The Euclidean Onofri inequality in higher dimensions
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stereographic projection. We establish an optimal version of a generalization of this inequality in the d-dimensional
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1 Introduction and main result

The Onofri inequality as stated in [I8] asserts that

1
log </ e’ dUg) —/ vdoy < ||VU||i2(s2 dos) (1)
s2 s? 4 ’

for any function v € H(S?, dos). Here dos denotes the standard surface measure on the two-dimensional unit
sphere S? C R3, up to a normalization factor ﬁ so that fSQ 1dos = 1.

Using stereographic projection from S? onto R?, that is defining u by

2z 229 1—|z|?

u(z) =v(y) wi y=(y1,92:¥3), % T+ Y2 T+’ Y3 T+ |2

for any x = (z1,22) € R?, then can be reformulated into the Fuclidean Onofri inequality, namely

w 1
g ([ evaua) = [ wdia < 1 V0l 2)

for any u € L'(R2, duz) such that Vu € L2(R?, dz), where

dx
W) AP

is again a probability measure.

The purpose of this note is to obtain an (optimal) extension of inequality (2)) to any space dimension. There
is a vast literature on Onofri’s inequality, and we shall only mention a few works relevant to our main result
below. Onofri’s inequality with a non-optimal constant was first established by J. Moser in [I7], a work prior to
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that of E. Onofri, [I8]. For this reason, the inequality is sometimes called the Moser-Onofri inequality. We also
point out that Onofri’s paper is based on an earlier result of T. Aubin, [2]. We refer the interested reader to [14]
for a recent account on the Moser-Onofri inequality. The inequality has an interesting version in the cylinder
R x S, see [12], which is however out of the scope of the present work.

In this note, we will establish that the Euclidean version of Onofri’s inequality can be extended to an
arbitrary dimension d > 3 in the following manner. Let us consider the probability measure

_ d dx
471 (1+ \xlﬁ)d

dpg(x)

Let us denote
Ry(X,Y) = | X +V|? - |X|?-d|X|*“?X .Y, (X,Y)eR?xR?,

which is a polynomial if d is even. We define

d—2
dlz|”d—1 _
Hd(xvp) = Rd (_w a Z, dd1p> ) (Cl',p) € Rd X ]Rd,
1+|z|d-1

and
fRd Ha(z, Vu) dx

" 10g (fya " dpa) — fruwdpa

Qqlu] :

The following is our main result.

Theorem 1.1. With the above notation, for any smooth compactly supported function u, we have

log (/ e d,ud> —/ udpg < ad/ Ha(z, Vu) dx . (3)
Rd Rd Rd

The optimal constant aq is explicit and given by

o — d'=1(d/2)
T o=
Small multiples of the function
x-e

v(x) = —d—
|x|% (1+ |x|ﬁ>

for a unit vector e are approrimate extremals of in the sense that

. 1
Eh_% Qulev] = o

O

A rather unexpected feature of inequality when compared with Onofri’s inequality , is that it involves
an inhomogeneous Sobolev-Orlicz type norm. As we will see below, as a by-product of the proof we obtain a
new Poincaré inequality in entire space, below, of which the function v defined by is an extremal.

Example 1.2. If d = 2, [, Ho(x, Vu) dz = § [5. |[Vu|? dz and we recover Onofri’s inequality (3) as in [11], with
optimal constant 1/as = 4 7. On the other hand, if for instance d = 4, we find that Hy(z, Vu) is a fourth order
polynomial in the partial derivatives of u, since Ry(X,Y) =4 (X - V)2 + |[Y]?([Y]? +4X - Y +2|X]?). O

Extensions of inequality (2|) to higher dimensions were already obtained long ago. Inequality was
generalized to the d-dimensional sphere in [3] [5], where natural conformally invariant, non-local generalizations
of the Laplacian were used. Those operators are of different nature than the ones in Theorem Indeed, no
clear connection through, for instance, stereographic projection is present. See also [16, [I5] in which bounded
domains are considered.

Inequality determines a natural Sobolev space in which it holds. Indeed, a classical completion argument
with respect to a norm corresponding to the integrals defined in both sides of the inequality determines a space
on which the inequality still holds. This space can be identified with the set of all functions u € L!(R?, dug)
such that the distribution Vu is a square integrable function. To avoid technicalities, computations will only be
done for smooth, compactly supported functions.

Our strategy is to consider the Euclidean inequality of Theorem [I.1] as the endpoint of a family of optimal
interpolation inequalities discovered in [7] and then extended in [8]. These inequalities can be stated as follows.
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Theorem 1.3. Letp € (1,d], a > 1 such that a < p(ddf_pl) ifp<d,andb=p ;%i. There exists a positive constant
Cp.a such that, for any function f € L*(R%,dz) with Vf € LP(R%,dx), we have

_ ) —p)d
[fllLe®a)y < Cpoa ||foIgm(Rd) ||f\|ia(6)Rd) with 6 = % ()
if a > p. A similar inequality also holds if a < p, namely
_ . —a)d
1F e @) < Coa IV 1o qmay 1 lliniay  with 0 = oty -

In both cases, equality holds for any function taking the form

—1

flx)=A (1+B|x—mo|%)+hp Vo e R?

for some (A, B, 29) € R x R x R%, where B has the sign of a — p. O

While in [8], only the case p < d was considered, the proof there actually applies to also cover the case p = d,
for any a € (1,00).

For a = p, inequality degenerates into an equality. By substracting it to the inequality, dividing by a — p
and taking the limit as a — py, we obtain an optimal Euclidean LP-Sobolev logarithmic inequality which goes
as follows. Assume that 1 < p < d. Then for any u € WHP(R?) with [5, [u[? dz = 1 we have

als

1| (g

d —1\""
/ |u|? log |u|P dx < — log {,6’,,7,1/ |Vul|P dx} , where B,4:= P (p) T By e
Rd D R4 d T2 F<d p7+1>

e

is the optimal constant. Equality holds if and only if for some o > 0 and z € R?

1
1 (¢ dae=t|”
u(z) = i (2,)1 (9) emwlemmol Py e RY
2m2 P — 1 F(d L) o
)
This inequality has been established in [9] when p < d and in general in [13]; see also [6] [10].
When p < d, the endpoint a = p(%;l) corresponds to the usual optimal Sobolev inequality, for which the

extremal functions were already known from the celebrated papers by T. Aubin and G. Talenti, [I 20]. See
also [}, [19] for earlier related computations, which provided the value of some of the best constants.

When p = d, Theorem 1.1 will also be obtained by passing to a limit, namely as a — +oo. In this way,
the d-dmensional Onofri inequality corresponds to nothing but a natural extension of the optimal Sobolev’s
inequality. In dimension d = 2, with p =2, a = ¢+ 1 > 2 and b = 2¢, it has been recently observed in [I1] that

o= &t ) 2
||qu||L2q(R2) qu”Lq?H(]RZ) _eTor Jo2 |Vul® dz

| fllL2a(r2)  fpeetdus

1 S lim ngq+1
q—00

if fo=0+ |x|2)7<11f1 (1+ ;) and Jgz w dp2 = 0. In that sense, Onofri’s inequality in dimension d = 2 replaces
Sobolev’s inequality in higher dimensions as an endpoint of the family of Gagliardo-Nirenberg inequalities

||fHL2t1(]Rd) < C27qu1 vaHg?(]Rd) Hf”]];;-fl(]]{d)

with § = =1

7 ﬁ(d—%' In dimension d > 3, we will see below that can also be seen as an endpoint of .

2 Proof of Theorem [I.1]

Assume that u € D(RY) is such that [;, u dug = 0 and let

- d—
fo i =F, (1 + dal u) ,
where F, is defined by

d—1

Fa(z) = (1+\x|ril)7m VzeRe. (6)
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From Theorem Inequality , we know that

19 Fall o gy el
MFallrcee

if p=d. Our goal is to identify the right hand side in terms of wu. We recall that b = d((ill) and 0 = d?aidn'
Using the fact that F, is an optimal function, we can then rewrite (5)) with f = f, as
d(a Tt

o 2] (e IVE AT fo ol da

o IFe \‘““ [ VETdz | JFufr e
and observe that:
(i) limg— oo fga |F = Jpa (14 |27 1) dr = 4 [S*"] and

(a 1) d(a—1) (a—1) u
lim [ (fu S de = lm [ B, T (14 Lkt dx:/ e,
a—+o00 Jpa a—+c0 Jpa R4 (1—|—|$‘d—1)
so that
fRd ‘fa

—/ e“dug .
Rd

2am/?
F,|%de ~ ——— li Ydx =
/]Rd| ol dx d2T(d/2) ) GJTOO e | fal® dz = 00

(ii) As a — +o0,

and

h fRd |fa|a dx =1
LN AT

(iii) Finally, as a — +o00, we also find that

a—d a—
Jpga [V falda ) 70 I / Ha(z, V) d e / Ha(z, V) d
Jga |VFa|4 da ad Rd di V)G TP\t R4 anymer)

Here and above ¢1(a) = ¢3(a) means that lim,_, o ¢1(a)/l2(a) = 1. Fact (iii) requires some computations which
we make explicit next. First of all, we have

2 d4—2 7.(.d/2
Fa dd A
/Rd VR dr = =55

With X, := (1 + % u) VF, and Y, := % F, Vu, we can write, using the definition of Ry, that

d d
IV = |VF,|* (1+ %2 w)" + F, [VF,|" 2 VF, -V (1+ %2 u)® + Ry(X,, Ya) -

Consider the second term of the right hand side and integrate by parts. A straightforward computation shows
that

/ F,|VE,[*2VF, V(1 + %) do = 7/ IVE|* (1 + 422 u)? do — / FyAgF, (1442 0) do
Rd R R
where ApF, =V - (|[VF,|P~2VFE,) is computed for p = d. Collecting terms, we get

/ |V ol dx = f/ F, AyF, (1+%u)d der/ Ry(X,,Y,) dx
R4 Rd R4

We may next observe that

a2 PN = o] @
d—1$(1—|—|x‘d—1) — —d——5— a.e. as a— 400,
+ 14 |z|a-T

aVF,(x)= —adad
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while a V (1 + % u) = % Vu, so that both X, = (1 + dd*al u) VF,and Y, = % F,Vuin Ry(X,,Y,) are of
the order of 1/a. By homogeneity, it follows that

_d-—2
a? Ri(Xa,Ya) — Ry <—d|xddl x, % Vu) =Hy(z,Vu) as a— 400,
14|z d-1

by definition of H;. Hence we have established the fact that

/ |Vfa|ddl‘ = _/ Fa AdF‘a (1 + dd_al u)d dx +/ Rd(XaaYa> dx
R4 Rd Rd

=— | F,A4F, (1+d%2u+o(a™)) dm+a_d/ Ha(z, Vu) dx
R4 Rd

Next we can observe that — [o. Fo AgF, do = [, |VF,|*dz, while —limg (o a®™ ! Fy AgF, = d* 1 [S971| g,
so that

—/ F,AgF,udr =a'~4de " S / udpg +o(a*=?) =o(a'"?) as a— +oo
R4 R4

by the assumption that f]Rd u dug = 0. Altogether, this means that

_a—d Caed L
Joa IV falda | 70 Jga Ha(z, V) da\ 7@ D d(d-1) =D

T IvEddr ~ |1 ~ (14 & Hy(z, V) d
<f]Rd |VEF,|*dr * a? f]Rd |VF,|4dx T /Rd alz, Vu) d

as a — +00, which concludes the proof of (iii).

Before proving the optimality of the constant ayg, let us state an intermediate result which of interest in
itself. Let us assume that d > 2 and define Q4 as

2
Qu(X,Y):=2lime 2Ry(X,eY) = L X +tY|?  =d|X|"*[(d-2) (X V)2 +|XP|Y)?] .
e—0 dt? |t:0

We also define

a2
Ga(x,p) := Qq (—dmlddl z, ddlp> . (z,p) e RT x RY.
1]z 7T

Corollary 2.1. With g as in Theorem (1.1, we have
/ |v — |2 dug < ad/ Ga(z,Vv)dx with ©= / vdpg , (7)
Rd Rd Rd

for any v € LY(R?, dug) such that Vv € L2(RY, dx). O

This inequality is a Poincaré inequality, which is remarkable. Indeed, if we prove that the optimal constant in
is equal to a4, then oy is also optimal in Theorem Inequality . We will see below that this is the case.

Proof of Corollary . Inequality is a straightforward consequence of , written with u replaced by cv. In
the limit € — 0, both sides of the inequality are of order 2. Details are left to the reader. u

To conclude the proof of Theorem [I.I] let us check that there is a nontrivial function v which achieves
equality in @ Since F, is optimal for , we can write that

log </ |Fa\dfia:ll) d:c) =logCyq + d(“d;_dl) log (/ |VF,|* d:r) + log </ |Fo|® dx) .
R4 Rd R4

However, equality also holds true if we replace F, by F, . with F, .(z) := F,(z +¢ce), for an arbitrary given
e € S?1 and it is clear that one can differentiate twice with respect to € at ¢ = 0. Hence, for any a > d, we
have

d(a—1)
d—

d(a—1) (d(aq) B 1) Jpa |Fal 77 |va|* da _ o ad Jra Qu(Xa, 1 Y,) da
d—1 d—1 fRd IF| d(a—1) dx d(d—-1) fRd |VFa|d dx

fRd |Fol® |va)? da
f]Rd |Fyle dx

+a(a—1)

(8)
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with X, = VF,, Y, = fil F, Vv, and v, := e-VlogF,, that is

d T-e

@~ o = (1+[a]

Vg (z) = —

N—

Hence, if ¢ is a radial function, we may notice that f]R'i ¢ ve dxr =0 and

T2 (1. e)2 =1
lim 02/ ¢ |va|* dz = d? (x) R G0 xr=d [ ¢(x) i dx .
Rd

2 2
a—-+oo R4 (1+|m|ﬁ) R? (1+‘x|ﬁ)
d(a—1)

Since [ |[Fal 7T dz =0 ([ga |Fal® dz), the last term in (8) is negligible compared to the other ones. Passing
to the limit as a — 400, with v := lim,—, 1o @ v,, we find that v is given by and

i)’ 2 dlal g
(dil) / [v]* dpg = ad/ Qd( -, % Y) dx
Rd Re 1+4|2| T

where Y := % Vv and where we have used the fact that

d(d—1)ag lim ad/ |VF,|%dx=1.
a Rd

— 400

Since the function Qg is quadratic, we obtain that
2 2
(%) / [v]? dpg = ad/ Ga(z, % Vo) dex = aq (%) Gq(z, Vv) dz |
Rd Rd Rd
which corresponds precisely to equality in since v given by is such that v = 0.
Equality in is achieved by constants. The optimality of gy amounts to establish that in the inequality

1
Qd [U] Z >
aq
equality can be achieved along a minimizing sequence. Notice that

+Ha(z,Vu)dr
Qqulu] = fR alw, Vu) dx if / udug =0,
log (f]Rd ev dﬂd) Rd

The reader is invited to check that lim._,o Qq[e v] = a% In dimension d = 2, v is an eigenfunction associated to
the eigenvalue problem: —A v = A\jvus, corresponding to the lowest positive eigenvalue, A;. The generalization
to higher dimensions is given by . Notice that the function v is an eigenfunction of the linear form associated
to Gy, in the space L?(R%, dug). This concludes the proof of Theorem [1.1

Whether there are non-trivial optimal functions, that is, whether there exists a non-constant function u
such that Qgfu] = a%? is an open question. At least the proof of Theorem shows that there is a loss of
compactness in the sense that the limit of e v, i.e. 0, is not an admissible function for Q.
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