Convexity Estimates for Nonlinear
Elliptic Equations and Application to Free
Boundary Problems

Jean Dolbeault* and Régis Monneau |

January 17, 2001

Abstract. We prove the convexity of the set which is delimited by the free bound-
ary corresponding to a quasi-linear elliptic equation in a 2-dimensional convex do-
main. The method relies on the study of the curvature of the level lines at the
points which realize the maximum of the normal derivative at a given level, for
analytic solutions of fully nonlinear elliptic equations. The method also provides
an estimate of the gradient in terms of the minimum of the (signed) curvature of
the boundary of the domain, which is not necessarily assumed to be convex.

Résumé. Nous démontrons la convexité de I’ensemble délimité par la frontiere
libre correspondant a une équation quasi-linéaire elliptique définie sur un domaine
convexe en dimension 2. La méthode repose sur 1’étude de la courbure des lignes
de niveau aux points qui réalisent le maximum de la dérivée normale pour un
niveau donné, pour des solutions analytiques d’équations elliptiques completement
non linéaires. La méthode donne aussi une estimation du gradient en fonction du
minimum de la courbure (signée) du bord du domaine, qui n’est pas nécessairement

SUpposé convexe.
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1 Introduction and main results

Consider a solution of the following free boundary problem

div(a(|[Vul*)Vu)= f(u) in Q\A (1.1)
O=upgr <u<upo=uog in Q\A, (1.2)
Opu=0 on OA. (1.3)

where ug is a given nonnegative constant, A is a closed subset of a bounded
domain © in IR? and 8,u is the normal (to OA) outgoing derivative of u.

This problem arises for instance from an obstacle problem (see for instance
[24]).

Theorem 1 Assume that a(0), f(0)>0 and that q—a(q), u— f(u) are
increasing functions of class C' and CO respectively. If QCIR? is convex
and if u is a solution of (1.1)-(1.2)-(1.3), then A is also convez.

This theorem has been proved in the special case where a and f are
constants by A. Friedman and D. Phillips [13] in two dimensions, and then
extended to any dimension by B. Kawohl [19]. Similar results were also
proved (in any dimensions) for a=1, f=0 and J,u=const=\>0 in place
of d,u=0 by L.A. Caffarelli and J. Spruck [7]. The exterior problem in
Q=1IR?\O with O convex and a =1 has been studied for A >0 by B. Kawohl
[22] and R.S. Hamilton [14], and for A=0 by B. Kawohl [21]. Let us also
mention two related results on convex rings [7, 8] and, for general questions
on the convexity of the level sets, [20]. We can also quote a recent paper by
L.A. Caffarelli and J. Salazar [6] for the equation Au+ cu=0 and results by
A. Henrot and H. Shahgholian [15, 16, 17] (which rely on a lower bound on
the gradient), but for which the extension to general quasilinear operators
has not yet be done. Concerning estimates on the curvature and the use
of the Fréchet formula, one may refer to [25] (in the case of the Laplace
operator). The results of this article were announced in [10].

We will prove Theorem 1 in a much more general framework, except
that we will deal only with analytic solutions for reasons that will be made
clear later. We will assume

Opu=AK)>0 on O0A, (1.4)

where A is a function of the curvature K of JA. Here we denote by n and 7
the normal and tangent unit vectors to a level set, so that (7,n) is a direct



orthonormal basis in IR?, and n= %, if Vu#0. In this case, the curvature

is defined by K = ?VT; T‘ We shall consider the analytic solutions of the fully

nonlinear elliptic equation

F(Dpnu,Drru, Dyru, |Vul,u)=0 in Q\A, (1.5)

where F is an analytic function. The vectors n and 7 are well defined if
Vu#0. For the equation to make sense in case of a patch of zero gradient,
we therefore require the following conditions.

(A0) Compatibility condition: we assume the existence of a function F such
that

Fla,b,c,0,u)=F(a+bab—c*u) Ya,b,cu.

(A1) Non zero gradient condition:

Vie (0,up), JaxeQ\A, ulx)=t, Vu(x)#0.
Let us define a=(F)p v B=(F)p_.us v=(F)p, u:

a(z)= inf a(a,b,0,[Vu(2)],u(z)) and Ble) = inf B(a,b,0,[Vu(2)]u(z)).

(A2) Ellipticity conditions:

inf & inf 3 inf (4o —~2) >
1§0z>0, 1§(ﬁ>0, 1}0{((16 ~v9) >0,

where X is the set of the points which realize the maximum of the gradient
on their level line:

X:{er\A: |Vu(z)|= max ]Vu(y)\}

yEeQ\A
u(y)=u(z)
(A3) Condition on the free boundary: we assume that A is analytic and
that the map K +— A(K) is analytic nonincreasing. Moreover if A(K)=0 on
OA, then we assume that F(0,0,0,0,0) <0 and that the vector field n = %
and the curvature K are continuous up to 0A.

These assumptions cover the case of Equation (1.1) but also of quasi-
linear elliptic equations like the mean curvature equation

div (L) — F(u, V)

1+ |Vul?



as well as fully nonlinear equations like the Monge-Ampeére equation

det(D*u) = f(u,|Vu|)>0.

From now on, we assume that u is an analytic solution of Equation (1.5)
on O\ A (with eventually A=0).

Notations. We shall note B,(x) the ball of center z and radius r>0. For
simplicity, we will use the same notation for a curve and its image. {F =0}
is the set {z € Q\A: F(z)=0}, d,u=0-Vu the derivative of u along the
unit vector ¢ and Dy,u:=(0,D?uc). Since the tangent and normal unit
vectors 7 and v depend on x, 9-(9;u) # Drru in general, and one has to use
the Fréchet formula

on=Kr, O0.1=—Kn, (1.6)

Oyn=p7, O,7=—pn, (1.7)
where K = ‘v—lu‘DTTu is the curvature of the level line and p= W—lu‘Dmu.
For ¢t >0, let
M'={eQ:u(@)=t}, m(t)=max,cr|Va(y),
and X'={zxel’:|Vu(z)|=m(t)}.
With a straightforward abuse of notations, we define

D u

K(t):= inf ——
O

(y) .

The following result is the core of our method.

Theorem 2 Under Assumptions (A0)-(A1)-(A2), consider an analytic so-
lution w of Equation (1.5). With the above notations, m is continuous and
differentiable outside a countable closed set in (0,ug) such that

d
f(md—T,mK,O,m,t):O forte (0,up) a.e., (1.8)
dK K?
il Gl 1.9
S (1.9)

where the inequality has to be understood in the sense of distributions.



Remark 1 The method used in the proof of Theorem 2 has the following
features.

(i) In higher dimensions, we can formally get a similar system for the mean
curvature of the level sets and the mazximal value of the gradient (see
Appendiz 5.2).

(ii) In the case of a radially symmetric solution (when Q is a ball), Inequal-
ity (1.9) becomes an equality (see Appendiz 5.1). The result of Theo-
rem 2 can therefore be compared with results based on rearrangement
techniques, like the ones obtained by G. Talenti in another context [30].

(11i) In the nonradial case, we prove a refined version of (1.9):

2
dt m m a o Xt |Vul

As a consequence of Theorem 2, we will prove our main result.

. (1.10)

Theorem 3 Under Assumptions (A0)-(A1)-(A2)-(A3), if u is an analytic
(up to the fized boundary 0S2) solution to the free boundary problem (1.2)-
(1.4)-(1.5) (including the case A=0), then u has the following properties:

(i) There exists a constant M which only depends on F, |\N(K)|p(an), o
and the minimum of the signed curvature of 02 such that

[Vl Loo(@a) <M .

(ii) The minimum of the signed curvature of OA is bigger than the minimum
of the signed curvature of OS):

inf K >inf K.
OA oN

As a consequence, if Q) is convex, each connected component of A is
also convex.

Remark 2 In Theorem 3, we get a global bound from below on the curva-
ture of the free boundary. Note that in [29] D.G. Schaeffer proves (using a
quasiconformal mapping) that for an obstacle problem of the type Au=f,
there exists a local bound from below on the curvature of the free boundary.

Also notice that the L*°(Q\A) bound is true for dimensions higher
than 2 (see Remark 1 and Appendiz 5.2).



The rest of this paper is organized as follows. We will show in Section 2 that
Theorem 1 is a consequence of Theorem 3. In Section 3, we prove Theorem 2
in a special case corresponding to the central idea of our approach, and
then in full generality using a detailed analysis of the analytic structure
of appropriate sets. With additional estimates near the free boundary, we
obtain Theorem 3 in Section 4. The appendix is devoted to the much simpler
setting of the radial case, the formal extension of our estimates to dimensions
higher than 2 and technical results on analytic sets.

2 Proof of Theorem 1

We will start with perturbations of the level of the free boundary and con-
siderations on its regularity. The method essentially goes as in [2], so we
shall simply give a sketch of the proofs. Then we will prove that Theo-
rem 1 is a consequence of Theorem 3. Before, simply notice that Equations
(1.1)-(1.2)-(1.3) are such that Assumptions (A0)-(A3) are satisfied.

2.1 A perturbation of the original problem (1.1)-(1.2)-(1.3)

Consider
div(a(|Vu|?)Vu) = f(u) in Q\A
t=1upr <u <ujpn="uo (2.1)
Opu=0 on OA

where a and f satisfy the assumptions of Theorem 1, and assume moreover
that 02 and a, f are analytic.

We shall say that (2.1) has analytic solutions if A is analytic (see for
instance [5]). Throughout this section, to emphasize the role of the level,
t, we will denote by u! the corresponding solution and use the notation A’
instead of A.

Let us start with a perturbation result.

Proposition 1 If u! is an analytic solution to the free boundary problem
(2.1) for t=to<wug, then there exists an n>0 such that (2.1) has analytic
solutions for every t € (to—mn,to+n). Moreover the map t+— AL is continu-
ous (and OA' is analytic).

Sketch of the proof of Proposition 1. From the assumption of Propo-
sition 1, it follows that the boundaries 9Q and OA! are of class C*°. We can
then apply Nash-Moser’s inverse function Theorem as in [2] to prove that



(2.1) has a solution u! for t in a neighbourhood of ¢y, with a smooth free
boundary OA*€ C>®. We conclude with the help of the following result on
the regularity of the free boundary, due to D. Kinderlehrer and L. Nirenberg
[23]:

Lemma 1 Under the previous assumptions on the analytic problem (2.1),
if the free boundary OA' is C' and u' is C? up to the free boundary, then
the free boundary OA' is analytic. a

Actually the perturbation result also holds in a neighborhood of wyg.

Proposition 2 There exists an >0, such that for every t in (uo—n,ug |,
the free boundary problem (2.1) has an analytic solution. Moreover the map
t+— OA! is continuous (and OA' is analytic).

Sketch of the proof of Proposition 2. For t=ug, the function u‘=1u
is a solution with A®=¢. This problem is then degenerate in t=1wug. Nev-
ertheless, as in [2], we can apply a Nash-Moser approach in this degenerate
case, which proves Proposition 2. O

2.2 Proof of Theorem 1

The main advantage of the obstacle problem (1.1)-(1.2)-(1.3) compared to
the more general free boundary problem (1.4) is that it is known that there
exists a unique weak solution (see [28, 12]), and that this solution is bounded
in W2 (see [12, 11, 3, 1]). As a consequence of the uniqueness, the map
tr—ul € W2P is continuous for every p€ (1,+00). Moreover, from the non-
degeneracy lemma (see L.A. Caffarelli [4], and for instance [26]), we have
the

Lemma 2 Consider a solution of Problem (1.1)-(1.2)-(1.8). Under the as-
sumptions of Theorem 1, for every ty € [0,ug],

lim A'= A’ (2.2)
t—to
t€[0,ug]

and |OA™|=0. (2.3)

Let us prove that ¢t* defined by

t* =inf{to€(0,up) : V€ [to,ug), (1.1)-(1.2)-(1.3) has an analytic solution u'}



is actually 0. Because of Proposition 1, ¢t* is the infimum of a nonempty
set. Assume by contradiction that t* > 0. From Theorem 3, we deduce that
infyp: K >infyq K >0 for t € (t*,up) and then A! is convex: by continuity
(Lemma 2, (2.2)), A" is also convex.

1) Case Int(A*)=0 : |A¥|=]0AY|=0 from Lemma 2, (2.3). In this case
there is no free boundary, i.e. the solution u! satisfies the Euler-Lagrange
equation (1.1) of the energy

5(u):/QGA(|W|2)+G(u)) da

without constraints, where A’=a, G’ = f. The uniqueness of the weak so-
lution to the free boundary problem consequently implies that u!” =wu, and
because we assumed that mingu =0, we get t* =0, a contradiction.

2) Case Int(AY")#0 : we use the following result, due to L.A. Caffarelli [4].

Lemma 3 Under the previous assumptions on the obstacle problem (1.1)-

(1.2)-(1.3), if the coincidence set A is convex and if Int(AY)#0, then OA®
is C1 and u® is C? up to the free boundary OAL.

Lemma 1 therefore implies that the free boundary is analytic. Finally u!"
is an analytic solution, and Proposition 1 gives a contradition with the
definition of ¢*.

This proves Theorem 1 in the context of analytic solutions. Now because
the solution is the limit of an approximating sequence of analytic solutions
of a regularized problem, the result holds as well if ¢ and f are only of class
C! and C° respectively. This ends the proof of Theorem 1. O

Remark 3 This last argument of approximation applies when existence and
uniqueness results can be proved, which is true for the obstacle problem of
Theorem 1 but is not known for more general problems (1.2)-(1.4)-(1.5).
Also notice that the convexity of the free boundary holds for any solution
which can be seen as the limit of analytic solutions of aprorimating problems.
This is a method to get an existence result of solutions with convex free
boundaries (see for instance [25] in the case of the Laplace operator).

3 Proof of Theorem 2

First we shall assume that locally in ¢, X* (which is the set of the points
of the level line T of u which realize the maximum of |Vu|) is supported



in an analytic curve ¢+ z¢ such that t =wu(x'). The justification of such an
assumption will be given in the next subsection.

3.1 Proof of Theorem 2 in a particular case.
Let 2! be a point where the maximum of the gradient is reached on a level
line I't:

g 2

F(t):=0, (3|Vul )|x:xt ~0,

G(t):=02(3|vul) _ <0,

|z=xt

According to the definition of the normal and tangent unit vectors n and T,

we get, at a::xt,

F(t)=|Vu|Dp,u and G(t)= (0, |Vu|) Dpru+|Vu|d; (Dpru) .
With the definition m(t):=|Vu(z!)| >0 by (A1), this can be rewritten as
F
—(t) =Dy~ H= )
" )= Durulat) =0
a(t) = m&- (Dn—,-u)‘w:mt < 0.

Equation for m : deriving the identity u(x!) =t with respect to ¢, which can
certainly be done at least if ¢+ 2! is an analytic curve, we get

dzt 1
n— ——
a m’
2 ¢ .
so that mcil—T = % (% |Vu(zh)| ) =Vu(a!)-D?u- ddit = Dypu(zt). Using the
curvature K = ‘DVT; 1|L, we may write D,,u=m K, and Equation (1.5) at z=21!

gives Equation (1.8).

Inequation for K : we compute Cii—]f = %c%K—Fh(‘)TK, where h=r71- dd—“"f. To

get an expression of h, we derive % with respect to t:

d (F 1
=— | — = —Un DnT T DTLT .

0 p <m(t)> m8 (Dpru) +h0r (Dpru)
Because of the Fréchet formula (1.6) and (1.7), and using the fact that
Dpru(zt) =0, we have

871 (Dnru) = Dnn'ru .



To evaluate D,,,u, we derive equation (1.5) with respect to 7:
aDnnTu—i_ﬂDTTTu—i_’yaT (Dn'ru) =0.
If G #0, putting these expressions all together, we get

dK K2 ~ (0.K\ § ,1 G
Tt (G ) ramea g

and an optimization on G <0 gives

2
K K1 (2ﬁ _M) 0% 5
dt m m o«

If G=0, then it is easy to see that 9, K =0 and dd—[f :—%2. In any case,
(3.1) is true, which proves Inequality (1.9).

3.2 Proof of Theorem 2 in the general case

We will introduce analytic functions relevant to our problem and then give
the proof of Theorem 2 in this framework. Here is the technical part of the
proof, for which we shall distinguish two cases.

Let us recall that a point z! belongs to X! if and only if u(z')=t and

Vu(zt)| = max Vu . This implies that
Vu(e)| = _max  [Vu(y) b

d
-
Now let us define on {|Vu| >0} the analytic function:
d 2
F) =2 (vu?/2),
(with the notations of Subsection 3.1, F(t) = F(z") =0). Let X = Uy, X"

From (3.2), we know that X C {F =0} is an analytic set, if we define analytic
sets as sets where analytic functions vanish.

Case A: F'=0 : this is the simplest case (see Appendix 5.1 for details).

Lemma 4 If F=0, then Q is a disk and u is radially symmetric.

10



Proof. If F=0, then |Vu|=const=m(t) on each level line I'' = {u=t}.
Let v be a smooth curve such that u(y(t)) =t. Because here X =Q\ A, any
such curve can be seen as a curve t+— z! used in the previous subsection. As
a consequence we have

f(md—m,mK,O,m,t) =0
dt
where K = K ((t)). From Assumption (A2), we deduce that K = K (¢) on I'.
Because 2 is bounded, the level lines of u are circles.
Moreover 0,n=m"'D,,ur=0. This implies that if x; € 9Q and ~,, is
the integral curve of the vector field n such that u(vz, (t)) =t and 7, (up) =
1, then Ln(yy, (1)) =0:

Yoy (B) =21+ (t—uo)n(z1) and u(y,, (t))=t.

Because this is true for every point x; in the circle 92, we see that the
circles I' have the same center zg. In particular the solution is radial on the
annulus Q\A:Bl/K(ug)(‘TO)\Bl/K(O) (330) O

Case B: F#0 : we begin with a statement that will be proved in Ap-
pendix 5.3.

Lemma 5 For every >0, for m(t) =supg,— |Vul, let we be defined by
we={reQ:e<u(r)<upg—e, |Vu(x)|>e m(u(z))}.

Then there exists an open set w which is a finite union of balls such that

{F=0}Nw, Cw:= GBW(@-) C {|Vu|>0}.
i=1

Moreover the set F,,:={F=0}Nw has the following property:
ki '
Vie[l,N], 3k eN, F,NB, (z;)={z:}U({J"}), (3.3)
j=1

where ’y;- are analytic open curves with x; as origin such that in a neigh-
borhood of a singular pqint x;, either %(uovj)zo or (up to change the
parametrization) dils(uoy;) >0. Here s is the curvilinear coordinate.

11



As a consequence of the lemma we get that for any e>0 small enough,
X N{e<u<wuy—e} is contained in F,, which has an analytic structure given
by (3.3).

We are now going to prove that (1.8) and (1.9), which have been estab-
lished in the case of an analytic curve, are also valid in the general frame-
work.

Let us assume that € >0 is fixed in all what follows. Denote by v the
generic curve defined in Lemma 5 and let {z}} be the set of points on
the curves 7 such that %(uoy)géo and %(uoy)w(s):x; =0. Because the
curves v and the function u are analytic, we deduce that there are only a
finite number N’ of such points xé Let G and Gy be the sets of curves ~y
such that d%(UOV) >0 and u(y) = const respectively. Then

{F=0}Nw=GUGoU{z; }1<icnU{z{}1<i<n’ -

We can rewrite the discret set {u(z;) h<i< v U{u(z)) h<i<n U{u(y) }yeg, as
an increasing finite sequence of critical values, ¢} € (e,up—¢), k=1,2,...M.
Let Gy be the set of curves v € G which range in {t} <u<t,’;+1}. Then on
(t7,t541) we have:
m(t) = sup [Vu(y(?))]-
YEGK
Because each map t+— |Vu(v(t))| is analytic, we deduce from Proposition 4

that this supremum is analytic except maybe on a discret set {tz’n}p; <n<pt

with p., p € ZU{—occ}U{+0o0}, which has no accumulation point in
(t5.tr 4+1)- Only t} and t;, are possible accumulation points. In partic-
ular there exists v, , € G such that

m(t) = |Vu(%k7n(t))| on (tyn,tkntt)-

Then the proof of Theorem 2, given above in the special case where X! is
supported in an analytic curve ¢+ ! =Yty (t), applies and gives the equa-
tions written in Theorem 2 for

K(t) =K (1, (1)) on (L nstenyr) -

Although the map t+ m(t) is continuous, the map ¢+— K (t) can be discon-
tinuous in 4 ,. In other words we can have K (v, ,,_, (tkn)) # K (v, (tkn)-
Nevertheless we have the

12



Lemma 6 With the above notations,

K(’Ytk,n (tkyn)) S K(’Ytk,nfl (tk,n)) .

We can therefore define K (ty,,):= K (7, ,(tr,n)) and then (1.10) is true in
the sense of distribution on (¢ ,,—1,tk n+1):

Kg—%—% (2\/g |;|) 0. K], (3.4)

where 0, K is taken on vy, , for t <tp, and v, , for t >t .

Proof of Lemma 6. Let us recall that for each curve y=<, , and
Y=, We have

dm
f(mﬁ,

where m(t) = |Vu(y(t))| and K (t) =K (y(t)). Let m*(t) =[Vu(y,,, (t))| and
m~(t)=|Vu(y,,,_, (). Then

mEt) =m(tgn) H1E - (t—thn) Fo([t—trnl),

mK,0,m,t)=0 (3.5)

dm;(t) 1=1, - Note that because of Assumption (A2), [T —1" has

the same sign as —K (v, ,, (tk,n)) + K (7., (tk,n)). Because of

where [* =

_ mT(t) on (tgn,thn
m(t) =sup(m™(t),m”(t)) = { m_gt; on Et:n_ft;i;
we deduce that [T >1~ and then K (v, ,, (tk,n)) < K (74, (tk,n)) which ends
the proof of Lemma 6. a

More generally (3.5) and (3.4) are true on (t},t; ) for K defined by

K(t)= inf K(z').
()= inf K(')
We now want to prove that these equations are still true in a neighbor-
hood of a critical value t;. It is clear that (3.5) is true almost every-
where in (t;_;,t; ), because the map ¢+ m(t) is continuous. We have
to prove that (3.4) is true on (t;_;,t;,,) in the sense of distributions. Let

dECE(th_1,t5p1), @ =0

<K,p> =— HlK(b

*
tkl

13



. t2—5 . t12+1 .
=—lim Ko+ Ko
6—0 o

% ti+0

ty—6 ty, .
/k _Ké+ k+1 _Koé
= _%jn%) (29 tz-',-té
- tr—6 x
Kl + (Kol

S (- B)em)e

Fo(t) limsup(K(tj, +0) — K (t} —9))
—0

< <—%2—% (2@—%) |0-K|,¢>

because ¢(t;) >0 and because of the

Lemma 7 With the above notations,

limsup(K (£ +6) — K (5 — 6)) <0. (3.6)
6—0

Lemma 7 is a kind of generalization of Lemma 6 that will be proved in
Appendix 5.3.

The system (3.4)-(3.5) holds on (t;_;,t; ;) and then on (t+e€,t—e¢).
Taking the limit e — 0, we end up with the proof of Theorem 2.

4 Proof of Theorem 3

The proof of Theorem 3 relies mainly in the fact that as t— 0, the set X?
accumulates in a point of A which realizes the minimum of the curvature
of the free boundary.

Proposition 3 Under the assumptions of Theorem 3, let z' be a point such
that
u(z)=t and |Vu(z')|= max |Vu(y)|.
u(y)=t

If ot — 20 as t—0, then K(z') — K(2°) = inafAK(x).
Te

14



4.1 End of the proof of Theorem 3

Property (ii) of Theorem 3 follows from Theorem 2, (1.9) and Proposition 3.
To prove (i), we first remark that because of Assumption (A2), we can
rewrite (1.8) as

d(m?)

dt

where H is analytic with respect to (m,K,t) € [0,400) x IR x [0,u¢] and de-
creasing with respect to K. Because of the inequality on K, it is clear that
K(t) >infgq K =: Ky. Thus we get

2
{ % SH(m7K07t) a.e. on (O,UO) ’

m(0) = |A(K)| Lo (n) -

We can then compare with the solution mg of

:H(m7K7t) on (O,Uo),

2
{%ZH(mo,Ko,t) on (0,up),
m(0) = [A(K)| Lo (gp) +1-

The uniqueness of mg and its local existence are clear. Using the fact that
m >0 on (0,up), it is quite classical to see that if mg>m on (a,b) CC (0,up),
then my is defined on (a,up) and satisfies mg>m on (a,up). On the other
hand by the continuity of m in ¢t =0, we get that my >m on a small interval
[0,€), which implies that mo>m on [0,up]. In conclusion, the solution mg
exists on [0,ug], is unique and is an upper bound for m on [0,u¢]. This ends
the proof of Theorem 3.

4.2 Proof of Proposition 3

First let us recall that according to C.B. Morrey [27], the solution u is
analytic up to the free boundary 0A, because A is analytic itself. We will
now distinguish three cases.

Case \(infgn K) >0 and \(K) # constant on JA : according to Assump-
tion (A3) A is assumed to be analytic nondecreasing in K. Thus
maxgp A(K) = \(infgp K) >0 and by continuity, Proposition 3 is true.

Case \=constant >0 on JA : let o€ A and 7, (t) be the integral curve
of the vector field n such that v;,(0) =xz¢ and u(yz, (t)) =1 :

Vo (t) =20+ én(azo) +O(t?) for t>0.
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For t>0 close enough to 0, the map zg— vz,(t) is a diffeomorphism from
OA onto I' = {u=t}. Then for every x € ' with ¢ >0 close to 0, there exists
a unique 9 €A such that ©=",,(t), and |Vu(vz,(t)| =N+ £ Dpnu(ao)+
O(t?) can be inverted into

Dul0) =5 (Ve ()] 1)+ O(1).

Moreover Dy u(7yz,(t)) =O(t). Thus we get

F (5 1900 (0] = 2. AK (i (0. 0.0, 1) =010).

Now for ¢ > 0 small enough and z* € X, let 2, € OA be defined by z' = Yt () :
(Va0 =A) =1  sup [Vulrzg ()] =2 -
t "o t 2oEOA 0

From Assumption (A2), we can deduce that
Vg €A, K (2o (1)) = K (7,5 (1)) +O(t) -

Up to extraction of some subsequence, we can assume that 336 converges to
some ) € OA as t — 0F. Because A >0 on JA, the continuity of the curvature
K up to the free boundary OA is automatically satisfied. We then deduce
by continuity that K (z3)=infg K, which proves Proposition 3. O

Case A=0 on OA : we first remark that deriving d,u(x)=0 on A with
respect to the tangential to A vector field 7, we get

Dp;u=0 on OJOA.

As x — xp € OA, by passing to the limit in (1.5), we get F(Dnnu(x0),0,0,0,0) =
0. Because F(0,0,0,0,0) <0, Dp,u(zp) is the unique positive root of s+—
F(s,0,0,0,0). The function D,,u is therefore constant on OA.

For z close to OA, we set h=d(x,0A) and associate z( to x as follows

T="z,(h) and ’Yxo(h):$0+hn(x0)’

For h small enough, the map (zg,h)— vz,(h) is indeed a local diffeomor-
phism. In place of n, consider the vector field ng(x) =n(zo(z)).

(a0 (1)) = Ji' Dnqt(w0 -+ smo)ds :
= foh dS(Dnou(xO) + SDnonou(xO) + %Dm)nonou(xo) + 0(33))
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gives
h2 h? 4
t:EDnOnOU(LUO)_'_EDnononou(xO)_‘_O(h‘ ) .

We deduce that
1
1 2 2 tD U 3
h=t2 | ——— | — - 000 tz
) <Dn0nou) 3 (Dngnou)? L),
and a computation (repeated indices are summed) gives with y =, (h) — xo:
|Vu(yay (W))1? = [Vu(wo)|* +2VuDfu-y;

+3{DijuDipu+2VuD;jruty;y
+%{6DijkuDilu + ZViUDijklu}yjykyl + O(|y|4)

= (Dnonou)2h2 + (Dnonou)(Dnononou)h3 "‘10(|y|4)
=2t(Dpynou)? +%t% (Drngnono) (L) P4 o(t?).

Dyyngu

Lemma 8 With the above notations,
_ B g o
Diynonet(0) = —Dpgne (o) aK(:Eo) + o on 0N where 0=Fg, -

Combining the above computations, we get

V(Yo ()2 = 2t( Do) — %t (gK(xo) + g) (2Dnon0u)% +0(t%).

NI

We see that the gradient is maximum when the curvature is minimal, which
ends the proof of Proposition 3. O

Proof of Lemma 8. First, let us recall the following relations:

([ Drpu B Dmou>
8n0n—< Vul > T, OpoT= ( Vul n.

To compute Dy,nonott, we derive Equation (1.5) with respect to the field ng :

aDnnnou"i_ﬁDTTnou"’_’YDno (Dn—ru) +2J+1+L=0,

where
J = (D.ytt) Oy + B(Dr) Oy T = SH (Drirt) (Do)
I=~((Dp.u) Opgn+ (Dr.w) Op,m) =0,
L: |/vu"ano (Dnu)—i_f&'anou.

To evaluate these quantities, we use D,,u=0 on JA and the following
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Lemma 9 With the above notations, for h=d(x,0A) >0 small, then
Drpou=o(h), |Vu|>Ch
for some positive constant C, and Dyn-u=0 on OA.

As a consequence, on JA, we get

Dyo(Dnru)=0, J=0, L=6Dyn,u,
Dy ononet +BDrrngtt 46 Dpgnou=0.

To conplete the proof, we have to compute D,,,u. For that purpose, let
us define the function v(x)=0p,(y)u(z), which is analytic in a neighbour-
hood of JA and up to JA. It is easy to check that 0, v =Dy n,u on Q\A.
Since v=0 and |Vv|= Dyn,u=const >0 on A, the curvature of JA > x

is given by K (xg)= Drom? where 1o = —ng. It is also easy to check that on

[Vu
OA, Dryrov = Dpyrorott. Thus Drrpotu=(Dypynou) K on OA, which gives the
expected equality and ends the proof of Lemma 8. O

Proof of Lemma 9. Deriving D,,,,u=constant on O\ with respect to 7,
we get: D, pnu=0 on OA. Let us remark that

d Dypou
%(Drnu(%co(h)))—D'rnonou_(DTnou) Vul

and that |Vu(yz,(h)| > Ch because Dy, pn,u=constant >0 on JA. Using the
regularity of D3u, we deduce that D,,,u=o(h) for h>0 small, which ends
the proof of Lemma 9. a

5 Appendix

This last section is devoted to results and extensions that have been omitted
in Section 1-4 to simplify the reading. First, we establish the expression of
(1.8) and (1.9) in the case of a ball, which is actually much easier than the
general case. The interesting point is that the inequation for the curvature
K becomes an equality. Then we give at a formal level the extension of the
system (1.8)-(1.9) to dimensions higher than 2. The estimate for the gradient
is unchanged but the one on the curvature is replaced by an estimate on the
arithmetic mean curvature, which is not sufficient to prove a convexity result
for the free boundary. A rigourous justification of the computations would
not be much more difficult than in dimension 2 but is for sure extremely
tedious, so we leave it at a formal level. The last part of this Appendix is
devoted to results on analytic sets that we use in the proof of Theorem 2.
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5.1 The radial case

This method is easy to understand in the radially symmetric case. Assume
that = B(0,Rp) and consider a radial solution of Equation (1.5). We define
for any t € (0,ug) the functions K (¢) and m(t) by

1 1
t=u| ——= d H=u( ——).
u(K(t)) and m(t) u(K(t))
A derivation with respect to t gives K = —%2 and m= % Here () and ()’

respectively denote the derivatives with respect to t and r. Equation (1.5)
is equivalent to (1.8). An integration from 0 to ug with the initial values
m(0)=A(K(0)) and K (up)= RLO gives the result of Theorem 3. A variant of
this approach consists simply to get an upper bound by considering

1

M(UO’KO)Z max mo(S)Zm(t) Vie [O,Uo], K0:_>07
s€[0,up) Ro

where t—myg(t) is the solution to F(mgnig,moKo,0,mg,t) =0 with initial
datum mg(0) = \(Kp) +1.

5.2 Higher dimensions

In this subsection, we formally extend our approach to dimensions d > 3. The
main difference is that the curvature has to be replaced by the arithmetic
mean curvature. We will justify the derivation of this system only at a
formal level by considering the generic case.

To simplify the presentation we consider a solution u of

d—1
f(Dddu,ZDiiu,\Vu],u):0 (5.1)
i=1

where D;; is defined as follows. Consider the level set T'={zx€Q: u(x)=
t} CIR? and (when Vu(z)#0) the unit normal vector n(z)= %(m) which
is orthogonal to the hyperplane II=1II(x) tangent to I'* at x. For i=
1,2,...d—1, we may diagonalize (D?u)r; = Prj(D?u) Py where Py is the pro-
jection on IT and define 7; (i=1,2,...d—1) as the corresponding eigenvec-
tors such that (71,72,...74—1,7¢=n) forms an orthonormal basis in R? (the
derivative along the normal to the level hypersurface, i.e. along the di-

rection n, corresponds to the index d). The numbers \; = (7;, (D?*u)n;)
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are the eigenvalues of (D?u) and we define the off-diagonal terms p;=
(14, (D?u)7;) = (73,(D%*u)1y4) for i=1,2,...d, and the curvatures Ki:ﬁ
(i=1,2,...d—1). With the notations D;ju= (7;,(D?u)T}), the Fréchet for-
mula are (as in Section 2, din_ =7;-V, so that two derivatives do not neces-

sarily commute and % can be different from 0):

drg _dn _ N oo (i i — —
a = dr = Toa Ti = KiTi (without summation on i=1,2,...d—1),

drg _ dn _ ~d—1 Digu
dre = dn = 2iel o] Tis

and assuming from now on that K; # K; (1<i#j<d-1),

dr, _ d d o~ D

dry _dr _d oo o o ZIVe] gt o i

dry = dn _Zﬂ-; a;jT; where aij = G =K,y %id = o)

dr; _ —d - o K (pidkitprdig)—Dijgu 5 )

e —Z,;;l_ ik Tk Qijk = Nl (KoeK) , aijq=—K;0;; for 1<k#i<d—1.
1

As in Section 2, we denote by 2 € I'* a point which realizes the maximum
of [Vu|? on I'* and assume that ¢+ 2! is an analytic curve. By definition of
!, %(\Vu]z)(a:t)zo (1=1,2,...d—1), thus proving that u; 0. Be-
¢, we may also define

|z=axt —
cause |Vu|? restricted to I'? has a critical point at z =2
its Hessian as

d  d d

d
G (V) = - (V) = H i) <O,

with H = (D?(|Vu|?))r — 2(Dgqu)(D?*u) and (D?(|Vu|?))n=2((D?*u)n)?+
2|Vu|(Dg..w)rr. In the following, we shall assume for simplicity that H is

actually negative definite. Let us compute %(Zfz_ll K;).

1) With notations similar to the ones of the 2-dimensional case, we have

Lo st 1 1 - o )
< —2) == h+ Bét
57 (0 ) = (g b0+ (Rt ot)+0((61)?)
where i = (h1,ha,...hq_1), B €Il(z!). With §=az!+% — g,

—.

5t =u(z') —u(zt) =5-Vu+1(5- (D*u)d)+o(|0]?)

- - Dgqu
2 dd 2 2
= 0t-+ (6] Vul+ 3 (DR + 3 75 (0) +o((61)?),
1 Dgqu

d b=— 1 Daqu
an 2 |Vul?

(h-(D*u)h) —

N | —
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2) Using the Taylor expansion of |Vu(z!™)|? —|Vu(z!)[?> and maximiz-
ing it with respect to h, we get ﬁ:—ﬁ(H(_l) OPH)<Dd.(|Vu|2)). Since
Dgi (|Vul|?) =2|Vu|Dggju, we have

E = —Z(H(_l) OPH) <Ddd.u> .

3) We compute Z?;ll K;:

d—1 ) d d—1 . 1 d d—1 R d—1
i:1Ki:£(;Ki(x )):—\wy %(;Ki)m.vn(;m).

Using the Fréchet formulas, we get, at =z,

= —(Dgsu—Dgguk;) and “i=
dn g Dt~ DaqulGs) - an dr; |V

4) On one hand, let us remark that because H <0, for each i=1,...d—1:

Diiju .

0> Hy; =2|Vu| (Daizut |Vu| K? ~ Dgquk; )
1 dK; K?
so that WW S —W
5) On the other hand, deriving Equation (5.1) with respect to 7;, we obtain
aDggiu+3Y; Diiju=0, and consequently diTj (TR =2 Dagiv o q

B Vul
. d—1 o
h- VH(Z Kz) = 25 [PH(Ddd.u)]H(_l) [PH(Ddd.u)] § 0
i=1
because H < 0. Therefore

d d—1 d—1

il K; _— 2

dt(g )< [Vul ; !

In view of the free boundary problem, we may simply quote that if the
domain Q C IR? is convex, the mean curvature Zf:_f K of the free boundary
at the limit of the points that maximize the gradient, is positive. Concern-
ing the estimates on the gradient, Theorem 2 could be generalized to any
dimension, thus providing an estimate taking the geometry of the domain
into account. However a rigourous justification of these estimates would
involve a tedious discussion of the various special cases (that we discarded
above by taking appropriate assumptions), similar for the methods to the
2-dimensional case, but much longer. This is why we left it here at a formal
level.
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5.3 Results on analytic sets

We will first state some general results on analytic sets and then prove
Lemma 5 and Lemma 7.

From [9] (chapter 8: Etude locale des fonctions et des ensembles analy-
tiques; Propositions 4.2.5, 7.2, 7.7 and Theorem 1.2.2) we deduce the

Theorem 4 For N>1, let U be an open set of IR? and Fi(xy,29), i=
1,2,...N be real analytic functions of (x1,x2)€U. We assume that Fy#0
and F;(0)=0, i=1,2,...N. Then there exists positive real number r and an
integer k such that

N k
(ﬂ{mzt)}) NB(0)={0}u | [J
i=1 j=1
for a disjoint union of analytic open curves s ~;(s), s€(0,1), with

lims—>0 ij(S) =0 s
lims—17j(s) =x; € 0B,(0).

Moreover the same property is true for every ball B,.(0) with v’ <r.

This result gives a precise description of the structure of analytic sets. In
our proof of Theorem 2, we are interested in the following special situation.
Let F1 #0 be an analytic function with F7(0) =0. Theorem 4 for N =1 gives
the existence of an open curve v C {F; =0} with lims_,¢7y(s)=0. Let Fy be
a second analytic function such that Fy(0)=0 and VFy(0)#0. What can

d

be said on 7 (Fpoy) ? The answer to this question is given by the

Corollary 1 Consider a real analytic function Fy of the variables (x1,22) €
U, where U is an open set in IR?, such that Fo(0)=0 and VFy(0)#0. If
v:(0,1) = U is an analytic curve such that lims_oy(s) =0 and v C {Fy =0},
where the function Fy is analytic with F1 #0, then for an € >0 small enough,
on the interval (0,¢),

(i) either %(FO 0y)=0,
(ii) or £4(Fyory)>0.

The proof of this corollary takes advantage of the following classical result.
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Proposition 4 Let g and h be two analytic functions defined on the interval
(—=1,1). If 0 is an accumulation point of the set {s€(—1,1): f(s)=g(s)},
then f=g on (—1,1).

Proof of Corollary 1. Consider an analytic function F; defined on U such
that v C {F} =0}. Let [ be the smallest integer such that v C ﬂl _o{D'F =0}
and v ¢ {D1F; =0}, where D’ Fy denotes the set of all partlal derivatives
of total order j: {0]' 95 F1}ji4j,=j. We know that Fy #0, so [ is finite and
there exists j1,j2 >0, ji +jo =1 such that for F} —8J18]2F1 we have

Fioy=0 and (VFy)oy#0. (5.2)
Let 7 be the unit vector field tangent to level lines of Fy (i.e. such that
0-Fy=0).

Case 1: T-Vﬁl(O)#O: the curve v is analytic in a neighbourhood of 0
and up to s=0. In particular we can chose the curvilinear abscissa s as
a parametrization up to s=0 and

d _dy B dy
T Fron) =L -VR=-VR (] ) .
because 7= —%. We know that (le—;f)L is colinear to VF}, and conse-
quently
d |V E| =
U en) =+ TR (- V), (5.3)

so we deduce that :l: <(Foov) >0 in a neighbourhood of 0.

Case 2: 7-VF(0)=0: if 7-VEF; =0 on U, then obviously (7-VF;)oy=0
and 4 T (Fooy)=0. If 7-VE; #0 on U, then from Theorem 4 we have

({Flz()}ﬂ{T'VFl:O})ﬂB {O}U LI]

for some r >0 small enough. In that case, either for any j v 7~ and then
:E(T'V]“:'l)h>02 as in Case 1, Equation (5.3), we get :l: ~(Fooy)>0in a
neighbourhood of 0, or the exists some j such that v; = ’y In that case, 7-

VFj oy=0on a neighborhood of 0. From (5.2) we know that (VFy 07)(s)#0
except maybe in a decreasing sequence of points (s, )nen € (0,1)N. Because
the map (0,1)3 s— (VE] 07)(s) is analytic, the only possible accumulation
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point of the sequence (s,)nen is 0 according to Proposition 4. Away from
these points s,, we can apply the implicit function theorem which proves
that Fyoy=const=C, on (Sp4+1,5,). By continuity at s,, we get C, =
Cht1=1Fp(0)=0 and consequently v C {Fy=0}, 4(Fyoy)=0 on (0,¢) for
€ >0 small enough. O

We are now going to prove Lemma 5 and Lemma 7 which are used in
the proof of Theorem 2.

Proof of Lemma 5. The map t+— m(t) is continuous on [0,up]. For every
0<¢ <e we have W, Cwy. Let F,,, ={F=0}Nw,. Then F, is a compact
set included in {|Vu|>0}. At every point zg € F,_, the set {F =0} has the
property given in Theorem 4: for any x( € F},_ there exists an 7, >0, and a

. k.
finite set of curves (v;°);Z such that

kg
{F=0}NB,, (x0)={zo}U(|J"}")-
j=1

Because F,, is compact, it can be covered by a finite number, N, of balls

N
F—wec U Bri($i):w7
1=1

where r; = % The result of Lemma 5 is then a straightforward consequence
of Corollary 1. a

Proof of Lemma 7. To prove (3.6), we now consider a point zg € X tk such
that K (x¢) :infyextz K (y). We will prove that

limsup K (t,+6) < K(xp) . (5.4)

6—0t

To this end, let us consider a smooth curve v defined for t € (t; —n,t; +n) for
some small 7> 0, such that vo(t;) =20 and u(yo(t)) =t. Then by definition
of m(t), we have

1 1
5 (mti+8) = m(th)) = 5 (IVutu(ti+5)] - [Vutr(t)] ) for 520.
(5.5)
Because of Assumption (A2), equation F(Dypu, Drru, Dpru, |Vul,u) =0 can
now be rewritten locally near x( as

Dypnu="H(Dsru, Dpru,|Vul,u)
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where H is analytic in all the variables and (locally) decreasing in D, u.
With the notation mg(t) =|Vu(y(t))],
Jim 5 (19l (t-+8)] - V(o6
li Lt H K t)),D t t)dt
—511&5 " mo (MoK (70(¢)), Dnru(yo(t)),mo,t)
1
ZEH(mK(xO),O,m,tZ) for m=m(t;),

by continuity of all the quantities on the smooth curve 7g. Let us recall that
m(t) =sup, g, |Vu(y(t))| for t € (t},t;, ). Because we restrict our study the
case t >}, close to t;, we only need to consider

Fri={veFr: [Vuly({t))=m(tp)} .

Then locally for ¢ > ¢}, we have m(t) = Sup, g |Vu(~(t))| and for each curve
v € Fj we get similarly:

Jim < (190084 8))] = [Va(y ()] = HmE (1 (£5)).0.m.)
for m=m(t}). Because
5 (@i +9)=m(i)) = sup 5 (V23400 - IVuGr 62

and because G is finite, we have: lims SUpPg: = Supg- limg, which implies
Jim 5 (m(ti-+6)=m(t}) ) =-Hm. Inf K(3(60).0.m.15) form=m(}).
From (5.5) we deduce

Hm inf. K (5(t+6)),0,m,65) 2 H(mK (x0),0.m, )
TEYg

which gives inf,eg- K(v(t;)) < K (zo). To conclude, we remark that

limsup K (¢ +6) = limsu inf K(~(t
meup K (fi+0) ()t <veg,:,w<v(t>>|:m<t> (rt ))>

< i inf K (vy(t
<, lim, <7ng; (v ))>

YEGE \t—(t5)*
= inf K(v(t;

inf K((t})
< K(zo),

= inf ( lim K(y(t)))
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which is nothing else than (5.4). Similarly we get liminfs o+ K (¢}, —6) >

K(x

0), which with (5.4) implies (3.6). This ends the proof of Lemma 7. O
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