and f™ € L2(dadu), there is a constant C' > 0 such
that, for anyt > 0,

-4 in
||f||%2(dxdp) <CA+t) | f Hil(dxdv)nw(dxdu) .
o If fin ¢ L2(<v)k dz dp) and the parameters 8, v and k are in the range

k+
5<_1, 76(1,-5), ke(%gy) and 0<T<W|g|(a+l)’ (11)

there is a constant C' > 0 such that, for any t > 0,
12 @y < C OO T (0 duyre (o) do g -

e IfB<0,v>0,7v+B8#2and k € (0,7) but (v,k) ¢ (1,=8) x (2,7), then
there is a constant C' > 0 such that, for any f* € L2(<v)]c dzdp) and any t > 0,

. fd k .
1F 1220 apy < C (1+1) t "*'}Ilf‘“lliudmdvma@wdxdm-

B

Fig. 3. Decay rates of Theorem 3 depending on 5 and = in dimension d = 1, as t — +o0.
When 8 < 0, k is chosen arbitrarily close to 7. The caption convention is the same as for
Figure 1 except for 1 < v < |8| which corresponds to the decay rate O(t~7).



Fractional hypocoercivity 11

See Figure 3 for an illustration of Theorem 3 in dimension d = 1.

Our method for proving Theorems 1, 2 and 3 relies on a mode-by-mode anal-
ysis in Fourier variables based on the L2-hypocoercivity method as in [11]. A
detailed outline of the strategy and the sketch of the proof of the main results
will be given in Section 3.

2.8. A brief review of the literature. Fractional diffusion limits of kinetic equa-
tions attracted a considerable interest in the recent years. The microscopic jump
processes are indeed easy to encode in kinetic equations and the diffusion limit
provides a simple procedure to justify the use of fractional operators at macro-
scopic level. Formal derivations are known for a long time, see for instance [3§],
but rigorous proofs are more recent. In the case of linear scattering operators like
those of Case (b), we refer to [33,32,36,4] for some early results and to [25] for a
closely related work on Markov chains. Numerical schemes which are asymptot-
ically preserving have been obtained in [18,19]. Beyond the classical paper [20],
we also refer to [33,32,36,4] for a discussion of earlier results on standard, i.e.,
non-fractional, diffusion limits. Concerning the generalized Fokker-Planck op-
erators of Case (a), such that local equilibria have fat tails, the problem has
recently been studied in [31] in dimension d = 1 by spectral methods and, from
a probabilistic point of view, in [23]. Depending on the range of the exponents,
various regimes corresponding to Brownian processes, stable processes or inte-
grated symmetric Bessel processes are obtained and described in [23] as well
as the threshold cases (some were already known, see for instance [15]). Higher
dimensional results have recently been obtained in [22]. Concerning Case (c),
the fractional diffusion limit of the fractional Vlasov-Fokker-Planck equation,
or Vlasov—Lévy—Fokker—Planck equation, has been studied in [16,1,2] when the
friction force is proportional to the velocity. Here our Case (c) is slightly differ-
ent, as we pick forces giving rise to collision frequencies of the order of |v|? as
|v] = 4o0.

In the homogeneous case, that is, when there is no x-dependence, it is classical
to introduce a function ¢(v) = —log F(v), where F denotes the local equilibrium
but is not necessarily of the form (2), and classify the possible behaviors of the
solution f to (1) according to the growth rate of @. Assume that the collision
operator is either the generalized Fokker-Planck operator of Case (a) or the
scattering operator of Case (b). Schematically, if

we obtain that || f(t,-) — M F|l12(q,) decays exponentially if ¢ > 1, with M =
fRd fdv. In the range ¢ € (0,1), the Poincaré inequality of Case (a) has to be
replaced by a weak Poincaré or a weighted Poincaré inequality: see [37,27,10]
and rates of convergence are typically algebraic in ¢. Summarizing, the lowest is
the rate of growth of @ as |v| — 400, the slowest is the rate of convergence of f
to M F. Now let us focus on the limiting case as ( — 0. The turning point
precisely occurs for the minimal growth which guarantees that F' is integrable,
at least for solutions of the homogeneous equation with initial data in L!(dv).
Hence, if we consider
P(v) =1 log (v)
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with n < d, then diffusive effects win over confinement and the unique local
equilibrium with finite mass is 0. To measure the sharp rate of decay of f to-
wards 0, one can replace the Poincaré inequality and the weak Poincaré or the
the weighted Poincaré inequalities by weighted Nash inequalities. See [12] for
details. In this paper, we consider the case n = v 4+ d > d, which guarantees
that F' is integrable. Standard diffusion limits can be invoked if 5 + v > 2, but
here we are interested in the regime corresponding to fractional diffusion limits,
with §+ v < 2.

As explained in Section 1, standard diffusion limits provide an interesting in-
sight into the micro/macro decomposition which is the key of the L2-hypocoercive
approach of [21]. Another parameter can be taken into account: the confinement
in the spatial variable x. In presence of a confining potential V = V(z) with
sufficient growth and when F has fast decay, typically for ¢ > 1, the rate of
convergence is found to be exponential. A milder growth of V gives a slower
convergence rate as analyzed in [14]. If e~V is not integrable, the diffusion wins
in the hypocoercive picture, and the rate of convergence of a finite mass solution
of (1) towards 0 can be captured by Nash and related Caffarelli-Kohn-Nirenberg
inequalities: see [11,12].

A typical regime for fractional diffusion limits is given by local equilibria
with fat tails which behave according to (2) with v € (0,2 — 8): F is integrable
but has no standard diffusion limit. Whenever fractional diffusion limits can
be obtained, it was expected that rates of convergence can also be obtained
by an adapted L2-hypocoercive approach. To simplify the exposition, we shall
consider only the case V' = 0 and measure the decay rate. In view of [28] (also see
references therein), it is natural to expect that a fractional Nash type approach
has to play the central role, and this is indeed what happens. The mode-by-
mode hypocoercivity estimate shows that rates are of the order of [£|* as & — 0
which results in the expected time decay. In this direction, let us mention that
the spectral information associated with |{]|* is very natural in connection with
the fractional heat equation as was recently observed in [5]. As far as we know,
asymptotic rates for (1) have not been studied so far, to the exception of the very
recent results of [2] which deal with the Vlasov-Lévy-Fokker—Planck equation
in the case of a spatial variable in the flat torus T¢ by an H!-hypocoercivity
method and the simplest version (3 = 0) of the scattering collision operator: see
Section 8.2 for more details. Preliminary versions of the present paper can be
found in [29] and [9, v1].

3. Mode by mode hypocoercivity method and outline of the method

8.1. Definitions and preliminary observations. Let us consider the measure du =
F~1(v)dv and the Fourier transform of f in = defined by

fit.g0) = m) 2 [ e pit,0) o

Rd

If f solves (1), then the equation satisfied by fis

Gf+TF=LF, F0,60)=F"¢), Tf=iv-€f,
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where £ € R? can be seen as a parameter, so that for each Fourier mode &, we
can study the decay of f. For this reason why we call it a mode-by-mode analysis,
as in [11].

For any given ¢ € R?, taken as a parameter, we consider (,v) — f(t &, v) on
the complex valued Hilbert space L2?(du) with scalar product and norm given
by (3). We also recall that N denotes the orthogonal projection on the subspace
generated by F' and observe that the property

NnTnN=2o0
holds as a consequence of the radial symmetry of F. Let us define the operator
Ag by
1 (Civ-9@)™”
el 2[1-5]
()" 1+ (v) €17

A§ =

and the entropy functional by

Helf] = II7]1* + 8 Re (AcF. F)

These definitions are reminiscent of the considerations in Section 1.3 on the
quadratic form H¢ and the operator A¢. Up to the weight <v>_2, we may notice
that A¢ and A; have the same scaling structure with respect to (v,§) for any
B < 1. The first elementary result is the observation that A¢ is a bounded
operator and that He[f] is equivalent to || f]|? if § > 0 is not too large.

Lemma 1. With the above notation, for any § € (0,2) and f € L2(du), we have

[(Acf, )] < % IFII* and (2 =) [If|I* < 2He[f] < (2 + ) [I£]I-

We shall use the notation

p(€,v) == (v "
1+ (v)? 17 g 2

and may notice that Agf =y MNT* cpf, where T* denotes the dual of T acting
on L?(dpu).

Proof (Proof of Lemma 1). With these definitions, we obtain || < 1 and
[(v-&)p(€&,v)| <1/2,s0 that the Cauchy-Schwarz inequality yields

As. D < [ WP IFEPd [ 100 eEnl I ofdo< T,

which completes the proof of Lemma 1. a

We observe that

~ CHIA) = Delf) =~ 2(LF, ) + oRe(]

if f solves (1), where R¢ [f] = — 4 Re (Agﬁ 7). Our goal is to relate Hg[]?] and

~ o~

D¢[f]. Any decay rate of H¢[f] obtained by a Grénwall estimate gives us a decay
rate for || f||* by Lemma 1 and, using an inverse Fourier transform, in L2 (dx du).
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More notation will be needed. Let us define the weighted norms

k
lgll2 = / 9 ()* d,
Rd

so that in particular ||g|| = ||g|lo- A crucial observation, which will be used
repeatedly, is the fact that for any constant £ > 0,

k k
lo=rPIE =gl +w* [ @ Fdo=25 [ (0 gda> 0=l

where
fRd v) gdv .

MNgg:=
T ) Fdu

This is easily shown by optimizing the L.h.s. of the inequality on x € R. Notice
that My = I.

The parameters § and «y are chosen as in Theorems 1, 2 or 3 (see Section 2.2)
while a and o' are given by (9): o/ = aif f+v < 2and o/ =2if 8+~ > 2. For
simplicity, we shall not keep track of all constants and simply write that a < b
and a 2 b if there is a positive constant ¢ such that, respectively, a < bc and
a > bc. We define wy := [S?7!| where S?~! denotes the unit sphere in R

8.2. Outline of the method and key intermediate estimates. Assume that f is a
finite mass solution of (1) on R* x R? x R, Our goal is to relate

HIf] == /Rd He[f] dg

——H :—2// fodxdu—i-é/ Re[f)
R4 x R4

by a differential inequality and use a Gronwall estimate. According to Lemma 1,
the decay rate of ||f]|? is the same as for Hg[ﬂ. Under Assumption (H), we
consider a solution f of (1) with initial condition f* € L!(dz dv) N L2?(dz du).
The main steps of our method are as follows:

and

> The solution is bounded in a weighted L? space. We shall prove the following
result in Section 4.

Proposition 1. Assume that (H) holds. Letd > 1, v >0, v > 8, k € (0,7) and

f be a solution of (1) with initial condition f™ € L2((v)* dzdu). Then, there
ezists a positive constant Cy, depending on d, v, B and k such that

Vit > 07 ||f(t7 ) ')“L?((v)kdxdp) < C’f ||fin||L2(<v>kd:cd,u) :

> The collision term controls the distance to the local equilibrium. We have the
following microscopic coercivity estimate.
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Proposition 2. Letd > 1, v >0,y > (8, n € [8,7) and k € (0,7). Assume that
B8 =—24f L =Ly, that Assumptions (H1) and (H2) hold if L = Ly, and that
o €(0,2), 8=~—0 if L= Ls. Then there exists a positive constant C depending

on || fllL2(de ap) such that for any f € L2((0)* dz dp),

€I =PIk o Mt v <= [ PP

This estimate is the extension of (4) to the non-homogeneous case. The proof is
done in Section 5. We shall use Proposition 2 with n = g if 5+ v > 0 and for
some 1) € (—~,0) if 8+~ < 0. The case 7 > 0 is needed only in Step 4 of the
proof of Proposition 3.

> Our proofs require the computation of a large number of coefficients and
various estimates which are collected in Section 6. There we also prove bounds
on E if L = Lg, in Case (c).

> A microscopic coercivity estimate is established in Section 7.1, which goes as
follows. Let us define the function

€1 |log [¢] |
14 [¢]? log [¢]

|5|a’/
©*

L&) = if B+~v#2, L(&):= if B+vy=2.

Proposition 3. Let v > max{0,8} and n € (—~,v) such that n > . Under
Assumption (H), there exists a positive, bounded function & — K(§) such that

Re[f] 2 L) INFI? = KE) 11— M F2.

In Section 7.2, inspired by fractional Nash inequalities, we deduce from Propo-
sition 3 an estimate on the distance in the direction which is orthogonal to the
local equilibria.

Corollary 1. Under Assumption (H), we have

2 (14 .
[ Relflde 2 INFIRET) ~ 10 =My gy i 54772,

= 2(142) IMfIl2(dz dp)
> d —
[ Retflas 2 IR o (ST ) 0= MR s
if B+y=2.

The proof is a straightforward consequence of Lemma 14 if 8 + v # 2 and of
Lemma 15 if 8 + v = 2. See details in Section 7.2 and 7.3.
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8.8. Sketch of the proof of the main results. The difficult part of the paper is
the proof of Propositions 1, 2 and 3, and Corollary 1. If 8+ v < 0, we have to
take n # (B and use additional interpolation estimates: see Section 8. Otherwise,
the proof of Theorems 1, 2 and 3 is not difficult if 5+ > 0 and can be done as
follows.

Under Assumption (H), a solution of (1) is such that

1d 7
g HL) :—//RdXRdefdmdu—é/Rd Re[f] d¢ .

Let us assume that §+ v # 2 and 8 4+ v > 0. We rely on Proposition 2.
o If 5 >0, with n = 3, we find that

i 201+
[ Relflas 2 s - [ Ia-migar.
R4 Rd

‘We obtain
Ldynza-e [ 10 -nszde sl
2 dt ~ Rd B L2(dz dp)
2(1+20)
2 (1= 0) (1 = ) 2agqpap do+ 0 [MAPSED)

vV

20+

using the simple observation that [|(1 — M) f[|3 > [|(1 — M) f[|72(4, if B> 0.
o If € (—+,0) and 2 # B+ > 0, again with n = 3, we find that

1d

2 2(1+2)
—5 @H[f] 2 (1-9) /]R (L =) fll5 dz + 0 [INfI|r 2 q, G, -

Using Hélder’s inequality

2k 28
I =mMAP <@ =mfl5 7 1a-mslTr,
we conclude that

1d 2 (1+141) 2(142)
—~ SHIAZ (=9I = MAPSLE) + s Ingz D) .
elfd>1,8<0and 8+~ =2, a =2 but there is a logarithmic correction in

the expression of [, Re[f] d€, which is responsible for the O(logt) correction of
Theorem 2 as t — +o00.

e For integrability reasons, the case S+ < 0 requires further estimates involving
some 7 € (—~,0) that will be dealt with in Sections 5.4 and 8.1. Except in this
case, the proofs of Theorems 1, 2 and 3 are complete.

4. Estimates in weighted L? spaces

In this section, we assume that g < 0.
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4.1. A result in weighted L? spaces. Let us prove Proposition 1, i.e., the propa-
gation of weighted norms L2((v)" dz dp) with power law of order k € (0, 7).

The conservation of weighted norms has also been used in [10] when F has a
sub-exponential form. In that case, any value of k was authorized, and this was
implicitly a consequence of the fact that such a local equilibrium F' had finite
weighted norms LQ((v>k dz dy) for any k € RT. For a local equilibrium given
by (2), there is a limitation on k as we cannot expect a global propagation of
higher moments than those of F'.

For any function h € L2((v)" dz dj), one can notice that
||hHL2((q;>kdmd/L) = ||F_1h||L2(F(v>kdmdv) :

In other words, it is equivalent to control the semi-group e~ in L2((v)* dz dp)
and F~1e(t=Dt in L2(F (v)" dz dv). Since L2((v)" F dz dv) is a space interpolat-
ing between L!(F (v)* dz dv) and L°°(dz dv) (see [39, Theorem (2.9)]), we shall
establish the result of Proposition 1 by proving that F~'e(t=T* is bounded

onto L (dz dv) in Section 4.2 and onto L (F (v)* dz dv) in Section 4.5. In order
to prove this last estimate, as in [27,28,10], we shall use a Lyapunov function
method in Section 4.3 and a splitting of the operator in Section 4.4.

4.2. The boundedness in L>°(dz dv).

Lemma 2. Let d > 1 and v > 0. If (H) holds, then

vt >0, HF_let(L_T)||L°°(dzdv)—>L°°(d:cdv) <1.

Proof. This is a consequence of the maximum principle in Case (a). In Case (b),
h#(t,z,v) = F~Y(v) f(t, + vt,v) solves

Oh* 4 v(v) W = / b(v,v") F(v") h# (t,z,v") dv’
Rd

which is clearly a positivity preserving equation. The positivity of
(t,z,v) = [|h(0, -, ) |lLoe (da do) — R (t, x,v)

is also preserved, as it solves the same equation, which proves the claim. Case (c)
is less standard as it relies on the maximum principle for fractional operators. As
this is out of the scope of the present paper, we will only sketch the main steps of
a proof. First of all, the results of [28] can be adapted to E as defined by (8), thus
proving that the evolution according to 9; — F L3(F~!.) preserves L> bounds.
This is also the case of 9, — T. We can then conclude using a time-splitting
approximation scheme of evolution and a Trotter formula. a
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—1t(L=T)
H(L—T)

4.8. A Lyapunov function method. The boundedness of the operator F'

in L1(F (v)* dz dv) is equivalent to the boundedness of the operator e in

L!((v)* dz dv). To obtain such a bound, we rely on a Lyapunov function estimate.

Lemma 3. Let d > 1 and v > 0 > 8. If (H) holds, then for any k € [0,7 — f3),
there exists (a,b, R) € R x RT x Rt such that for any f € L}((v)" dz dv),

St @ aravs [ (0t 0@ 110" arar.

As a special case corresponding to k = 0, we have ffRded |le Lfdxdv <0.

Here by convention, we shall write that ﬁ =0if f=0.

Proof. First assume that f > 0. Then one may write,

//Rded Lf (0)* dadv = //RdXRd Lf F (o) de dp

_ //RR L*(F ()" fda dp.

e In Case (a), we notice that L is self-adjoint on L?(dyu), recall that 8 = —2 and
compute

FL(F ()F) @) = @) V- ()77 v, 0))
=k ()" T, ()T )

k
E(d+y—k+2) ()" —k(y+2—k) )2

and obtain the result for any k < v — 8 =v+2.
e In Case (b), by Assumption (H1) one obtains that

PP ()0 = [ o) (00 ) = (0 F()) v

_ / <'U/>k INEAS k
= / b(v',v)—% F(v) dv' —v(v) | (v)".
R (v)

By Assumption (H2), we know that

Co(k) := sup (v)? / bW, v) () F(v') do’
veERY R4

is finite for any k € (0,7 — 3), and as a consequence, we know that

VoeRY, w(v) < / b(v,v) (W) F')dv' < Cy(k) (v)° .
Rd
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This yields

FUL(F (V) (v) < Cb(b)—y(v)> vy’
5 <>)<>_<<U>k 5w

We conclude that Inequality (3) holds for any k € (0,y—0) by Assumption (HO).

e In Case (c), it is elementary to compute L% and observe that
FHLG(F () () = A72 (0)" = Ev) -V, (0)"
= [ 272 )" — k(v B) ()] (0)*,
< [ a2 ) - ¢ @] W,

where the estimate k (v- E) (0) "2 > C (v)” for some C' > 0 arises as a conse-
quence of Proposition 4. According to [7, Lemma 3.1| (also see [6,28]), we have

VoeRY, A7) <),

under the condition that £k < ¢ = v — 8. This again completes the proof of
Inequality (3).

When f changes sign, it is possible to reduce the problem to the case f > 0
as follows. In Case (a), we use Kato’s inequality to assert that

f
1]

in the sense of Radon measures (see [26, Lemma A] or, for instance, [13, Theo-
rem 1.1]). Case (b) relies on the elementary observation that

//RdeR Lo f (v)* dv dv’ _//Rded v,v) |;| (v)kdvdv'—AdV\f|dv
< [[vair1F @t avad = [ visia,

In Case (c), the result follows from Kato’s inequality extended to the fractional
Laplacian as follows. Let us consider ¢.(s) = ve2? + s? and notice that

Aof < Aolf]

(4220.(0) () - sﬂ’s(f(v)) (A”/?f) (v)
_a,, [ 2AED = eIt~ GO) 0 = 10)) 4, 5
Rd

|v/ — v]dte

because ¢, is convex since ¢! (s) = €2 (¢2 + s2)73/2 and according for example
to [30, Chapter 2]

20 [‘(i)
C’d,g = >\ > 0. (12)
w2 T(=3)
By passing to the limit as ¢ — 0, we obtain
f

|f‘ Ao’/2f<Aa/2|f|
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In all cases, with L =L;, ¢ =1, 2, 3, we have

/ k
/Rd 7] Lf (v) dxde/Rd(L|f|)<U> dz dw

and the problem is reduced to the case of a nonnegative distribution function f.
O

4.4. A splitting of the evolution operator. We rely on the strategy of [24,27,34]
by writing L — T as the sum of a dissipative part C and a bounded part B such
that L— T =B+ C.

Lemma 4. Under the assumptions of Lemma 3, let (k,k.) € (0,7) x (0,7 — )
be such that k. > k — 3, a = max{ag, ar, }, R = min {RmRk*}, C:=alp, and
B:=L—T—C. Then for any t € RT, we have:

. ke
(1) ||C||L1(dwdu)—>L1(<v>k* dmdu) <a (1 + R2) /2:
() ||etB||L1( >kdzd,u)—>L1((v>kdmd,u) <1
(iii) ||e*® ||L1(<,U>k* dr dpr) L () Fda dpr) <ec(l —|—t) B for some ¢ > 0.

Proof. Property (i) is a consequence of the definition of C. Property (ii) follows
from Lemma 3. Indeed, for any g € L!((v)* dz dv),

//Rd Rd\g| () dxdv<//}Rd 2 aglp,, —alp, — by (v) >|g| W)* dz dv
X X

7kagHL1( k+3da:dv)'

To prove (iii), define g := €'B ¢*. By Holder’s inequality, we get

181
kx—k—B

(( Y d:cdv)

—k
k*—k Tx—k—B
( ,U>k+5 d:vdv) Hg

lIl|

”gHLl((v Yedvdz) = ||g|

and, as a consequence of the above contraction property,

1+ 720 rin
< —_ ) in -
//Rded T > dz dv by (HQHL ((v) dvdw)) lg ||L1(<U>k* de dv)

so that by Gronwall’s lemma, we obtain

kx—k

18] 18l G
i " by |8 "
19115 (0w aey < (lgmm&w’“w s o 1 i VR )

kx—k

ke —k BEL i
< (1+ o 7] t) ”gnHLl((v)k* dzdv)
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4.5. The boundedness in L*(F (v)* dz dv).

Lemma 5. Letd > 1, v > 02> 3, k € (0,7) and assume that (H) holds. There
exists a positive constant Cy such that, for any solution f of (1) with initial

condition f™ € L'((v)* dz dv),

Vi 2> 07 ||f(t5 E ')HLl((v)kdzdv) < C’f ||fin||L1(<v>kd:cdv) .

Proof. Let us consider the Duhamel formula
t
ptL=T) _ tB +/ o(t=5)B € os(L=T) 4 |
0

By Lemma 3, we know that

||€t(L7T) ||L1(<'u>kdz dv)—L!((v)*dz dv) <a (1 + R2)k*/2 .

Using the estimates of Lemma 4, we get

t ka—k
||6t(L7T)||L1(<v>kd:vdv)—>L1(<v>kd;Edv) <l+ac(l+ RQ)k*/Q/O (I+s) 7 ds,

which is bounded uniformly in time with the choice k., — k > — = || O

5. Interpolation inequalities

We refer to [41] for a general strategy for proving (4) which applies in particular
to L3 in Case (c). However, for the operators considered in this paper, direct
estimates can be obtained as follows.

5.1. Hardy-Poincaré inequality and consequences.

Lemma 6. Let d > 1 and v > 0. We have the Hardy-Poincaré inequality

WheT2((0) 2 Fdv), / Vo h|2 Fdv > 2 (d—i—'y)/ h— o2 (0)"2 Fdv
Rd Rd
(13)

— -2
with h_o 1= %.

See [8] for a proof. We deduce the following interpolation inequality.

Corollary 2. Letd > 1,v > 0 and k € (0,~). There exists a positive constant Cy

such that, for any f € L2((v)" dzdp) such that V,h € L2(dz dp) where h = f/F,
we have the inequality

244 4
Cull(t =Ml (g ap) < (//Rd R |V“h2Fdxdv) 112 oy
X
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Proof. Let hg := fRd h F'dv and observe that
/ I — |2 Fdv = inf/ |h—H|2de§/ Ih— o2 Fdv,
Rd HeR Jpd Rd

Setting ¢ = h — h_o, we deduce on the one hand from the Cauchy-Schwarz
inequality that

// |h—E_2\2Fd:vdv:// lg|* F da dv
R x R4 Rdx]Rd
F ==
< // 9] — dzdv (// lg|* (v Fdxdv) ,
R4 xR4 <U> Rd xRd

and we deduce that

N —

-2

— 1 h
2 h2+h2_ <[P+ —L2—
g < 5 (12 +525) < 5 (In [ORIET

using (v) > 1 and the definition of h_5 on the other hand. Collecting these
estimates with the result of Lemma 6 shows that

2 2+2
25 (d+ ) 1= )l g

5 < |V,h|? Fdv
k d
(IIfII raway T I eran)

where ¢ == [pa (v FFdv / Jga (v 2 F dv. This completes the proof after observ-
ing that

1M 2z apy < 1fllz@eap < 1 L2 oy*ds ap) -

5.2. A gap inequality for the scattering operator. Let L = Ly be the scattering
operator of Case (b).

Lemma 7. Let v > max{0, 5}. Assume that (H1) holds and that b(v,v") >
Z= () (")’ for any v, v’ € RY. Then we have

// b(v,v') (h—h’)2FF’dvdv’2A/ h—Ts|” (0)" Fdo
R4 xRd Rd

_ JgahF (v)? dv

for any h € L2(dv), with A= % [pu F # dv and hs [PV ACEETE

Notice that here we do not assume the upper bound in (H2) and consider any

ﬂ € (_0077)‘
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Proof. Using (H1), we have
2// b(v,v") (W' — h)h F F' dvdv’
Ré x R4
= // b(v,v') (2W'h—h?) FF' dvdv’ — // b(v',v) h2F F' dvdv’ .
R xR R xR
Exchanging variables v and v’ gives
—// b(v,v") (W — h)h F F' dvdv’
R x R4
:1// b(v,v') (h—1)° FF dvdv' .
2 RA xR
By assumption, we know that b(v,v') > Z~1 (1) (/)? and observe that
/7) @) W (h= W) FF dodv
R4 xR4
:2/ F ()" dv |f| (/ )
R R4
:2/’F<w5d Sl ) <> Fdv
R Rd F fRd >
- / Ih—Tig* (0)° Fdo.
O

Next we deduce the following interpolation inequality.

Corollary 3. Under the assumptions of Lemma 7, for any k € (0,7), there
exists a positive constant Co such that, for any f € L2(<v>k dzdp),

= < (= [ £07 ) U ey 5 <0,

Co (1 =M faarapy < = [ Flafdu if 0.

Proof. If B > 0, the result is a straightforward consequence of Lemma 7 using
()’ >1 and

/|hfﬁﬁ|2 <v>5dez/ |h —hg|? Fdv
Rd R4

> [ =Rl P o = 0= W gz
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Assume next that 8 < 0 and let g := h — hg. We deduce from the Cauchy-
Schwarz inequality that

// lg|> F dz dv
R xR4
1B
=8
< (// g2 (v)? dedv) (// lg|* (v Fdxdv) .
R x R4 Rd x R4

The next point is to observe that
/ |h — ho|> Fdv = inf |h—H|2de§/ |h—Eﬁ\2de=/ lg|> F dv
HER Jpa Rd Rd

on the one hand, and that

—2
1 h

9> < = (|h* +h <|h|2+ >

( B) 2 Jra lg12 ()7 F do

using (v) > 1 and the definition of hs on the other hand. Collecting these
estimates with the result of Lemma 7 completes the proof.
With h = f/F, we recall that, as a consequence of Lemma 7,

—/ ngfdu:// b(v,v') (h— 1) FF dvdv > 4/ lg]> () Fdv.
]Rd RdXRd 2 Rd'

Using [[Mf{|lLz(azapy < [ fllL2((o)*azap» the result follows by collecting the esti-
mates. a

5.8. Fractional Fokker-Planck operator: an interpolation inequality. Let us com-
pute [, fLsfdu. We recall that in Case (c), Lgf = Ag/zf + V, - (Ef). With
h = f/F, we have

—hl
/fA”/Zfdu cdg// —— o Fdodv'.
R4 xR U_U|

On the other hand, we know that AV, - (fE) = bV, - (hFE) =
(FE)+h?V, - (FE) and after an integration by parts, we obtain

1 1
Vo (fE)Ydv== [ B*V,-(FE)dv== [ h2A°2Fdv.
Rd 2 Rd 2 Rd

Vo(h?) -

1
2

After exchanging the variables v and v/, we arrive at

- h2 — (K 2
/ thu(fE)dv:—Cd’ // #dedv'.
R4 2 RA xR |’U — U/|d+a

Altogether, this means that

- h—h 2
/ ngfdqud // | " Favay
Rixgd [V — V][40

- h—h 2
_ Ca // | | (F+ F)dvdv' .
Raxga [V — V[T
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Corollary 4. Let d > 1, v > 0, 0 € (0,2), 8 =~v—0 and k € (0,7). With the
notation of Corollary 3, there exists a positive constant Cs such that, for any
f € L2((v)* dadp), we have the inequality

16|
2+2 12

2181 ‘
e (1 - MFIEEE, < ( / desfdu) W12 ey i B <0,
Coll(t =M faaray < = [ FLafdu if 0.

Proof. From the elementary estimate

g 5, N8 F+F
V() RIXRY, ()7 () FF S i

<U>d+~,+ v/>d+w

d+o |v_v

I‘d+o’
)T (o)

with £ = ¢y Sup(, ,/)erd xra , we deduce that

_/Rdfbfdﬂg—ﬁ/wf'—?)fdu

and conclude by Corollary 3 with C3 = Cy/k. O

As a side result, let us observe that we obtain a fractional Poincaré inequality
as in [40, Corollary 1.2, (1)], with an explicit constant, that goes as follows.

Corollary 5. Under the same assumptions as in Corollary 4,
—/ flafdu> FU-A/ h—Ts* () Fdo
Rd Rd

where k is as in the proof of Corollary 4 and A is the constant of Lemma 7.

5.4. Convergence to the local equilibrium: microscopic coercivity. We can sum-
marize Lemma 6, Lemma 7 and Corollary 5 as

Cllf = hs FliF < = (fLf)

for positive constant C, where hg = [, h F (v)? dv/ Jga F (v)? dvand h = f/F.
Here L = Ly, Ly or Lg respectively in Cases (a), (b) or (¢). In the homogeneous
case, an additional Holder inequality establishes Inequality (4) of Section 1. The
same strategy can be applied in the non-homogeneous case after integrating with
respect to € R%.

Proof (Proof of Proposition 2). It is a straightforward consequence of Proposi-
tion 1 on the one hand, and of Corollaries 2, 3 and 4 if, respectively, L = Ly, L,
or Ls. a
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As a an alternative formulation of Proposition 2 and in preparation for the
case B+~ < 0 (see Section (8.1)), let us collect some additional observations.
The inequality

10 =M1 < (= (L)’ @ -yt

with 6 = % can be rewritten with x; := [|[(1 = M) f||Z and z := (= (f,Lf)) as

0 1-6
x, <20x 70 = (Rfl/o z) (Rl/(lfe)xk) <OR V74 (1—0) RV,

for any R > 0, by Young’s inequality. This amounts to

1-6
z> R%Jrﬁxk:rxnf(lfe)Oﬁrﬁxk.

% ‘

An integration with respect to x shows the following result.

Corollary 6. Let 0 = % Under the assumptions of Proposition 2, we have

- / <f7 I—f> dz >r H(l - rl)f”iz(d:r (v)"dw)

R4
0 _1_
—(1—0)T7 T (1 — ”)f”iz(dx (wykayy  (14)

for any f € L2(<v)k dzdp) and for any r > 0.

6. Technical estimates

This section is devoted to estimates that can be skipped at first reading. With
the notation [|g||2 := [5. |g* (v)" du, we want bound g and AL defined by

() =L ((v- e ) Pl A= L@ F)ll7,
some parameter 7 € (—~,7), were L* denotes the dual of L in L?(du), and

Ao = fpa [0 E[F (W) 2 Fdo = (F, [T|Fy F) ,
P = f]Rd |'U : £|k Lp(’l)) Fdv= <F7 |T|I~€ 90> )
M= ||lv- gy F|,
i =o€ o Pl

Notice that only the case = n will be needed if 8+ v > 0. When g+ v < 0,

we shall assume that n € (—,0). See Section 8.1 for consequences. In Case (c)
with L = L3, we need a bound on E. Let us start by this estimate.
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6.1. Steady states and force field for the fractional Laplacian with drift. This
appendix is devoted to the Case (¢) of the collision operator L, that is, to Lgf =

Ag/2f + V, - (E f). Our goal here is to prove that the collision frequency v(v)
behaves like |v|? with 8 = v — o as |v| — +o0, as claimed in Section 2.1. By
Definition (8) of the force field E, we know that

o—2

Vo (EF) = =A72F = =¥, (V,(-4,) 7' F),

and this implies that, up to an additive constant,

- ”T_z o Cd,o’ Cy
EF=—-V,(-A,)7 F=-V, <|v|d+a2 * <u>d+7>

where ¢, and Cy, are given respectively by (2) and (12).

Proposition 4. Assume that v > 0, o € (0,2) and let § = v — o. There is a
positive function G € L= (R?) with 1/G € L>(B§(1)) such that E is given by

VoeR?, E@)=Gw) v v.

Proof. Let u(v) = -V, (W * <v>+ﬂ)(v) so that E(v) = Cy, W) w(v).
Since

1 v
u(v) = (d+7) <|v|d+02 * <v>d+7+2>

where v (v) "7 ¢ 0 (R4) N L(dv), and o < 2, one has u € CL _(R%) and
u(0) = 0 which proves the result in By(0). We look for an estimate of u(v) - v
from above and below on B§(1). Notice that « can also be written as

u(v) = (d+0—2) <|U|g+”*1>' (16)

()™
Depending on the integrability at infinity of v/|v|?t7, that is, whether o € (0, 1)

or not, we have to distinguish two cases.

e Case o € (0,1). Using (16), we have the estimates
2d+071 dw
<v>d+0'71 /Rd <w>d+ry7

/ dw 2d+071
lw|<(vy/2 [w[TFo=L |yt

2d+071

IN

/ w dw
> /2 [W* (w — )7

IN

/ w dw
wl<(v)/2 (W4T (1 — )4

< Wd
= (1L —o)vfdtrto-t”

and obtain
Vo eR?,  |u(v)-v| < Ju()| o] S o]~
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To get a bound from below on u(v) - v, we cut the integral in two pieces and
use the fact that |v| > 1 and |w — v| < 1/2 implies w - v > 0. First

w v dw n w-v dw
|lw—v|>1/2 |p|d+o N lw—v|>1/2 [lwtv|>1/2 | |w|dto _ \dtY
|lwtv|>1/2 I | <’LU ’U> w-v>0 w-v<0 | | <’LU ’U>

B / ( 1 1 ) w v d
= Jio—wlo1/2 Aty iy dyo W
w=ot>1/2 \ fw— o)™ (w4 o) ) Tul

which is positive since (w4 v)> — (w —v)> = 2w - v > 0. The remaining terms
are dealt with as follows

/ w - v dw
—|<1/2
R (w — )7

Jw+v]|<1/2

/ 1 1 w v q
pr— - w
w—ol<t \ (w—0)™" (w4 0)™7 ) [w] T

> ((4/5) - 2/5)") [

1
Jw—v|<35

w v

7|w|d+‘7 dw,

since |w + v| > 2|v| — |w — v| > 3. Finally, if [v| > 1 and |w — v| < 3, we get

2w = ot 4l — o —of? > ot — &> P
ol < [o + Jw — o] < 2o],
so that
/ WU s |Bo(1/2)] 1 .
ool <L w|do = Tgdtot2 |y[dto-2

This implies u(v)-v > C |v|~(@+7=2) for some C > 0. Since u is radial, we proved
that

u(v) = G(v) HT

where G € L*°(R?) and G~! € L°°(B§(1)) and the conclusion holds with 3 =
v —o.
e Case o € [1,2). The gradient of v + |v|2~977 is a distribution of order 1 that

can be defined as a principal value. Indeed, in the sense of distributions, for any
¢ € D(R?), we have

via [ Veple) [ Vale@) = pl0)
(VoloP 1 0= = | do=-[ a

a Joldte—2 "0 T |v]dto—2

= (o= [ i () = 0] o

d"U
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Identity (16) is replaced by

u(v) v . 1 _/ w 1 1 d
dto—2 P \JoH @) Jga Jw T\ (o — )T () v

so that, after computations like the ones in the proof of Lemma 10,

1 1
<w>d+"/ n <U>d+’Y

1
dw < 7(11)‘”0_2 .

|u(v)] / 1
d4+o—2 " Jga |w—v|dto-1

Now estimate u(v) - v by

/ w v 1 _ 1 dw
=4 [0\ (o —w)™T ()

1 1
'/ <4 i <<v—w>d+” ) <v>d+”>dw

< swp (d+ ) |v| dw 1
- <w>d+’y+1 lw|< |w|d+o' 2~ < >d+'y

wEB,(1/2)
The result follows from the fact that d+~v>d >d+ o — 2. a

6.2. Quantitative estimates of p. and AL.

Proposition 5. Under Assumption (H), if n € (—-y,7) is such that n > 3, then
AL is finite and

&1~

"

VEERT, m(6) S

6.2.1. Generalized Fokker-Planck operators.
Lemma 8. With L = Ly, we have

min ’Y+ +n
M S |€‘ {2 }]1|§|<1 + |§| 1‘§‘>1 and /\|_ <1.

We recall that L is self-adjoint.
Proof. Let us start by estimating p . With
FUL((0- )9 F) = Vo (FY, ((v-6) )
=A,((v- 9 ¢) = (d+7) 5 Vo((v-§) ¥)
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and vv((“&) 30) =p&+ (UE) Voo, Av((vg) 4P> =28 -Vyp+ (Uf) Ayp, we
end up with

FT'L((v-€) @) =2&- Vg + (v-§) (Amp— (d<;r>;> (<p+v-Vv<p)> -

We recall that 8 = —2 and

p(&,v) = where  A(£,v) == 1+ (v)° [¢]?,

so that
_ v
Vip= (2471 =6 (0)° 62472 v=2(1-2()°¢) 55
and

€-vie=2(1-200) LE. v V=2 (120 L
Using (v)° |€]2 < A, we can readily estimate
€ Vol Sl €AY o Vg S ()° A7
The last part to estimate is

Avp=2(1-20°|¢) V- () +2V- (1-20° 1)

= 2 (1= 20 €P) (d+ 1210 ()" €7 A7) — 24 Jof? ()" g7 A2,

from which we deduce that
[Avpl S AT
Combining previous estimates, we thus end up with
[FL((v- & )| Slv-glAar.
This provides us with the estimate
v - €2 dv
+(0)° Je2)” ()

which allows us to conclude by elementary computations. Similar computations
will be detailed in the proof of Lemma 11.

Next we have to estimate A_. After recalling that ¢ = <U>_2, we observe that

O = L@ 916 ) PlEan 5 [,

|F1L( ¢F;_]AU¢ (d+7) —— v¢]

(v >

is a bounded quantity. Since (v)" F' € L!(R9), we conclude that A is bounded. (J
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6.2.2. Scattering collision operators.

Lemma 9. Assume that (H) holds. With L = Ly, we have

Y=n—

min 2 —
S e g 4 16 Lgsn and M S

Proof. To estimate p, we write

FoL (099 F) = [ b00) ((0+9) o(0) = (0-6) (0) P

= [ b0 (@) 60 P = (- pto) vlo)

The Cauchy-Schwarz inequality yields
L1 v o) Fra
Rd |JRd

< /R< [ 109 )] @) P dv’) (/R b(:(vf’))zF dv’) (0)" F dv

<o [ o) -l

2
(V)" F dv

(V)" Fdv,

where, by Assumption (H2), Cy = [ [z, pa %FF’ dv dv’ is finite. Hence
lv-&f? dv

re (14 (0)° 1 [g]2)? o)™

e lv(v) (v- £)<p|2 (W"Fdv < C

for some positive constant C', which provides us with the result.
The estimate for A\ arises from

FUL (4 F) = / b(v/,v) ($(t') — $(v)) F(o) dv’

R4

B /Rd b(v',v) Y(v') F(v') dv’ — v (v) ¥ (v).

Again, the Cauchy-Schwarz inequality yields

2 b(v',v)?

F dv'
(v") v

/ b(v',v) ¥ (v') F' dv’
Rd

< NP, BF/d /

< [ )Ry’ |
< Gy lv(v) $()*

so that |[F~1L* (¢ F)| < (C]{l)/2 +1) |v(v) ¥(v)|. It follows from

dv
o\dty—n—2B6+4
(v) y—n—28

[ ) 6P (o) P gc/Rd

that AL <1 because y—n—28+4>~v—F+n—5>0. O
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6.2.3. Fractional Fokker-Planck operators.
Lemma 10. For any o € (0,2), we have

1472 ((0-€) )| S 1€1F Ligper + Ligiz1 -
Proof. Let us introduce the notation
VoeRY, m(v) = (v-€) p(v)
and estimate the fractional Laplacian by I; 4+ Is where

I - / m(v') —m(v) — (/v;_;v) - Vm(v) v’
o=’ <(v)/2 v —v'|

Ny —
B | mlv) = m0) gy
vz @y/z 0=V

e Step 1 : a bound of I.

We perform a second order Taylor expansion. From

Vop = — (6 +(B+2(1-g]) ()7 \£|2) )220,

we deduce that |V,¢| < ()" . In order to estimate the Hessian of ¢, we write
V26)| = |V ((B+ (8 +211-8D) o)) ()" 42 0)
SO+ ()7 Vgl
from which we deduce that |V2¢| < ()2 ¢. It turns out that
V2 (- &) @)| S IVup()] €] + v ][V (p(0))] S 1€l (0) o
because V, ((v- &) ¢(v)) = ¢(v) € + (v - &) Vyp(v). Therefore,

| </ [V2m| e (B, () /2)) "
[2|<(v)/2

|Z|d+0'72
2072 €] \-1 < €] ¢(v)
S e o ? 1) @llLee (Bo,w)/2)) S 2= 0) (o)

because (v) is comparable to (v) uniformly on B(v, (v) /2).
e Step 2: a bound of I5.

We distinguish two cases, [¢| <1 and [£| > 1.
e Assume that || > 1. We estimate I by the three integrals

m@)| / m@)|
BRI M)l g
/uv;|><v>>/2 o — ofdre 0 o202 o~ v/]dE0 Y

[v|<{v [v']
and / LZ})JJF dv’
o—v'[>()/2 [0 = V'[4F7
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so that

dto 27wa [[mllLe (85 () | 27wa [m(v)]

o) lmllLr (o)) + o (0)° o (v)°7

|2 <

—o —d
< @7 (@) Il ooy + Il ss o + m(@)])

To proceed further, we have to estimate (v) ™ [mlLs(Bo((vy)) and [Iml|Lee (e ((0)))
for any v € R% and this is where |¢| > 1 will help. Let us observe that

()~ Je| ! it B42]1— B —1>d,
W)™ ImllLa By < § ()¢ () FA2 Bl gy 21— Bl - 1< d,
2 [€](v) ¢(v) if 4214 -1<d.

For any v' € B§({v)), we have

7 Eolo] < (o ()" () Il
‘( g) QD( )| § < > |€| 1+ <v/>2|1—B| ‘€|2 S 1+ <U/>2|1—ﬁ\ |§|2
W'
= 1+<U>2|1_§| ‘§|2 _< > |§|90( )a
(o) "lel

where we have used that (v') — T T is decreasing for (v') > (v).
Indeed, when 1 — 8 < 0 this is straightforward and when 1 — 8 > 0 it results
from the fact that (v’)ll_m |€] > 1 because |¢| > 1. Hence

bl < {<v>‘“ (@) el + @) €l o)) i A+201- Bl 1>,
P L) ) Jel o) #8+21—B—1<d.

e Assume now that || < 1. Let us write

_ !/
e[y (o)t
|2]>(v)/2 [v—v'|>(v)/2 [v— '] ||

< Lewd sup (|m(v)—m(v’)|)
(00 <U>U_€ lo—v’|>(v) /2 [v — !¢

where ¢ will be chosen later. The next step is to estimate the /—Holder semi-norm
of m. For B < 1 and any w € R%, we may write

(w)" " ¢
L Gw)” P g2

im(w)] < [¢] (w) ¢ =

a-p)(2—a’) 2—a’
5 2—a

2 20 () 61

L (w)* Pl gg2

S1ET (W),
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with £ = o/(1 — 8)/2 € (0,1). For any (v,v’) such that |v —v'| > (v) /2, we
deduce that

Im() = m()| S 161 (200 + 1/ —ol) S JeF o - '),

and finally obtain
o—de

|Ia| < |€|7W~

In the case 8 > 1, the estimate can be performed exactly as for || > 1 and we
do not repeat the argument. ad

Proposition 6. Let v > |3|. With L = L3, we have

S IEY Tgg<r + Ligza -
Proof. We recall that F~1L*(F ) = A2 _F .V, and compute

i 2 dv
,@:AJAJ%wfnﬂ—E~VA@fMﬂ!@yﬂw

<2
Rd

‘2 dv

AZ/Q((U -£) <P) W

dv
+2/Rd |E -Vv((vf)s@)ﬁw‘

We have to estimate the two integrals of the latter r.h.s. The first one follows
from Lemma 10. As for the second one, using Proposition 4, we obtain

|E-Vo((v-€)¢)| SIE-€p|+|(w-€) E- Vo

S o€l o+ v-&le )72 ) v
S o€l )’ e,

so that
v - €]? dv
@ (14 ()2 P g[2)2 o)
o —Btn
< Jg = Lig<1+Lig>1 -

1E - Vo ((v-8) @)lIF2(uyn o) 5/R

O

Proposition 7. Let v > B4 and consider L = Ls. There exists a constant C > 0,
independent of &, such that

AL<C.
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Proof. We follow the same steps as in the proof of Proposition 6. We have

dv
W

dv dv
o/2 _ur . 2 Yv
SQ/]R |A w| T 2/Rd|E U U

Since Ag/ 21/) is a bounded function, the first integral of the r.h.s. is bounded
because v —n > 0. For the second integral, we simply observe that

2 dv [v]? dv
/Rd|E'Vu¢‘ WS/RL!WS

is bounded because v —n —28 + 6 > 0. a

AL :/ (A7 — E - V)
Rd

6.3. Two technical estimates. We recall that the coefficient uo and fiy, have been
defined in (15). The coefficients fi; and fi are well defined when 8 < 1 < + since
(B-=1)+1|8—1]=2(8—1)4 so that, for any k < 2,

Ny +2B+418 -1/ =(n— ) +(y—B) +8(8— 1)y +4>2k.

The notation a ~ b means that there exists a constant C' > 0 such that a/C <
b < Ca. Our first result investigates the dependence of po and i in & € RY.

Lemma 11. For f < n <y with v > 0, the coefficient ps is bounded from above
and below for large values of || and satisfies

w0 5, I£|“““{2 =+ § Br#2,
H2(8) ~ = d|1 gy €7 Toz ] if B+y=2.
Ifn+~y+28+41— 8| > 2k, then ix(€) |£|5+oo 1€1F=2 and
a(€) 22 femm AT if v+28+n#2k,
(€)= — 1€l log ¢ if v+28+n=2k.

Proof. We start by considering £ — 0. Let ¢ := |1 — 3| > 0. If 8+ v > 2, then

2
2 cy |v1]
(@) ~, €8 [ S

o If 34+ < 2, then 3 < 1 and ¢ > 0. With the change of variables v = u |£|~1/¢,
we observe that

pa(&) ~ [T 2/ [wl?  cydu
€0 ra 1+ |ul?¢ |uldtBty
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using (u|¢|71/) o lu| |€|~1/¢ for any u € R4\{0}.
elf +~v=2and vy >, then § <1, c=1—f is positive and
2
e [ o e
Ra 1+ (v)[€[2 ()2

With the change of variables v = u |£|~1/¢, we have that

7 / vy |2 dv / lur|?  du
0= ~ —_—
o1zl =t 14 ()2 [€]2 ()2 €50 Jjuzr T [uf?€ fuld+2

is finite. Using the invariance under rotation with respect to & € R9,

d/ |vq |2 dv _/ |v]? dv
i<lel=F 1+ @21E2 @) Joj<ig=t 1+ ()7 [€)2 ()

can be splitted, using [v]2 = —1 + (v)°, into

_/ 1 dv _/ dv
el<te =t 14 ()2 €2 ()™ €50 Jra (v)*F?

and

[ I Y LW
pi<lel T+ )2 1El2 () Jii<iet @) Jli<iemt 1+ ()72 1E]2 (v)

. . 2c
using ﬁ =1- ﬁ with X = (v)™° [¢]2.

dv wq
— ~ —— log¢|
/v|<|5|i () &0 ¢

and

/ 1 dv / [ul?¢ du
ol<le = T+ (0) 72 1€]72 (0)7 €0 Jpujar L+ [uf** ul?
by the change of variables v = |¢|~/¢u. After collecting terms, this yields

W

o o= S lEl log €]

£—0

On the other hand, when |£| — +00, we have

o= [ ear e,
e (0)22 4 (0)2 £]2 ()T Ielo+oo Jpa ()PP
The claim on po is now completed. All other estimates follow from similar com-
putations and we shall omit further details. a

The coefficients Ag, A1, Ao and A; have also been defined in (15). Our second
technical estimate goes as follows.

Lemma 12. The coefficients Ao and Ay are well defined for any v > 0. The
coefficients Ao and A1 are also well defined if v > 0 and n > —~.

The proof is straightforward and left to the reader.
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7. Hypocoercivity estimates
7.1. A macroscopic coercivity estimate. We recall that R [f] =— % Re (Agﬁ A>
if f solves (1) where

1 (—iv-€) )" . 7
A = ——11 =y NT
¢ ) 14 ()2 1P g2 v o

with o(&,v) = % and 9 (v) := (v) 2. In this section, our goal is to

establish an estimate of R¢[f]. In this section, we use the notation (15) and prove
Proposition 3.

Proof (Proof of Proposition 3). Since ¢ and 9 commute with T and NTMN = 0,
we get

ATl = -9 MTHep =0, AZTI‘I:QDTI'ITI'M/):O.

Moreover, LI = 0. With these identities, using the micro-macro decomposition
f=0f+(1-N)f, we find that

~

Rg[f] :=|1+|2+|3+|4+|5+|6+|7
where

Iy = <A5Tﬂf, I'If> ly = <A5Tﬂf, (1- n)f> L ly = <A5 T(1-N)F, I'If> :
= (ATA =M A=), Isi= (Al =ML TO-M]),

lg = — <A5 L(1—M)F, f> R <A§(1 ML -mf

e Step 1: macroscopic coercivity.

~

Since [pq F'dv =1 and Nf(§,v) = p7(§) F(v), we first notice that

@) = [ |pp(&) FI?du=|INf]?.
Rd
and ~ ~
L= (AcTE, F) |pgl* = (¢ TP o F, F) INF]I* = Xo p2 [INF]?
by definition of A¢.
e Step 2: micro-macro terms.

By definition of Ag,

lp=(WNT e TNf, (1= f) = (F[TPeF) pr (¢ F,(1—M)])

~

can be estimated using |p7| = [[[1f|| and the Cauchy-Schwarz inequality

(p F,(1=T)f) < o F|l_y (1= M) fll,
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by

~

2] < Xo ez [INFIL (X — 1) F]

By similar estimates, we obtain

n-

~

lIs] < Ao A2 [N (L =T fly,
[lal < Ao fiz |1 = M) £,
5| < Apjin [|(1 - ﬂ)fH?;
To get a bound on lg, we use the fact that T* = —T to obtain
lo = (NTeL(L =], ) = (FTeL0 =Mf) (F v, )
== (UTera-mf)(Fu.]).

By the micro-macro decomposition f: I'If+ (1- I'I)fA, we have

(Fu.F) =2opp+ (Fu.(1-M]F)

and the Cauchy-Schwarz inequality gives

~

(UTeF.(1=MF) < (1= M]ll,.
This yields

o~

6] < Ao s [INFINICL =) Flly + Ao pae [1(1 = T)F

In the same way, we get
7] < A (L=

e Step 3: cross terms.

With X := |[Nf] and Y := ||(1 — I'I)J?Hn, we collect all above estimates into
Rg[ﬂ < —Xopo X2+ (;\0 Mo + Ao fiz + Ao ,UL) XY
+ <5\o/12 + M jin +5\0ML+)\L/11) Y?,
which by Young’s inequality leads to

Rg[ﬂ < (% (;\0M2+/\0/12+/\0/1L> —A0M2) X2

No fiz + A1 i + A Aoz + dofia + A
+<)‘0N2+)‘1M1+/\0ML+)\L/L1+ 02 252 OML)YQ.

With the choice
Ao p2

a = =< 9
Ao fh2 + Ao fi2 + Ao pL
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we get
RelF) < — 5 Mo [INFIP + K(©) (1~ MR

with

(5\0 H2 + Ao fi2 + Ao ,UL)2

K(€) = Nojia + A1 fin + Ao p 4+ AL jia +
2 o p2

o Step 4: A uniform bound on K(£).

According to Lemma 12, Ay and Xo are independent of ¢ and take finite
positive values, so that

~ ~2 2
K(f)§ﬂ2+>\1ﬂ1+/~LL+)\Lﬂ1+u2+%+%.
2 2

We also deduce from their definitions in (15) that o, fiz, €] i1 and A;/|¢| have
finite, positive limits as |{| — +oo. By Proposition 5, p and A_ are bounded
from above, so that

A
VEeRsuch that [¢] > 1, K@) S14p+ = +pf <1,

€]

It remains to investigate the behaviour of K(£) as £ — 0 and we shall distinguish
two main cases:

e if 3 < 1, under the assumption that S+ # 2, y+n+2 8 # 4 and y+n+2 8 # 2,
for some positive constants C7, Cs, Cp, Cy, we have

~ o a O emin{2 5 )
2 Col€|™, iz o Cso €] ;
. +n ~ ~
i o~ o lemn{lits N o &
M1 €350 1 ‘§| 9 1 €30 1 |£| )

where o’ = min{2, %} as in (9). Since n > 8 > 28 — v and n > —, this
implies by Proposition 5 that

~2

2 ~2
Ve e R such that €] <1, K@E) <14+ +2 <y 2
M2

M2 M2

Then % = O (|¢|¢) is bounded as £ — 0 either if 5 + v < 2 because
e=min {325,158} | 28, 4-35-y=201-f)+2-(F+) 20,
or if 8 4 v > 2 because

Ezmin{Z,%"f} and n>p>2—7.
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e if 5 > 1, under the assumption that y+28+n—-4# 0and y+28+n—-2#0,
for some positive constants C;, Co, Cy, Cs, we have

0688

~ O 2 TP 5 Inin{2,72(ﬂ71)
pe o~ G287 i o~ CaE]

A
—0

. A, el

Sincen>pg>1,weget y+n+65—-—8>0andy+n+48—4>0, so that

3

<
K <1+ o

where % = O (J¢|°) is bounded as £ — 0 because

ezmin{27%ﬁﬁ_6} and y+n+45-6>0.

In the critical cases when a log|{| appears in the expression of pug, iy or fig,
we obtain expressions of the form || | log |£|| for some € > 0, so that all terms
also remain bounded. We conclude that in all cases, () is bounded from above
uniformly with respect to £. This ends the proof of Proposition 3. ad

7.2. A fractional Nash inequality and consequences. For any a > 0, let us define
the function N, by

8(1

VSZO, Na<8> ::W

and the quadratic form
Qulul = [ M€ 1a(e) de

where @ denotes the Fourier transform of a function u € L?(dz) given by

a(€) = (2m)~4/2 / =1 y(z) da .

Rd
We recall that by Plancherel’s formula, Hu||i2(dx) = ||ﬁ\|%2(d£).

Lemma 13. Let d > 1 and a € (0,2]. There is a monotone increasing function
Do RT — RT with @,(s) ~ s+ g5 s — 0, such that

Qalu]
Vue DRY), lullfzqe) < lullts (s P <||u||2 '
L (d=z)
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Proof. We rely on a simple argument based on Fourier analysis inspired by
the proof of Nash’s inequality in [35, page 935], which goes as follows. Since
Hﬂ”LO"(df) S Hu”Ll(dw), we obtain

4l ey = 13y < [
(dz) (d§) €|<R

1
S gwd l[llfs () RY +

ja(€) 2 dé + / ja€)? de

[€I>R

1
V@)

for any R > 0, using the monotonicity of s — N (s).
Let us consider the function

1
J(@,R) = - R+ g (1+ R~2)2/2

and notice that, as a function of R, f has a unique minimum R = R(z) such
that .
R (1+R)'"% =2
for any « > 0. With a € (0, 2], it is clear that 2 — R(z) is monotone increasing
and such that R(z) < 2'/(4+2) (1+ 0(1)) as z — 400 and R(z) = z/(@+) (1 +
o(1)) as @ — 04. Altogether, for the optimal value R = R(z), we obtain that
¢(x) = f(z, R(z)) is such that
P(x)=(5+2) g ta (1+0(1)) as s—0q,
o(x) = z (1+0(1)) as s— +oo.
a
The proof is concluded with @,(s) = wy (;S(Z—j) O

Let us consider the Fourier transform with respect to x of a distribution
function f depending on z and v and define

Qalf] == | Qalfldp.

Rd

Lemma 14. Let d > 1 and a € (0,2]. With the above notation, we have

Qu[N/] )

Vf € L1 ﬂLz(dQEdu)7 ”I_If”iQ(dzd,u) < ||fH1241(dxdv) Dq <||f||21
L1 (dx dv)

where the function @, is defined in Lemma 13.
Proof. We apply the strategy of Lemma 13 to If = p¢ F' and bound
lofllLzcazy = IMFIE2 e apy = N2 ae dpey
by
—~ 1
J[ e oPagan = gea B gl [ P2
I€I<R R4

1
= &wd Rd Hf”Ll(dzdv)
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dean e 2ol [ g2y, - QY]
//;>R'”f§’ o)l dedp < <>,/ Fdu=3®)

From this point, the computations are exactly the same as in the proof of Lem-
ma 13. O

and

7.8. A limit case of the fractional Nash inequality. In the case when 8+ v = 2,

we recall that N R N

Re[f] 2 A INFI* = Cll1—M) I3
by Proposition 3, where A(¢) = h(|£]) and h(r) = r? |logr|/(1 + r? logr). The
function A : [0,1/1/e) — R is monotone increasing. Define

1
&(z) = Ea;pr% [log z| .

The proof of Corollary 1 relies on the following result.

Lemma 15. Let d > 1 and assume that B + v = 2. With the above notation,
there exists a positive constant A such that, if

ITF17 4z a0

||f||%1(dr dv)
then

H f”%? dwdu))

”A2 rlf||L2(d:cdu) ;]d Hf”Ll(dxd,u) 4 ( HfHLl(d J

Proof. As in the case 8 + v # 2, we use

wm@&@fwwﬁmm=/ |@F%+/ 77l de
[EI<R €|>R

1
< @4 R || 57|12 +—/ Alpyl*d
S i Rd Hf”Ll(dmd,u) + o ( ) HA I_l-f”LQ (dz dp)

for some R > 0, small enough. The last inequality can be written as

b
X <RY ——
= a+ (R
with @ = 2 [| Fl[24 g g0 0 = 147 TFIIRs 0 g and X = [Mf ][22 ge gy, There is
a unique R > 0, small, such that R*2|log R| ~ R?h(R) = b/a if b/a is small
enough, from which we deduce that X < 2a R?, i.e,
b

X 1
-2 () where @(z) := gl’l+% |log x| .

a”™ 2a

The conclusion holds for some A < R?h(R) with R = 1//e, whose detailed
expression is inessential. a
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7.4. An extension of Corollary 1 when S+ v < 0. We do not have a good

control of ||(1 — )f||Lz(d$ 5 ) when 8 < —+, but we claim that the issue can

be solved if we consider |[(1 — )fH%Q(dx (0)ndp)”

Corollary 7. Let 5+~ <0 and n € (—+,0). Under Assumption (H), if f is a
solution of (1), then for anyt >0,

2(14+%)
/R Relflde 2 INAEER, — 10 = M1 oy -

8. Completion of the proofs and extension

8.1. The case 8+ < 0. Let us define

// Mf? (v)°dedy and Y := // INf12dedp.
Rded Rd xRd

With this notation, Inequality (14) in Corollary 6 can be written as

Vr>0, —/ (f,Lf)yde >r X, — (1—0)077 rT7 X, (17)
Rd
with 8 = ,’:_;Z, b < —v<n<0<k<, while Corollary 7 simply means
/Rd Re[f]d¢ = Y'Ta — X, . (18)

Let us consider
H:=Xo+Y +6(t) Re </ (Af, ) dx) with 0(t) =do (1 4+¢€t)™?,
]Rd

for some constant numbers a € (0,1), 69 > 0 and £ > 0, to be chosen. The
major difference with the case 8 + v > 0 considered in Section 3.3 is that we
allow J to depend on ¢t and that we shall actually make an explicit choice of this
dependence.

We know that

(1-2)(Xo+Y)<H<(14+3)(Xo+Y)

and compute
dH A !
SR // FLFdxdp+6(t )/ Re[f] dé +0'(t) Re (/ <Af,f>da:) .
R x R4 R? R4
Using (17) and (18), we get the estimate

dH 1+5 de
T Y -0X,+rX, — B_l-i-stH

We recall that 2 means that the inequality holds up to a positive, finite constant,
which changes from line to line. Next we choose r = 24, g > 0 and € > 0 small
enough so that the above r.h.s. of the inequality is positive. However, we shall
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still do some further reductions before fixing the values of §y and . The decay
rate of H is governed by

dH 1+< k=8 de
—EZ(SY d+5Xn_6777B_1+EtH’

with a positive r.h.s. at t = 0. Using Hoélder’s inequality
_k_ _n_
Xo < Xy " X"
and the fact that X}, is uniformly bounded in ¢ by a positive constant depending
only on the initial datum, we obtain

dH o 1
— = >5yH §X
dt ™~ THoA

n
k

k=B 5
—0nF — i H,
and we can still assume that the inequality has a positive r.h.s. at ¢ = 0 without
loss of generality. It is now clear that

dH k—n

_525(H1+”—5"*5—ﬁﬂ) with ﬁ:max{%,—g}.

Up to a multiplication by a constant, we can actually fix the mutiplicative con-
stant to a given value 7 > 0 that will be chosen below (with the corresponding
redefinition of € and dy) so that the differential inequality is

— 26 (3HE 0 - i W)

Now, let us fix dg > 0 and £ > 0 small enough so that

k—n

60 +eHo < HGT"

with Ho = H(t = 0). We have to check that this condition is stable under the
evolution, that is,

VE>0, 08 <HE™ and eH(t) < H(E)H. (19)

Keeping track of the coefficients is paid by unnecessary complications, so that
we are going to make some simplifying assumptions, in order to emphasize the
key idea of the estimate. Up to a change of variable ¢t — € t, we can choose € = 1
and also take 6p = 1 and Ho = 1 without loss of generality, so that, in particular,

VY>>0, 6(t)=1+1t)?.
As a result, let us consider the differential inequality

dH 14k k—n H
—Ez e (3 g - ).

We aim at showing that
H(t) <H@E) :=(1+1t)"7 (20)
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where H solves

As a consequence of

§rF = (1477 F and L = (146" %1,

we learn that

T+t
under the condition that
k— 1
—a Zg—a—@ TE and a>0. (21)
n—

Since — dd—?'tl/ < - dd—qf if H(t) = H(t), it is then clear that (19) holds and H(t) <
H(t) for any ¢t > 0. In other words, H is a barrier function and (20) holds for
any t > 0. The result is also true for the generic case.

With the choice a = (8 — )/, Condition (21) is satisfied if 5 <7 <0<k

and k = |n|/k, with 7 = k/|B| if d > 2 because

azﬂgmax 1’277
1-p 147

and because k = |n|/k > «/d for an appropriate choice of n € (—+,0) and
k € (0,|n|d/a). The same argument applies if d = 1 and v < 1.

If d =1, in the range 1 < v < |3, we have a > 1 and distinguish two cases.
e Either K = o > |n|/k: with |n|/a < k < v and n > —~, we find that
7 =T7.(n, k) and a = a.(n, k) where

k—mn
k—B)+n-p

(14+a)(n—5)
ak—=0)+n—-05"

and a.(n, k) :=

k) = o

Using %7}5 > 0 and %—:}* < 0, the largest admissible value of 7, is achieved by

I (0, k) 2y
im To(n, k) = .
(k)= (= 77) K a(y—B8)+18+1]

e Or a < |n|/k = k: in that case, we can take a = (8 — n)/3, Condition (21) is
satisfied if —y < <0 <k < |n|/a < v/a, 7 = k/|B| and & = |n|/k. This is
possible as soon as k < v/« since this condition is then verified if we take any
ne (_ Y, — k Ol).

This completes the proof of Theorems 1, 2 and 3 with 7 = k/|3|, except if
d=1,1<+v<|B| and k € [y/a,), where the rate can be chosen arbitrarily
close to 7, (— 7, k).
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8.2. The case of a flat torus. As in [11], the case of the flat d-dimensional torus
T¢ (with position z € T¢ and velocity v € R?) follows from our method without
additional efforts. In that case, Equation (1) admits a global equilibrium given
by foo = poo F With peo = ﬁ JJrayga f™ dzdv, and the rate of convergence to

the equilibrium is just given by the microscopic dynamics

If = foollL2(@zdp) S e M- foollL2(dw du) if 0<8<y7,
If = foollL2(@zdp) S (1+ t)RBL| foollLz((wy*dz du it g<o0,

with & € (0,7). In particular, if f = f(¢,v) does not depend on z, then (1)
is reduced to the homogeneous equation 0;f = Lf and we recover the rate of
convergence of f to F in the norm L2(du), as in Section 1. This is coherent
with the results in [3,41,40,17,28,2]. Moreover, we point out that our result
is a little bit stronger than some of those results, because it relies on a finite
| fim l[12((v)*dz azey ROTm for the initial condition, which is a weaker condition than

the usual boundedness condition on || fi* F~! |20 (dz ) OF H'-type estimates as
in [2, Section 6], where 3 = 0 in Case (b). Remark however that weighted L2
norms already appear in the homogeneous case in [27,28].
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