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Abstract. We study the long-time behaviour of solutions to kinetic Fokker-Planck equations
with power law confinement potentials and local equilibria with fat tails. Without relying on a
priori moment bounds or perturbative regimes, we establish global estimates on weighted norms
(main result) using two methods: a coupling of the weighted norms with entropy dissipation (DMS
method) and a Foster-Lyapunov condition approach. As a consequence, we establish an entropy -
entropy production inequality and the convergence rates to equilibrium in terms of the exponents
associated to the growth of the spatial confinement and the tail decay of local equilibria. For sake
of simplicity, we assume that stationary states are factorized.
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1. Introduction and main results. Over the last 15 years, large time prop-
erties of non-homogeneous linear kinetic equations have been intensively studied.
Apart perturbative methods, hypocoercivity results are nowadays based on several
methods involving various functional frameworks ranging from H1 estimates using
commutator methods inspired by hypoelliptic results or differential systems of es-
timates [31, 34, 20, 23], to L2 results [27, 21, 22, 1, 15, 16, 17] and H−1 esti-
mates [2, 18, 12, 13]. Some insight on the underlying structure can be gained from
micro-macro decompositions and diffusion limits, with the guiding idea that:

(1) the relaxation to local equilibria occurs on time scales controlled by the col-
lision operator acting on velocities, which can for instance take the form of
diffusion or scattering operators,

(2) the equilibration in positions is achieved through the transport operator, via
commutators or using a twisted norm built on the diffusion limit.

To fix ideas, we shall consider the case of the whole d-dimensional Euclidean space in
positions and velocity with a confinement potential and a collision operator such that
there is a stationary solution of finite mass. A classification has emerged in a series
of papers [8, 7, 9, 6, 10, 19], which relies on two functional inequalities associated
respectively with (1) and (2). These two inequalities determine the rates of conver-
gence and are deeply related respectively with the decay of the local equilibria for
large values of the velocity variable and the growth rate of the confinement potential
for large values of the position variable.

At this point appears a first difficulty. While in classical kinetic models involving
Maxwellian equilibria there is usually a factorisation property (stationary solutions are
in the intersection of the kernels of the transport and collision operators), this is not
anymore true in the general case. There is another issue due to the lack of coercivity
of the collision operator, which can however be compensated by moment estimates.
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Here our goal is to give a complete classification of the convergence rates to stationary
states with the factorization property, which covers sub-exponential behaviours at
infinity in velocities or positions, i.e., when the logarithm of the stationary states has
(in absolute value) a sub-quadratic growth. We refer to [11, 5] for recent progresses
when the factorization property does not hold. Concerning moments and weighted
L2 norms in the context of L2-hypocoercivity, we are aware of [6, 7], but only in the
case of the free transport operator. The main novelty of this paper is the control
of the moments in positions and velocities and corresponding weighted L2 norms, in
presence of a confining potential.

We consider the kinetic Fokker-Planck (or Vlasov-Fokker-Planck) equation

(1.1) ∂tf = Lf , (t, x, v) ∈ R+ × Rd × Rd

and denote by SL the corresponding semi-group, such that

f(t, ·, ·) = SL(t)f0

the solution with nonnegative initial datum f0. The transport operator T and diffusion
operator L are such that

L := L− T , Tf = ∇vψ · ∇xf −∇xϕ · ∇vf and Lf = ∇v ·
(
∇vf + f ∇vψ

)
where, with the notation ⌊·⌉ :=

√
1 + | · |2,

ϕ(x) =
⌊x⌉α

α
and ψ(v) =

⌊v⌉β

β

for positive reals numbers α and β, so that TE = 0 and L e−E = 0 if E is the
Hamiltonian energy given by

E(x, v) := ϕ(x) + ψ(v) .

Notice that T corresponds to the Poisson brackets of E. The function

f⋆(x, v) := Z−1 e−E(x,v)

normalized by the condition
∫∫

Rd×Rd f⋆(x, v) dx dv = 1 is such that L f⋆ = T f⋆ = 0.
It is therefore stationary and satisfies the factorization property, which in our case
means that f⋆ is the product of a local equilibrium e−ψ by the spatial spatial density
of the equilibrium e−ϕ, up to normalization constants. On the Hilbert space L2(dµ⋆),
the operators T and L are respectively skew-symmetric and self-adjoint with respect
to ⟨·, ·⟩L2(dµ⋆), where we adopt the notation

dµ⋆ := f−1
⋆ dx dv and dµ̃⋆ := f⋆ dx dv .

It is a classical hypocoercivity result (see [22], and Section 2.1 for a sketch of a proof)
that

(1.2) ∥f − f⋆∥2L2(dµ⋆)
≤ C e−λ t ∥f0 − f⋆∥2L2(dµ⋆)

∀ t ≥ 0

for some positive constants C and λ if α ≥ 1 and β ≥ 1. Otherwise, we have the
following result.
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Proposition 1.1. [10] Let f ∈C0
(
R+; L1( dxdv)∩L2(dµ⋆)

)
be a solution to (1.1)

with nonnegative initial datum f0 such that

K [f ] := sup
t∈R+

∫∫
Rd×Rd

|f(t, x, v)|2
(
⌊x⌉αk + ⌊v⌉β ℓ

)
dµ⋆

is finite. There is a constant C > 0 which depends only on k, ℓ and K [f ] such that

∥f − f⋆∥2L2(dµ⋆)
≤ C (1 + t)− ζ/2 ∥f0 − f⋆∥2L2(dµ⋆)

∀ t ≥ 0

in each of the following cases:
(i) k = 0, ℓ > 0 and ζ = ℓ/(1− β) if α ≥ 1 and β ∈ (0, 1),
(ii) k > 0, ℓ = 0 and ζ = k/(1− α) if α ∈ (0, 1) and β ≥ 1,
(iii) k > 0, ℓ > 0 and ζ = min{k/(1− α), ℓ/(1− β)} if (α, β) ∈ (0, 1)2.

The result of Proposition 1.1 is conditional because K [f ] < +∞ is not a priori
granted. See Sections 2.1 and 2.2 for a sketch of the proof of Proposition 1.1. In [10,
Theorem 2], it is proved that K is finite under the condition that f0 ≲ f⋆, which is
then propagated to f(t, ·, ·) for any t > 0 by the Maximum Principle. Our task is to
get rid of such a restrictive condition. Here we use the notation a ≲ b if there exist
a constant c > 0 such that a ≤ c b and we shall write a ≍ b if a ≲ b and b ≲ a hold
simultaneously.

Theorem 1.2. Let f ∈ C0
(
R+; L1( dx dv) ∩ L2(dµ⋆)

)
be a solution to (1.1) with

nonnegative initial datum f0 ∈ L1( dx dv) ∩ L2(mk dµ⋆) for some continuous weight
m ≥ 1 on Rd × Rd and k > 0. Then there is a positive constant C > 0 which does
not depend on f0 such that

sup
t∈R+

∫∫
Rd×Rd

|f(t, x, v)|2mk(x, v) dµ⋆ ≤ C

∫∫
Rd×Rd

|f0|2mk dµ⋆

in each of the following cases:
(a) m(x, v) = E(x, v) if min{α, β} > 2/3, or α ≥ 1 and β > 0,
(b) m(x, v) = ⌊x⌉max{α,2} + ⌊v⌉max{β,2} if α > 0 and β > 1,
(c) m(x, v) = E(x, v) if α ∈ (0, 1) and β ∈ (0, 1].

In each of the three cases m is coercive in the sense that lim|(x,v)|→+∞m(x, v) = +∞.
With the results of Theorem 1.2, we can revisit Proposition 1.1 with ℓ = k and get
rid of the formal condition that K [f ] is finite.

Corollary 1.3. Let f ∈ C0
(
R+; L1( dx dv) ∩ L2(dµ⋆)

)
be a solution to (1.1)

with nonnegative initial datum f0 ∈ L1( dx dv) ∩ L2(mk dµ⋆). There is a constant
C⋆ > 0 which depends only on k, C and ∥f0∥L2(mkdµ⋆) such that

∥f − f⋆∥2L2(dµ⋆)
≤ C⋆ (1 + t)− ζ/2 ∥f0 − f⋆∥2L2(dµ⋆)

∀ t ≥ 0

with m as in Theorem 1.2 and ζ such that:
(a) ζ = k/max{1− α, 1− β} if (α, β) ∈ (2/3, 1)2,

and ζ = k/(1− β) if α ≥ 1 and β ∈ (0, 1),
(b) ζ = k/(1− α) if α ∈ (0, 1) and β > 1,
(c) ζ = k/max{1− α, 1− β} if (α, β) ∈ (0, 1)× (0, 1].

Form the physics point of view, β = 2 and β = 1 make sense because of, respec-
tively, classical and relativistic Hamiltonian mechanics, but other exponents β can be
considered, for instance in solid state physics. Confinement, which is more related
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to macroscopic modelling, can take various behaviours, i.e., any α > 0. However,
our motivation here is mostly the completion of the classification of L2 functional
inequalities, with a focus on functional inequalities and on the last pending issue:
moment estimates and weighted L2 norms. Mathematically, there are many related
issues which are not developed here: non-kinetic Fokker-Planck diffusions with fat tail
equilibria (see [10] for a review), weak Poincaré estimates [28], semi-groups theory and
splitting methods [30], connections with Doeblin’s and Harris’ theorems [15], etc. Like
in [10], several related results rely on uniform a priori assumptions, see [12, 13, 14].

Depending on the values of α and β, we adopt two different strategies (see Fig-
ure 1): (1) If min{α, β} > 2/3 or (α, β) ∈ [1,+∞)× (0, 1), we adapt the L2 hypoco-
ercivity method of [22] and establish a system of differential inequalities (coupling)
which combines moments or weighted L2 norms, and an entropy: see Section 2. No-
tice that [22] covers the case min{α, β} ≥ 1 without moment estimates. (2) The case
(α, β) ∈ (0, 1) × (0,+∞) is covered in Section 3 using functions satisfying the Lya-
punov condition and a Duhamel formula to prove a priori estimates on the weighted L2

norms, which is then sufficient to implement the standard L2 hypocoercivity method.
The Lyapunov condition, also called Foster-Lyapunov criterion, is a sufficient con-
dition that goes back to [24, 26] and has been succesfully implemented in kinetic
equations, see for instance [3, 15]. The Duhamel formula (see Section 3.1) is taken
from [7, 6]. The main difficulty is to check the Lyapunov condition: here our approach
is mostly inspired by [15], which itself relies on [26, 29, 25].

- -
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Fig. 1. Left: coupling of energy moments and L2 entropy estimates. Dark grey: exponen-
tial decay, no moment needed (Section 2.1). Light grey: coupling with standard L2 entropy
estimates (Section 2.2). Hatched area: coupling with modified L2 entropy estimates and in-
terpolation (Section 2.3). Right: Moments based on a Lyapunov condition and Duhamel
estimates. Light grey (Section 3.2) and dark grey (Section 3.3).

2. L2 estimates with energy based weights. In this section, we consider a
twisted L2 norm which plays the role of an entropy in the so-called DMS method in-
troduced by Dolbeault, Mouhot and Schmeiser in [21, 22] and study the dissipation of
the entropy. The method relies on four main assumptions: (H1) microscopic coercivity
(Poincaré inequality in the v-variable), (H2) macroscopic coercivity (Poincaré inequal-
ity in the x-variable), (H3) parabolic macroscopic dynamics (which is a compatibility
condition of T with the projection onto the kernel of L, and (H4) an assumption of
boundedness on auxiliary operators: see [22, Section 1.3] for details. If α ≥ 1 and
β ≥ 1, the method directly applies (Section 2.1) and we only sketch the main steps of
the proof. Using refinements based on weights built as functions of E, we extend the
method to the range given by either α ≥ 1 or min{α, β} > 2/3.
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2.1. Entropy dissipation and loss of weights. Let us start by recalling a
useful weighted Poincaré inequality associated to the probability measure

dσ̃γ,ε(y) :=
e−χγ,ε(y) dy∫
Rd e

−χγ,ε(z) dz
with χγ,ε(y) :=

1− ε

γ
⌊y⌉γ

that can be found in [7, Corollary 10].

Lemma 2.1. [7] For any γ > 0 and ε ∈ [0, 1), there is a positive constant Cγ,ε
such that

(2.1)
∫
Rd

|∇yw|2 dσ̃γ,ε ≥ Cγ,ε

∫
Rd

|w − w|2

⌊y⌉2 (1−γ)+
dσ̃γ,ε where w =

∫
Rd
w dσ̃γ,ε

for any w ∈ L2
(
Rd, ⌊y⌉−2 (1−γ)+ dσ̃γ,ε

)
such that ∇yw ∈ L2

(
Rd, dσ̃γ,ε

)
.

Notice that the average w is computed with respect to the measure of the left-hand
side if γ ∈ (0, 1), while (2.1) coincides with the standard Poincaré inequality for the
measure e−⌊y⌉γ dy if γ ≥ 1. If γ ∈ (0, 1), we already discover a loss of weight in the
right-hand side of (2.1).

If f is a solution to (1.1), using Lf = ∇v ·
(
f⋆∇v(f/f⋆)

)
and an integration by

parts, we learn that

d

dt
∥f∥2L2( dµ⋆)

= − 2

∫∫
Rd×Rd

|∇v(f/f⋆)|2 dµ̃⋆

where the right-hand side vanishes whenever f is a local equilibrium, i.e.,

f(t, x, v) = ρ(t, x)F (v) where F (v) =
( ∫

Rd e
−ψ dv

)−1
e−ψ(v) .

The key idea in the DMS method of [21, 22] relies on a modified entropy functional

H[f ] :=
1

2
∥f∥2L2( dµ⋆)

+ δ ⟨Af, f⟩L2( dµ⋆) where A :=
(
1 + (TΠ)∗(TΠ)

)−1
(TΠ)∗

for δ > 0, small enough, in order to obtain a strict monotonicity unless f is equal to
the global equilibrium

f⋆(x, v) = ρ⋆(x)F (v) where ρ⋆(x) =
( ∫

Rd e
−ϕ dx

)−1
e−ϕ(x) =

∫
Rd f⋆(x, v) dv .

Here we assume that the initial datum f0 ≥ 0 is such that ∥f0∥L1( dx dv) = 1 and define

Πf :=
f⋆
ρ⋆
ρf = wf F where wf :=

ρf
ρ⋆

and ρf (t, x) :=

∫
Rd
f(t, x, v) dv

as the L2( dµ⋆) orthogonal projection onto the local equilibria. Such a functional is
equivalent to the L2( dµ⋆) norm, i.e., H[·] ≍ ∥·∥2L2( dµ⋆)

if δ > 0 is taken small enough.
and it is possible to provide some bound from below on the dissipation of entropy
D[f ], which goes as follows.

Lemma 2.2. For any α > 0, β > 0, and δ > 0 small enough, there is a positive
constant κ such that, if f ∈ C0

(
R+; L1( dx dv) ∩ L2(dµ⋆)

)
solves (1.1), then

(2.2)

− d

dt
H[f ] =: D[f ] ≥ κ

(
∥(1− Π)f∥2

L2(⌊v⌉−2 (1−β)+ dµ⋆)
+ ∥Πf∥2

L2(⌊x⌉−2 (1−α)+ dµ⋆)

)
.
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Proof. From [10, Lemma 1] we have that

(2.3) D[f ] ≳

(
∥(1− Π)f∥2

L2
(
⌊v⌉−2 (1−β)+ dµ⋆

) + ⟨ATΠf,Πf⟩L2( dµ⋆)

)
as the two terms of the right-hand side in (2.3) dominate the other ones. Here we use
the weighted Poincaré inequality (2.1) with y = v, γ = β and ε = 0. We also learn
from the proof of [10, Lemma 1] that

⟨ATΠf,Πf⟩L2( dµ⋆) = σ

∫
Rd

|∇xu|2 ρ⋆ dx+ σ2

∫
Rd

1

ρ⋆
|∇x · (ρ⋆∇xu)|2 dx

where u is a solution to the elliptic equation

(2.4) u− σ

ρ⋆
∇x · (ρ⋆∇xu) = wf

with diffusion coefficient σ =
∫
Rd |v|2 ⟨v⟩2 β−4 e

− 1
β

⟨v⟩β
dv

d
∫
Rd e

− 1
β

⟨v⟩β
dv

. By squaring (2.4), we obtain

(wf )
2
= u2 − 2σ

u

ρ⋆
∇x · (ρ⋆∇xu) +

σ2

ρ2⋆
|∇x · (ρ⋆∇xu)|2 .

Hence

∥Πf∥2
L2
(
⌊x⌉−2 (1−α)+ dµ⋆

) = ∫∫
Rd×Rd

(wf )
2
f⋆ ⌊x⌉−2 (1−α)+ dx dv

=

∫
Rd
u2 ρ⋆ ⌊x⌉−2 (1−α)+ dx− 2σ

∫
Rd
u∇x · (ρ⋆∇xu) ⌊x⌉−2 (1−α)+ dx

+ σ2

∫
Rd

1

ρ⋆
|∇x · (ρ⋆∇xu)|2 ⌊x⌉−2 (1−α)+ dx

=

∫
Rd
u2 ρ⋆ ⌊x⌉−2 (1−α)+ dx+ 2σ

∫
Rd

|∇xu|2 ρ⋆ ⌊x⌉−2 (1−α)+ dx

+ 2σ

∫
Rd
u∇xu · ∇x

(
⌊x⌉−2 (1−α)+

)
ρ⋆ dx

+ σ2

∫
Rd

1

ρ⋆
|∇x · (ρ⋆∇xu)|2 ⌊x⌉−2 (1−α)+ dx

≤
∫
Rd
u2 ρ⋆ ⌊x⌉−2 (1−α)+ dx+ 2σ

∫
Rd

|∇xu|2 ρ⋆ dx

− σ

∫
Rd
u2 ∇x ·

(
ρ⋆∇x

(
⌊x⌉−2 (1−α)+

))
dx+ σ2

∫
Rd

1

ρ⋆
|∇x · (ρ⋆∇xu)|2 dx .

Using
∣∣∇x ·

(
ρ⋆∇x

(
⌊x⌉−2 (1−α)+

))∣∣ ≲ ⌊x⌉−2 (1−α)+ρ⋆, we obtain

∥Πf∥2
L2
(
⌊x⌉−2 (1−α)+ dµ⋆

) ≲ ∫
Rd
u2 ρ⋆ ⌊x⌉−2 (1−α)+ dx

+

∫
Rd

|∇xu|2 ρ⋆ dx+

∫
Rd

1

ρ⋆
|∇x · (ρ⋆∇xu)|2 dx ,

that is,

(2.5) ∥Πf∥2
L2
(
⌊x⌉−2 (1−α)+ dµ⋆

) ≲ ⟨ATΠf,Πf⟩L2( dµ⋆)

where, in the last step, we used the weighted Poincaré inequality (2.1) with y = x,
γ = α and ε = 0.
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At this point, if min{α, β} ≥ 1, it is worth to notice that the proof of (1.2) is
complete because

− d

dt
H[f − f⋆] = D[f − f⋆] ≳ H[f − f⋆]

by Lemma 2.2. A Grönwall estimate then shows that, for some explicit λ > 0,

∥f − f⋆∥2L2(dµ⋆)
≍ H[f − f⋆] ≤ H[f0 − f⋆] e

−λ t ≍ ∥f0 − f⋆∥2L2(dµ⋆)
e−λ t ∀ t ≥ 0 .

If min{α, β} < 1, in order to control H[f ] by D[f ] using (2.3) and (2.5), moments
in ⌊x⌉ and ⌊v⌉ and weighted L2 norms are needed to compensate for the weights
⌊x⌉−2 (1−α)+ if α ∈ (0, 1) and ⌊v⌉−2 (1−β)+ if β ∈ (0, 1).

The energy moment of order k ∈ R+ (in fact a weighted L2 norm) of a solution
f of (1.1) is defined by

Mk(t) :=

∫∫
Rd×Rd

|f(t, x, v)|2E(x, v)k dµ⋆ .

From here on ′ denotes the t-derivative.

Lemma 2.3. Let (α, β) ∈ (0,+∞)2, k ∈ (0,+∞). If f ∈ C0
(
R+; L1( dx dv) ∩

L2(dµ⋆)
)

solves (1.1) and

(2.6) Mk(t) ≤ ckMk(0) ∀ t ≥ 0

for some constant ck > 0, then there exists a constant Ck > 0 such that
(2.7)

H[f(t, ·, ·)] =: H(t) ≤
(
H(0)−

2
ζ + CkMk(0)

− 2
ζ t
)−ζ/2

with ζ = min
{

k
1−α ,

k
1−β

}
.

Proof. In order to compare H ′ with H using (2.2), we introduce weighted L2

norms. Let b = k β
k β+2 (1−β)+ . Since 1 − Π is a projection, by Hölder’s inequality we

have

∥(1− Π)f∥2L2( dµ⋆)
≤ ∥(1− Π)f∥2 b

L2
(
⌊v⌉−2 (1−β)+ dµ⋆

) ∥(1− Π)f∥2 (1−b)
L2
(
⌊v⌉k β dµ⋆

)
≲ ∥(1− Π)f∥2 b

L2
(
⌊v⌉−2 (1−β)+ dµ⋆

)M1−b
k

so that

∥(1− Π)f∥2
L2
(
⌊v⌉−2 (1−β)+ dµ⋆

) ≳ ∥(1− Π)f∥
2
b
L2( dµ⋆)

M
− 1−b

b
k .

Similarly, by setting a = k α
k α+2 (1−α)+ , we obtain

∥Πf∥2
L2
(
⌊x⌉−2 (1−α)+ dµ⋆

) ≳ ∥Πf∥
2
a
L2( dµ⋆)

M
− 1−a

a
k .

As a consequence, η = min{a, b} ≤ 1 is such that

(2.8)
1

η
< 1 +

1

k
if (α, β) ∈ (2/3,+∞)2 .
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On the other hand, using the inequality s1/a ≥ s1/η and s1/b ≥ s1/η for every s ∈ [0, 1]
proves that

∥(1− Π)f∥2
L2
(
⌊v⌉−2 (1−β)+ dµ⋆

) ≳ (∥(1− Π)f∥2L2( dµ⋆)

∥f∥2L2( dµ⋆)

) 1
b
(
∥f∥2L2( dµ⋆)

Mk

) 1
b

Mk

≳

(
∥(1− Π)f∥2L2( dµ⋆)

∥f∥2L2( dµ⋆)

) 1
η
(
∥f∥2L2( dµ⋆)

Mk

) 1
η

Mk

≳ ∥(1− Π)f∥
2
η
L2( dµ⋆)

M
− 1−η

η
k ,

∥Πf∥2
L2
(
⌊x⌉−2 (1−α)+ dµ⋆

) ≳ ∥Πf∥
2
η
L2( dµ⋆)

M
− 1−η

η
k .

Putting the estimates together we obtain

H ′ ≲ −M
− 1−η

η
k

(
∥(1− Π)f∥

2
η
L2( dµ⋆)

+ ∥Πf∥
2
η
L2( dµ⋆)

)
≲ −M

− 1−η
η

k ∥f∥
2
η
L2( dµ⋆)

and conclude that

(2.9) H ′ ≲ −M
− 1−η

η
k H

1
η .

2.2. Entropy dissipation and energy moments. Using a coupling strategy,
we can combine the estimate of Lemma 2.3 with an estimate on Mk(t) and extend
the results of Section 2.1 to the range 2

3 < min{α, β} < 1.

Proposition 2.4. Assume that k ∈ (0,+∞), min{α, β} > 2/3. Then there ex-
ists a constant ck > 0 such that, if f ∈ C0

(
R+; L1( dx dv) ∩ L2(dµ⋆)

)
solves (1.1),

then (2.6) holds. As a consequence, if 2/3 < min{α, β} < 1, there exists a constant
Ck > 0, which is independent of f , such that (2.7) holds.

Proof. We build a system of differential equations in order to estimate simulta-
neously H(t) := H[f(t, ·, ·)] and Mk(t).

Step 1. Growth estimate on Mk. We need to compute the time derivative of Mk.
Since T is anti-symmetric and such that TE = 0 we have

M ′
k = − 2

∫∫
Rd×Rd

|∇v(f/f⋆)|2Ek dµ̃⋆ +
∫∫

Rd×Rd
(f/f⋆)

2 ∇v ·
(
f⋆∇vE

k
)
dx dv

≤
∫∫

Rd×Rd
(f/f⋆)

2 ∇v ·
(
f⋆∇vE

k
)
dx dv .

Moreover, using

f−1
⋆ ∇v ·

(
f⋆∇vE

k
)
= k Ek−1

(
∆vE − |∇vE|2 + (k − 1)

|∇vE|2

E

)
≤ k (2 d− 2 + β k)Ek−1

and Hölder’s inequality, we obtain

(2.10) M ′
k ≤ k (2 d− 2 + β k)M

k−1
k

k ∥f∥
2
k

L2( dµ⋆)
≤ cM

k−1
k

k H
1
k
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for some c > 0.

Step 2. Joint estimates. Taking into account (2.9) and (2.10), we notice that

d

dt

(
cH1+ 1

k−
1
η + CM

1+ 1
k−

1
η

k

)
=

(
1 +

1

k
− 1

η

)(
cH

1
k−

1
η
d

dt
H + CM

1
k−

1
η

k M ′
k

)
≤ cC

(
1 +

1

k
− 1

η

)(
−H

1
kM

1− 1
η

k +H
1
kM

1− 1
η

k

)
≤ 0

because 1 + 1/k − 1/η > 0 according to (2.8). As a consequence, we obtain

cH(t)1+
1
k−

1
η + CMk(t)

1+ 1
k−

1
η ≤ cH(0)1+

1
k−

1
η + CMk(0)

1+ 1
k−

1
η ≲Mk(0)

1+ 1
k−

1
η

for all t ≥ 0, which proves that Mk(t) ≤ ckMk(0) for some constant ck. Inserting
this estimate in (2.9) and integrating the differential inequality on (0, t) completes the
proof with Ck = 2C ζ−1 c

−ζ/2
k and ζ = 2 η/(1− η).

As we rely on Hölder’s inequalities in the proof of Proposition 2.4, we can only
expect a power law rate of decay if 2/3 < min{α, β} < 1. However, with just Step 1
of this proof, we already have a complete proof of Proposition 1.1 for ℓ = k and
(α, β) ∈ (0,+∞)2, under the assumption that K [f ] is finite, which is in fact the
difficult point. The strategy of [10] was to assume that f0 ≲ f⋆, which is a very
restrictive condition. In Proposition 2.4, we found that 2/3 < min{α, β} < 1 and
Mk(0) < +∞ is enough. Notice that the estimate on Mk(t) of Step 1 is valid for any
(α, β) ∈ (0,+∞)2.

2.3. Entropy dissipation and stronger weight. In the range α ∈ [1,+∞)
and β ∈ (0, 1), we first obtain the propagation of energy moments for solutions in a
very small weighted L2 space, for weights given by a rapidly increasing function of E,
later extend the energy moments estimates to the natural L2 space by interpolation.

2.3.1. Exponential energy weights. Let us take ε ∈ (0, 1) and consider the
weighted space Hε := L2 ( dµε). Here we adopt the notation

dµε := f
−(1+ε)
⋆ dx dv and dµ̃ε := f1−ε⋆ dx dv ,

so that dµε and dµ̃ε coincide respectively with dµ⋆ and dµ̃⋆ if ε = 0. Since f⋆ =
Z−1 e−E so that f⋆ ∈ Hε, we may expect that the Hε-norm is also preserved for
solutions along the evolution, at least for ε > 0 sufficiently small. The main result of
this section is the following.

Proposition 2.5. Let α ≥ 1 and β > 0. There exists ε > 0 small enough such
that, for any f0 ∈ Hε, the semi-group SL satisfies

(2.11) ∥SL(t)∥Hε→Hε
≲ 1 ∀ t ≥ 0 .

As a consequence, for any k ≥ 0, we have

(2.12) ∥SL(t)∥L2(Ek dµ⋆)→L2(Ek dµ⋆) ≲ 1 .

An important feature of the weight eεE is that T is skew symmetric as an operator
acting on Hε. The factorization property

eεEf⋆ =
1

Z
e− (1−ε)E =

1

Z
e− (1−ε)ψ e− (1−ε)ϕ
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allows us to use Inequality (2.1) (with ε ̸= 0) in x and v as in the proof of Lemma 2.2,
with an optimal constant Cγ,ε which depends on ε. Notice that the average w =∫
Rd w dσ̃γ,ε also depends on ε.

With exponential energy weights, our strategy goes as follows. Compared to
the techniques of Section 2.1 whenever min{α, β} ≥ 1, the proof of (2.11) relies on a
modified DMS method with the Poincaré inequality replaced by the weighted Poincaré
inequality (2.1): see Section 2.3.4. Estimate (2.12) is a consequence of an interpolation
result of [4]: see Section 2.3.5.

2.3.2. A modified DMS method. Key issues are the replacement of the
Poincaré inequality in [22] (microscopic coercivity) by the weighted Poincaré inequal-
ity (2.1). Other assumptions of the DMS method as described in [22, Section 1.3] are
unchanged, except that by replacing L2 ( dµ⋆) by Hε, the operator L is not anymore
self-adjoint.

On the Hilbert space Hε, let us define the orthogonal projection

Πε f =
ρ
(ε)
f

ρ
(ε)
⋆

f⋆ where ρ
(ε)
f :=

∫
Rd
f eεE dv and ρ

(ε)
⋆ :=

∫
Rd
f1−ε⋆ dv .

Let us define
dνε :=

1

ρ
(ε)
⋆

dx and dν̃ε := ρ
(ε)
⋆ dx .

We shall use the notation ⟨·, ·⟩Hε
for the canonical scalar product. From here on,

adjoint operators are defined with respect to ⟨·, ·⟩Hε
. The operators Πε and T acting

on Hε have the standard properties: Π∗
ε = Πε = Π2

ε, and

⟨Πε f, g⟩Hε =

∫
Rd

ρ
(ε)
f ρ

(ε)
g

ρ
(ε)
⋆

dx = ⟨f,Πεg⟩Hε ∀ f, g ∈ Hε .

On Hε, T∗ = −T is skew-symmetry and the (H3) parabolic macroscopic dynamics
property

(2.13) ΠεTΠε = 0

holds. The collision operator L is not self-adjoint in Hε. A direct computation shows
that

(2.14) L∗f = Lf + 2 ε∇vψ · ∇v(f/f⋆) f⋆ + ε f
(
∆vψ − (1− ε) |∇vψ|2

)
.

This is another significant difference with the standard method of [22], which has
however not much consequences on the decay of ∥f∥2Hε

. If f solves (1.1), we have

d

dt
∥f∥2Hε

= 2

∫∫
Rd×Rd

f Lf dµε −
∫∫

Rd×Rd
T
(
f2
)
dµε

= 2

∫∫
Rd×Rd

f ∇v ·
(
f⋆∇v(f/f⋆)

)
dµε

= − 2

∫∫
Rd×Rd

∣∣∇v(f/f⋆)
∣∣2 dµ̃ε + ∫∫

Rd×Rd
(f/f⋆)

2 ∇v ·
(
f⋆∇v

(
eεE
))

dx dv

= − 2

∫∫
Rd×Rd

∣∣∇v(f/f⋆)
∣∣2 dµ̃ε + ε

∫∫
Rd×Rd

(f/f⋆)
2
(
∆vψ − (1− ε) |∇vψ|2

)
dµ̃ε .
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Using the weighted Poincaré inequality (2.1) with y = v, γ = β and ε ∈ (0, 1), and
direct estimates on ψ, we obtain

(2.15)
1

2

d

dt
∥f∥2Hε

= ⟨f, Lf⟩Hε
≲ −∥(1− Πε)f∥2Hε

+ ε ∥f∥2
L2
(
⌊v⌉−2 (1−β)+ dµε

)
which replaces the microscopic coercivity (H1) property of [22].

Let us introduce the entropy

Hε[f ] :=
1

2
∥f∥2Hε

+ δ ⟨Aε f, f⟩Hε with Aε :=
(
1 + (TΠε)

∗(TΠε)
)−1

(TΠε)
∗

for some δ ∈ (0, 2) to be chosen, and the entropy dissipation

(2.16)
Dε[f ] := − ⟨Lf, f⟩Hε

+ δ ⟨AεTΠε f,Πε f⟩Hε
− δ

(
⟨TAε f, (1− Πε)f⟩Hε

− ⟨AεT(1− Πε)f,Πε f⟩Hε
+ ⟨AεLf, f⟩Hε

+ ⟨Aε f, Lf⟩Hε

)
.

Using (2.13), Dε is such that

(2.17) Dε[f ] = − d

dt
Hε[f ]

for any solution of (1.1). Next we proceed as in Section 2.1, except that we have
to keep track of the additional terms which appear in (2.14) and (2.15), and provide
more details because various estimates are more original than in Sections 2.1 and 2.2.

2.3.3. Basic observations. We have

TΠε f = f⋆T

(
ρ
(ε)
f

ρ
(ε)
⋆

)
= f⋆∇vψ · ∇x

(
ρ
(ε)
f

ρ
(ε)
⋆

)
and

ΠεTf =
f⋆

ρ
(ε)
⋆

∫
Rd

(
∇vψ · ∇xf −∇xϕ · ∇vf

)
eεE dv

=
f⋆

ρ
(ε)
⋆

∫
Rd

(
∇vψ · ∇xf + ε∇xϕ · ∇vψ f

)
eεE dv =

f⋆

ρ
(ε)
⋆

∇x ·
∫
Rd

∇vψ f e
εE dv .

Hence

(TΠε)
∗(TΠε)f = − (ΠεT) (TΠε)f = − 1

ρ
(ε)
⋆

∇x ·
(
Dε∇x

(
ρ
(ε)
f /ρ

(ε)
⋆

))
f⋆ ,

where Dε :=
∫
Rd ∇vψ ⊗∇vψ e

εE f⋆ dv. Using the radial symmetry of ψ, we obtain

(TΠε)
∗(TΠε)f = − σε

ρ
(ε)
⋆

∇x ·
(
ρ
(ε)
⋆ ∇x

(
ρ
(ε)
f /ρ

(ε)
⋆

))
f⋆

where the diffusion coefficient

σε :=

∫
Rd |v|

2 ⌊v⌉2 β−4 e− (1−ε)ψ(v) dv

d
∫
Rd e

− (1−ε)ψ(v) dv

does not vanish as ε→ 0+. The next observation is that the quadratic form determines
a norm which is equivalent to the standard norm of Hε.
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Lemma 2.6. [10, 22] Assume that δ ∈ (0, 2). For any f ∈ Hε, we have

2− δ

4
∥f∥2Hε

≤ Hε[f ] ≤
2 + δ

4
∥f∥2Hε

.

Proof. This result is well known and we claim no originality but give a sort proof
for completeness. Let us consider the function g = Aε f , that is, the solution

g + (TΠε)
∗TΠεg = (TΠε)

∗f .

We may notice that Πεg = g and

⟨TAε f, f⟩Hε
= ⟨TΠεg, f⟩Hε

= ⟨g, (TΠε)∗f⟩Hε

= ∥g∥2Hε
+ ∥TΠεg∥2Hε

= ∥Aε f∥2Hε
+ ∥TAε f∥2Hε

.

On the other hand, using (2.13), we have

⟨TAε f, f⟩Hε
≤ ∥TAε f∥Hε

∥(1− Πε)f∥Hε
≤ 1

2µ
∥TAε f∥2Hε

+
µ

2
∥(1− Πε)f∥2Hε

Applied with µ = 1
2 and µ = 1, we obtain

(2.18) ∥Aε f∥Hε
≤ 1

2
∥(1− Πε)f∥Hε

and ∥TAε f∥Hε
≤ ∥(1− Πε)f∥Hε

,

which completes the proof.

2.3.4. Dissipation of the entropy. The entropy dissipation given by (2.16)
can be estimated as follows.

Lemma 2.7. For any β > 0 and α ≥ 1, there is κ > 0 such that, for any f ∈ Hε,

Dε[f ] + ε ∥f∥2
L2
(
⌊v⌉−2 (1−β)+ dµε

)
≥ κ

(
∥(1− Πε)f∥2

L2
(
⌊v⌉−2 (1−β)+ dµε

) + ⟨AεTΠε f,Πε f⟩Hε

)
.

Proof. We have to estimate each of the terms of Dε[f ]. We decompose the proof
in six steps.

Step 1. Consider the function u = u(x) defined by u f⋆ =
(
1+ (TΠε)

∗(TΠε)
)−1

Πε f ,
that is, the solution of

(2.19) ρ
(ε)
⋆ u− σε∇x ·

(
ρ
(ε)
⋆ ∇xu

)
= ρ

(ε)
f .

We have

AεTΠε f =
(
1 + (TΠε)

∗(TΠε)
)−1

(TΠε)
∗(TΠε)f

= Πε f −
(
1 + (TΠε)

∗(TΠε)
)−1

Πε f = Πε f − u f⋆

= − σε

ρ
(ε)
⋆

∇x ·
(
ρ
(ε)
⋆ ∇xu

)
f⋆

After integration, we obtain

⟨AεTΠε f,Πε f⟩Hε
= −σε

∫
Rd

∇x ·
(
ρ
(ε)
⋆ ∇xu

)(
u− σε

ρ
(ε)
⋆

∇x ·
(
ρ
(ε)
⋆ ∇xu

))
dx ,
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which, after an integration by parts, proves that

(2.20) ⟨AεTΠε f,Πε f⟩Hε
= σε ∥∇xu∥2L2( dν̃ε)

+ σ2
ε

∥∥∇x · (ρ(ε)⋆ ∇xu)
∥∥2
L2( dνε)

where dν̃ε = ρ
(ε)
⋆ dx and dνε =

(
ρ
(ε)
⋆

)−1
dx.

Step 2. We claim that

(2.21) |⟨TAε f, (1− Πε)f⟩Hε
| ≲ ∥(1− Πε)f∥2

L2
(
⌊v⌉−2 (1−β)+ dµε

) .
If β ≥ 1, we can directly use (2.18). If β ∈ (0, 1), consider the function w = w(x)
implicitly defined by w f⋆ = Aε f , that is, the solution of

(2.22) w − σε

ρ
(ε)
⋆

∇x · (ρ(ε)⋆ ∇xw) = −ΠεTf = − 1

ρ
(ε)
⋆

∇x ·
∫
Rd

∇vψ f e
εE dv .

Testing with w ρ(ε)⋆ we obtain

σε

∫
Rd

|∇xw|2 dν̃ε ≤
∫
Rd

|w|2 dν̃ε + σε

∫
Rd

|∇xw|2 dν̃ε

=

∫
Rd

∇xw ·
(∫

Rd
∇vψ f e

εE dv

)
dx

=

∫
Rd

∇xw ·
(∫

Rd
∇vψ (1− Πε)f e

εE dv

)
dx .

By applying the Cauchy-Schwarz inequality and squaring, we obtain

σ2
ε

∫
Rd

|∇xw|2 dν̃ε

≤
∫
Rd

(∫
Rd

∇vψ (1− Π)f eεE dv

)2

dνε

≤
∫
Rd

(∫
Rd

|(1− Πε)f |2⌊v⌉−2 (1−β) eεE f−1
⋆ dv

)(∫
Rd
eεEf⋆ dv

)
dνε

= ∥(1− Πε)f∥2
L2
(
⌊v⌉−2 (1−β) dµε

) .
Altogether, we prove

∥TAε f ∥2L2(⌊v⌉2 (1−β)+ dµε)
= ∥T(w f⋆)∥2L2(⌊v⌉2 (1−β)+ dµε)

=

∫∫
Rd

∣∣∇vψ · ∇xw
∣∣2 ⌊v⌉2 (1−β)+ dµ̃ε ≤

1

σ2
ε

∥(1− Πε)f∥2
L2
(
⌊v⌉−2 (1−β) dµε

) .
Then (2.21) follows by the Cauchy-Schwarz inequality.

Step 3. We claim that

(2.23) |⟨AεT(1−Πε)f,Πε f⟩Hε
| ≲ ∥(1−Πε)f∥

L2
(
⌊v⌉−2 (1−β)+ dµε

)⟨AεTΠε f,Πε f⟩1/2Hε
.

Let u = u(x) be defined by (2.19), we have (AεT)
∗Πε f = −T2(u f⋆) and

(2.24)
⟨AεT(1− Πε)f,Πε f⟩L2(eεE) = ⟨(1− Πε)f,−T2(u f⋆)⟩Hε

≤ ∥(1− Πε)f∥
L2
(
⌊v⌉−2 (1−β)+ dµε

) ∥T2(u f⋆)∥L2(⌊v⌉2 (1−β)+ dµε)
.
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A direct computation yields

T2(u f⋆) =
(
Hessx(u) : ∇vψ ⊗∇vψ −Hessv(ψ) : ∇xu⊗∇xϕ

)
f⋆ .

Adding and subtracting (1− ε) (∇xu⊗∇xϕ : ∇vψ ⊗∇vψ), we can rewrite

T2(u f⋆) =
((

Hess(u)− (1− ε)∇xu⊗∇xϕ
)
: ∇vψ ⊗∇vψ

−
(
Hess(ψ)− (1− ε)∇vψ ⊗∇vψ

)
: ∇xu⊗∇xϕ

)
f⋆

where ∇xu ⊗ ∇xϕ and ∇vψ ⊗ ∇vψ respectively denote the matrices with entries(
∂xiu ∂xjϕ

)
i,j

and
(
∂viψ ∂vjψ

)
i,j

. We also use the notation a : b :=
∑

1≤i,j≤d ai,j bi,j

and ∥a∥2 := a : a.

(1) Concerning the second term in the expression of T2(u f⋆), we have∥∥(Hess(ψ)− (1− ε)∇vψ ⊗∇vψ
)
: ∇xu⊗∇xϕ

∥∥2
L2(⌊v⌉2 (1−β)+ dµ̃ε)

≤
∫∫

Rd×Rd

∥∥Hess(ψ)− (1− ε)∇vψ ⊗∇vψ
∥∥2 |∇xu|2 |∇xϕ|2 ⌊v⌉2 (1−β)+ dµ̃ε

≤ Cβ,1(ε)

∫
Rd

|∇xu|2 |∇xϕ|2 dν̃ε dx

where Cβ,1(ε) =
∫
Rd
∣∣Hess(ψ)− (1− ε)∇vψ ⊗∇vψ

∣∣2 ⌊v⌉2 (1−β)+ e− (1−ε)ψ∫
Rd e

− (1−ε)ψ dv
dv is

positive and does not vanish as ε → 0+. Using [22, Lemma 8] and the Poincaré
inequality (2.1) we have

(2.25)
∫
Rd

|∇xu|2 |∇xϕ|2 dν̃ε dx ≲
∫
Rd
ρ2f dνε dx ≲ ⟨AεTΠε f,Πε f⟩Hε

we obtain the bound∥∥(Hess(ψ)− (1− ε)∇vψ ⊗∇vψ
)
: ∇xu⊗∇xϕ

∥∥2
L2(⌊v⌉2 (1−β)+ dµ̃ε)

≲ ⟨AεTΠε f,Πε f⟩Hε

using (2.20).

(2) For the first term in the expression of T2(u f⋆), we have∥∥(Hess(u)− (1− ε)∇xu⊗∇xϕ
)
: ∇vψ ⊗∇vψ

∥∥2
L2(⌊v⌉2 (1−β)+ dµ̃ε)

≤
∫∫

Rd×Rd
|∇vψ|4

∥∥Hess(u)− (1− ε)∇xu⊗∇xϕ
∥∥2 ⌊v⌉2 (1−β)+ dµ̃ε

≤ Cβ,2(ε)

∫
Rd

∥∥Hess(u)− (1− ε)∇xu⊗∇xϕ
∥∥2 dν̃ε

where Cβ,2(ε) =
∫
Rd |∇vψ|4 ⌊v⌉2 (1−β)+ e− (1−ε)ψ dv

/ ∫
Rd e

− (1−ε)ψ dv, which does not
vanish as ε→ 0+. Notice that Hess(u)− (1− ε)∇xu⊗∇xϕ is the matrix with entries

∂xixju− (1− ε) ∂xiu ∂xjϕ = ∂xi
(
ρ
(ε)
⋆ ∂xju

)
/ρ

(ε)
⋆

for i, j = 1, . . . , d. Hence, with the same method as in [10], namely
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Rd

(
∂xi
(
ρ
(ε)
⋆ ∂xju

))2
dνε = − (1− ε)

∫
Rd
∂xiϕ∂xju ∂xi

(
ρ
(ε)
⋆ ∂xju

)
dx

+

∫
Rd
∂2xixju ∂xi

(
ρ
(ε)
⋆ ∂xju

)
dx

and an integration by parts, we have∫
Rd

∥∥Hess(u)− (1− ε)∇xu⊗∇xϕ
∥∥2 dν̃ε = d∑

i,j=1

∫
Rd

(
∂xi
(
ρ
(ε)
⋆ ∂xju

))2
dνε

=

∫
Rd

∥∥∇x ·
(
ρ
(ε)
⋆ ∇xu

)∥∥2 dνε + (1− ε)

∫
Rd

|∇xu|2 ∆xϕ dν̃ε

− (1− ε)

∫
Rd

Hess(ϕ) : ∇xu⊗∇xu dν̃ε .

All integrals on the right-hand side are bounded up to constants by ⟨AεTΠε f,Πε f⟩Hε

using the improved Poincaré inequality (2.25) and∥∥(Hess(u)− (1− ε)∇xu⊗∇xϕ
)
: ∇vψ ⊗∇vψ

∥∥2
L2(⌊v⌉2 (1−β)+ dµ̃ε)

≲ ⟨AεTΠε f,Πε f⟩Hε

which follows from (2.20). Taking (2.24) into account, we conclude that

∥T2(u f⋆)∥2L2(⌊v⌉2 (1−β)+ dµε)
≲ ⟨AεTΠε f,Πε f⟩ dµε) .

This completes the proof of (2.23).

Step 4. We claim that

(2.26) |⟨AεLf, f⟩Hε
| ≲ ∥(1− Πε)f∥

L2
(
⌊v⌉−2 (1−β)+ dµε

)⟨AεTΠε f,Πε f⟩1/2Hε
.

Notice that LΠε = 0, so we can write

⟨AεLf, f⟩Hε
= ⟨AεL(1− Πε)f,Πε f⟩Hε

= ⟨(1− Πε)f, L
∗A∗

εΠε f⟩Hε
.

By the Cauchy-Schwarz inequality we have

|⟨AεLf, f⟩Hε
| ≤ ∥(1− Πε)f∥

L2
(
⌊v⌉−2 (1−β)+ dµε

) ∥L∗A∗
εΠε f∥L2(⌊v⌉2 (1−β)+ dµε)

.

Let u defined by (2.19) and notice that L∗A∗
εΠε f = L∗T(u f⋆) = L∗(∇vψ · ∇xu f⋆).

Recalling (2.14) we have

L∗A∗
εΠε f = L(∇vψ · ∇xu f⋆) + 2 ε∇vψ · ∇v(∇vψ · ∇xu) f⋆

+ ε∇vψ · ∇xu
(
∆vψ − (1− ε) |∇vψ|2

)
f⋆

= ∇xu ·
(
∇v ·Hessv(ψ)− (1− 2 ε)∇vψ ·Hessv(ψ)

+ ε
(
∆vψ − (1− ε) |∇vψ|2

)
∇vψ

)
f⋆

=:
(
∇xu · ξε(v)

)
f⋆

where ξε is a vector valued function in v with power law growth. Hence

∥L∗A∗
εΠε f∥2L2(⌊v⌉2 (1−β)+ dµε)

≤
∫
Rd
|∇xu|2

(∫
Rd
|ξε(v)|2 ⌊v⌉2 (1−β)+ eεE f⋆ dv

)
dx

≤ Cβ(ε) ∥∇xu∥2L2( dν̃ε)
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where

Cβ(ε) =

∫
Rd

|ξε(v)|2 ⌊v⌉2 (1−β)+ e− (1−ε)ψ∫
Rd e

− (1−ε)ψ dv
dv .

Notice that, as ε→ 0+, the constant Cβ(ε) does not vanish as ε→ 0+. This completes
the proof of (2.26).

Step 5. Let us show that

(2.27) |⟨Aε f, Lf⟩Hε
| ≲ ε ∥(1− Πε)f∥2

L2
(
⌊v⌉−2 (1−β)+ dµε

) .
Using ΠεAε = Aε, we have by the Cauchy-Schwarz inequality

|⟨Aε f, Lf⟩Hε
| ≤ |⟨Aε f,ΠεLf⟩Hε

|
≤ ∥Aε f∥

L2
(
⌊v⌉−2 (1−β)+ dµε

) ∥ΠεLf∥L2(⌊v⌉2 (1−β)+ dµε)
.

• For the first norm of the right-hand side, let us consider w = w(x) defined as
in (2.22). By reasoning as in Step 2, we have∫

Rd
|w|2 dν̃ε + σε

∫
Rd

|∇xw|2 dν̃ε =
∫
Rd

∇xw ·
(∫

Rd
∇vψ (1− Πε)f e

εE dv

)
dx

≤ σε

∫
Rd

|∇xw|2 dν̃ε +
1

4σε
∥(1− Πε)f∥2

L2
(
⌊v⌉−2 (1−β)+ dµε

) .
In particular ∫

Rd
|w|2 dν̃ε ≤

1

4σε
∥(1− Πε)f∥2

L2
(
⌊v⌉−2 (1−β)+ dµε

) ,
which gives

∥Aε f ∥2L2(⌊v⌉2 (1−β)+ dµε)
= ∥w f⋆∥2L2(⌊v⌉2 (1−β)+ dµε)

=

∫∫
Rd×Rd

|w|2 ⌊v⌉2 (1−β)+ eεE dµ̃⋆

≲ ∥(1− Πε)f∥2
L2
(
⌊v⌉−2 (1−β) dµε

) .
• Concerning the second norm, by a direct computation we obtain

ΠεLf =
f⋆

ρ
(ε)
⋆

∫
Rd

∇v ·
(
f⋆∇v(f/f⋆)

)
eεE dv

=
f⋆

ρ
(ε)
⋆

∫
Rd

∇v ·
(
f⋆∇v

(
(1− Πε)f f

−1
⋆

))
eεE dv

=
f⋆

ρ
(ε)
⋆

∫
Rd
(1− Πε)f f

−1
⋆ ∇v ·

(
f⋆∇v e

εE
)
dv

= ε
f⋆

ρ
(ε)
⋆

∫
Rd
(1− Πε)f

(
∆vψ − (1− ε) |∇vψ|2

)
eεE dv ,

so, using
∣∣∆vψ − (1− ε) |∇vψ|2

∣∣ ≲ ⌊v⌉2 (β−1),

|ΠεLf |2 ≲ ε2
f2⋆

(ρ
(ε)
⋆ )2

(∫
Rd
|(1− Πε)f |2 ⌊v⌉−2 (1−β)+ f−1

⋆ dv

)(∫
Rd
f⋆ e

εE dv

)
= ε2

f2⋆

ρ
(ε)
⋆

∫
Rd
|(1− Πε)f |2 ⌊v⌉−2 (1−β)+ f−1

⋆ dv .
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As a result, we obtain

∥ΠεLf∥2L2(⌊v⌉2 (1−β)+ dµε)
≲ ε2 ∥(1− Πε)f∥2

L2
(
⌊v⌉−2 (1−β)+ dµε

) .
This completes the proof of (2.27).

Step 6. Finally, by collecting all estimates, we have

Dε[f ] ≳ Qδ(X,Y )− ε ∥f∥2
L2
(
⌊v⌉−2 (1−β)+ dµε

)
where X = ∥(1− Πε)f∥

L2
(
⌊v⌉−2 (1−β)+ dµε

), Y = ⟨AεTΠε f,Πε f⟩1/2Hε
and

Qδ(X,Y ) := (1− δ)X2 − δ X Y + δ Y 2

is a positive quadratic form under the discriminant condition δ2− 4 δ (1− δ) < 0, i.e.,
0 < δ < 4/5. Taking δ in this range, small enough, completes the proof.

In order to study the convergence of a solution of (1.1) with nonnegative initial
datum f0 such that ∥f0∥L1( dx dv) = 1 to f⋆ ∈ Hε as t → +∞, we consider the space
Hε :=

{
f ∈ Hε :

∫∫
Rd×Rd f dx dv = 0

}
of function with zero mass and study the

convergence of f − f⋆ ∈ Hε to 0 as t→ +∞.

Lemma 2.8. For any β > 0 and α ≥ 1, there is a positive constant κ such that
(2.28)

Dε[f ] + 2 ε ∥f∥2
L2
(
⌊v⌉−2 (1−β)+ dµε

) ≥ κ

(
∥(1− Πε)f∥2

L2
(
⌊v⌉−2 (1−β)+ dµε

) + ∥Πε f∥2Hε

)
for any f ∈ Hε. In particular, if ε > 0 is small enough, we have

(2.29) Dε[f ] ≳ ∥f∥2
L2
(
⌊v⌉−2 (1−β)+ dµε

) ≥ 0 ∀ f ∈ Hε .

Proof. We divide the proof in three steps.

Step 1. Let u = u(x) be such that u f⋆ =
(
1 + (TΠε)

∗(TΠε)
)−1

Πε f . By squar-
ing (2.19) and integrating in x with respect to dν̃ε, we have∫

Rd
u2 dν̃ε + 2σε

∫
Rd
|∇xu|2 dν̃ε + σ2

ε

∫
Rd
|∇x · (ρ(ε)⋆ ∇xu)|2 dνε =

∫
Rd

∣∣ρ(ε)f ∣∣2 dνε .
Using (2.20), we obtain

(2.30) ∥Πε f∥2Hε
=

∫
Rd

∣∣ρ(ε)f ∣∣2 dνε ≤ ∫
Rd
u2 dν̃ε + 2 ⟨AεTΠε f,Πε f⟩Hε

.

By the Poincaré inequality (2.1) applied with uε =
∫
Rd u dσ̃α,ε to

dν̃ε =

(∫
Rd

dν̃ε

)
dσ̃α,ε =

(∫
Rd
ρ
(ε)
⋆ dx

)
dσ̃α,ε ,

we obtain∫
Rd
u2 dν̃ε =

∫
Rd
|u− uε|2 dν̃ε +

∫
Rd
u2ε dν̃ε

≤ Cγ,ε

∫
Rd
|∇xu|2 dν̃ε + u2ε

∫
Rd

dν̃ε ≲ ⟨AεTΠε f,Πε f⟩Hε +

(∫
Rd
ρ
(ε)
f dx

)2



18 E. BOUIN, J. DOLBEAULT, AND L. ZIVIANI

for ε > 0 small enough, after taking advantage of limε→0+

∫
Rd dν̃ε =

∫
Rd ρ⋆ dx = 1.

Inserting this estimate into (2.30) gives

∥Πε f∥2Hε
≲ ⟨AεTΠε f,Πε f⟩Hε +

(∫
Rd
ρ
(ε)
f dx

)2

.

Step 2. Since f ∈ Hε, we have limε→0+

∫
Rd ρ

(ε)
f dx =

∫
Rd ρf dx = 0 and∣∣∣∣∫

Rd
ρ
(ε)
f dx

∣∣∣∣ = ∣∣∣∣∫
Rd
ρ
(ε)
f dx−

∫
Rd
ρf dx

∣∣∣∣ = ∣∣∣∣∫ ε

0

d

dη

(∫∫
Rd×Rd

f eηE dx dv

)
dη

∣∣∣∣
=

∣∣∣∣∫ ε

0

(∫∫
Rd×Rd

f E eηE dx dv

)
dη

∣∣∣∣
≤
∫ ε

0

∥f∥
L2
(
⌊v⌉−2 (1−β)+ eηE dµ⋆

) ∥E∥
L2
(
⌊v⌉2 (1−β)+ eηEf⋆

) dη
≲ ε ∥f∥

L2
(
⌊v⌉−2 (1−β)+ dµε

) .
Hence we conclude that

∥Πε f∥2Hε
≲ ⟨AεTΠε f,Πε f⟩Hε + ε2 ∥f∥2

L2
(
⌊v⌉−2 (1−β)+ dµε

) .
With Lemma 2.7, this completes the proof of (2.28).

Step 3. Finally we remark that

∥f∥2
L2
(
⌊v⌉−2 (1−β)+ dµε

) ≲ ∥(1− Πε)f∥2
L2
(
⌊v⌉−2 (1−β)+ dµε

) + ∥Πε f∥2
L2
(
⌊v⌉−2 (1−β)+ dµε

)
≤ ∥(1− Πε)f∥2

L2
(
⌊v⌉−2 (1−β)+ dµε

) + ∥Πε f∥2Hε
.

Thus, if ε > 0 is small enough, we have

Dε[f ] ≳ ∥f∥2
L2
(
⌊v⌉−2 (1−β)+ dµε

) ,
which completes the proof of (2.29).

Proof of Proposition 2.5, Estimate (2.11). We learn from (2.29) and (2.17) that
t 7→ Hε[f(t, ·, ·)] is non-increasing, which proves (2.11) using Lemma 2.6.

2.3.5. Operator interpolation. The generalization of the Stein-Weiss theo-
rem [33, Theorem 2.9] proposed by Bergh and Löfström in [4, Section 5] applies. A
positive function h : R+ → R+ is quasi-concave if h(s) ≍ k(s) for some concave func-
tion k : R+ → R+. A quasi-norm is defined by the same properties as a norm, except
that the triangle inequality is satisfied up only to a positive constant. Let w0, w1, w̃0

and w̃1 be positive weight functions. According to [4, Definition 5.4.2], a positive func-
tion h is called an interpolation function of power p ∈ (0,+∞] if, for an operator T
such that T : Lp(w0 dx dv) → Lp(w̃0 dx dv) and T : Lp(w1 dx dv) → Lp(w̃1 dx dv) with
quasi-norms M0 > 0 and M1 > 0, where w0, w1, w̃0 and w̃1 are positive weight
functions, then

T : Lp
(
w0 h

(
w1

w0

)
dx dv

)
→ Lp

(
w̃0 h

(
w̃1

w̃0

)
dx dv

)
with quasi-norm M ≲ max{M0,M1}.
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Theorem 2.9. [4, Theorem 5.4.4] A positive function h is an interpolation func-
tion of power p if and only if it is quasi-concave. In particular, if h is an interpolation
function of power p for some p, the same is true for all p.

Proof of Proposition 2.5, Estimate (2.12). We apply this result with p = 2, T =
SL(t),

w0 = w̃0 = f−1
⋆ and w1 = w̃1 = eεE f−1

⋆

and a concave function h such that h(s) ≍ (ln s)k for s large. According to (2.11), for
some ε > 0 fixed small enough,

∥SL(t)∥L2( dµ⋆)→L2( dµ⋆) ≤ 1 and ∥SL(t)∥Hε→Hε
≲ 1 .

Since w̃0 h
(
w̃1/w̃0

)
= w0 h

(
w1/w0

)
≍ f−1

⋆

(
ln(eεE)

)k ≍ Ek f−1
⋆ , we can conclude that

∥SL(t)∥L2(Ek dµ⋆)→L2(Ek dµ⋆) ≲ 1 .

This estimate establishes (2.12) and completes the proof of Proposition 2.5.

3. L2 moment bounds based on Lyapunov functions. Here we establish
weighted L2 estimates using weights satisfying a Lyapunov condition, in order to cover
the ranges α > 0 and β > 1 on the one hand Section 3.2), and max{α > 0, β} < 1 on
the other hand (Section 3).

3.1. An abstract result. We define the dual of L with respect to the standard
L2( dxdv) norm, or formal adjoint, as

(3.1) L⋆m := ∇vψ · ∇xm−∇xϕ · ∇vm+∆vm−∇vψ · ∇vm

using integrations by parts, in the sense that∫∫
Rd×Rd

(Lf)m dx dv =

∫∫
Rd×Rd

f L⋆m dxdv

for compactly supported and smooth enough test functions f . We shall say that m is a
function satisfying the Lyapunov condition, or a Lyapunov function, if m is continuous
function m on Rd × Rd taking positive values such that, for some positive constants
C, R, η, and ℓ, we have

L⋆m ≤ C 1BR − ηm1−ℓ .

Proposition 3.1. Let k > 0. Assume that f solves (1.1) with nonnegative initial
datum f0 ∈ L1( dxdv) such that ∥f0∥L1( dx dv) = 1. Assume that mk is a Lyapunov
function such that

(3.2) L⋆mk ≤ C 1BR − ηmk−ℓ ,

holds for some ℓ ∈ (0, k) and positive constants C, R and η, where BR is the centred
ball of radius R in Rd × Rd. If f0

(
1 +mk

)
∈ L1( dxdv), then we have∫∫

Rd×Rd
f(t, x, v)mk(x, v) dx dv ≤

∫∫
Rd×Rd

f0m
k dx dv + 2Cmk+ℓ

R η−1 ∀ t ≥ 0 ,

where mR := supBR m.
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Proof. Let us consider on L1( dxdv) the operators

A f := C 1BR f and B f := − ηmk−ℓ f

such that

d

dt

∫∫
Rd×Rd

f mk dx dv =

∫∫
Rd×Rd

f L⋆(mk) dxdv

≤
∫∫

Rd×Rd
A f dx dv +

∫∫
Rd×Rd

B f dx dv

if f solves (1.1) with initial condition f0. For any t ≥ 0, we have∫∫
Rd×Rd

f(t, x, v)mk(x, v) dx dv ≤ y(t)

where t 7→ y(t) is such that

y′(t) =

∫∫
Rd×Rd

A f dx dv +

∫∫
Rd×Rd

B f dx dv ,

y(0) = y0 :=

∫∫
Rd×Rd

f0m
k dx dv .

Let µ > 0 be a real parameter and consider t 7→ z(t;µ, g0) given by

z′(t) = − η

∫∫
Rd×Rd

mµ−ℓ g dx dv , z(0) =

∫∫
Rd×Rd

g0m
µ dx dv ,

where g solves

(3.3) ∂tg = B g with g(t = 0, ·, ·) = g0 .

The Duhamel formula shows that

y(t) = z(t; k, f0) +

∫ t

0

z
(
t− s; k, (A f) (s, ·, ·)

)
ds .

Let k′ ≥ k. Using z′ < 0 from (3.3), we learn that

z(t; k′, g0) ≤ z(0; k′, g0) =

∫∫
Rd×Rd

g0m
k′ dx dv ∀ t ≥ 0

and, as a consequence if k′ = k, we deduce that

y(t) ≤ y0 +

∫ t

0

z
(
t− s; k, (A f) (s, ·, ·)

)
ds .

Using Hölder’s inequality ∥g∥L1(mk) ≤ ∥g∥1/(1+p)
L1(mk′)

∥g∥p/(1+p)
L1(mk−ℓ)

with p = ℓ/(k′ − k),

that is,
∥g∥L1(mk−ℓ) ≥ ∥g∥1+p

L1(mk)
∥g∥−p

L1(mk′)
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we also learn that z = z(t; k, g0) satisfies

z′ ≤ − η

∫∫
Rd×Rd

mk−ℓ g dxdv = − η ∥g∥L1(mk−ℓ)

≤ − η
z1+p

z(t; k′, g0)p
≤ − η

z1+p

z(0; k′, g0)p

for any t ≥ 0. By the Bihari-LaSalle estimate, we deduce that

z(t; k, g0) ≤
(

1

zp0
+

p η t

z(t; k′, g0)p

)−1/p

∀ t ≥ 0 ,

with z0 =
∫∫

Rd×Rd g0m
k dx dv and z(t; k′, g0) ≤

∫∫
Rd×Rd g0m

k′ dx dv =: z̃0. Equality
holds at t = 0, i.e., z(0; k, g0) = z0. We choose k′ = k + 2 ℓ so that p = 1/2.
Altogether, we have

z(t; k, g0) ≤
(

1
√
z0

+
η

2
√
z̃0
t

)−2

∀ t ≥ 0 .

Let us consider the special case g0 = Af(s, ·, ·). Since g0 is supported in BR and
∥f(s, ·, ·)∥L1 = 1, we have

(3.4)
z0 = z(0; k, g0) =

∫∫
Rd×Rd

(
Af(s, ·, ·)

)
mk dx dv ≤ Cmk

R ,

z̃0 = z(0; k + 2 ℓ, g0) =

∫∫
Rd×Rd

(
Af(s, ·, ·)

)
mk+2 ℓ dx dv ≤ Cmk+2 ℓ

R .

In that case, we obtain∫ t

0

z
(
t− s; k, (A f) (s, ·, ·)

)
ds ≤ 2 z0

√
z̃0 t

2
√
z̃0 + η

√
z0 t

≤ 2

√
z0 z̃0
η

∀ t ≥ 0 ,

which completes the proof using (3.4).

Corollary 3.2. Under the same assumptions as in Proposition 3.1, if m ≥ 1
and f solves (1.1) with f0 ∈ L2(mk dµ⋆), then∫∫

Rd×Rd
|f(t, ·, ·)|2mk dµ⋆ ≤

(
1 + 2Cmk+ℓ

R η−1
) ∫∫

Rd×Rd
|f0|2mk dµ⋆ ∀ t ≥ 0 .

Proof. We can deduce from Proposition 3.1 and the assumption m ≥ 1 that

∥SL(t)∥L1(mk dx dv)→L1(mk dx dv) ≤ C1 := 1 + 2Cmk+ℓ
R η−1 .

Thanks to the maximum principle we have

∥SL(t)∥L∞(f−1
⋆ dx dv)→L∞(f−1

⋆ dx dv) ≤ 1 .

By Stein’s interpolation [32, Theorem 2] or [33, Theorem 2.9], we deduce

∥SL(t)∥2L2(mkf−1
⋆ dx dv)→L2(mkf−1

⋆ dx dv) ≤ C1 ∀ t ≥ 0 .



22 E. BOUIN, J. DOLBEAULT, AND L. ZIVIANI

3.2. A Lyapunov function when α > 0 and β > 1.
The aim of this section is to build a Lyapunov function m satisfying (3.2) which

dominates both ⌊x⌉2 and ⌊v⌉2. The abstract result of Section 3.1 can then be used.

Lemma 3.3. Consider the operator L∗ defined in (3.1) with β > 1 and α > 0. Let
m : Rd × Rd → R be the weight function defined by

m = Eγ + ε
(
x · v + 1

2 ⌊x⌉
2
)

where γ = max{1, 2/β}. If ε > 0 is chosen sufficiently small, then m is a Lyapunov
function and for any k > 0 there are positive constants C, R and η such that (3.2)
holds with ℓ = 1−min {1, α/2, β/2}.

Proof. Lemma 3.3 relies on elementary computations.

Step 1. If ε > 0 is small enough, we claim that the function m is positive. Indeed,
since γ ≥ 2/β, we have

|x · v| ≲ ⌊v⌉2 + ⌊x⌉2 ≲ Eγ + 1
2 ⌊x⌉

2 .

Moreover, since γ ≥ 1, we have Eγ ≍ ⌊v⌉γ β + ⌊x⌉γ α and m has a power law growth:

(3.5) m ≍ ⌊v⌉γ β + ⌊x⌉max{γ α,2} as |(x, v)| → +∞ .

Step 2. The function m is a Lyapunov function (case k = 1). Using TE = 0, we
have

L∗m = γ

(
d+ (β − 2)

|v|2

⌊v⌉2
+ (γ − 1)

⌊v⌉β−2 |v|2

E
− ⌊v⌉β−2 |v|2

)
Eγ−1 ⌊v⌉β−2

+ ε ⌊v⌉β−2 |v|2 − ε ⌊x⌉α−2 |x|2

≤
(
C 1|v|≤R − 1

2 ⌊v⌉
β
)
Eγ−1 ⌊v⌉β−2 + ε ⌊v⌉β−2 |v|2 − ε ⌊x⌉α−2 |x|2

for some positive C and R large enough. Now, if ε > 0 is small enough, we have

ε ⌊v⌉β−2 |v|2 ≤ ε ⌊v⌉2−β ⌊v⌉2 (β−1) ≤ 1

4
Eγ−1 ⌊v⌉2 (β−1) ,

L⋆m ≤ C 1|v|≤RE
γ−1 ⌊v⌉β−2 − 1

4
Eγ−1 ⌊v⌉2 (β−1) − ε ⌊x⌉α−2 |x|2 .

Next, we notice that

1|v|≤RE
γ−1 ⌊v⌉β−2 ≲ 1|v|≤R ⌊x⌉α (γ−1) .

Therefore, since β > 1, we have γ < 2 and

C 1|v|≤RE
γ−1 ⌊v⌉β−2 − ε

2
⌊x⌉α−2 |x|2 ≲ 1|v|≤R 1|x|≤R ,

up to enlargements of R. We can conclude that

L∗m ≤ C 1BR − ε

2

(
⌊v⌉γ β+β−2 + ⌊x⌉α

)
,

up to enlargements of C.
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Step 3. The function mk is a Lyapunov function. With k > 0, we have

L∗(mk) = kmk−1

(
L∗m+

k − 1

m
|∇vm|2

)
≤ kmk−1

(
C 1BR − ε

2

(
⌊v⌉γ β+β−2 + ⌊x⌉α

)
+
k − 1

m

∣∣γ Eγ−1 ⌊v⌉β−2 v − ε x
∣∣2)

≤ kmk−1

(
C 1BR − ε

2

(
⌊v⌉γ β+β−2 + ⌊x⌉α

)
+
k − 1

m

(
γ2E2 γ−2 ⌊v⌉2 β−2 + ε2 ⌊x⌉2

))
as γ ≤ 2. Thanks to (3.5), we have m ≳ Eγ and m ≳ ⌊x⌉2, so

k − 1

m

(
γ2E2 γ−2 ⌊v⌉2 (β−1) + ε2 ⌊x⌉2

)
≲ Eγ−2 ⌊v⌉2 β−2 + ε2 ≲ ⌊v⌉γ β−2 + ε2.

With the fact γ β + β − 2 > γ β − 2, this allows us to get

(3.6) L∗(mk) ≤ C 1BR − ε

4
mk−1

(
⌊v⌉γ β+β−2 + ⌊x⌉α

)
.

Finally notice that

m ≲ ⌊v⌉γ β + ⌊x⌉max{γ α,2} ≲
(
⌊v⌉γ β+β−2 + ⌊x⌉α

)max{ γ β
γ β+β−2 ,γ,

2
α}

and
max

{
γ β

γ β+β−2 , γ,
2
α

}
= max

{
γ, 2

α

}
= max

{
1, 2

β ,
2
α

}
which plugged in (3.6) proves that (3.2) holds with ℓ = 1−min {1, α/2, β/2}.

3.3. A Lyapunov function when α < 1 and β ≤ 1.
Building a Lyapunov function is delicate: see Proposition 3.4 below for the statement.

3.3.1. Definition of the Lyapunov function. With the choice

0 < a < min

{
1

β
,
1

α
− 1

}
, ρ =

aβ

1 + β
,

we notice that

(3.7) aβ < 1 , a <
1

α
− 1 , a (1− β) <

1

α
− 1 , 0 < ρ < 1 .

Set
Θ(x, v) :=

⌊v⌉
E(x, v)a

.

Let η and χ be cut-off functions defined as follows. We assume that χ ∈ C2([0,+∞))
is non-increasing and satisfies

0 ≤ χ ≤ 1 , χ = 1 on [0, 2] , χ = 0 on [3,+∞)

while η ∈ C∞([0,+∞)) is a non-increasing function such that

0 ≤ η ≤ 1 , η = 1 on [0, 1] , η = 0 on [2,+∞) .

For s > 0, we set

ϑ(s) :=
η(s)

s
, ζλ(s) := e−λϑ(s) .
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Then ϑ′ ≤ 0 and hence ζ ′λ ≥ 0. Moreover, we notice that

ζλ(s) = e−λ/s , 0 < s ≤ 1 ,

cη ≤ ζλ(s) ≤ 1 , |ζ ′λ(s)|+ |ζ ′′λ(s)| ≤ Cη λ , 1 ≤ s ≤ 2 ,

ζλ(s) = 1 , s ≥ 2 ,

where cη > 0 and Cη > 0 are constants independent of λ ∈ (0, 1], so that

(3.8) ζ ′λ(s) = λ
ζλ(s)

s2
, ζ ′′λ(s) =

(
λ2

s4
− 2λ

s3

)
ζλ(s) ≤ λ2

ζλ(s)

s4
, 0 < s ≤ 1 .

Define

(3.9) m :=M0 +ME where M0 = e
κ
αF , ME = ζλ(Θ)W , W = eκE

and

(3.10) F (x, v) := ⌊x⌉α + αχ
(
Θ(x, v)

)
⌊x⌉α−2 x · v .

With the above definitions, we can state the following weak Foster-Lyapunov estimate.

Proposition 3.4. Let (α, β) ∈ (0, 1) × (0, 1]. There exist positive constants λ0,
κ0 and c0, depending only on α, β, a, d and on the cutoff profiles, such that the
following holds. For every λ ∈ (0, λ0] and κ ∈ (0, κ0 λ], there exist C > 0 and R > 0
for which m is positive, coercive, and satisfies

(3.11) L∗m ≤ C 1{E≤R} − c0 κ
1+σ∗

m

{ln(e+m)}σ∗

with
σ∗ = 2 max

{
1
α − 1, 1

β − 1
}
,

The radius R and the compact-set constant C may depend on λ and κ.

The proof is postponed to Section 3.3.5.

3.3.2. Technical estimates on Θ and L⋆. Let us start with some elementary
computations.

Lemma 3.5. Let (α, β) ∈ (0, 1) × (0, 1]. With the notation of Section 3.3.1 and
E = E(x, v), one has

(3.12) TΘ(x, v) = −E−a ⌊x⌉α−2 x · v
⌊v⌉

,

(3.13)
L⋆Θ(x, v) =E−a L⋆(⌊v⌉)− a ⌊v⌉E−a−1 L⋆E

+ a (a + 1)E−a−2 ⌊v⌉2 β−3 |v|2 − 2 aE−a−1 ⌊v⌉β−3 |v|2 .

Proof. By applying the product rule to Θ = ⌊v⌉E−a, we obtain

TΘ = ⌊v⌉TE−a + E−a T(⌊v⌉) = E−a T(⌊v⌉) = −E−a ⌊x⌉α−2 x · v
⌊v⌉

after recalling that T(E−a) = 0. Similarly, from

L⋆Θ = L⋆(⌊v⌉E−a) = ⌊v⌉ L⋆(E−a) + L⋆(⌊v⌉)E−a + 2∇v⌊v⌉ · ∇vE
−a

and
L⋆(E−a) = − aE−a−1 L⋆E + a (a + 1)E−a−2 |∇vE|2 ,

we obtain (3.13) by the product rule, and using ∇vE = ⌊v⌉β−2 v.



WEIGHTED L2 BOUNDS AND HYPOCOERCIVITY 25

Next we establish zonal estimates for Θ.

Lemma 3.6. Let (α, β) ∈ (0, 1)× (0, 1]. With the notation of Section 3.3.1, there
exists a positive constant RΘ > 0 such that, for any E ≥ RΘ, the following properties
hold:

E ≍ ⌊x⌉α and |∇vΘ|+
∣∣L⋆Θ∣∣ ≲ E−a if Θ ≤ 3 ,(3.14)

L⋆Θ ≤ − 1

4
E−a ⌊v⌉β−1 if E−ρ ≤ Θ ≤ 3 .(3.15)

Proof. We prove the two estimates successively.
• Proof of (3.14). Assume first that Θ ≤ 3. Since ⌊v⌉ = ΘEa,

⌊v⌉β ≤ 3β E a β = o(E) ,

because aβ < 1. Hence E ≍ ⌊x⌉α. Since,

∇vΘ = E−a−1
(
E − a ⌊v⌉β

) v

⌊v⌉
,

one obtains immediately that

|∇vΘ| ≲ E−a

(
1 +

⌊v⌉β

E

)
≤ E−a

(
1 + E a β−1

)
≲ E−a .

Next, taking into account

(3.16) L⋆(⌊v⌉) = ⌊v⌉−1
(
d− 1− ⌊v⌉β

)
+ ⌊v⌉−3

(
⌊v⌉β + 1

)
,

L⋆E = ⌊v⌉β−2

(
d+

(
(β − 2)− ⌊v⌉β

) |v|2

⌊v⌉2

)
,

we obtain ∣∣L⋆(⌊v⌉)∣∣ ≲ ⌊v⌉β−1 and
∣∣L⋆E∣∣ ≲ ⌊v⌉2 β−2 .

Consequently, by (3.13), we likewise obtain (remember that β − 1 ≤ 0, 2β − 1 ≤ 1),∣∣L⋆Θ∣∣ ≲ E−a ⌊v⌉β−1 + ⌊v⌉E−a−1 ⌊v⌉2 β−2

+ ⌊v⌉E−a−2 ⌊v⌉2 β−2 + E−a−1 ⌊v⌉β−1 ≲ E−a ,

because ⌊v⌉β ≲ E a β . Finally,

|TΘ| ≤ E−a ⌊x⌉α−1 ≤ E−a ,

since α < 1 and ⌊x⌉ ≥ 1. This proves (3.14).

• Proof of (3.15). We now assume E−ρ ≤ Θ ≤ 3. Since

⌊v⌉ = ΘE a ≥ E a−ρ = E
ρ
β ,

we have ⌊v⌉ → +∞ uniformly in this region.
Observe that, by (3.16),

L⋆(⌊v⌉) = ⌊v⌉β−1
(
(d− 1) ⌊v⌉−β − 1

)
+ ⌊v⌉β−3

(
1 + ⌊v⌉−β

)
,

≤ −⌊v⌉β−1 + ⌊v⌉β−1
(
(d− 1) ⌊v⌉−β + ⌊v⌉−2

(
1 + ⌊v⌉−β

) )
≤ − 1

2
⌊v⌉β−1
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when |v| is large. Then, since∣∣L⋆E∣∣ ≤ ⌊v⌉β−2
(
d+ |β − 2|+ ⌊v⌉β

)
≲ ⌊v⌉2 β−2 ,

we have ∣∣a ⌊v⌉E−a−1 L⋆E
∣∣ ≤ aE−a−1 ⌊v⌉2 β−1 .

For the transport part, using (3.14), we obtain

|TΘ| ≤
∣∣∣∣E−a ⌊x⌉α−2 x · v

⌊v⌉

∣∣∣∣ ≲ E1− 1
α−a .

Combining (3.13) and (3.12), we can find a constant C > 0 such that

L⋆Θ = TΘ+ L⋆Θ

≤ |TΘ| − 1

2
E−a ⌊v⌉β−1 +

∣∣a ⌊v⌉E−a−1 L⋆E
∣∣+ a (a + 1)E−a−2 ⌊v⌉2 β−3 |v|2

≤ − 1

2
E−a ⌊v⌉β−1 + C

(
E1− 1

α−a + E−a−1 ⌊v⌉2 β−1 + E−a−2 ⌊v⌉2 β−1
)

≤ − 1

2
E−a ⌊v⌉β−1 + C E−a ⌊v⌉β−1

(
⌊v⌉1−β E1− 1

α + ⌊v⌉β E−1 + E−2 ⌊v⌉β
)
.

Since Θ ≤ 3,

⌊v⌉1−β E1− 1
α = Θ1−β E a (1−β)+1− 1

α ≤ 31−β E a (1−β)+1− 1
α ,

⌊v⌉β

E
≲ E−(1−a β) ,

and a (1− β) + 1− 1/α < 0 and 1− aβ > 0, we obtain (3.15) after increasing RΘ.

3.3.3. The component M0. We start with an exact macro–micro computation.

Lemma 3.7. Let (α, β) ∈ (0, 1)× (0, 1]. With F defined by (3.10), one has

TF = α ⌊x⌉α−2 ⌊v⌉β−2 x · v + αχ(Θ) ⌊v⌉β−2⌊x⌉α−2
(
|v|2 + (α− 2) ⌊x⌉−2 (x · v)2

)
− αχ(Θ) ⌊x⌉2α−4 |x|2 + αχ′(Θ) (TΘ) ⌊x⌉α−2 x · v ,(3.17)

L⋆F = − αχ(Θ) ⌊x⌉α−2 x · ⌊v⌉β−2 v + αχ′(Θ) (L⋆Θ) ⌊x⌉α−2 x · v
+ αχ′′(Θ) ⌊x⌉α−2 (x · v) |∇vΘ|2 + 2αχ′(Θ) ⌊x⌉α−2 x · ∇vΘ ,(3.18)

and finally,

L∗F = α(1− χ(Θ)) ⌊x⌉α−2 ⌊v⌉β−2 x · v

+ αχ(Θ)
(
⌊v⌉β−2 ⌊x⌉α−2

(
|v|2 + (α− 2) ⌊x⌉−2 (x · v)2

)
− ⌊x⌉2α−4 |x|2

)
+ αχ′(Θ) ⌊x⌉α−2

(
(L∗Θ)x · v + 2x · ∇vΘ

)
+ αχ′′(Θ) ⌊x⌉α−2 (x · v) |∇vΘ|2 .(3.19)

Proof. The identities follow from the product and chain rules. Start from

TF = T
(
⌊x⌉α

)
+ αT

(
χ
(
Θ(x, v)

)
⌊x⌉α−2 x · v

)
,

We compute each term separately as

T(⌊x⌉α) = α ⌊x⌉α−2 x · ⌊v⌉β−2 v
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and

T
(
χ(Θ)⌊x⌉α−2 x · v

)
= T (χ(Θ)) ⌊x⌉α−2 x · v + χ(Θ) ⌊x⌉α−2 T (x · v) + χ(Θ)T

(
⌊x⌉α−2

)
x · v

= χ′(Θ) (TΘ) ⌊x⌉α−2 x · v + χ(Θ) ⌊x⌉α−2
(
⌊v⌉β−2 |v|2 − ⌊x⌉α−2 |x|2

)
+ χ(Θ) (α− 2) ⌊x⌉α−4⌊v⌉β−2 (x · v)2 .

Gathering these computations gives (3.17). Hence

L⋆F = α⌊x⌉α−2 (L⋆(χ(Θ)) (x · v) + χ(Θ) L⋆(x · v) + 2χ′(Θ)∇vΘ · x)
= −αχ(Θ) ⌊x⌉α−2 x · ⌊v⌉β−2 v + αχ′(Θ) (L⋆Θ) ⌊x⌉α−2 x · v
+ αχ′′(Θ) ⌊x⌉α−2 (x · v) |∇vΘ|2 + 2αχ′(Θ) ⌊x⌉α−2 x · ∇vΘ ,

which is (3.18). Equation (3.19) follows by combining TF and L⋆F .

Proposition 3.8. Let (α, β) ∈ (0, 1)× (0, 1]. With the notation of Section 3.3.1,
there are positive constants cM , CM , and RM such that, for any κ ∈ (0, 1/4],

(3.20) L∗M0 ≤ CM 1{E≤RM} − cMκM0 χ(Θ) ⌊x⌉2α−4 |x|2 + CM κM0 1{Θ≥2} .

Proof. Recall that

(3.21)
L∗M0

M0
=
κ

α
L∗F +

κ2

α2
|∇vF |2 .

Furthermore, since
∇vΘ = E−a−1

(
E − a ⌊v⌉β

) v

⌊v⌉
,

we have

∇vF = αχ(Θ) ⌊x⌉α−2 x+ αχ′(Θ) ⌊x⌉α−2 (x · v)∇vΘ

= αχ(Θ) ⌊x⌉α−2 x+ αχ′(Θ) ⌊x⌉α−2 (x · v)E−a−1
(
E − a ⌊v⌉β

) v

⌊v⌉
.

We now estimate (3.21) in three different regions.
• Range Θ ≤ 2. Here χ(Θ) = 1 and χ′(Θ) = χ′′(Θ) = 0. Since α − 2 < 0, by
Lemma 3.7,

(3.22) L∗F ≤ α ⌊x⌉α−2 ⌊v⌉β − α ⌊x⌉2α−4 |x|2 .

In this range, by Lemma 3.6, E ≍ ⌊x⌉α and ⌊v⌉β ≲ E a β . Hence

⌊x⌉α−2 ⌊v⌉β

⌊x⌉2α−4 |x|2
≲

⌊v⌉β

⌊x⌉α
≲ E a β−1 .

Since aβ − 1 < 0, after increasing RM if necessary,

L∗F ≤ − α

2
⌊x⌉2α−4 |x|2 on {E > RM} .

Moreover,
|∇vF |2 = α2 ⌊x⌉2α−4 |x|2 .
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Thus, for κ ≤ 1/4,

(3.23) L∗M0 ≤ − κ

4
M0 ⌊x⌉2α−4 |x|2 on {E > RM} .

• Range 2 ≤ Θ ≤ 3. Since E ≍ ⌊x⌉α and ⌊v⌉ = ΘEa,

(3.24)
∣∣⌊x⌉α−2 x · v

∣∣ ≤ ⌊x⌉α−1 ⌊v⌉ ≲ E1+a− 1
α .

Also notice
∣∣⌊x⌉α−2 x

∣∣ ≤ 1,
∣∣⌊v⌉β−2 v

∣∣ ≤ 1, ⌊x⌉2α−4 |x|2 ≤ 1, and, as a consequence,

⌊x⌉α−2 ⌊v⌉β ≲ E1− 2
α+a β .

Together with (3.14), these estimates imply

|L∗F |+ |∇vF |2 ≲ 1 and |L∗M0| ≲ κM0 .

• Range Θ ≥ 3. Here χ = 0, hence F = ⌊x⌉α and ∇vF = 0. Since
∣∣⌊x⌉α−2 x

∣∣ ≤ 1

and
∣∣⌊v⌉β−2 v

∣∣ ≤ 1,
|L∗F | = α

∣∣⌊x⌉α−2 x · ⌊v⌉β−2 v
∣∣ ≤ α .

Therefore

(3.25) |L∗M0| ≤ κM0 .

Combining (3.23) and (3.25), and using 0 ≤ χ ⌊x⌉2α−4 |x|2 ≤ 1 on Θ ≥ 2, com-
pletes the proof of (3.20).

3.3.4. Estimates on ME.

Lemma 3.9. Let W and ME be defined by (3.9). One has
(3.26)

L⋆ME =

(
L⋆W

W
+
ζ ′λ(Θ)

ζλ(Θ)

(
L⋆Θ+ 2κ ⌊v⌉β−2 v · ∇vΘ

)
+
ζ ′′λ(Θ)

ζλ(Θ)
|∇vΘ|2

)
ME .

Proof. Start from

L⋆ME = TME + L⋆ME

=Wζ ′λ(Θ)TΘ+ ζλ(Θ) L⋆W +Wζ ′λ(Θ) L∗Θ+Wζ ′′λ(Θ) |∇vΘ|2 + 2 ζ ′λ(Θ)∇vΘ · ∇vW

using the chain rule, and the product rule for the second-order operator L⋆. Since
∇vW = κW ∇vE, we conclude,

L⋆ME =

(
L⋆W

W
+
ζ ′λ(Θ)

ζλ(Θ)
L⋆Θ+

ζ ′′λ(Θ)

ζλ(Θ)
|∇vΘ|2 + 2κ

ζ ′λ(Θ)

ζλ(Θ)
∇vΘ · v ⌊v⌉β−2

)
ME ,

which is nothing else than (3.26).

Proposition 3.10. Let (α, β) ∈ (0, 1)×(0, 1]. With the notation of Section 3.3.1,
if cM is the constant in Proposition 3.8, there are positive constants CE, cE and RE
such that

(3.27) L∗ME ≤ CE 1{E≤RE} − cE κME ⌊v⌉2 β−2 +
1

2
cM κM0 χ(Θ) ⌊x⌉2α−4 |x|2 .
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Proof. A direct computation shows that

L⋆W

W
= κ L⋆E + κ2 |∇vE|2

= κ
(
d⌊v⌉β−2 + (β − 2) |v|2 ⌊v⌉β−4 − (1− κ) |v|2 ⌊v⌉2 β−4

)
and, as a consequence,

(3.28)
L⋆W

W
≲ −κ ⌊v⌉2 β−2

for ⌊v⌉ sufficiently large and 0 < κ ≤ 1/2. We consider four different regimes.
• Range Θ ≤ E−ρ. For large E, one has Θ ≤ 1, χ = 1 and ζλ(Θ) = e−λ/Θ. Therefore

ln

(
ME

M0

)
= κE − λ

Θ
− κ

α
⌊x⌉α − κ ⌊x⌉α−2 x · v = κ

⌊v⌉β

β
− λ

Θ
− κ ⌊x⌉α−2 x · v .

Thanks to the first estimate in (3.14), we have∣∣⌊x⌉α−2 x · v
∣∣ ≤ ⌊x⌉α−1 ⌊v⌉ ≲ E1− 1

α+ ρ
β ≲ 1

because 1− 1/α+ ρ/β < 0. We deduce from Θ ≤ E−ρ and ⌊v⌉ ≤ E a−ρ = Eρ/β that
⌊v⌉β ≤ Eρ. Together with 1/Θ ≥ Eρ, we arrive at

ln

(
ME

M0

)
−
(
κ

β
− λ

)
Eρ ≲ κ .

Under the condition Θ ≤ E−ρ, choosing κ/λ ≤ κ0 ≤ β/2 gives

(3.29)
ME

M0
≲ e−

1
2 λE

ρ

.

To estimate L⋆ME , it remains to quantify the derivatives. For E large enough,
we have Θ < 1 and read from (3.8) that ζ ′λ/ζλ = λ/Θ2 and ζ ′′λ/ζλ ≤ λ2/Θ4. We get

L⋆ME ≤
(
− κ ⌊v⌉2 β−2 + λΘ−2

(
L⋆Θ+ 2κ ⌊v⌉β−2 v · ∇vΘ

)
+ λ2 Θ−4 |∇vΘ|2

)
ME

after recalling (3.28). By Lemma 3.6, we have |∇vΘ|+ |L∗Θ| ≲ E−a and

L⋆ME ≤
(
− κ ⌊v⌉2 β−2 + λΘ−2E−a + λ2 Θ−4E−2 a

)
ME .

Since ⌊v⌉ ≥ 1, Θ = ⌊v⌉E−a ≥ E−a, we obtain Θ−1 ≤ Ea and

|L∗ME |
ME

≤ Cλ,κ
(
1 + Ea + E2 a

)
,

which, under the condition Θ ≤ E−ρ, proves

(3.30) |L∗ME | ≤ Cλ,κ (1 + E2 a)ME .

Since E ≍ ⌊x⌉α and ⌊x⌉2α−4 |x|2 ≍ E−2 (1−α)/α. Combining (3.29) and (3.30), we
obtain that

L∗ME + cE κME ⌊v⌉2 β−2

κM0 ⌊x⌉2α−4 |x|2
≤ Cλ,κE

2 a+2 1−α
α e−c λE

ρ
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is uniformly small outside of a compact set in Rd × Rd for some cE > 0. For some
R > RM , this proves

(3.31) (L∗ME)+ + cE κME ⌊v⌉2 β−2 ≤ 1

2
cM κM0 χ(Θ) ⌊x⌉2α−4 |x|2 ,

where RM and cM are as in Proposition 3.8.
• Range E−ρ ≤ Θ ≤ 1. In this case, we shall use Lemma 3.6 to get

L⋆Θ ≤ − c ⌊v⌉β−1E−a , |∇vΘ| ≤ C∇E
−a ,

with c = 1/4 and C∇ = 1 + a 3a. Thus, recalling (3.28),

L⋆ME + κ ⌊v⌉2 β−2ME

≲
(
−c λΘ−2E−a ⌊v⌉β−1 + 2κλC∇ Θ−2 ⌊v⌉β−1E−a + λ2 C2

∇ Θ−4E−2 a
)
ME

≲ λΘ−2E−a ⌊v⌉β−1
(
−c+ 2κC∇ + λC2

∇ Θ−2E−a ⌊v⌉1−β
)
ME .

Observe crucially that

Θ−2E−a ⌊v⌉1−β = Θ−2E−a(ΘE a)1−β = Θ−(1+β)E−a β ≤ E(1+β) ρE−a β = 1 ,

thanks to the choice of ρ. As a consequence, as long as 2κC∇ + λC2
∇ ≤ c/2,

L⋆ME + κ ⌊v⌉2 β−2ME ≲ − c λΘ−2E−a ⌊v⌉β−1ME .

If E−ρ ≤ Θ ≤ 1, this proves that

(3.32) L∗ME ≤ − cE λE
−a ⌊v⌉β−1ME − cE κ ⌊v⌉2 β−2ME .

• Range 1 ≤ Θ ≤ 2. Here, ⌊v⌉ = ΘEa ≍ Ea so that ⌊v⌉ is large when E is large.
Additionally, ζλ is bounded below, and |ζ ′λ|+ |ζ ′′λ | ≲ λ. Since ζ ′λ ≥ 0 and L∗Θ < 0 for
large E, the term (L⋆Θ) ζ ′λ(Θ)/ζλ(Θ) is non-positive and may be discarded. Thus,
recalling (3.26), (3.28), and |∇vΘ| ≲ E−a,

L⋆ME+κ ⌊v⌉2 β−2ME ≲
(
κλ⌊v⌉β−1 |∇vΘ|+ λ |∇vΘ|2

)
ME

≲ λ
(
κE a (β−1)E−a + E−2 a

)
ME ≲ κλE a (β−2) ≲ κλ ⌊v⌉β−2ME ,

when E is large. After increasing R, this proves

(3.33) L∗ME ≤ − cE κME ⌊v⌉2 β−2 if 1 ≤ Θ ≤ 2 .

• Range Θ ≥ 2. Here ζλ = 1, hence ME = W . In this range, ⌊v⌉ ≥ 2Ea which
ensures that ⌊v⌉ is large as E is large, and it follows directly from (3.28) and (3.26)
that

(3.34) L∗ME ≤ − cE κME ⌊v⌉2 β−2 if Θ ≥ 2 .

Altogether, there are positive constants λ0, κ0 and cE > 0 such that, for any
λ ∈ (0, λ0] and κ ∈ (0, κ0 λ], we obtain (3.27) as a consequence of (3.31), (3.32), (3.33)
and (3.34) for E sufficiently large.
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3.3.5. Proof of Proposition 3.4. We are now ready to prove the main result
of this section. Adding (3.20) and (3.27), and taking a larger R if necessary, gives

(3.35) L⋆m− C 1{E≤R}

≤ −1

2
cMκχ(Θ)M0 ⌊x⌉2α−4 |x|2 + CM κM0 1{Θ≥2} − cE κME ⌊v⌉2 β−2.

It remains to absorb the positive term in the righ-hand side. If Θ ≥ 3, then ME =W ,
and

M0

ME
= e−κ

⌊v⌉β
β .

If 2 ≤ Θ ≤ 3, then
∣∣⌊x⌉α−2 x · v

∣∣ ≤ ⌊x⌉α−1 ⌊v⌉ ≲ ⌊v⌉ 1
a (1−

1
α )+1 = o(⌊v⌉β) holds (since

1
a (1−

1
α ) + 1 < β, see (3.7)) and

M0

ME
= exp

(
κχ(Θ) ⌊x⌉α−2 x · v − κ

β
⌊v⌉β

)
≲ e−

κ
2

⌊v⌉β
β as |v| → +∞ .

Since a multiplication by ⌊v⌉2 (1−β) does not affect this exponential decay,

(3.36) M0 = o
(
ME ⌊v⌉2 β−2

)
.

After one last enlargement of R, the positive term in (3.35) is absorbed by half of the
energy dissipation. This proves

L⋆m ≤ C 1{E≤R} − c0 κM0 χ(Θ) ⌊x⌉2α−4 |x|2 − c0 κME ⌊v⌉2 β−2 .

If E → +∞ and Θ ≤ E−ρ, then E ≍ ⌊x⌉α and the mixed term in F is bounded
by (17). Hence limE→+∞M0 = +∞. Otherwise, if E → +∞ and Θ ≥ E−ρ, then

− ln ζλ(Θ) ≤ C Eρ = o(E) ,

so that ME = exp(κE − o(E)) → +∞ as E → +∞. We conclude that m is coercive.

It remains to prove (3.11). Let us distinguish two cases:
• If Θ ≤ 2, the mixed term in F is bounded and E ≍ ⌊x⌉α. After increasing R,

ln(e+M0) ≍ κ ⌊x⌉α .

Since ⌊x⌉2α−4 |x|2 ≍ ⌊x⌉−2 (1−α), one obtains
(3.37)

κM0 ⌊x⌉2α−4 |x|2 ≥ c κ1+
2 (1−α)

α
M0

{ln(e+M0)}
2 (1−α)

α

≥ c κ1+σ∗
M0

{ln(e+m)}σ∗
.

• If Θ ≥ E−ρ, the soft cutoff satisfies − ln ζλ(Θ) ≤ C λEρ = o(κE). Hence

ln(e+ME) ≍ κE .

Since ⌊v⌉β ≤ β E, we have

⌊v⌉2 β−2 ≥ β2 β−1
β E−2 1−β

β .

Consequently,

(3.38) κME ⌊v⌉2 β−2 ≥ c κ1+2 1−β
β

ME

{ln(e+ME)}2
1−β
β

≥ c κ1+σ∗
ME

{ln(e+m)}σ∗
.



32 E. BOUIN, J. DOLBEAULT, AND L. ZIVIANI

• Region Θ ≤ E−ρ. By (3.29), m ≍ M0 for large E, and (3.37) applies because
χ = 1.
• Region E−ρ ≤ Θ ≤ 2. Here χ = 1, and the sum of (3.37) and (3.38) controls
m =M0 +ME .
• Region Θ ≥ 2. By (3.36), m ≍ME for large E, and (3.38) applies.
These three regions prove (3.11) outside of a compact set in Rd × Rd, which completes
the proof of Proposition 3.4.

3.3.6. Extension to the kth order moment. The strategy of Proposition 3.1
applies except that (3.2) has to be replaced by (3.11).

Corollary 3.11. Let m be defined as in Proposition 3.4, k > 0 and ℓ = 1 + σ∗.
The function m̃ = ln(e+m) satisfies (3.2)

Proof. Let Φ ∈ C2(R+), then using

∇x

(
Φ(m)

)
= Φ′(m)∇xm, ∇v

(
Φ(m)

)
= Φ′(m)∇vm

and
∆v

(
Φ(m)

)
= Φ′′(m) |∇vm|2 +Φ′(m)∆vm,

we have that
L∗(Φ(m)

)
= Φ′(m)L∗(m) + Φ′′(m) |∇vm|2 .

Let us choose Φ increasing, concave and such that Φ(s) = (ln(e+s))k for s sufficiently
large. Then, using Φ′(s) = k {ln(e+ s)}k−1/(e+ s) for s large and Φ′′ ≤ 0, we have

L∗(m̃k) = L∗(Φ(m)
)
≤ Φ′(m)L∗(m)

≤ Φ′(m)

(
C 1{E≤R} − c0 κ

1+σ∗
m

{ln(e+m)}σ∗

)
≤ C 1{E≤R} − c0 κ

1+σ∗
km {ln(e+m)}k−1

(e+m) {ln(e+m)}σ∗

≲ C 1{E≤R} − c0 k κ
1+σ∗ {ln(e+m)}k−1−σ∗ ≲ C 1{E≤R} − η m̃k−1−σ∗

for some η > 0, up to enlargement of C and R if necessary.

4. Conclusion: proof of the main results. Let us collect what we have
obtained in Sections 2 and 3 and how intermediate results can be combined to prove
our main results. As explained in Section 2.1, Lemma 2.2 establishes the exponential
decay rate (1.2) for min{α, β} ≥ 1 (wihout any moment assumption) and the result
of Proposition 1.1 if 0 < min{α, β} < 1, under the assumption that K is finite (a
priori boundedness of L2 norms). In [10, Theorem 2], this property was obtained by
the Maximum Principle under a severe restriction on the initial datum. Theorem 1.2
achieves the same result under the weaker and more natural condition that initial
weighted L2 norms are finite.

Proof of Theorem 1.2. We rely on two main methods (see Figure 1):

(1) Coupling of L2-entropy and entropy dissipation estimates: see Section 2. Propo-
sition 2.4 proves the estimate if 2/3 < min{α, β} < 1. In the range α ≥ 1 and
β ∈ (0, 1), we introduce a modified L2-entropy with Lemma 2.6 (entropy–norm equiv-
alence), Lemma 2.7 and Lemma 2.8 (entropy dissipation) using stronger weights, and
complete the moment estimates (Proposition 2.5) using a variant of the Stein-Weiss
interpolation theorem (Theorem 2.9). The coupling method covers Case (a).
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(2) Direct L2 moment bounds based on the construction of functions satisfying a Lya-
punov condition: see Section 3.2. If α > 0 and β > 1, this is done in Corollary 3.2 and
the Lyapunov function of Lemma 3.3. The case 0 < α < 1 and 0 < β ≤ 1 is much more
delicate, with technical estimates based on elementary computations (Lemma 3.5 and
Lemma 3.6), and the construction of a Lyapunov function which relies on a discussion
of various regimes: see Propositions 3.8 and 3.10 respectively based on Lemma 3.7
and Lemma 3.9. This function provides us with the weak Foster–Lyapunov estimate
of Proposition 3.4 which is then used in Corollary 3.11 to produce a suitable Lyapunov
condition for Corollary 3.2.

Proof of Corollary 1.3. In the coupling case (corresponding to (1) in the above
proof of Theorem 1.2), we obtain the decay estimate on the entropy and the moment
bounds simultaneously. In Section 3, moment bounds are obtained independently.
However, Lemma 2.2 applies in all cases, which provides us with the result.
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