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Abstract: We consider radial solutions of Au + u — |u|~"?’u = 0 in R? with
d>1,80 € (0, %) and prove by a shooting method the existence of compactly
supported solutions with any given number of nodes.

1. Introduction and main result

We consider radial solutions in R? of

Au+ f(u) =0 (1)
1
2

where f(u) = u — |u|~2%u with 6 € (0,
derivative w.r.t. r, any solution u(z)

the O.D.E.
{u”+%u’+f(u):0 @)
u(0)=X, 4'(0)=0

for some A € R. For d > 1, we prove that solutions of (2) globally exist for
any A € IR, are bounded and have a finite number of nodes, i.e. of roots inside
the interior of their support. We also prove that those which are in H'(IR?) (or
equivalently tend to 0 as r — +00) turn out to be compactly supported (other
solutions converge to £1 as r — +00). Our main result is the following.

). If we put » = |z| and denote by ' the
u(r) shows a C? regularity and fulfills

Theorem 1. Letd > 1. There exists an unbounded increasing sequence (Ag)kev
of initial data such that for any k € IN, (1) has o radial compactly supported

solution in H'(IR?) with exactly k nodes, corresponding to A = Ay

One of the main motivations for the analysis of spherically symmetric (or
radial) solutions of Au + w?u + g(u) = 0 arises from the theory of standing
waves v(z,t) = e®tu(z) for the semilinear wave equation

vy — Av = Q(U) )
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with finite energy [pa (5 |ve|>+ 5| V|2 —G(v)) dx, where G(v) = [ g(s) ds. Here
v is complex valued and we assume that g(ge’) = e g(p) for any o, ¢ € IR. Such
solutions (and especially the radial ones) have been extensively studied (see [6,
12,19,23,25,28]) for Lipschitz nonlinearities. When g(u) = —|u|"*’u, 6 € (0, 1),
the non Lipschitz character of the nonlinearity at v = 0 implies that solutions
in H'(IR?) are localized, not only in the sense that u(z) — 0 as |z| — o0,
but that they are actually compactly supported in IR? (see [11,27]). Note that
for power nonlinearities, w can always be taken equal to 1 up to a scaling (the

equation for z — w'/?u(w'x) is Equation (1)).

Equation (1) also appears in various other problems, for instance as the large
time limit of the semilinear heat equation uy — Au = f(u) (see [9] for a related
problem) and shows up in several chemical reactions or plasma physics models
(see [13,22,11]).

For many types of nonlinearities, variational methods have proved their ef-
ficiency in getting multiplicity results (see [28,6]). The fact that the solutions
are ordered by their number of roots has been proved in a regular framework
using an approach based on dynamical systems methods and estimates of the
winding number by C. Jones & T. Kiipper in [19] (see references therein for
earlier partial results). This has been done in the framework of a C*! superlinear
and subcritical nonlinearity, and extended by several methods in [12,23,17,20]
to various but still Lipschitz superlinear and subcritical nonlinearities (also see
[20] in the case of ulogu). We shall refer to the references quoted in these papers
for more details on the superlinear case, concerning, for instance, the uniqueness
of the ground state solution.

Dynamical systems methods for nonautonomous equations have been used
to get results on the nodes in many other contexts, for instance in the case of
the Dirac equation with a smooth [1,2] or even non Lipschitz at the origin [3]
nonlinearity and it is certainly out of the scope of this paper to give a complete
list of references.

When the nonlinearity is globally Lipschitz, solutions with a prescribed num-
ber of nodes have an infinite support, which makes the counting of the nodes
uneasy. Such a difficulty can in some cases be solved by an appropriate change
of variables. It has also been recently tackled by J.A. Iaia, H.A. Warchall &
F.B. Weissler in [18] when the solutions may have an almost constant value on
arbitrarily large intervals in 7 (”loitering on the hilltop”), and then have a node,
so that the problem is asymptotically one-dimensional. Here on the contrary,
we will take advantage of the lack of regularity, which forces some solutions
to have a compact support and therefore localizes the problem in a finite ball.
The boundedness of the support of the ground states (non-negative solutions in
Hl(Rd)) has been proved in several papers (see [5,13,22,16,11]) and symmetry
results based on moving plane methods and comparison techniques (see [22,11,
14,15]), are also available even if the nonlinearity is not Lipschitz at u = 0. How-
ever, for sign changing solutions, very little seems to be known in the sublinear
case, as quoted for instance in [24] for a related problem (without linear term).
Estimates depending on k of L? and H' norms of solutions with k& nodes are
known in the case of a superlinear and subcritical nonlinearity (see [21]) and
one can expect that the nodal structure classifies with the set of the radially
symmetric solutions. To end with an open problem, let us mention the question
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of the uniqueness (up to a trivial symmetry u — —u) of a solution with a given
number of nodes.

Our approach is based on a careful analysis of the following dynamical system
in IR?, which is equivalent to (2)

3)

We evaluate the winding number w.r.t. (0,0) and study for d > 1 the prop-
erties of the flow close to the zero energy curve of the asymptotic autonomous
Hamiltonian system (at r = 00). Our strategy is to estimate the winding number
using the fact that for large u, the nonlinearity f(u) is dominated by its linear
part, so that the angular velocity in the phase space and the rate of decay of
the energy can be estimated. We thus prove that the number of nodes goes to
+00 as |A| goes to +o00. Since solutions of (2) which go to 0 as r — 400 are
actually compactly supported, it is possible to build a trapping region at a finite
r and thus prove that the number of nodes changes locally w.r.t. the shooting
parameter A = u(0) of at most £1.

The proof of Theorem 1 is given in the next section. It relies (subsection 2.1)
on properties which are themselves consequences (subsection 2.3) of some impor-
tant features of the flow (subsection 2.2). Considerations on existence, regularity,
uniqueness (and non uniqueness) of the solutions of (2) and continuity (or lack
of continuity) of the flow have been rejected in section 3.

Notations: To emphasize its dependence on A, we will denote by (uyx,vy) the
solution of (2). We shall use of the notation ||(u, v)|| = vVu? + v?2 for an arbitrary
(u,v) € R?.

1) A main tool to analyze System (3) is the energy Ex(r) = Efux,v)](r), where

1 1 2(1-6) 1
E[u,v](r) = 51)2 + §u2 - % = 5112 + F(u) .

This energy is decreasing;:

d d-1

_E =— 2 4

S EA(r) = =) <0, 4
and the only possible limits of E) as r goes to infinity are F(+1) = —2(10%0)

or F(0) = 0, which correspond to the stationary solutions (u,v) = (0,0) or
(u,v) = (£1,0) respectively (see Section 3 for more details).

2)Ifa € (0, F(\)], we put px(a) =inf{r > 0 : Ex(r) = a}. For simplicity, px(0)
is denoted by pa.

3) We will define Ny(Ry, Rz) as the number of roots of uy in {r € (Ry, Rs) s.t.
u3 (r) + (u)(r))? # 0} and use the notation Ny(R) = N,(0, R).
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4) Our analysis is based on the following sets of initial data:

A3 A<= A>0, lim,, o uy(r) = %1,
(UA(T)aU/\(T) 76 (070) Vr >0 7and N)\(OO) =k >

Lio9A<= \>0, lim,1our(r) =0
and Nj(py) = k for py =inf{r >0 : u3(r) + (u)(r))> =0} .

Note that for any A € Ay, lim wux(r) = —1if k is odd and lim wux(r) = +1
T—+00 r—+0o0

if k is even.

2. Proof of the main result

We will prove Theorem 1 as follows. First we will deduce it from a list of asser-
tions and get the result by induction. Next, some important features of the flow
are established, that are used in the third subsection to prove the assertions.

2.1. Proof of Theorem 1. It relies on the following list of assertions, that will be
proved Subsection 2.3. We make the convention: I_; = 0.

For all k € IN,

(A1) Ay is an open set,

(A2) Ay, is a bounded set,

(A3) I}, is a bounded set,

(A4) sup (Ag) € (Ip—1 U It),

(A5) sup (I,) € Iy,

(A6) if \ € I, then there exists € > 0 s.t. (A —e,A—¢€) C (A UL U Agy1).

We are going to prove by induction that there exist an increasing sequence
(Ak)remv of real positive numbers such that A, € I,. We will specifically prove
that for any k € IV, the three following properties are true:

— forl=0,1,..k, I #0,
— forl=0,1,...k+1, A #0,
— forl=0,1,...k, <@ < )\1+1,

where i; = sup ([;) and A\; = sup (4;).

1) The property is true for k = 0. Ag is not empty because 1 € Ag. It is bounded
because of (A2). Then Ao = sup(Ag) € Iy because of (A4): Iy is not empty,
and bounded because of (A3). Let ig = sup (lp). Then ig € Iy because of (A5).
Let € be given by (A6) with A = i9. Then Jig,i9 + €[C (Ao U Ip U A;). But
Jio,i0 + €[NIp = @ by definition of 4. And Jig, 49 + €[NAo = @ because ig > Ao.
This implies Jig,i0 + €[C A1 and proves that A; is not empty. It is bounded
because of (A2). Let A\ = sup (A1). We have by construction Ag < ig < A;.

2) Proof of the induction. The set A1 is bounded because of (A2). Then Apy1 =
sup (Agy1) € Iyy1 because of (A4), and the assumed inequality i < Ag41. This
proves that Ixy1 # 0. Let ipr1 = sup (Ixy1). We have of course A\gy1 < g1
Let € be given by (A6) with A = igy1. Then Jigy1, igt1 +€[C Apr1 Ulpr1 UAgio.
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But ]ik+1; Tht1 +E[ﬂ[k+1 =0 by definition of i541. And ]ik+1,ik+1 +E[nAk+1 =0
because i1 > Agy1. This implies Jigy1,i5+1 + €[C Ag42 and proves that Apia
is not empty. It is bounded because of (A2). Thus we have sup(Agi2) = Apy2 >
ix+1 by construction. O

2.2. Main features of the flow.
Proposition 1. Let a € (0,1), ro = &1, Then, for any a > 0 and A > 0, we

have ( o
Na(ra, pa(a)) > T(Px(a) —Ta) -
Proof. On |ry, pa(a)[ we have:
2(1—6)
dir(_ArCtg(%)) =1 + r u;fi’i)'u2 %T
2 0 + T u2+v2 + 232(}}__1)2)

>0 — 20022 > 0(1—a).

w2
Integrating this inequality on |ra, pa(a)[ gives the result. O
Proposition 2. For any a > 0,
lim inf A=Y/~ (a) > Vd (8a) pc=nl (5)

A—+o0

Proof. Let X\ > 2 and consider a solution of Equation (2). There exists an interval
[0, S(N\)] such that

<ua(r) <A =ux(0)
and u'(r) <0 Vrel0,SV)],
ur(S(A) = 3A.

(Vb

Since f is increasing on ((1 —26)~ /(%) 400), for any A > 2(1 — 26)~1/(29)

A

F(Z) < flu(r)) < fA) Yre[0, SOV,

and from the identity

3 = ua O —uats00) = [ Sw ([ st sttas) 2

we get

This gives, using the fact that f(u) ~ u as u — +00, the estimate

\/_<11m1nfS( ) < limsup S(\) < v2d . (6)

A—=+o0 A—+oo
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Moreover, by definition of E),

d d—1 d—1
ar (E,\(r) - m) =-2 — (E)\(r) - F(uﬂr))) > -2 — <E>\(r) - m)
with m = F(£1) = miny,er F(u) = —2(1’%0). Integrating between S(\) and

r > S()\) gives

r2(a=1 (EA(T) - m)

which combined with

Y

(sm)m_” (Bt -m) vr> s,

A2 )\2(170) A2
BSO) 2 F(3) = 5 — gy ~ 5 284~ 40

| >

and (6) provides the estimate

2(d71) 2 2(1—8
o= Bpr(a) =m+ (L) (¥ - 2y -m)
2d-1)
> (4) T E o)

as A = +o00. Estimate (5) immediately follows. O

Corollary 1. Let Ny(oco) be the number of nodes of a solution of (2) with initial
data u(0) = X\. Then
lim Njy(oc0) =400
A——+o0

Proof. Let a € (0,1), a > 0 be given. By Proposition 1,

(1 -«
NA(00) > Na(ras 2 @) > 20D pr (@) 1)
For ) large, px(a) > 4Vd (8a)_2<dl—1> A/(@=1) (by Proposition 2), which proves
that
N
lim inf ﬂ > V/d (8a) T D (7)
A—=+oo  \T-T
O

Proposition 3. For any k € N, there exists an € > 0 such that, if Nx(R) = k
and u3(R) + v3(R) < &2, then X belongs to Ay U T U Ajyq.

Proof. The decay of the energy E)(r) makes it obvious if (ux(R),vA(R)) € {E <
0}. By symmetry, it is enough to prove the existence of an € > 0, small enough,
for

(r(B),x(R) € (w0}l <} {B >0} n{0<v < 5y 7o) (8)
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For this purpose, we consider the trapping region 2 = {0<v <,/ %}ﬂ {E >0}

(see Fig. 3, Section 4). Let o € (0,1) (see Proposition 1). We claim that if ¢
(which therefore depends on k, « and ) is defined by the condition:

d-19 1 1/[8
6wl < = Bl ) < gy Wi O

then (uyx,vy) exits the region {2 crossing the boundary at {E = 0}. Assuming
the claim we have:

— If uyx(R) < 0, and the boundary is crossed at u < 0, then A belongs to Ag.

— If ux(R) < 0, and the boundary is crossed at u = 0, then A belongs to I.

— Ifuy(R) < 0, and the boundary is crossed at u > 0, then A belongs to Agy.

— If ux(R) > 0, the boundary can only be crossed at u > 0 because v’ = v > 0.
In that case A, belongs to Ag.

We are now going to prove the claim, by contradiction. Assume (uy,v)) ex-
its {2 crossing the boundary at {v = /%5 }. Let R"” be the value of r at the
crossing. Then E\(R") > 0. Moreover, if 0 < a < 1, we have by Proposition 1:

k= Ny(R) < Nx(R") < k+1 and Ny(R") > Ny(ra, B") > 29" (R ) |
™
This implies
kE+1
R" < % . (10)
Let R = sup{r € (R,R") : vx(r) < 1/:%;} , which is well defined because
of Condition (8). Inequality (10) gives:
RII
d—1 (d—1)6 1
E N_RE " — 2 > " _ R .
)= B = [ SR > ()
Thus we have
" ! (d — 1)0 1 " !
0(1—a) @
On the other hand, on |R, R"[, [ux| < 1, and v} = — %=1 uy <
|ua| + |ux|*72? < 2. This gives the estimate
1 0
5 m = 'U,\(R”) - 'U)\(RI) S Z(R” - Rl) . (12)

Combining inequalities (11) and (12) and using the decay of the energy, we
get

d—1)60
0< E,\(R”) S E,\(RI) - :(1(1,)9) w(k+11) +r % 129
(i—a) Te
d—1)6
< E\(R) - _51(1—20) ECEz v " i1 -
o(i—a) T T

This gives a lower bound on E)(R) which contradicts the definition (9) of &
and therefore proves the claim. O
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2.8. Proof of Assertions (A1)-(A6).
Assertion (A1) For any k € IN, the set Ay, is an open set.

Proof, Let Ao € Ag. By Proposition 6, py, = inf{r > 0 : E),(r) = 0} < 0.
Because of the energy decay (4), Ex, (px, +1) < 0 and the regularity of the flow
(see Corollary 2) in a neighbourhood of (uy,,v),) then gives the existence of an
€1 > 0 such that

|)\—)\0| <ér :>E)\(p,\0+1) <0.
Because of Corollary 2 again, uy does not hit (0,0) for £; small enough. This
proves that corresponding the A belong to Ujc v A;.

Moreover, the set of r in ]0, px, + 1[, such that uy,(r) = 0, is finite by Propo-
sition 6, and for such an r, we have u} (r) = v),(r) # 0. This proves that
{u = 0} is crossed transversally by (uy,,v,). Corollary 2 gives the existence of
an g2 > 0 such that if |[A — A\g| < &2, then uy has the same number of nodes as
ux, o1 ]0, pa, + 1[. The decay of the energy then implies that uy has no root on
[pko +1, OO[

If |A — Xo| < min(eq,€2), then A € Ay and the assertion is proved. O

Assertion (A2) For any k € IN, the set Ay, is bounded.

Proof. Tf Assertion (A2) was false, there would be an unbounded increasing
sequence (M );en of elements of Ay, for which, by definition of A, Nyi(c0) =k,
a contradiction with Corollary 1. O

Assertion (A3) For any k € IN, the set I, is bounded.
Proof. Tt is the same as for (A2). O

Assertion (A4) For any k € IN, one has: sup (Ay) € (Ip—1 U I).

Proof. Let A\, = sup (Ay). Assertion (A1) tells that the sets A,, are open disjoint
sets. This implies Ay, ¢ UA,,. Because of Proposition 6, IR = {0}U(UL;)U(UA,),
s0 Ay € UI,. Let m be such that Ay € I,, and consider 3 > 0 such that ux, (px, —
B) # 0 and uy, has m roots on |0, px, — B[. Moreover the continuity of (uy,,vx,)
enables us to choose 8 > 0 such that u3 (px, — 8) + 03, (px, — B) < €2, where
e is given by Proposition 3, and 0 < |vy, | < 14/ 1’%9. Because of the regularity
of the flow in a neighbourhood of (ux, (7),vx,(r))ref0,p,, —g) (see Corollary 2),
there exists an 7 > 0 such that for [A\y — A| < 1, u3(px — B) +vi(pa — B) < 3 &%,
0 < |val < +4/1L; and uy has m roots on ]0,px — B[ (this is because u = 0

is always crossed transversally if crossed with v # 0: see the proof of Assertion
(A1) for more details). Definition of A;, gives such a A in Aj. Proposition 3 tells
that A € (A, UL, UAp,41). This implies k = m or k = m + 1, and the assertion
is proved. O

Assertion (A5) For any k € IN, one has: sup (I,) € Ij.
Proof. The same proof as for Assertion (A4) applies mutatis mutandis. O

Assertion (A6) Let ke IN and A€ I},. There exists an € > 0 such that
(A—e,A+¢e) C (A Ul U Agyr).
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Proof. As in the proof of Assertion (A4), one can choose a 8 > 0 such that

ux(pr — B) # 0, uy has k roots on 10, px — ([, and u3 (pr — B) +vi(px — B) < %,
where ¢ is given by Proposition 3. Regularity of the flow in a neighbourhood of
(ur(r),vA(T))ref0,pr -3 Gives an eventually smaller € > 0 such that |u — Al < ¢

implies u2(px — B) + v2(px — B) < 3€%, 0 < |vu| < 34/1%; and w, has k
roots on |0, px — ([ (same argument as for Assertion (A4)). By Proposition 3,
w€ (A Ul U Agyq), and the assertion is proved. O

3. Additional results
3.1. Existence, uniqueness, continuity of the flow. In this subsection, we collect
results which are standard for regular nonlinearities. The proofs in our case are

similar. We give them for the sake of completeness.

Proposition 4. [Existence]. For any X in IR, (2) has a solution of class C*
on RT.

Proof. For A € IR, we consider the regularized problem

" d—1 .1 ! —
{u + S=u' + F/(u) =0 (13)

u(0)=A, v(0)=0

2 i
smooth, so by standard methods, any local solution has C*° regularity. Moreover

H o ug (€2+u2)1—8 . ’ _ w .
ere F(u) = % — *“——— for e > 0. The function F/(u) = u — @z s

dir Buﬂ(r) + Ff(u(r))] =- ?uﬂ(r) <0.

So no blow-up can occur and any solution of (13) is therefore uniformly bounded
in C!. This proves the global existence of a unique solution of (13) in C*. More-
over

1
5u (1) + Fuu(r)) < F(3) < FQV) .
So any solution of (13) is uniformly (with respect to €) bounded in W' (R"),
and also in W2 (IR") because of (13), which allows to go to the limit and get
a global existence result for (2). O

Remark 1. A main open problem is the uniqueness of the solution of (2) with
limit 0 as » — 400 and a given arbitrary number of nodes (up to the trivial
change of sign corresponding to —u_y = uy).

In the remaining, only A > 0 will be considered.

Proposition 5. [Regularity]. Any radial solution of (1) on R® in the distribu-
tion sense has C? regularity.
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Proof. Standard results show that any solution of (2) in the distribution sense
is locally C* whenever u # 0. It is continuous in a neighborhood of any root,
except maybe at » = 0. Next, using the fact that r — r¢~1u/(r) is a primitive
function of r = —r¢~! f(u(r)), one proves that bounded solutions are of class C?
on (0,+00). For radial solutions of (1), a singularity could only occur at r = 0.
But in this case, the singularity is removed by the choice of the Cauchy data as
follows.

The behaviour of the solution near r = 0 can indeed be investigated by
standard techniques (see for instance [4] and references therein). Let w be defined
by u(r) = r'/%w(t) with t = —logr. The problem is reduced to the study of the
asymptotic behaviour of the solution of

w// + (27(17%)“]1 _ |w|—26,w + 1+9;d—2) w + e—Qtw =0 7
which behaves like C'e”t as t — +00, for some C' # 0, and v given by
V24 (2-d-2) v + =D =,

Then either » = 4 and the solution is bounded, or v = d — 2+ § and the singu-
larity at the origin is not removable. Radial solutions of (1) in the distributions

sense are therefore bounded. O

Proposition 6. [Asymptotics] (Fig. 1 & 2, Section 4). Any solution ux of (2)
has a finite number of nodes Ny(00). If Nx(oco) > 1, then Ny(oco) = Na(py),
where py = inf{r > 0 : Ex(r) = 0} is finite. As r — 400 the solution uy
converges to a limit which is

- either £1, and in this case uy does not change sign on (p),00), where p} =
sup{r >0 : Ex(r) =0} < oo,

- or 0, and in this case the solution is compactly supported and belongs to
H'(RY).

Proof. Let us prove that the only possible limits of (u,v) are either (+1,0) or
(0,0), which correspond to stationary points of System (3) in the phase space.
The sequence (ux(-+ n))nen indeed converges (up to the extraction of a subse-
quence indexed by (ng)renv) weakly in W2 (IR™") to some limiting function u
which is a solution of

"+ f(@) =0 (14)

such that @2 4+ F(@) = lim,_ 4o Ex(r) (see for instance [10] for a general
exposition of this type of results). Asymptotically as k — +oo,

+oo g5 +oo g3
/ dr lu',\2(r+nk) dr~/ d lﬂ'Q(r) dr,
1

1 T

so that ) (- + ng) — 0 = @'. It is then easy to check that the only constant
solutions of Equation (14) are 0 and +1.

It also readily follows from energy estimates that if for some A € IR, there
exists an ro > 0 such that Ej(rg) = 0 with (ux(ro), u)(ro)) # (0,0), where u, is
a solution of Equation (2), then the only possible limit of uy as r — 400 is £1
and Ny (o0) = Ny(ro)-
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Moreover, the fact that any solution uy of (2) which has limit 0 is actually
compactly supported has been proved by C. Cortazar, M. Elgueta & P. Felmer in
[11] for ground states (also see [27]). However their proof does not use positivity.
For the completeness of the paper, we give here the argument (in the special
case of radial solutions).

Let @ be implicitely defined by

ae ds 1
\/§r=/ ——  with ap=(1-26)"2,
a(r) /—F(s)

where F(u) = 1u® — "2”(21(1_0;) The function s — (—F(s))~/? is integrable at

s = 04 since 6 € (0, 3). The function @ solves

{u +f(@) =0 on (0,4),
w(0) =ag and a(Ap) =u'(49) =0,

ds
v/ —F(s)
solution uy of (2) such that lim,_, ;. ux(r) = 0 and let R, be such that on
|ua| < ag on (Ry,+00). We have

where Ay = % I . We may extend @ by 0 on (Ag,+0o0). Consider a

and

If the maximum of uy — @(- — R)) is positive, then it is reached at some point
Tx € (R, +00), for which we may write

0 < —A (ux(ry) —a(ry — Ry))
= gy + f (um)) gy (um) — (ua(r) — am))) <0,

This is because @ is nonincreasing and f is strictly decreasing on (—ay, ay), and
leads to a contradiction. Thus

ux —a(-—Rx) <0 on (Ry,+00).
This result is also true for —uy = u_y:
ux+a(-—Rxy)>0 on (Ry,+00).
It follows that uy(r) = 0 for any r > Ry + Ay. O

Proposition 7. [Local uniqueness]. The flow r — (u(r),v(r)) defined by

{Zi : id—l v — f(u) (15)

r

is uniquely defined on IR as long as it takes its values in IR? \ {(0,0)}.
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Proof. It is enough to prove local uniqueness. We know that the flow is unique as
long as f is locally Lipschitz, i.e. u(r) # 0. Assume that for some € > 0, r9 > 0,
there are two solutions which coincide on (rg — €,79), differ on (rg,7¢ + €) and
are such that u; (ro) = u2(rg) = ug and uf(rg) = uh(rg) = vo . Then ug = 0. It
is enough to prove that vy = 0. If this was not the case, using a local inversion
theorem, we could consider two functions r; and ro such that for |¢| small, r]
and 7} have no root and

ui(n-(t)) =t (l = 1,2)

(Proposition 5 allows it). The functions r; and 7o would solve

—+ Ly ft) =0,
r(0) =79 and ¢'(0)=v,".
The difference A(t) = ra(t) — r1(t) would then solve a second order equation
with smooth coefficients, with A(¢) = 0 on a half neighbourhood of 0. By unique

continuation, A(t) = 0 everywhere, which contradicts the assumption vg # 0. O

As a straightforward consequence, we obtain the continuity of the flow with
respect to the initial data in IR* \ {(0,0)}.

Corollary 2. [Continuity of the flow]. Let (@, v) solve (15) on (r,400) for some
ro > 0 (if ro = 0, we further assume ©(0) = 0). Let r > 7o be such that for
any s € [ro,r], [a(s)|> + |v(s)|> # 0. Then for any given € > 0, there ewists
0 > 0 such that, if (u,v) solves (15) with u(ro) = up and v(ro) = vy, and
lug — @(ro)|? + |vo — B(ro)|? < 68, then |u(s) —@(s)|?> + |v(s) — 9(s)|* < € for any
s € [ro,r] (if ro = 0, we further assume vg = 0).

Proof. This is done by contradiction. Let (uy,v,)nen be a sequence of solutions
of (15) such that limp 0 (|un — @l* + [v — 0, |?) == 0 and, for some s € [r, ro],

limy o0 (|tn — @)% +|vn—0[?) i €0 > 0. Exactly as in proof of Proposition 4, the

uniform bound in W2 (rq,r) implies that the limit of (u,,v,) is a solution with
initial data (@(rg),o(ro)) at ro. The solution differs from (@, 7), which contradicts
uniqueness (Proposition 7). O

Uniqueness and continuity with respect to the initial data are lost for a solu-
tion which hits (0, 0).

Proposition 8. Let rg > 0. There ezists a solution u on (rg, +00) with u(r) > 0
for r > 1o, which solves

r (16)

{u”—{—ﬂu’%—f(u) =0
u(ro) = u'(ro) =0

Proof. To prove this, we may consider solutions on (rg,+00) of the regularized
equation

ull + d—;lué + F!(u,) =0
ue(ro) =0, wul(ro) =€



Nodal Solutions for a Sublinear Elliptic Equation 13

We take the limit € — 0 as in Proposition 4. It is enough to prove that the limit
is not identically 0. Using the decay of the energy, it is clear that

|ul] < \/2(€? — F.(ue)) .

For any d > 0 such that . > 0 on (rg,r¢ + ) uniformly in €, we have therefore

u(4) dw
o V2@ _FEw)

This forbids the convergence of u. to 0 on (rg,r¢ + d) and moreover gives the
estimate

ro+06 >1r9+

u(d) dw

0 v/ —2F(w) '

The energy decay implies that the sign of u is constant. O

6>

Remark 2. [Non-uniqueness] A similar existence result also holds for negative
solutions on (rg,+00). The fact that we can extend a non-negative (or non-
positive) solution of Equation (16) on (0,79) by 0 or by a compactly supported
solution (with support in (0,7), which is possible for 79 > 0 big enough) clearly
contradicts the uniqueness and the continuity with respect to the initial data.
One can even extend a non-negative compactly supported solution ux by a pos-
itive solution of Equation (16). Such a solution is clearly neither the limit as
A — X of solutions uy of (2) nor a solution that can be approximated by a
simple regularization procedure like the one used in the proof of Proposition 4.

However, one can prove that all radial solutions are either the ones con-
structed in Proposition 4 or combinations of compactly supported solutions and
solutions of (16).

3.2. Further remarks.

a) Nonlinear eigenvalues.
Consider radial solutions in R? of

Av+pv— | v =0 (17)

For g > 0, the scaling given by v(z) = u_%u(\/ﬁ x) reduces the problem to
Equation (1). This means that to each radial solution of (1), we may associate a

branch of solutions of (17) parametrized by p, namely p — (u, p~ 27 llull oo (may)
in (0, +00) x L), and = (11, k=43 (I V(24 o) + [l gay) /%) in
(0, +00) x H'(IR?) provided u is compactly supported. Note that, as mentioned
in the introduction, the case y = w? is the standing wave problem in the wave
equation. For p < 0, no bounded solution in L®(RR%) or in H'(IR?) may exist,
except v = 0 (see Fig. 4, Section 4).

The proof of non-existence of solutions in H'(IR?) is easy. Let v € H'(IR?)
be a solution of Av = v + |v|~2%v. Multiplying the equation by v, we get

—:/ |Vdex==/m(h42+|m2“’”)dw.
R4 R4
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This is possible only if v = 0. A bounded solution should have an w-limit set,
which is clearly impossible.

b) Bounded domains.
Compactly supported solutions in balls can be extended to larger bounded do-
mains. We shall therefore consider exclusively solutions in balls.
The above parametrization can be used to fully determine the branches of
radial solutions of the Dirichlet problem
Av+po— vy =0 inB
{ v=0 ondB (18)

in a ball B (which can be taken equal to the unit ball B = B(0,1) without loss
of generality). If we denote by Ry(\) the k' root of uy (when it exists i.e. for
k < Nx(00)), then R () is increasing with respect to k > 1. Moreover

VE>1, k<Ny = RyA\)> inf Ri(\)>0 19
>1, k<N (N2 it () (19

since Ri(A\) > S(\) > v/d for A > 0 large enough, according to estimate (6).
Branches of solutions of (18) whose support is exactly B (see Fig. 5, Section 4)
are then all given by

p=(Ri(N)?* and w(z) = (Re(X) "V ur(Br(N) ) (20)

where u) is the solution of (3) with A > 0 (up to a change of sign: see Remark
1 for A < 0), provided

xeBp=| )[40 ¢ (0,400) .
()

Note that in the nonuniqueness cases, we can always choose uy as the unique
compactly supported solution. The classification of radial solutions is then com-
pleted if we take into account all radial compactly supported solutions whose
support is strictly contained in B, corresponding to A € I, and given by

p> (Ri(N)? and v(@) = p~#uy(po) . (21)

Because of (7), when X goes to 400, the solution uy of (2) belongs to B. We
may therefore consider limy_, o, Ry (), which is finite because of the asymptotic
linear growth of f. Note that an upper bound of Rj(A) easily follows from
Proposition 1:

1—
k= M) = Lm0 ) Vae )
with r, = %, which means
wk d-—1
< i .
Re() < ae%f,l) (9(1 —a) + 206 ) (22)

Because of (19) and (22), for any k € IV, there exist two positive constants u*
and p* such that all solutions of (17) with k nodes and support equal to B
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are such that p* < p < p*. These solutions form a branch parametrized by A,
which has a single component if and only if By is made of only one interval. If
By, is an interval for any k > 1, J, = Ay U I} is a sequence of open to the left
and closed to the right intervals. If the property is true for any k € IV, Ji is a
sequence of ordered intervals:

VkelN maxJk:iank_H .

We may also notice that (7) means that the number of nodes of radial solu-
1/(d—1)

Loo(RA)? but an

tions u of (2) (in the whole space IR?) increases at least like ||ul|
upper bound seems more difficult to obtain.

¢) Non-radial solutions and more general nonlinearities.

The situation is much more delicate for non radial solutions which may change
sign. However non-negative (up to a change of sign) solutions in H'(IR%) have
been completely classified in [11]: the support of any such solution is a finite union
of disjoint balls. Each ball is of radius u~'/2R;()) for A € I . According to [26]
(also see references therein for earlier results), I; is reduced to a single point: all
balls have the same radius. On each ball, the (unique up to a translation) solution
is radial and strictly decreasing. This is of course possible because Equation (1) is
autonomous so that any translate of a solution is still a solution. Such solutions
are said to be locally radially symmetric and it has been proved in [7,8,14,
15] that this is the only possible way of breaking the radial symmetry of non-
negative solutions when the nonlinearity is continuous but not Lipschitz — here
at u = 0. It is very likely that there are other ways of breaking the symmetry of
sign changing solutions, but this is for the moment an open question.

The extension of the results of this paper to general nonlinearities f(u) which
have an asymptotically linear growth as 4 — 400 and are sublinear negative
close to 0 is straightforward. The condition that s — (—F(s))~'/? is integrable
at s = 04 is necessary and sufficient to guarantee the existence of solutions
with compact support (see for instance [27]). It is also possible to generalize
our approach to continuous but not locally Lipschitz nonlinearities. Uniqueness
can be lost at each value of u corresponding to a root of f, for which f is not
Lipschitz and satisfies a condition which generalizes the above condition (see [14,
15] for related results). The crucial argument for uniqueness is a local inversion
which was introduced in [25] and has been used in the proof of Proposition 7.

4. Figures

Here are plotted results of numerical computations which illustrate Proposi-
tion 6 and the trapping region of Proposition 3, for d = 3 and § = %. The
non-negative solution with compact support corresponds to A = 4.86728... The
solution with compact support and one node (i.e. changing sign once) is given
by A = 10.16313... A short discussion of branches of H! solutions on ]R? and on
the ball is also provided.

We numerically observe that H'(IR%) solutions are ordered by their number
of nodes, but we did not prove such a result. Uniqueness (up to a change of sign)
of solutions with a given number of nodes is not proved and we cannot even
exclude the existence of non discrete sets of solutions.
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AUX (T)
a solution with compact support
/ a solution with limit +1
+1 \
0 A\N r
! w
a solution with limit -1

Fig. 1. For d > 1, depending on the value of u)(0) = A, the limit of uy(r) as r — 400 is —1,
0 or +1. In case it is 0, the solution has a compact support.

Fig. 2. For d > 1, the energy of any solution u) is decaying. Once it becomes negative, the
number of its roots does not increase any more.
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