WEIGHTED L2 BOUNDS FOR KINETIC FOKKER-PLANCK
EQUATIONS AND HYPOCOERCIVITY
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Abstract. We study the long-time behaviour of solutions to kinetic Fokker-Planck equations
with power law confinement potentials and local equilibria with fat tails. Without relying on a
priori moment bounds or perturbative regimes, we establish global estimates on weighted norms
(main result) using two methods: a coupling of the weighted norms with entropy dissipation (DMS
method) and a Foster-Lyapunov condition approach. As a consequence, we establish an entropy -
entropy production inequality and the convergence rates to equilibrium in terms of the exponents
associated to the growth of the spatial confinement and the tail decay of local equilibria. For sake
of simplicity, we assume that stationary states are factorized.
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1. Introduction and main results. Over the last 15 years, large time prop-
erties of non-homogeneous linear kinetic equations have been intensively studied.
Apart perturbative methods, hypocoercivity results are nowadays based on several
methods involving various functional frameworks ranging from H'! estimates using
commutator methods inspired by hypoelliptic results or differential systems of es-
timates [31, 34, 20, 23], to L? results [27, 21, 22, 1, 15, 16, 17| and H™! esti-
mates [2, 18, 12, 13]. Some insight on the underlying structure can be gained from
micro-macro decompositions and diffusion limits, with the guiding idea that:

(1) the relaxation to local equilibria occurs on time scales controlled by the col-
lision operator acting on velocities, which can for instance take the form of
diffusion or scattering operators,

(2) the equilibration in positions is achieved through the transport operator, via
commutators or using a twisted norm built on the diffusion limit.

To fix ideas, we shall consider the case of the whole d-dimensional Euclidean space in
positions and velocity with a confinement potential and a collision operator such that
there is a stationary solution of finite mass. A classification has emerged in a series
of papers [8, 7, 9, 6, 10, 19|, which relies on two functional inequalities associated
respectively with (1) and (2). These two inequalities determine the rates of conver-
gence and are deeply related respectively with the decay of the local equilibria for
large values of the velocity variable and the growth rate of the confinement potential
for large values of the position variable.

At this point appears a first difficulty. While in classical kinetic models involving
Maxwellian equilibria there is usually a factorisation property (stationary solutions are
in the intersection of the kernels of the transport and collision operators), this is not
anymore true in the general case. There is another issue due to the lack of coercivity
of the collision operator, which can however be compensated by moment estimates.
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Here our goal is to give a complete classification of the convergence rates to stationary
states with the factorization property, which covers sub-exponential behaviours at
infinity in velocities or positions, i.e., when the logarithm of the stationary states has
(in absolute value) a sub-quadratic growth. We refer to [11, 5] for recent progresses
when the factorization property does not hold. Concerning moments and weighted
L2 norms in the context of L2-hypocoercivity, we are aware of [6, 7], but only in the
case of the free transport operator. The main novelty of this paper is the control
of the moments in positions and velocities and corresponding weighted L2 norms, in
presence of a confining potential.

We consider the kinetic Fokker-Planck (or Vlasov-Fokker-Planck) equation
(1.1) of==Lf, (t,r,v)eRT xR x R
and denote by S, the corresponding semi-group, such that

f(t’ ) ) = Sﬁ(t)fO

the solution with nonnegative initial datum fy. The transport operator T and diffusion
operator L are such that

L:=L-T, Tf=V2-Vyf—-Vy,0-V,f and LfZVv(Vuf+va¢)

where, with the notation |-] := /14 |- |?,

x]*

vl]8
o) = 0 ana y() = K

B

for positive reals numbers a and 3, so that TE = 0 and Le™® = 0 if E is the
Hamiltonian energy given by

E(z,v) = ¢(z) + (v).
Notice that T corresponds to the Poisson brackets of E. The function
fulz,v) =271 e El@v)

normalized by the condition [[i4, pa fx(z,v)dzdv =1 is such that L f, =T f, = 0.
It is therefore stationary and satisfies the factorization property, which in our case
means that f, is the product of a local equilibrium e~ by the spatial spatial density
of the equilibrium e~?, up to normalization constants. On the Hilbert space L?(d),
the operators T and L are respectively skew-symmetric and self-adjoint with respect
to (-, ~>L2(d#*), where we adopt the notation

dpy := fildedv and df, := f,dzdo.

It is a classical hypocoercivity result (see [22], and Section 2.1 for a sketch of a proof)
that

(1.2) If = fellEoun S C e Nfo = fulfaq@,) YE20

for some positive constants ¥ and A if & > 1 and 8 > 1. Otherwise, we have the
following result.



WEIGHTED L2 BOUNDS AND HYPOCOERCIVITY 3

PROPOSITION 1.1. [10] Let f € C°(R*; L' (da dv)NL2(dsu.)) be a solution to (1.1)
with nonnegative initial datum fy such that

A= s [ e (107 1017 .

teRt+

is finite. There is a constant € > 0 which depends only on k, ¢ and A [f] such that

1 = Fellfeqann <€ 0 +072 1o = fllfa@u,) Y120

in each of the following cases:
(i) k=0,4>0and(=¢/(1—-08) ifa>1and 8 € (0,1),
(i) k>0,=0and (=k/(1—«) ifa e (0,1) and B > 1,
(iii) k>0, £>0 and ¢ = min{k/(1 — ), £/(1 = B)} if (o, B) € (0,1)2.

The result of Proposition 1.1 is conditional because £ [f] < +oo is not a priori
granted. See Sections 2.1 and 2.2 for a sketch of the proof of Proposition 1.1. In [10,
Theorem 2], it is proved that % is finite under the condition that fy < f., which is
then propagated to f(¢,-,-) for any ¢ > 0 by the Maximum Principle. Our task is to
get rid of such a restrictive condition. Here we use the notation a < b if there exist
a constant ¢ > 0 such that a < cb and we shall write a < b if a < b and b < a hold
simultaneously.

THEOREM 1.2. Let f € CO(R*;L!(dx dv) NL2(du)) be a solution to (1.1) with
nonnegative initial datum fo € L(dz dv) N L2(m* du,) for some continuous weight
m>1onRExR? and k > 0. Then there is a positive constant € > 0 which does
not depend on fy such that

sw [ s oPwteoan <@ [ ppntd,
teRT R4 x R4 R4 xR4

in each of the following cases:
(a) m(z,v) = E(x,v) if min{a, 8} > 2/3, ora>1 and 8 > 0,
(b) m(z,v) = [z]maxie2t 4 |p|2adB2t jf o > 0 and B > 1,
(¢) m(z,v) = E(z,v) if « € (0,1) and 8 € (0,1].

In each of the three cases m is coercive in the sense that lim(g )| —+oc m(2,v) = 4-00.
With the results of Theorem 1.2, we can revisit Proposition 1.1 with ¢ = k and get
rid of the formal condition that J#[f] is finite.

COROLLARY 1.3. Let f € CO(RT;L!(dx dv) N L*(du.)) be a solution to (1.1)
with nonnegative initial datum fo € L'(dx dv) N L%(m*du,). There is a constant
x> 0 which depends only on k, € and || foll2(mrau,) such that

1 = fullay < G L+ fo = fullfa@u,y V20

with m as i Theorem 1.2 and  such that:

(a) ¢ =k/max{l—a,1- B} if (o, B) € (2/3,1)%,

and ¢ =k/(1—=8) ifa>1and 8 €(0,1),

(b) (=k/(1—a)ifaec(0,1) and > 1,

(c) ¢ =k/max{l —a,1— B} if (o, 8) € (0,1) x (0,1].

Form the physics point of view, 8 = 2 and 8 = 1 make sense because of, respec-
tively, classical and relativistic Hamiltonian mechanics, but other exponents 8 can be
considered, for instance in solid state physics. Confinement, which is more related
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to macroscopic modelling, can take various behaviours, i.e., any o > 0. However,
our motivation here is mostly the completion of the classification of L? functional
inequalities, with a focus on functional inequalities and on the last pending issue:
moment estimates and weighted L? norms. Mathematically, there are many related
issues which are not developed here: non-kinetic Fokker-Planck diffusions with fat tail
equilibria (see [10] for a review), weak Poincaré estimates [28], semi-groups theory and
splitting methods [30], connections with Doeblin’s and Harris’ theorems [15], ete. Like
in [10], several related results rely on uniform a priori assumptions, see [12, 13, 14].

Depending on the values of o and 3, we adopt two different strategies (see Fig-
ure 1): (1) If min{a, B} > 2/3 or (o, B) € [1,4+00) x (0,1), we adapt the L? hypoco-
ercivity method of [22] and establish a system of differential inequalities (coupling)
which combines moments or weighted L? norms, and an entropy: see Section 2. No-
tice that [22]| covers the case min{«, 8} > 1 without moment estimates. (2) The case
(o, B) € (0,1) x (0,+00) is covered in Section 3 using functions satisfying the Lya-
punov condition and a Duhamel formula to prove a priori estimates on the weighted L2
norms, which is then sufficient to implement the standard L2 hypocoercivity method.
The Lyapunov condition, also called Foster-Lyapunov criterion, is a sufficient con-
dition that goes back to [24, 26] and has been succesfully implemented in kinetic
equations, see for instance [3, 15]. The Duhamel formula (see Section 3.1) is taken
from [7, 6]. The main difficulty is to check the Lyapunov condition: here our approach
is mostly inspired by [15], which itself relies on [26, 29, 25].

B B

N

1 1
2 2
3 3

Fic. 1. Left: coupling of energy moments and L? entropy estimates. Dark grey: exponen-
tial decay, no moment needed (Section 2.1). Light grey: coupling with standard L® entropy
estimates (Section 2.2). Hatched area: coupling with modified L? entropy estimates and in-
terpolation (Section 2.3). Right: Moments based on a Lyapunov condition and Duhamel
estimates. Light grey (Section 3.2) and dark grey (Section 3.3).

2. L? estimates with energy based weights. In this section, we consider a
twisted L? norm which plays the role of an entropy in the so-called DMS method in-
troduced by Dolbeault, Mouhot and Schmeiser in [21, 22] and study the dissipation of
the entropy. The method relies on four main assumptions: (H1) microscopic coercivity
(Poincaré inequality in the v-variable), (H2) macroscopic coercivity (Poincaré inequal-
ity in the x-variable), (H3) parabolic macroscopic dynamics (which is a compatibility
condition of T with the projection onto the kernel of L, and (H4) an assumption of
boundedness on auziliary operators: see [22, Section 1.3] for details. If & > 1 and
B > 1, the method directly applies (Section 2.1) and we only sketch the main steps of
the proof. Using refinements based on weights built as functions of E, we extend the
method to the range given by either o > 1 or min{e, 8} > 2/3.
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2.1. Entropy dissipation and loss of weights. Let us start by recalling a
useful weighted Poincaré inequality associated to the probability measure

e~ X~,e(¥) dy 1—¢
_ 7 ith =
e @y T Xrel)i= o

that can be found in [7, Corollary 10].

doy e (y) := ly]”

LEMMA 2.1. (7] For any v > 0 and € € [0,1), there is a positive constant €, .
such that

2
(2.1) / IVy wl|? d07€>‘575/ |11127w|d&75 where w:/ wdon .

(I=7+ ’ R k
for any w € L? (R?, |y] —2(1=)+ do, ) such that V,w € L? (R?, do,..).

Notice that the average w is computed with respect to the measure of the left-hand
side if v € (0, 1), while (2.1) coincides with the standard Poincaré inequality for the
measure e~ Y1 dy if v > 1. If v € (0,1), we already discover a loss of weight in the
right-hand side of (2.1).

If f is a solution to (1.1), using Lf = V, - (f. Vu(f/f+)) and an integration by
parts, we learn that

d
G = =2 [ 19/ R 0

where the right-hand side vanishes whenever f is a local equilibrium, i.e.,
f(t,z,v) = p(t,x) F(v) where F(v)=([gae ¥ dv)f1 e (),

The key idea in the DMS method of [21, 22| relies on a modified entropy functional

HI) = 5 sy + 0 A, iy where A= (14 (T (TM) ™ (TT1)"

for § > 0, small enough, in order to obtain a strict monotonicity unless f is equal to
the global equilibrium

fe(@,v) = pu(z) F(v) where p.(z)=([pae™® da:) e @) = [, fu(z,v)dv.

Here we assume that the initial datum fo > 0 is such that || fol|r1 ( 4z av) = 1 and define

I'If::%pf:wa where wy =20 and pr(t, ) :z/ f(t,z,v)dv
% Rd

as the L2(du,) orthogonal projection onto the local equilibria. Such a functional is
equivalent to the L2(dy,) norm, i.e., H[-] < H'”%ﬁ(du*) if 6 > 0 is taken small enough.

and it is possible to provide some bound from below on the dissipation of entropy
D[f], which goes as follows.

LEMMA 2.2. For any o > 0, 8 > 0, and § > 0 small enough, there is a positive
constant k such that, if f € C°(R*;L!(da dv) NL2(du.)) solves (1.1), then
(2.2)

d
- aH[f] =:D[f] > w (|(1 )f”L?( [0] 72 =D+ dp,) + H|_|f||iQ(Lﬂv1_r"“_“’+ dﬂ*)) ’
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Proof. From [10, Lemma 1] we have that

@3 oz (10 M iy gy * AT M)

as the two terms of the right-hand side in (2.3) dominate the other ones. Here we use
the weighted Poincaré inequality (2.1) with y = v, v = 8 and € = 0. We also learn
from the proof of [10, Lemma 1] that

1
(AT D)2 (dp,) = a/ |V ul? pe dz + 02/ — |V - (pVau) [ dz
R4 Rd Px
where u is a solution to the elliptic equation

(2.4) u— pi V- (puVau) = wy

—1 B
Jpa o (0)?7 e 7 " dv

Ik . By squaring (2.4), we obtain
dfgae P dv

with diffusion coefficient o =

2 __ 2 u 02 9
(wf) =u _QU*V:E'(P*qu)+p7|vm'(P*un)| .

Px %

Hence

2 — —«
1A, (-2 ) = / / oy ) F 1207 drd
= u? py [2]72079+ Az — 20/ uVy - (pVau) |2] 20+ da
R4 Rd
1
+02/ L Vs (0w 2] 720+ dg
Rd Px
= / u? p, ] 720"+ dg 4 20/ |Vaul? py 2] 72079+ da
R4 Rd
+ 20/ uVau- Vm(Lx]_Q(l_a”) Py dx
Rd
1
" 02/ — Ve (pVou)? [2] 7207t da
R4 Px
< / u? py |2]7207 9+ dg + 20’/ |V ul? py dz
R4 Rd
2(l-a 1
— U/]Rd u?V,, - (p*Vx(m 20 )+)) dx + o /Rd o |V - (pxVou)|* de .
Using |V, - (0. Va([2] _2(1_0‘)+))‘ < 2] 720+ p,., we obtain
2 < 2 —2(1—a);
IV, (s gy S L, 220 L2] da

1
[ Vel pedet [ VL (0. Vo) e,
Rd Rd Px

that is,
(2'5) ”nf”iz(Lm]’z(l’a)Jr d#*) S <AT|_|f, nf>L2(du*)

where, in the last step, we used the weighted Poincaré inequality (2.1) with y = =,
v=caand € =0. O
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At this point, if min{«, 8} > 1, it is worth to notice that the proof of (1.2) is
complete because

d
—gHlf = £l =DIf = LI Z HIf = ]

by Lemma 2.2. A Gronwall estimate then shows that, for some explicit A > 0,

I1f = fellf2qau,) < HIf = f] <Hlfo = file ™ < lfo = fullf2au,, e " VE>0.

If min{«, 8} < 1, in order to control H[f] by D[f] using (2.3) and (2.5), moments
in [z] and |v] and weighted L? norms are needed to compensate for the weights
|2]72(=9)+ if o € (0,1) and [v]~2(0=A)+ if 3 € (0,1).

The energy moment of order k € R* (in fact a weighted L? norm) of a solution
f of (1.1) is defined by

My(t) := //]Rd y |f(t,z,0)? E(z,v)" dp, .

From here on ’ denotes the t-derivative.

LEMMA 2.3. Let (a,3) € (0,+00)?%, k € (0,400). If f € CO(RT;L!(dz dv) N
L2(du.)) solves (1.1) and

(26) Mk(t) S Ck Mk(O) Vi Z 0

for some constant ¢ > 0, then there exists a constant Cy > 0 such that
(2.7)

HIf(t, )] = H() < (H©O)™E + G Mk(O)_%t)_Cm with ¢ =min {%, 551

Proof. In order to compare H’ with H using (2.2), we introduce weighted L2
Eorms. Let b = m Since 1 — 1 is a projection, by Hoélder’s inequality we
ave

B 2 (1-b)
0] 284 du*) H(l n)fHLQ(LU]kﬁdH*)

—b
U= oy g M

1= MRy < = |'|)f||i2”(L

so that
1-b

2 _
(1 - n)f”iz(mfzu—an d#*) == n)f”IZjQ(dM*) M;,

Similarly, by setting a = we obtain

ka
ka+2(l—a)y?
2 ~1-a

Insi?

S 2
'—2<\_ﬂ_2(1_a)+ du*) ~ ”anI{jz(dH*) Mk

As a consequence, 7 = min{a, b} < 1 is such that

(2.8) % <1+ % if (o, 8) € (2/3,+00)?.
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On the other hand, using the inequality s'/* > s/ and s/ > s/7 for every s € [0, 1]
proves that

1 1
1=T1 f 2 b f 2 b
A= AE, s > Iis 2) 122 (au,) AIER apn) M,
L2([o] +du.) 1122y M,

1 1
< (1 — )fH%2 (dps) \ Hf”i?(du*) ! M,
~ ||f||L2(du* M,

2 1-n

200 =Ml gy M 7
2 1-7

M,

2
” fHL2(|_ 17204 dp*) R ||nf||]7—*72(dli*)

Putting the estimates together we obtain

_1l-n 2 2 _1-m 2
HS-M, " <||<1—n>f||£2(d,h)+||nf||£2(d#*)>S—Mk T[S

and conclude that

1-n

Rt/ B}
(2.9) H <-M, " Hn. ad

2.2. Entropy dissipation and energy moments. Using a coupling strategy,
we can combine the estimate of Lemma 2.3 with an estimate on My (t) and extend
the results of Section 2.1 to the range 2 < min{a, 8} < 1.

PROPOSITION 2.4. Assume that k € (0,+00), min{e, 8} > 2/3. Then there ex-
ists a constant ¢ > 0 such that, if f € C°(RT;L*(dx dv) N L2(du,)) solves (1.1),
then (2.6) holds. As a consequence, if 2/3 < min{a, 8} < 1, there exists a constant
Ck > 0, which is independent of f, such that (2.7) holds.

Proof. We build a system of differential equations in order to estimate simulta-
neously H(t) := H[f(t,-,)] and Mg(¢).

Step 1. Growth estimate on M. We need to compute the time derivative of M.
Since T is anti-symmetric and such that TE = 0 we have

:_2//Rd Vo (F/ £ B dji, + //R (F/£2 s - (fo VoEY) dzdv

xRd < R4
//ﬁ (f/F)? Vo (fe VoEF) dodo.
R4 xR
Moreover, using
2
[ V- (e VoEF) = kB 1<AUE IVoEP + (k—1) Wﬁ)

<k(2d—2+Bk)EF!

and Holder’s inequality, we obtain

(2.10) M, <k@d—2+Bk) M. [flifs,  <cM.® HE

(dps) =
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for some ¢ > 0.

Step 2. Joint estimates. Taking into account (2.9) and (2.10), we notice that

d jel_1 1441 1 1 1_1d s
dt<CH+k 77"’6‘]\4-]C F ]):<1+k—n> <CIT[’c WaH+CMkk ﬂMé)
11 1 1
§cC’(1+k) <Hlch,i T+ HEM, ")go
n

because 1+ 1/k — 1/ > 0 according to (2.8). As a consequence, we obtain

1 1 1

cH)™ 570 4+ C My(t) 577 < cH(0)'™ 577 + 0 My(0)"H 577 < M(0)' 577

for all ¢ > 0, which proves that My (¢) < ¢ My(0) for some constant cj. Inserting
this estimate in (2.9) and integrating the differential inequality on (0,t) completes the

proof with Cy =2C ¢~ ¢ ¢/? and ¢ = 25/(1 — 7). 0

As we rely on Hélder’s inequalities in the proof of Proposition 2.4, we can only
expect a power law rate of decay if 2/3 < min{a, 8} < 1. However, with just Step 1
of this proof, we already have a complete proof of Proposition 1.1 for ¢ = k and
(a, B) € (0,4+00)?, under the assumption that J¢[f] is finite, which is in fact the
difficult point. The strategy of [10] was to assume that fo < f., which is a very
restrictive condition. In Proposition 2.4, we found that 2/3 < min{«, 3} < 1 and
Mj,(0) < 400 is enough. Notice that the estimate on My (t) of Step 1 is valid for any
(o, B) € (0, +00).

2.3. Entropy dissipation and stronger weight. In the range o € [1,400)
and 8 € (0, 1), we first obtain the propagation of energy moments for solutions in a
very small weighted L? space, for weights given by a rapidly increasing function of E,
later extend the energy moments estimates to the natural L? space by interpolation.

2.3.1. Exponential energy weights. Let us take ¢ € (0,1) and consider the
weighted space H. := L2 (du.). Here we adopt the notation
dpe == fr " dadv and df. == fCdadv,

so that du. and dpe coincide respectively with du, and dpy, if € = 0. Since f, =
Z7'e F so that f, € H., we may expect that the H.-norm is also preserved for
solutions along the evolution, at least for € > 0 sufficiently small. The main result of
this section is the following.

PROPOSITION 2.5. Let « > 1 and B > 0. There exists € > 0 small enough such
that, for any fo € He, the semi-group Sp satisfies

(2.11) IS lnesn. S1 VE=0.
As a consequence, for any k > 0, we have
(2.12) 1Sc ()22 au.)—r2 (st ap) S 1-

An important feature of the weight e=F is that T is skew symmetric as an operator
acting on H.. The factorization property

1 1
Ef, = e 1TIE = (19w (1)
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allows us to use Inequality (2.1) (with € # 0) in z and v as in the proof of Lemma 2.2,
with an optimal constant C . which depends on €. Notice that the average w =
Jga wdd, - also depends on e.

With exponential energy weights, our strategy goes as follows. Compared to
the techniques of Section 2.1 whenever min{a, 8} > 1, the proof of (2.11) relies on a
modified DMS method with the Poincaré inequality replaced by the weighted Poincaré
inequality (2.1): see Section 2.3.4. Estimate (2.12) is a consequence of an interpolation
result of [4]: see Section 2.3.5.

2.3.2. A modified DMS method. Key issues are the replacement of the
Poincaré inequality in [22] (microscopic coercivity) by the weighted Poincaré inequal-
ity (2.1). Other assumptions of the DMS method as described in [22, Section 1.3] are
unchanged, except that by replacing L? (du,) by H., the operator L is not anymore
self-adjoint.

On the Hilbert space H,, let us define the orthogonal projection

(e)

N, f = p{E) f. where : /feEEdv and p' /fl “dv.
Px

Let us define

dv, = dz and dv,:= pi 2 dx .

2
We shall use the notation (-,-)3;. for the canonical scalar product. From here on,
adjoint operators are defined with respect to (-,-)%_.. The operators M. and T acting

on H. have the standard properties: M* =M. = N2, and

5248
(M foopn. = [ PLg—de = (FNgh, VS g €.

Px
On H., T* = —T is skew-symmetry and the (H3) parabolic macroscopic dynamics
property
(2.13) n.TN. =0

holds. The collision operator L is not self-adjoint in H.. A direct computation shows
that

(214) LS =Lf 426 Vot Volf/f) fo e f (B = (1= 2)[Vo0).

This is another significant difference with the standard method of [22], which has
however not much consequences on the decay of || f||3, . If f solves (1.1), we have

Gl =2 [ ruran= [[ TR au,

_9 / /IR IRASUAZCIAL

=2 [ et [ RV (V) e

=2 [ v [ rny (Am — (1= ) [V dii.
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Using the weighted Poincaré inequality (2.1) with y = v, v = § and € € (0,1), and
direct estimates on v, we obtain
1d
2 dt

(2.15) 11 = (f. L. < = 11 = M) fI3,. + eI

1.2 (LU“ —2(1-8)4 dua)

which replaces the microscopic coercivity (H1) property of [22].
Let us introduce the entropy

1 . * - *
Hof) o= 5 IF B + 6 (A £ o, with A i= (L4 (TML)*(TNL)) 7 (TN.)
for some 0 € (0,2) to be chosen, and the entropy dissipation

P e R L ((TA £.(1= 1) e,
' — (AT = M) £ foe, + (ALE Pw, + (A foL ) -

Using (2.13), D. is such that

(2.17) D.[f] = = —H:[f]

for any solution of (1.1). Next we proceed as in Section 2.1, except that we have
to keep track of the additional terms which appear in (2.14) and (2.15), and provide
more details because various estimates are more original than in Sections 2.1 and 2.2.

2.3.3. Basic observations. We have

p(s) p(f)
Tnaf:f*T / :f*vv¢'vx -
p p)

and
n.Tf= 2= (vvw Naof — V- va) e dv
Pt Jre
= 4f* eE _ f* cE
= Vot - Vof 4V -Votb flePdv= -V, [ Vo feFdv.
(&) Jra ©) .
px” IR P R
Hence

(TN)*(TN.)f = — (NT) (TN.) f = — p<1> Vi (% Va (Pﬁf)/ Pﬁa))) Fi

*

where Z, 1= fRd Vot @ V1p efF f, dv. Using the radial symmetry of 7, we obtain
* g 3 g 3
(T (TN)f = =55 V= (p7 9. (o 107)) 1.

where the diffusion coefficient

- fRd|”|2 M?ﬂ—4 e~ (1=)¥(v) qp
Oz 1= ded e— (1=e) ¥(v) dou

does not vanish as € — 0. The next observation is that the quadratic form determines
a norm which is equivalent to the standard norm of #..
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LEMMA 2.6. [10, 22] Assume that 6 € (0,2). For any f € H., we have
2490
4

Proof. This result is well known and we claim no originality but give a sort proof
for completeness. Let us consider the function g = A, f, that is, the solution

g+ (THE)*THEQ = (Tne)*f

2—46
5 171, < Hlf] < I1£113. -

We may notice that N.g = g and

(TA f, fh. = (TNeg, i = (9, (TN)* fa.
= llgll., + ITN-gl3,. = A I3, + [ITA: fII3,. -

On the other hand, using (2.13), we have
1 1%
(TA f, e < IITA flla I(1 = Me) fllae. < o ITA flle, + 5 (0= o) Fll3,
Applied with = % and p = 1, we obtain

1
(2.18) 1A fllwe < 5 1A = M) fllae. and [ TA: fllaw. < (11 =) fllaee

which completes the proof. ]

2.3.4. Dissipation of the entropy. The entropy dissipation given by (2.16)
can be estimated as follows.

LEMMA 2.7. For any 8 >0 and o > 1, there is kK > 0 such that, for any f € H.,

D.[f] +ellfII?

12 (0] 72"+ dgc )
2
2 (0= NI, s+ AT D).
Proof. 'We have to estimate each of the terms of D.[f]. We decompose the proof

in six steps.

Step 1. Consider the function u = u(x) defined by u f, = (1+ (TI'IE)*(TI'IE))AI'I6 /s
that is, the solution of

(2.19) P u—0.V, - (pis) Vw) =
We have
AT f = (14 (TM)*(TML) (TN (TML) f
=M f— (14 (TN)*(TN)) N f=N. f —uf.

O¢

S Va - (pf) Vﬂ”“) I+

After integration, we obtain

(AT £, o, = — o /

Rd

Vo - (08 V,u) (u - t) V.- (0 Vw)) dz,
Px
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which, after an integration by parts, proves that

2
(220) (AT AN fa, = oc [ Vaulla (o) + 02 [V - (07 Vo) | fa g

where dv, = p(f) dz and dv, = (p(f))71 dzx.
Step 2. We claim that

(2.21) (TA £, (1 =Te) Fla | SN - ”s)f\liz(mfwfm an.)’

If 8 > 1, we can directly use (2.18). If 8 € (0,1), consider the function w = w(x)
implicitly defined by w f, = A. f, that is, the solution of

€ e 1
(2.22) w— %vw (P Vaw) = —NTf = — =V, / Vo e dv.
P Px R?

*

Testing with w p{*) we obtain

ag/ |V w|? A, g/ |w|2d§€+a€/ |V,w|* di.
R4 R4 R4

= Vaw - (/ Vo f et dv) dx
Rd Rd

= Vew - ( Votp (1 =M. feE dv) dz.
Rd Rd

By applying the Cauchy-Schwarz inequality and squaring, we obtain
0’?/ |V ,w|? d.
Rd

2
g/ ( szp(l—n)feEEdu) dv,

< /w ( 5 (1= M) f[2[0] 205 2B f*—ld,u> (/Rd cE L, dv) .

=11 =N fII2

L2 ([v] =20 dp. )
Altogether, we prove

HTAE f ”iz([v*‘ﬂlfﬁu dpe) = HT(w f*)”iz([v“ﬂlfﬁu dpe)

_ //Rd Vs Vaf? (#1209 df. < % 0=,

[]=2 =8 dpe)
Then (2.21) follows by the Cauchy-Schwarz inequality.

Step 3. We claim that

(2:23) [AT =ML ] S N0 = Ny 200 g, AT AT DY
Let u = u(z) be defined by (2.19), we have (A.T)*M. f = — T?(u f,) and

<A6T(1 - na)fvne f>L2(e€E) = <(1 - na)fv _TQ(U f*)>Hs

2.24
(2.24) < |1 - |_|E)f||L2(Lvrzu—ﬁ)+ ane) T2 (u f*)”Lz(Lv]zufs)J, ) -
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A direct computation yields
T2(u f) = (Hessa (u) : Voo @ Vo — Hess, (1) : Vou @ V,0) £
Adding and subtracting (1 — ) (V,u ® V¢ : V9 ® V1), we can rewrite
T2(uf,) = ((Hess(u) — (1= ) Vou® Vo) : Vi) @ Vi
— (Hess() = (1= &) Vot & Vo) : Vou® V0) f,
where V,u ® V¢ and V9 ® V,1 respectively denote the matrices with entries

(axiua% ¢)i’j and (8,,7,1/1 Oy, 1/))“. We also use the notation a: b := 219‘,]‘91 aj ;b

and |al|? :=a:a.

(1) Concerning the second term in the expression of T?(u f,), we have
2
|| (Hess(v) — (1 =€) Vot ® Voth) : Vot ® V|| a2 0-504 g

// | Hess(1) — (1 — &) Voth ® Vo ||* [Vl [V o2 [0]2 =P+ i,
R x R4
< Cﬁ,l(e)/ \Vul? |V,0|? dv. do

Rd

where Cg1(c) = [a |Hess(¢) — (1 —¢) Vo ® sz/J|2 |v]2 (1=A)+ e 00y s

fRd e— (=) ¥ dy
positive and does not vanish as ¢ — 04. Using [22, Lemma 8] and the Poincaré
inequality (2.1) we have

(2.25) / |V oul? |Vo|* dv. d 5/ p} dvede S (AT f,N: f)a,
R4 Rd
we obtain the bound

H (Hess(w) — (1 — 8) sz/J X Vm/)) : Va;u ® va:(bHiz(L,U‘I?(l*B)Jr dfic)
S <A5Tn5 fa ns f>H5

using (2.20).

(2) For the first term in the expression of T2(u f,), we have
|| (Hess(u) — (1 =€) Vou ® Va) : Vo ® V,, wHLQ (]2 =P+ i)
// Vot * || Hess(u) — (1 =€) Vou ® Vg (/)H 12(=A+ dp,
R4 x R4
< Cp2(e) / || Hess(u) — (1 —€) Vou ® Vm¢H2 dv.
Rd

where Cp2(e) = [pa [Voto|* [v]2 0+ e 090V du/ [, e” (1=9)% dy, which does not
vanish as ¢ —> 0+ Notice that Hess(u) — (1 —¢) V,u ® V¢ is the matrix with entries

Opio; = (1 =€) 0p,u 0y, = O, (p* ©) 6xju)/p

fori,j =1,...,d. Hence, with the same method as in [10], namely
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2
/ (3%. (pi‘s) &cju)) dv. = —(1—-¢) / O, @ O ;u O, (pif) chu) dz
Rd Rd

+/ 3£,xvu61i(p£8) O, u) dz
rRe

and an integration by parts, we have

d
() — (1 2 o _ © 2
/Rd H Hess(u) — (1 — &) Vyu ® de)H dr, Z /Rd <8M (p* awju)) dv,

i,j=1

= / 1V - (08 V) | dve + (1 — 5)/ Voul? Ay die
R4 Rd
—-(1- 5)/ Hess(¢) : Vou ® Vyudr, .
R

All integrals on the right-hand side are bounded up to constants by (A.TM. f, M, f)3.
using the improved Poincaré¢ inequality (2.25) and

2
| (Hess(u) — (1= &) Vou ® Vo) : Vorh @ Vo[ o2 0-94 gy S (ATMe fL e [,
which follows from (2.20). Taking (2.24) into account, we conclude that

||T2(u f*)”iz&v'ﬁ(l*ﬁ)-;_ dpe) 5 <A5Tr|5 f7 ﬂa f> dpe) -

This completes the proof of (2.23).
Step 4. We claim that

(226)  HALE ol S =)l 20 g,y AT LT DY

Notice that LI, = 0, so we can write
(AL, e = (AL = N) f,Ne fa. = (1= Ne) f, " AT [, -
By the Cauchy-Schwarz inequality we have

(AL, flu < 11— n6>fHL2(Lv]—2(1—ﬁ)+ dus) [L*AZN. f||L2(Lu12(1*B)+ dpe)

Let u defined by (2.19) and notice that L*A*M. f = L*T(u fy) = L*(Vo¥ - Vau fi).
Recalling (2.14) we have

L*A:ns f = L(vvd} -Veu f*) + 25V1}¢ ' Vy(Vvl/J : Vmu) f*
+ 5v1ﬂ/} - Vzu (Aqﬂl) - (1 - 5) |VU1;[}|2) f*
=V,u- (VU - Hess, (v) — (1 — 2£)V 2 - Hess, (1)
e (A~ (L= [VursP) Vi) £
= (vzu . 66(1})) f*

where . is a vector valued function in v with power law growth. Hence

* A K 2 2 2 2(1-p5) E
[L*AZN. f”Lz(Lv]?(l*BH- due) < /]Rd|ku| </Rd|§a(v) [v] et fu dv) dx

< Cp(e) I Voullfa(am,)
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where

2 112(0=B)4 g— (1—e) ¥
S S 1T
R Jpae™ =¥ do

Notice that, as € — 04, the constant Cz(g) does not vanish as e — 04. This completes
the proof of (2.26).

Step 5. Let us show that
(2.27) (A £ LA ul Sellt =) 2

LQ(L 1~ 2(1— ﬁ)er,u )
Using M.A. = A., we have by the Cauchy-Schwarz inequality

(A fiLf )| < [(Ac f, ML f)ae. |
< ||Az f||L2(Lv‘|72(17ﬂ)+ due) ||n5Lf||L2(LU-‘2(1—[i)+ dpe)

e For the first norm of the right-hand side, let us consider w = w(z) defined as
n (2.22). By reasoning as in Step 2, we have

/ |w\2dﬁ€+o€/ |V ,w|? do. :/ Vw - ( Vo (1 —I'Ia)feEEdv> dx
]Rd Rd Rd ]Rd
1
< € T 2 ~5 - 1- rla 2
R e LAY

L1724 dpe)

In particular

1
2 g~ _ 2
L P am < o M= ey,

which gives

||Aef H?ﬂ(LvP“*‘”-;— o) = ||w f*HiQ(vazufg)_*_ dpe) = //]RdXRd |U)|2 I_'U—‘Q(l—ﬂ)-# eEE dﬁ*

S =no)fI?

LZ(H 201-8) dy )

e Concerning the second norm, by a direct computation we obtain

,OJ;) /]Rd Vo - (f* vv(f/f*)) P dv

- p{; [V (5va=nas i) ePa

f* -1 eE
= = * Vo (f+Vy d
[0 (5T

N.Lf =

=c J::) / (1 =T f (A — (1 =) [Voh]?) eF dv,
P R4

S0, using |A7ﬂ/1 —(1-¢) |Vv1/1|2| < LUP(ﬂfl)’

|n5|—f|2 S 2 * (/ | 1 _ f|2\_ ‘l 2(1-B8)+ f*—l d’U> (/ f*eEEdv)
Rd

zﬁle— )P ]2 0P [ do.
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As a result, we obtain

2 2 2
”rlELfHLz(Lv"lNl*B)Jr dpe) Sz € ”(1 - nE)fHLQ(LU]—z(l—/s)+ due) :

This completes the proof of (2.27).
Step 6. Finally, by collecting all estimates, we have

Da[f] 2 Q&(X7 Y) — & ||inQ(L’U-|—2(1—,H)+ dus)

where X = ||(1 — |‘|6)f||L2< AT, f,N, f)%f and

\_0172(176)* dus)’ Y = <
Qs(X,Y):=(1-86)X?—6XY +0Y?

is a positive quadratic form under the discriminant condition 62 —44§ (1 —6) < 0, i.e.,
0 < § < 4/5. Taking § in this range, small enough, completes the proof. ]

In order to study the convergence of a solution of (1.1) with nonnegative initial
datum fy such that || follr1(dedv) = 1 to f« € He as t — +oo, we consider the space
He = {f € He : [Jgaypa fdzdv = 0} of function with zero mass and study the

convergence of f — f, € H. to 0 as t — +o0.

LEMMA 2.8. For any 8> 0 and o > 1, there is a positive constant k such that
(2.28)

D.1s]+ 22 112, > (10 =i + N fiz, )

0172 0=+ dp.) = L2 (L0172 0=+ dpe

for any f € H.. In particular, if € > 0 is small enough, we have
(2.29) DelfI RN, (1y-2a-94 g,,) 20 VS EHe

Proof. We divide the proof in three steps.

Step 1. Let u = u(z) be such that u f, = (1+ (TI'IE)*(TI'IE))_ll'IE f- By squar-
ing (2.19) and integrating in x with respect to dv., we have

/ u2d§5+205/ \ku|2da€+ag/ |Vx~(p,(f)vzu)|2dugz/ 109 dv. .
Rd R4 Rd Rd

Using (2.20), we obtain
2 _ ()2 2 37
(2.30) (nAwale _/d o[ dve §/du dve +2(A TN, £,N. fa. -
R4 R

By the Poincaré inequality (2.1) applied with . = [p, udd, . to

dv. = < / d'z7€> A5 = < / Pt d:z:) G,
R4 R4
we obtain
/ uZdDEZ/ |u—ﬂ5|2dﬁs+/ w2 dv,
R4 Rd Rd

2
< (57,5/ Vul? dv. +ﬂ§/ A7 < (AT £, fla. + (/ i dx)
R4 Rd Rd
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for € > 0 small enough, after taking advantage of lim. o, [pu dVe = [pa pedz = 1.
Inserting this estimate into (2.30) gives

2
I 15, S TR D+ ([ o an)
R

Step 2. Since f € H., we have lime 0, [pa p(fs) dz = [papsde =0 and

g 1> c d
/ p})dx / p;)dm—/ prda / d(// fe"dedv) dn‘
R4 R R o an R4 xR
€
/ (// fEe”dedv> dn’
0 Rd x R4

< E
— /0 Hf”LZ(LU'\*“l*B)Jr enE d#*) H ||L2(Lv'|2(1*5)+ e'rlEf*) d??

5 € Hf||L2(|_Uw—2(l—ﬁ)+ dlts) '

Hence we conclude that

2 2 2
||r|€ f”HE /S <AETI_|6 f7 Me f>7'ls +e Hf”LQ(LMfQ(lfB)_*_ dll«s) :

With Lemma 2.7, this completes the proof of (2.28).

Step 3. Finally we remark that

2 2 2
Hf”Lz([v'\*z(l*ﬂM d,ug) S H(l B nE)flle(Lv]72(175)+ d;LE) + |||_|a f||L2(Lv-\72(175)+ d#s)

SN = NI, (s g+ 17
Thus, if € > 0 is small enough, we have
> 2
Dg[f] ~ ||f||L2(LU~|72(1*ﬂ)+ d,u.g) ’
which completes the proof of (2.29). d
Proof of Proposition 2.5, Estimate (2.11). We learn from (2.29) and (2.17) that
t — H[f(¢,-,)] is non-increasing, which proves (2.11) using Lemma 2.6. d

2.3.5. Operator interpolation. The generalization of the Stein-Weiss theo-
rem [33, Theorem 2.9] proposed by Bergh and Lofstrom in [4, Section 5] applies. A
positive function h: Ry — Ry is quasi-concave if h(s) =< k(s) for some concave func-
tion k: Ry — Ry. A quasi-norm is defined by the same properties as a norm, except
that the triangle inequality is satisfied up only to a positive constant. Let wq, wy, wq
and w; be positive weight functions. According to [4, Definition 5.4.2], a positive func-
tion h is called an interpolation function of power p € (0,+o0] if, for an operator T'
such that T': L?(wy dz dv) — L?(wy da dv) and T': LP(wy da dv) — LP(w; do dv) with
quasi-norms My > 0 and M; > 0, where wg, wy, wy and w; are positive weight
functions, then

T: 17 (wo h(22) dedv) — 17 (@ h(3E) dzdv)

134}

with quasi-norm M < max{My, M1}.
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THEOREM 2.9. [4, Theorem 5.4.4] A positive function h is an interpolation func-
tion of power p if and only if it is quasi-concave. In particular, if h is an interpolation
function of power p for some p, the same is true for all p.

Proof of Proposition 2.5, Estimate (2.12). We apply this result with p =2, T =
Se(t),

wo = 1170 = f:l and w1 = ’L’El = BEE f;l
and a concave function h such that h(s) < (Ins)* for s large. According to (2.11), for
some € > 0 fixed small enough,
[Sc@ll2(apny—r2(apy <1 and  [[Se(E)la.5n. ST

Since wo k(w1 /wWo) = wo k(w1 /wo) < fi7*( ln(esE))k = E¥ f-1 we can conclude that

1Sc() Lz (er apy—L2(BF du,) ST
This estimate establishes (2.12) and completes the proof of Proposition 2.5. ]

3. L? moment bounds based on Lyapunov functions. Here we establish
weighted L? estimates using weights satisfying a Lyapunov condition, in order to cover
the ranges o > 0 and 8 > 1 on the one hand Section 3.2), and max{a > 0,5} < 1 on
the other hand (Section 3).

3.1. An abstract result. We define the dual of £ with respect to the standard
L2(dx dv) norm, or formal adjoint, as

(3.1) L'm: =V, -Vom—V,0-Vom+A,m—Vyp-V,ym

using integrations by parts, in the sense that

// (/.Zf)mdxdv:// fL'mdxdo
R4 xR4 R4 xR

for compactly supported and smooth enough test functions f. We shall say that m is a
function satisfying the Lyapunov condition, or a Lyapunov function, if m is continuous
function m on R? x R? taking positive values such that, for some positive constants
C, R, n, and ¢, we have

L'm < Clpg, — nm!~t.

PROPOSITION 3.1. Let k > 0. Assume that f solves (1.1) with nonnegative initial
datum fo € L'(dz dv) such that || follLi(dzawy = 1. Assume that m* is a Lyapunov
function such that

(3.2) L£m* < C1p, —nmF~*,

holds for some ¢ € (0,k) and positive constants C, R and n, where B is the centred
ball of radius R in R x R, If f, (1 + mk) € LY(dz dv), then we have

//Rd lR{df(t,:z:,v)77”Lk(;z,v)d:vdvS//W RdfomkdxvarQCm]f{“n*l vt>0,
X X

where mp = supg, m.
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Proof. Let us consider on L!(dx dv) the operators
Af:=Clp,f and Bf:=—nm""f

such that

// fmk dxdv—// f L (m*)dxdv
R4 xR4 R4 xR

S// Afdmdv—f—// B fdxdv
Re x R4 R4 x R4

if f solves (1.1) with initial condition fy. For any ¢ > 0, we have

[, szt deao <o)
R4 x R4
where ¢ — y(t) is such that
't):// Afdscdv—f—// B fdxdv,
R4 xR R2 x R4
0) = o ::// fomFdzdv.
R4 xR

Let p > 0 be a real parameter and consider ¢ — z(t; i, go) given by

——77// m* ¢ gdazdv, Z(O)z// gom* dzdv,
R4 xR Rd xRd

where g solves

The Duhamel formula shows that
¢
() = s(tskfo) + [ 20— sk (A (5,) ds.
0
Let k' > k. Using 2’ < 0 from (3.3), we learn that
2(t K, g0) < 2(0; K, go) = // gom* dzdv Vt>0
R4 xR

and, as a consequence if &' = k, we deduce that

y(t) Syo-i-/o z(t— sk, (Af)(s,-,-))ds.

Using Holder’s inequality [[gllnime) < [lgll 22 1glZ252, with p = €/(k/

Ll(mk/) Ll mk Z)

that is,
1+
||g||L1(mk*£) > HgHLlpmk) HgHL1(mk’)

— k),
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we also learn that z = z(t; k, go) satisfies

2 <—n // mF~tgdedv=—n gl ey
R? xR

21+p Z14p

<—-p—2 < _p—Z
S Y S R (S T
for any ¢t > 0. By the Bihari-LaSalle estimate, we deduce that

1 pnt v
. <(Lr ., _put vVt>0
z(t; ,go)_<zg+z(t;k’,go)p> -

with zg = ffRded gomF dzdv and z(t; k', go) < ffRded ) mk dx dv =: Zo. Equality
holds at t = 0, i.e., z(0;k,g0) = z0. We choose k' = k + 2/ so that p = 1/2.
Altogether, we have

-2
1 n
z(t; k, <|—4+ —t Vt>0.
( gO) (\/% AVED )

Let us consider the special case gy = Af(s,-,-). Since go is supported in Br and
I (s, )lx =1, we have

2022(0§k»9())=// (Af(37.7.)) mkdxdvgcvmllc_z7
(3.4) RAXRA
20 = Z(O,k + 28,90) = // (Af(577)) mk+25dxdv S Om%—&-?[ )
R4 xRd

In that case, we obtain

t = -
220V 2ot RV
/ z(t—s;k,(.Af) (s,-,-)) ds < NZO =0 <2 2020 Vt>0,
0 2vVzZ0+ny/zot n
which completes the proof using (3.4). ]

COROLLARY 3.2. Under the same assumptions as in Proposition 3.1, if m > 1
and f solves (1.1) with fo € L2(mF* du,), then

[ eapmtan < @r2emi ) [ ipPmtae vezo,
R? xR Ré xRd

Proof. We can deduce from Proposition 3.1 and the assumption m > 1 that

IS£ )Lt (m# de do) = L1 (mk dedoy < C1 =L+ 2CmEn~1

Thanks to the maximum principle we have

||S£(t)HLoo(f;1 dz dv) — Lo (7! dz dv) <1

By Stein’s interpolation [32, Theorem 2] or [33, Theorem 2.9], we deduce

”SL(t)HIQﬂ(mkf*_ldzdv)ﬁLz(mkf*_ldzdv) <C Vt=0.
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3.2. A Lyapunov function when a > 0 and 8 > 1.
The aim of this section is to build a Lyapunov function m satisfying (3.2) which
dominates both |z]? and |v]2. The abstract result of Section 3.1 can then be used.

LEMMA 3.3. Consider the operator L* defined in (3.1) with § > 1 and o > 0. Let
m: R? x R — R be the weight function defined by

m=E"+e(z v+ 3|2]?)

where v = max{1,2/8}. If £ > 0 is chosen sufficiently small, then m is a Lyapunov
function and for any k > 0 there are positive constants C, R and n such that (3.2)
holds with ¢ =1 — min {1, a/2, 5/2}.

Proof. Lemma 3.3 relies on elementary computations.

Step 1. If € > 0 is small enough, we claim that the function m is positive. Indeed,
since v > 2/, we have

20| S (012 + (212 S BY + 5 [2]°.
Moreover, since v > 1, we have E? < [v]7# + |2]7® and m has a power law growth:

(3.5) m < [v]7P + [p]x e a5 |(z,0)] = oo
Step 2. The function m is a Lyapunov function (case k = 1). Using TE = 0, we
have
% |v]? [v]°2 o B—2. |2 “1,78-2
= (a8 -2) %+ 0= ) B o2 o) ot

+e 01772 o] — €[]0 | f?

< (Clpicn = 5 1017) B (01772 42 [0]772 o — 2 (21272 of?
for some positive C' and R large enough. Now, if € > 0 is small enough, we have
St A T P Yot
Lm < Clpeg BV [0]72 — % B (0] _ 202 a2
Next, we notice that
Liy<r BY71 01772 S 1< (219070

Therefore, since 8 > 1, we have v < 2 and

C]l‘ng E’Y_l |_U-|B_2 — E

5 117 [2]* S Ljpj<r Laj<r

up to enlargements of R. We can conclude that

L'm < Clpg, — (Lv}”ﬂﬁ_? + L:ﬂa) ,

<
2

up to enlargements of C.



WEIGHTED L2 BOUNDS AND HYPOCOERCIVITY 23

Step 3. The function mF is a Lyapunov function. With k > 0, we have
* k k—1 * k-1 2

k-1
<kmk! (C]IBR - g (P72 4 |2]%) + —— |y B [0]P 20 —5:1:‘2)
m
<
2

< kmF1! (C]lBR — (LUWB*B_? + [2]%) + % (v E?72 |0]2P~2 4 &2 Lx]2)>

as v < 2. Thanks to (3.5), we have m > EY and m 2 |z]?, so

k—1
- (’Y2 E27-2 Lﬂz(ﬁq) 12 Lx]z) < Er? Lﬂzﬁfz e < vaﬁfz 1e2.

With the fact v5+ 58 —2 >~ 8 — 2, this allows us to get

(3.6) LA(mF) < Clp, — ka—l (L] PH0=2 4 [2]%).

Finally notice that
m < |v]"P + Lﬂmaxha,?} < (LU17B+B72 + ma)ma"{#ﬂ%}
and
ma { 5355, 2 | = max {7, 2} = max {1.3, 2}
which plugged in (3.6) proves that (3.2) holds with £ =1 — min {1, /2, 3/2}. 0

3.3. A Lyapunov function when o <1 and g < 1.
Building a Lyapunov function is delicate: see Proposition 3.4 below for the statement.

3.3.1. Definition of the Lyapunov function. With the choice

11 af
0 ind -, — 1 - A
<a<m1n{5,a }’ p 1+ 87

we notice that
1 1
(3.7) af <1, a<afl, a(lfﬂ)<afl, 0<p<l.

Set
o]
E(z,v)a’
Let 7 and y be cut-off functions defined as follows. We assume that y € C2([0, +c0))
is non-increasing and satisfies

O(z,v) :=

0<x<1, x=1 on]0,2], x=0 on [3 +0c0)
while n € C*°([0, +00)) is a non-increasing function such that
0<n<1, n=1 on[0,1], n=0 on[2,+0).

For s > 0, we set
s
I(s) := Li) . O(s) = e M)
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Then ¥ < 0 and hence ¢} > 0. Moreover, we notice that

Ols) =e e, 0<s<1,
e SQO(s) <1, Q)+ IGI() < Ty A, 1<s<2,
C)\(S) =1, s> 2,
where ¢, > 0 and C,, > 0 are constants independent of A € (0, 1], so that
C)\(S> )\2 2\ C)\(S)
(38) Q=AY e =(S-F)am =22 o<t

Define

(3.9) m:= Mo+ Mg where My=eaf, Mp=0G@O©)W, W=eF

and

(3.10) F(z,v) = |z]* + ax(0(z,v)) [z]* 2 v.

With the above definitions, we can state the following weak Foster-Lyapunov estimate.

PROPOSITION 3.4. Let («,8) € (0,1) x (0,1]. There exist positive constants Ao,
ko and cg, depending only on «, B, a, d and on the cutoff profiles, such that the
following holds. For every A € (0, Ao] and k € (0, kg A], there exist C > 0 and R > 0
for which m is positive, coercive, and satisfies

(3.11) L£*m < Clip<py —cor' W
with

0*:2max{é—1,%—l},
The radius R and the compact-set constant C may depend on A and k.
The proof is postponed to Section 3.3.5.

3.3.2. Technical estimates on © and L*. Let us start with some elementary
computations.

LEMMA 3.5. Let (o, 3) € (0,1) x (0,1]. With the notation of Section 3.3.1 and
E = E(z,v), one has

(3.12) TO(x,v) = — B~ [2]* 2 =

L*O(x,v) = B L*([v]) —alv] E* LB
(3.13) talat1) B2 [(0]2P 3 u2 - 2a B2 [4]F3 2.

Proof. By applying the product rule to © = |v] E~?, we obtain

TO = o] TE™ + B T((o]) = B T(lo]) = — B (o]

after recalling that T(E~?*) = 0. Similarly, from
'O =L"(|v] E7®) = [w]L(E™?) + L*(|v]) ET* + 2V, |v] - V,E™?

and
L(E™®) = —aE * '*E+a(a+1)E*2|V,E]?,
we obtain (3.13) by the product rule, and using V,E = |[v]#~2 0. d
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Next we establish zonal estimates for ©.

LEMMA 3.6. Let (o, 8) € (0,1) x (0,1]. With the notation of Section 3.5.1, there
exists a positive constant Rg > 0 such that, for any E > Re, the following properties
hold:

(3.14) Ex|z]* and |V,O|+|L*O|SE™™ if ©<3,
(3.15) L£O< — i E~* 0]t if ETP<O<3.
Proof. We prove the two estimates successively.
e Proof of (3.14). Assume first that © < 3. Since [v] = © E?,
|v]? <3P E*P = o(E),

because a3 < 1. Hence F =< |2]®. Since,

_ p—a—l1 7&Uﬁi
V,0=F (E H)M’

one obtains immediately that

8
V,.0| < E™® (1 + LU;) <E*(1+E* ) SE.

Next, taking into account

(3.16) L*([v]) = [v] ' (d— 1= [v]7) + [v] 2 (0] + 1),

’1)2
UE= 1 (a4 (-2~ 1) 1 ).

we obtain
‘L*(Lv]ﬂ < Lv}ﬁ_l and |L*E‘ < Lv]25_2.

Consequently, by (3.13), we likewise obtain (remember that § —1<0,28 -1 < 1),
IL*6| < B> [v]P~! + [v] B! [v]2P2
b W] B2 [0]2P 2y B W] S B,
because [v]? < E2#. Finally,
TO| < E~*|z]* ' < E™®,
since @ < 1 and |2] > 1. This proves (3.14).

e Proof of (3.15). We now assume F~* < © < 3. Since
\_’U~| = @Ea Z Ea_p :E%,

we have |v] — 400 uniformly in this region.
Observe that, by (3.16),

L () = 17 (= 1) (o] 77 = 1) + [0]7 (14 ] 7).
<=1 4 [P (=) TP 4 1172 (14 [017) ) < - 5 11
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when |v| is large. Then, since
LB < [01772 (d+ 18 =21+ [0]7) S L1777,

we have

‘a EalL*E|<aE—a 1|_‘|2B—1.
For the transport part, using (3.14), we obtain

Te|< |E-|ae 22l < pl-i-a,
el < B o] T

Combining (3.13) and (3.12), we can find a constant C' > 0 such that
LO=TO+L0
<[TOI = 3 B (017 +[alv] B L'B] +a (a-+ 1) B (020 of
< _%E—a m,@-l +C(E1—§—a + gt LUPB_l 4+ a2 Uﬂw—l)
<~ B 1P 4 OB 1P (10 B 4 (o] B 4 B (o))
Since © < 3,
v]?

L,U‘|17B El-% — @l-8 ga(l-p)+1-2 < 3l-f pall- ﬁ)+177 < E*(lfaﬁ)7

anda(l—f)4+1—1/a<0and 1—af >0, we obtain (3.15) after increasing Rg. O

3.3.3. The component M,. We start with an exact macro-micro computation.
LEMMA 3.7. Let (o, 8) € (0,1) x (0,1]. With F defined by (3.10), one has

TF =alz]*? [v] 2z v+ax(©) [v]72[2]°72 (jo* + (a = 2) [2] 7% (z - v)?)

(3.17)  —ax(®) WM Hz? +ax'(0) (TO) [¢]1* %z v,
L'F = —ax(0) [2]* 2z [v]" 2o+ ax(0) (L'0) [2]* Pz v
(3.18)  +ax"(©)|z]*? (;U 0) | V,OF +2aX'(0) |z]*?z-V,0,

and finally,
LF =a(l-x(0) z]** [v]" 2z -0

+ax(©) (101772 (#1772 (jof* + (@ = 2) 2] 72 (2 - )?) — [#]2°*[al?)
+ax'(©) 2] ((£L*0)z-v+22-V,0)
(319)  +ax"(®)|2]°2(z-v) V.0

Proof. The identities follow from the product and chain rules. Start from
TF=T(|z]%) + aT(X(@(x,v)) |lz]* 2w - U) ,
We compute each term separately as

T([2]%) =alz]* 2z [v]7
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and
T(x(©) |z]* 2z - v)
=T (x(©)) [2]* 2z -v+x(8) [2]** T (z-v) + x(O)T ([2]*7?) z-v
=X'(©)(TO) [2]* 2z - v+ x(©) [«]1°7? ([0 [vf* — 2] ? [2]?)
+x(0) (= 2) [2]* 701772 (z-v)?.
Gathering these computations gives (3.17). Hence

LF = al2]*7* (L*(x(©)) (z - v) + X(©) L*(z - v) +2x'(©) V,© - a?)
=—ax(0)[2]°z- [v]" v +ax/(©) (L) [2]**x
+ax"(0)[2]°7* (z-v) Vo0 +2ax/(0) [#]° 7?2 V.0,

which is (3.18). Equation (3.19) follows by combining TF and L*F. O

PROPOSITION 3.8. Let (o, 8) € (0,1) x (0,1]. With the notation of Section 3.3.1,
there are positive constants cpr, Chr, and Ryp such that, for any € (0,1/4],

(320) L*M() S CM ]]'{ESRM} — CM R M() X(@) |_.’[—|2Oti4 \x|2 + CM K?Mo 1{@22} .
Proof. Recall that

L* My
My

(3.21) = fc*F+ — |V F?.

Furthermore, since

V,0 = E (E—alv]?) L% :

we have
V,F = ax(6) 2] 2z + ax'(0) [#]°7% (z - v) V,0
= ax(0) 2] Pz +ax(0) 2] (z-v)E7* ! (B —av]’)

ol

We now estimate (3.21) in three different regions.

e Range © < 2. Here x(0) = 1 and x/(©) = x”(©) = 0. Since a — 2 < 0, by
Lemma 3.7,

(3.22) LF<alz)*?|v]? —alz]?* 4z,
In this range, by Lemma 3.6, £ < |2]% and |v]? < E2P. Hence

x|22|v)P8 v]P 1
el

Since aff — 1 < 0, after increasing Ry, if necessary,

LF < — % |2]2%4|2|? on {E > R} .

Moreover,
|VUF|2 —_ a2 Lx]2a74 |x|2 )
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Thus, for k < 1/4,

(3.23) LMy < — g Mo 212 4|z[> on {E > Ru}.

e Range 2 < 0 < 3. Since F =< [z]|* and |v] = OF?,
(3.24) 2] 22 0] < 21071 0] S BMFea
Also notice |[#]* 2z <1, |[v]?72v| <1, [2]2°7*[#]? < 1, and, as a consequence,
(2172 o]? S BA R
Together with (3.14), these estimates imply
|IC*F| 4+ |V, FI*> <1 and |£*My| < kM.

e Range © > 3. Here y = 0, hence F' = [2]® and V,F = 0. Since ||2]* 22| <1
and |[v]?720| <1,
ILF|=allz]* %z Mﬁ_Qv‘ <a.

Therefore
(325) |£*M0| S KMO .

Combining (3.23) and (3.25), and using 0 < y [#]?*"*|z]? < 1 on © > 2, com-
pletes the proof of (3.20). 0
3.3.4. Estimates on Mg.

LEMMA 3.9. Let W and Mg be defined by (3.9). One has

(3.26)
e (LW G(e) ., oTB2 1 (©) 2
etz = (57 + gy (60 + 251 10-9.0) + T V.08 i

Proof. Start from

L Mg =TMg +L* Mg
=WGO)TO +G(O) LW + W (0)L*e + Wl (0)|V,01* +2¢,(0)V,0 -V, W

using the chain rule, and the product rule for the second-order operator L*. Since
VW =W V,FE, we conclude,

x LW GO . A (0) 2 ¢;,(©) ,82>
L*Mp = + L0 + V,0[" +2 V.0 - Mg,
#= (57 + ) £0+ Gie) 17Ol an gy VO Ll i
which is nothing else than (3.26). ad

PROPOSITION 3.10. Let (o, 8) € (0,1)x(0,1]. With the notation of Section 3.3.1,
if cpr is the constant in Proposition 3.8, there are positive constants Cg, cg and Rg
such that

1
(3.27) L*Mp < Cpl{g<pr,} —ce kMg |v]25-2 + 5 M kMo x(©) [2]2** |z|*.
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Proof. A direct computation shows that

Lw
w

=kL*E + K% |V, E|?
— e (d[0]772 4 (8= 2) Jof? 0177 = (1= ) Jol? [v]271)

and, as a consequence,

Lw
w

(3.28) < —k|v]?P2

for |v] sufficiently large and 0 < k < 1/2. We consider four different regimes.
e Range © < E~". For large E, one has © < 1, x = 1 and ((©) = e~*/®. Therefore

ln<]\]\{_ff> :/{E—g—ng]a—mma_wa:ﬁUgﬁ —%—KLI‘]Q_QQ}-U.

Thanks to the first estimate in (3.14), we have

[2]° 22 -0] < [2]°' W] S EVATE <

— ~

because 1 — 1/a + p/B < 0. We deduce from © < E~7 and |[v] < E** = E/# that
|v]? < EP. Together with 1/© > E”, we arrive at

i)~ (5
In{—)—-(=—-X)E’<k.
(Mo B ~

Under the condition © < E~, choosing k/A < kg < /2 gives

Mg Ly e
3.29 S P R

To estimate £* Mg, it remains to quantify the derivatives. For E large enough,
we have © < 1 and read from (3.8) that ¢{ /¢y = A/©? and ¢}/ < A\?/©1. We get

LMy < ( — k[V]*P 2+ A0 2 (LY O+ 2k [0]P 20 V,0) + A2 O |vv@|2) Mp,
after recalling (3.28). By Lemma 3.6, we have |V,0| + |£*©| < E~? and
LMy < (— K[0]2P 72 A0 E 4 A2 @*4E*2a) Mp.

Since [v] > 1,0 = |v] E7* > E~?, we obtain ©~! < E* and

|L*MEg|

i, S Chw (14 E* + E?#),

which, under the condition © < E~°, proves
(3.30) |L*Mpg| < Cy. (1 + E**) Mp.

Since F =< |z]® and |z]?* *|z|? < E~2(1=®)/> Combining (3.29) and (3.30), we
obtain that

L*Mg + cgk Mg [v]*P2 < Oy F2at2i5e —enEr
Kk Mg [z]20—1 |22 = YAR
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is uniformly small outside of a compact set in R? x R? for some cg > 0. For some
R > Ry, this proves

1
(3.31) (L*Mg)y +cp kMg |[v]*P72 < M Kk Mo x(0) ]2 4 |z|?,

where Rj; and cp; are as in Proposition 3.8.

e Range 77 < O < 1. In this case, we shall use Lemma 3.6 to get
£Le<—cwE™, |V,0|<CyE*®,
with ¢ =1/4 and Cy = 1 4 a3®. Thus, recalling (3.28),

L*Mpg + k |v]*P~2 Mg
S (A0 E [0 4260 Cv 072 [0 T BT+ N2 0G0 ET?Y) Mg
SAO2E 0] (—e+ 280y +ACT O 2B 0] F) M.

Observe crucially that
O 2fF? valfﬁ — 02 Efa(@Ea)lfﬁ = A g2l < pU+hp p-al — 1
thanks to the choice of p. As a consequence, as long as 2k Cy + AC% < ¢/2,
LMp + 5 |[v]*P 2 Mg < —cXO2E 0]~ Mg
If E=7 < © <1, this proves that
(3.32) E*MES—CE)\E_a I_’U-‘ﬁ_lME—CElﬁl_’U—F’B_zME.
e Range 1 < © < 2. Here, |v] = © E* < E* so that |v] is large when E is large.
Additionally, ¢y is bounded below, and |¢}] 4+ |¢¥] < A. Since ¢4 > 0 and £*© < 0 for

large E, the term (£*©) (4 (0)/(»(©) is non-positive and may be discarded. Thus,
recalling (3.26), (3.28), and |V,0| < E~2,

L*Mp+r 02772 Mg < (kA 0] VL0 + A |V,0%) ME
<A (nan*l) E~ 4 E*%) Mp < kAE*BD < g\ |0]P2 M,
when FE is large. After increasing R, this proves

(3.33) L'Mp < —cprMg|v]?P72 if 1<0©<2.

e Range © > 2. Here (, = 1, hence Mg = W. In this range, |v] > 2 E* which
ensures that |v] is large as E is large, and it follows directly from (3.28) and (3.26)
that

(3.34) L*Mg < —cp kMg |v]*P72 if ©>2.

Altogether, there are positive constants Ao, k9 and cg > 0 such that, for any
A € (0, M) and k € (0, ko A], we obtain (3.27) as a consequence of (3.31), (3.32), (3.33)
and (3.34) for E sufficiently large. d
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3.3.5. Proof of Proposition 3.4. We are now ready to prove the main result
of this section. Adding (3.20) and (3.27), and taking a larger R if necessary, gives

(335) L'm—C ]I{ESR}
1 _ _
< -3 ek X(0) Mo 21274 [z]? + Ok Mo Loy — cp k Mp [v]2P 72,

It remains to absorb the positive term in the righ-hand side. If © > 3, then Mg =W,

and
My
— =e

Mg
If 2 <O <3, then |[2]* 2z v| < [2]*7! [v] S |v]51=2)+1 = o(|v]?) holds (since
1(1-1)+1 <, see (3.7)) and

R
- lel®

My

Mg

5 10178
—exp (kx(@) 21" 20 0= 5 1017) £ as ol o 4oc.

Since a multiplication by |v]2~#) does not affect this exponential decay,
(3.36) My = o(Mp [v]?#72).

After one last enlargement of R, the positive term in (3.35) is absorbed by half of the
energy dissipation. This proves

L£*m < Cl{p<ry — cor Mo x(0) [2]***|z> — co k Mp [v]?P 72,

If E— 400 and © < E~%, then F =< |z]® and the mixed term in F is bounded
by (17). Hence limg_, o My = +00. Otherwise, if E — 400 and © > E~, then

—InG\(©) < CEP = o(E),
so that Mg = exp(k E — o(E)) — 400 as E — +oo. We conclude that m is coercive.

It remains to prove (3.11). Let us distinguish two cases:
e If © < 2, the mixed term in F is bounded and E < |x]®. After increasing R,

In(e + Mp) < K |2]*.

Since |2]2* |z|? < |2]72(~%), one obtains
(3.37)
2(1—w) MO

M
K/MO |_a':-|20¢_4 ‘SL‘|2 Z CK;1+ o« 2 (1—a) Z C/il+o-* W .
{In(e+ Mp)} ™ = nie-+m

e If © > E~7 the soft cutoff satisfies —In({(0©) < C A EP = o(k E). Hence
In(e+ Mg) <Kk E.

Since |v]”? < B E, we have

(01262 > 257 B2

Consequently,
Mg

-8
3.38 kMg |v 25_220/€1+21ﬁ — 20514'”*7.
(3.38) [v] T PR
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e Region © < E~?. By (3.29), m =< M, for large E, and (3.37) applies because
x=1.
e Region £7 < © < 2. Here x = 1, and the sum of (3.37) and (3.38) controls
m = Mo + ME.
e Region © > 2. By (3.36), m < Mg for large F, and (3.38) applies.
These three regions prove (3.11) outside of a compact set in R x R, which completes
the proof of Proposition 3.4.

3.3.6. Extension to the k' order moment. The strategy of Proposition 3.1
applies except that (3.2) has to be replaced by (3.11).

COROLLARY 3.11. Let m be defined as in Proposition 3.4, k >0 and £ =1+ o,.
The function m = In(e + m) satisfies (3.2)

Proof. Let ® € C?(R;), then using

Vo (®(m)) = @' (m) Vom,  V,(®(m)) = &' (m) Vym
and
Ay (®(m)) = @"(m) [Vom[> + &' (m) Aym,
we have that
L*(®(m)) = @' (m) L*(m) + " (m) |V,ym|?.

Let us choose ® increasing, concave and such that ®(s) = (In(e+s))* for s sufficiently
large. Then, using ®'(s) = k {In(e + s)}*~1/(e + s) for s large and ®” < 0, we have

L (m*) = L*(®(m)) < @' (m) L*(m)

<®'(m)(C1 —c /fH”*m)
< @'(m) ( {E<R} — Co {In(e - m)}o-
ter.km{ln(e +m)}!
(e +m){ln(e +m)}°=

5 C ]]'{ESR} — Cp k h}l+a* {11’1(6 + m)}kilia* 5 C ]]'{ESR} - 7]771’67170*

< Cl{g<py —Cok

for some 1 > 0, up to enlargement of C' and R if necessary. ]

4. Conclusion: proof of the main results. Let us collect what we have
obtained in Sections 2 and 3 and how intermediate results can be combined to prove
our main results. As explained in Section 2.1, Lemma 2.2 establishes the exponential
decay rate (1.2) for min{«, 8} > 1 (wihout any moment assumption) and the result
of Proposition 1.1 if 0 < min{e, 8} < 1, under the assumption that % is finite (a
priori boundedness of L2 norms). In [10, Theorem 2|, this property was obtained by
the Maximum Principle under a severe restriction on the initial datum. Theorem 1.2
achieves the same result under the weaker and more natural condition that initial
weighted L2 norms are finite.

Proof of Theorem 1.2. We rely on two main methods (see Figure 1):

(1) Coupling of L2-entropy and entropy dissipation estimates: see Section 2. Propo-
sition 2.4 proves the estimate if 2/3 < min{«,8} < 1. In the range o > 1 and
B € (0,1), we introduce a modified L?-entropy with Lemma 2.6 (entropy—norm equiv-
alence), Lemma 2.7 and Lemma 2.8 (entropy dissipation) using stronger weights, and
complete the moment estimates (Proposition 2.5) using a variant of the Stein-Weiss
interpolation theorem (Theorem 2.9). The coupling method covers Case (a).
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(2) Direct L2 moment bounds based on the construction of functions satisfying a Lya-
punov condition: see Section 3.2. If @ > 0 and 5 > 1, this is done in Corollary 3.2 and
the Lyapunov function of Lemma 3.3. The case 0 < o < 1 and 0 < 5 < 1 is much more
delicate, with technical estimates based on elementary computations (Lemma 3.5 and
Lemma 3.6), and the construction of a Lyapunov function which relies on a discussion
of various regimes: see Propositions 3.8 and 3.10 respectively based on Lemma 3.7
and Lemma 3.9. This function provides us with the weak Foster-Lyapunov estimate
of Proposition 3.4 which is then used in Corollary 3.11 to produce a suitable Lyapunov
condition for Corollary 3.2. ]

Proof of Corollary 1.3. In the coupling case (corresponding to (1) in the above
proof of Theorem 1.2), we obtain the decay estimate on the entropy and the moment
bounds simultaneously. In Section 3, moment bounds are obtained independently.
However, Lemma 2.2 applies in all cases, which provides us with the result. O
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