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Abstract We take advantage of a rigidity result for the equation satisfied
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Nirenberg inequalities to get a symmetry result for a larger set of inequali-
ties. The main ingredient is a reparametrization of the solutions to the Euler-
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achieved by symmetrization methods or comparison techniques so far.
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1 Introduction and main results
Let 2* := 0 if d = 1, 2, and 2* :=2d/(d — 2) if d > 3. Define

d(p—2 d—2
ﬂ(p7d) = Wa Qe = —F5—
and consider the space D}2(R9) obtained by completion of D(R?\ {0}) with
respect to the norm v — |||z|~% Vo HI2_,2(Rd)' We will be concerned with the
following two families of inequalities

Caffarelli-Kohn-Nirenberg Inequalities (CKN) [2] Let d > 1. For any
p€[2,2*]ifd>3orpe[2,2%)ifd =1, 2, for any 6 € [V(p,d), 1] with 6 > 1/2
if d = 1, there exists a positive constant Coxn (8, p, a) such that

2 ] 1—60
o\ [ Vo2 [ jof?
d < C 0 d ——d
</ o ) = Co@pa) (| TEedr) | f R
W

holds true for any v € DL2(R%). Here a, b and p are related by b = a—a.+d/p,
with the restrictions a < b < a+1ifd>3,a<b<a+1ifd =2 and
a+1/2 < b < a+1if d = 1. Moreover, the constants Ccxn(d,p,a) are
uniformly bounded outside a neighborhood of a = a..

In [4], a new class of inequalities, called weighted logarithmic Hardy inequal-
ities, was considered. These inequalities can be obtained from (1) by taking
6 = v (p — 2) and passing to the limit as p — 2.

Weighted Logarithmic Hardy Inequalities (WLH)[4] Let d > 1, a < a,
v >d/4and vy > 1/2if d = 2. Then there exists a positive constant Cwru (v, a)
such that, for any v € DL2(R%) normalized by

Rd

we have

/ ﬁ lo (|x\2(ac_“) |v|2) dx <2+ log |C ( a)/ w dx

R |£L’|2(a+1) g > 27 log WLH\Y> R |I‘2a .
(2)

Moreover, the constants Cwru(7,a) are uniformly bounded outside a neigh-

borhood of a = a..

It is very convenient to reformulate the Caffarelli-Kohn-Nirenberg inequal-
ity in cylindrical variables as in [3]. By means of the Emden-Fowler transfor-
mation

x

s=loglz] €R, w= Eh ST, y=(sw), uy) =l ()
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Inequality (1) for v is equivalent to a Gagliardo-Nirenberg-Sobolev inequality
for the function u on the cylinder C := R x S~

o 20-6
Kern (09, 4) [ullZae) < (IVulia) +AlulEe)) ullfSis” VueHY(C).
3)
Here and throughout the rest of the work we set

A= (a, —a)? .
Similarly, with u(y) = |z|%~%v(x), Inequality (2) is equivalent to

1
ul? log |ul? dy < 2+ lo [ Vul|?. +/1], 4
[l o lul? dy < 29 10g | g (1Nl +4) | @)

for any u € H'(C) such that ||u/[r2(c) = 1. In both cases, we consider on C the
measure dy = |S¥!|~1dw ds obtained by normalizing the surface of S~ to 1
(that is, the uniform probability measure), tensorized with the usual Lebesgue
measure on the axis of the cylinder.

We are interested in symmetry and symmetry breaking issues: when do
we know that equality in (1) and (2) is achieved by radial functions or, al-
ternatively, by functions depending only on s in (3) and (4)? Related with
inequality (3) is the Rayleigh quotient:

[ 2(1-0
IVul3 + Afa)3)” ully

[[ull3

u) = ¢

Here [Jullq := ([, |ul® du)l/q. Then (3) and (4) are equivalent to state that

K 07 7A = i f y Y
ckn(0,p, A) werih o) Q% [u]
Kwin(y, 4) = inf  (||Vul|2 4 A) e~ 75 Je [ul* loglul® d
ueH' (C)\{0}
llull2=1

Let K& (0, p, A) and K3 (77, A) be the corresponding values of the infimum
when the set of minimization is restricted to functions depending only on s.
The main interest of introducing the measure dp is that Kggn(60,p, 4) and
Kivru (7, 4) are independent of the dimension and can be computed for d = 1
by solving the problem on the real line R.

Radial symmetry of v = v(z) means that v = u(s,w) is independent of w.
Up to translations in s and a multiplication by a constant, the optimal func-
tions in the class of functions depending only on s € R solve the equation

v+ Au, =vP™ in R
if # = 1. See Section 2 if § < 1. Up to translations in s, non-negative solutions
of this equation are all equal to the function
A

Uy(8) i= ————5— VseR, (5)
[ cosh(B s)] 72
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with AP=2 = £Aand B = % VA (p —2). The uniqueness up to translations is
a standard result (see for instance [11, Proposition B.2] for a proof).

The symmetry breaking issue is now reduced to the question of knowing
whether the inequalities

Kokn(0,p, A) < Kegn(0,p,4)  and  Kwru(y, 4) < Kypua(r,4)  (6)

are strict or not, when d > 2. Symmetry breaking occurs if the inequality
is strict and then optimal functions are not symmetric (symmetric means:
depending only on s in the setting of the cylinder, or on |z| in the case of
the Euclidean space). In [4, pp. 2048 and 2057], the values of the symmetric
constants have been computed. They are given by

p=2 6 6— 2 ez
x _ [2p0+2-p] 27 2p0 p+21 57 | VAL(GE) | 7 ge-ne2
Kekn (0, p, A) = [ 22 } |:2p9+27p:| [B] ™ |:[‘(p22i§) AT
(7)
and
. V(BT gy \
KiwvLu (v, 4) = F(%)% (47—1) ify>7,
* ritle :
KWLH(’y,A):21_,(%)2 if ’y:i.
Let
Aps(0,p,d) =4 55 CODPE2 and A (1,p,d) = (d—1) 5. (8)

We will define A, (6, p, d) for § < 1 later in the Introduction. Symmetry break-
ing occurs for any A > Apg according to a result of V. Felli and M. Schneider
in [15] for # = 1 and in [4] for § < 1 (also see [3] for previous results and [14]
if d =2 and 6 = 1). This symmetry breaking is a straightforward consequence
of the fact that for A > Apg, the symmetric optimals are saddle points of an
energy functional, and thus cannot be even local minima. As a consequence,
we know that Kckn (6, p, 4) < Kggn (0, p, A) if A > Apg(6,p,d).

Concerning the log Hardy inequality, it was shown in [4] that symmetry
breaking occurs, that is, Kwru (v, 4) < Kipu(v, 4), when either d = 2 and
v>1/20rd>3and vy > d/4 provided that

A>d-1)(v-1) .

Concerning symmetry, if § = 1, from [12], we know that symmetry holds
for (CKN) for any A < A,(1,p,d). The precise statement goes as follows.
Theorem 1 [12] Let d > 2. For any p € [2,2*] ifd >3 orp € [2,00) if d = 2,
under the conditions

0<p<A(lpd)  and Q] < Kikn(1l,p,p)
the solution of
— Autpu=uP"t on C (9)
is given by the one-dimensional equation, written on R. It is unique, up to
translations.
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Theorem 1 is a rigidity result. In [12], the proof is given for a minimizer of Q}N
which therefore satisfies Q}L[u] < KExn (1, p, 1), but the reader is invited to
check that only the latter condition is used in the proof. The proof is based
on a chain of estimates which involve optimal interpolation inequalities on the
sphere and the Keller-Lieb-Thirring inequality. These inequalities turn out to
be equalities, and equality in each of the inequalities is shown to imply that the
solution only depends on s (no angular dependence). The result of Theorem 1
gives a sufficient condition for symmetry when 6 = 1. We shall say that any
minimizer is symmetric if it is given by (5), up to multiplications by constants
and translations.

Theorem 2 [12] Let d > 2. For any p € [2,2*] if d > 3 or any p € [2,00)
ifd=2,if0 <A< A(1,p,d), then Kckn(1,p, 4) = KEgn (1,0, A) and any
minimizer 1§ symmetric.

In [12], the case § < 1 is also considered. According to [12, Theorem 9], for
any d > 3, any p € (2,2*) and any 0 € [¥(p,d), 1), we have the estimate

20 . .
(0, p)” 777 Kegn (0, 4, p) < Kekn (8, 4,p) < Kegn (9, 4,p) (10)

where ¢ := (229(’772) and

—1) p+2

p+2
p+2) @0-DpF2 1-

¢(0.p) = Ty (2 5(1-0))
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e}
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()
O
in the last inequality characterizes A,(1,p,d) as defined in (8). However (10)
does not give a range for symmetry unless 6 = 1.

Much more is known. According to [13,5], there is a continuous curve
p — Ag(0,p,d) with limy,_,o, As(0,p,d) = oo and As(0,p,d) > a2 for any
p € (2,2*) such that symmetry holds for any A < A (1,p,d) and there is
symmetry breaking if A > A4(1, p,d), for any 6 € [J(p,d),1). Additionally, we
have that lim,_,o« As(1,p,d) = a2 if d > 3 and, if d = 2, lim,_,o As(1,p,d) =
0 and lim, o p?As(1,p,d) = 4. The existence of this function A5 has been
proven in an indirect way, and it is not explicitly known. It has been a long-
standing question to decide whether the curves p — Aq(6,p, d) and the curve
p — Aps(0,p,d) coincide or not. This is still an open question, at least for
@ = 1. For 6 < 1, and for some specific values of p, it has been shown that,
in some cases, As(0,p,d) < Apg(6,p,d); see [5] for more details, as well as
some symmetry results based on symmetrization techniques. A scenario based
on numerical computations and asymptotic expansions at the point where
non-symmetric positive solutions bifurcate from the symmetric ones has been
proposed; see [7,9,10] for details.

under the condition a . If 8 = 1, the equality case

Our interest in this work is to establish symmetry of the optimal functions
for (CKN) for 6 < 1 as well as of the log Hardy inequalities, thus identifying
the corresponding sharp constants.
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Our first result is an extension of Theorem 2 to the case 6 < 1. Our goal is
to give explicit estimates of the range for which symmetry holds. This requires
some notations and a preliminary result. We set

1
. Kegen (0,2, 1) o-L4e=2)
H (9,10,(]) = < CKN q(p—2) (11)
Kexn (1, ¢, 1) P2
Next we define 900
* * D
= 0 = 12
q =q"(0.p) 5o (1=0) (12)

The condition 6 > Zg:g; is equivalent to ¢ > ¢*(0,p) and we can notice that

p < q*(0,p) < 2* for any 0 € (J(p,d),1). For d > 3 we define

0 A.(1,p,d) }
00T 6pg) 0

A1(0,p,d) ;== max rnin{/l*(l,q,d)7
q€(q*,2%)

whereas for d = 2

A1(0,p,2) := max min{A*(l,q,Z),
q€(q*,6)

0 A (1,p,2) }
Oy ErET

Next, we can also define
. 1/6
’ KéKN (17 q*(@,p), 1)

We refer to Section 3 for an explicit expression of N(6,p). We introduce the
exponent

(13)

p—2
= B0,p)=1-L—2 14
For 2 < p < 6 and 6 € (J(p, 3),1) we denote by x* = x*(#,p) the unique root
of the equation
0(6—p)(z® —N)z— (2p0—-3(p»—2)) (0 (z° —N) +(1—0)(x—1)N) =0,
in the interval (N*/# o00) for N = N(6,p), see Lemma 2 in Section 3. Next we

define
2p0—3(p—2)
(p—2)x*(0,p)

A*(lv q*7d)

A2(07p7 d) = x*(9 p)

1
=@

and
A, (0,p,d) ;== max {Al(e,p, d), As(9, p, d)} .

Theorem 3 Suppose that either d = 2 and p € (2,6) or else d > 3 and
p € (2,2%). Then
KCKN(eapa A) = K*CKN(07p7 A) 3

and any optimal function for (3) is symmetric provided that one of the fol-
lowing conditions is satisfied:
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(i) d=2,0 € (¥(p,2),1) and 0 < A < A;1(6,p,2).
(i) d=2,0¢€ (I(p,3),1) and 0 < A < A,(0,p,2),
(i) d >3, 0 =9(p,d) and 0 < A < Ay(0,p,d),

(iv) d >3, 0 € (I(p,d),1) and 0 < A< A, (0,p,d) .

Our definition of A,(0,p,d) for § < 1 is consistent with the definition of
A, (1,p,d) given in (8) because

lim A1 (6, p,d) = lim A2(0,p,d) = A (1,p,d) .
0—1 0—1

One of the drawbacks in the definition of As(8,p,d) is that x*(6,p) given by
Lemma 2 is not explicit. For an explicit estimate of A5 (6, p, d) see Proposition 2
in Section 5.

By passing to the limit as p — 2 in the criterion A < A5(8, p,d), we also
obtain an explicit condition for symmetry in the weighted logarithmic Hardy
inequalities. For any Ng > 1, consider the smallest root = > Né/ Po of

1

4yaPott (85 —3)Noz + (47 —3)Ng =0 with fy=1— yPo

and denote it by x¢(7) if Ng = No(7y) := limp_2, N(v (p—2),p). An elementary
but tedious computation shows that

_1
No(y) = 21~ o (27 =077 (27—
(47—1)17% 2y

Let us define

We then have

Theorem 4 Assume that either d = 2 or 3 and v > 3/4, or d > 4 and
v >d/4. Then

KWLH(fYaA) = K%VLH(’}/?A) ’
and any optimal function for (4) is symmetric provided that

0< A S A()(’)/,d) .

For an explicit estimate of Ag(y,d) see Proposition 3 in Section 5.

Theorem 3 provides us with a rigidity result, which is stronger than a
simple symmetry result. As a consequence, our estimates of Theorem 3 for the
symmetry region cannot be optimal.

Theorem 5 Suppose that either d = 2 and p € (2,6) or else d > 3 and
p € (2,2%). If 0 > Y¥(p,min{3,d}), then

A*(07p7 d) < As(oapad) < AFS(07P7 d) .
If either d =3 and 0 = 9(p,3), or d =2 and 0 > 0, then
A2(07pad) < AS(97P, d) < AFS(vaa d) .
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It can be conjectured that Ag(6,p,d) = Ars(0,p,d) holds in the limit case
6 = 1, and probably also for 8 close enough to 1, on the basis of the numerical
results of [9] and the formal computations of [10]. On the other hand, it is
known from [5] that As(0,p,d) < Aps(0,p,d) when 6 —9(p, d) is small enough,
at least for some values of p and d.

The expressions involved in the statement of Theorem 3 look quite techni-
cal, but they are interesting for two reasons:

e Theorem 3 determines a range for symmetry which goes well beyond what
can be achieved using standard methods and is somewhat unexpected in
view of the estimate of [12, Theorem 9]. It is a striking observation that
the reparametrization method which has been extensively used in [9,10]
allows us to extend to € < 1 results which were known only for § = 1.

e Even if they cannot be optimal as shown in Theorem 5, the estimates of
Theorem 3 are rather accurate from the numerical point of view, as will
be illustrated in Section 5.

This paper is organized as follows. Section 2 is devoted to the reparametri-
zation and the proof of symmetry when A < A;(6,p, d) in the subcritical case
d(p,d) < 6 < 1. To the price of some additional technicalities, the range
A < A3(0,p,d) and ¥(p, min{3,d}) < § < 1 is covered in Section 3. The
proofs of Theorems 3 and 5 are established in Section 4. The last section is
devoted to an explicit approximation of Ay and As, and some numerical results
which illustrate Theorems 3 and 5. Since the results contained in this article
are rather technical and the strategy is not obvious at first reading, let us
conclude this introduction by explaining the main ideas.

Strateqy of the proofs of the main results. A key tool in this article is a
reparametrization procedure: optimal functions in (1),  # 1, satisfy the same
equation as those for # = 1, but with a different coefficient in the linear term
of the equation. This coefficient itself depends nonlinearly on norms of the so-
lution itself, thus making the problem nonlocal. This is explained in detail in
Section 2. Theorems 1 and 2 give conditions not only for the symmetry of the
optimal functions in the case § = 1, but for the symmetry of every solution of
the corresponding Euler-Lagrange equation which satisfy the two conditions
of Theorem 1. Hence, the main issue for proving Theorem 3 is to establish
that the solution satisfies these conditions. This can be done in two different
ways. A rather simple and explicit method is used in Lemma 1. In Lemma 5,
a more sophisticated and implicit strategy is used.

Theorem 4 is a limiting case of Theorem 1 when one sets § = -y (p — 2) and
takes the limit p — 2. According to Theorem 5, the symmetry region obtained
in Theorems 3 and 4 is not optimal. Theoretical and numerical estimates for
the symmetry region are given in Section 5.
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2 Reparametrization and a first symmetry result

We begin by a reparametrization of the branches of the solutions which allows
us to reduce the case corresponding to # < 1 and A to the case corresponding
to # = 1 and some related p, as in Theorem 1. Consider an optimal function u
for (3), which therefore satisfies

2 2
Kere (0.0, 4) = Q4] = (¢ + )¢ 1202 g, V0l
a2 Tl

According to [5, Theoreml], such a function u exists for any 6 > ¥(p,d). As a
critical point of Q%, u solves (9) with

fpu=>01-60)t+ A
if it has been normalized by the condition
IVul3 + Allul3 = 6 full -

Because of the zero-homogeneity of Q%, such a condition can be imposed
without restriction and is equivalent to
0

2 _
Jul} = =

[[ully - (17)

Proposition 1 Let us assume that u is a solution of (9), satisfying Q% [u] =
Kekn(0,p, A) and (17), with O p = (1 — )t + A. Then we have

Qulvl < Kexn (L0, p1) - (18)
Proof From (6) we know that

[\) v}

[l
(t+ A)°
EoaF

< KE‘KN(QP, /1) .

Using (17), we rewrite this estimate as
0 (t+ )" lullp™? < Kegn (6,0, 4) -
Using (17) again and the expression of u, we obtain

O(t+ p)

Qulvl = =74

lullp ™ = llullp™ < f(t,0, A, p) Kexn (1,2, 1)

with ) Ke, (0. p. )
£.0,A,p) = CKN\ P )
T80 4:0) = G AT Kegen (L, )

Using the expression of p and (7), we find that

p—2 p+2

T+ )T (Q-0)t+A) P

p+2
_ (p+2)?r A6 0—
f(t,0,A,p) = (1(721)))1—9 (2+(2 071)p)

achieves its maximum at tg := A (%ig — 1)_1 > 0. Hence f(t) < f(to) = 1,
which concludes the proof.
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Using the notations (11) and (12), we obtain our first symmetry result,
which goes as follows.

Lemma 1 Suppose that either d =2 and p € (2,6) or else d > 3, p € (2,2%).
If0 € (Y(p,d),1) and

A< min{/l*(Lq,d), 64.4,p.d) }

(1-0)II*(0,p,q) + 0

for some q € (q*(0,p),6) when d = 2, or for some q € (q*(0,p),2*) when
d > 3, then any optimal function for (3) is symmetric.

Proof Let u be a solution as in Proposition 1. From (6), we know that

crn(8,p, A) = (t+4) :

[[ull3

For p < ¢ < min{6,2*} we have by Hélder’s inequality, ||ull, < [ul|3 Hu||é*5

provided 6 = 2 =L, and thus 1 — 6 = 4 %. Hence
pa Pa

, o (Iul3\'"™’
KCKN(vaa A) > (t+A) ||UH2 :
q

Now, for any A € (0, A,(1,q,d)], we know from Theorem 2 that

B KEKN(L% A)

which shows that

¢ K¢ (17 q, A) =9
Kan (0., A4) > (t+ A)° <0KtN+)\ .
Summarizing, we have found that

(t+A)° < K&kn (0,0, 4)
(t+ M0 7 (Kegn (L, M)

Next we can make the ansatz A = A. Provided A < A,(1, ¢, d), we get that

if A< A(1,q,d) . (19)

_ Kékn (0,0, 4 . 0+6—1
(1 2)01771 < CMBP e (17(0,5.4) )"

so that t < (IT*(0,p,q) — 1) A. According to Theorem 1, u is symmetric if

%((1—9)754—/1) = p < Au(1,p,d) (20)

because (18) holds by Proposition 1. This completes the proof.

In the next section we shall consider an alternative ansatz for which A # A.
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3 Another symmetry result

In this section we establish an estimate similar to the one of Lemma 1 but
based on a different ansatz, which moreover covers the critical case 8 = ¥(p, d).
We recall that 5 = 5(0,p) =1 — gp%z has been defined in (14). The proof is
slightly more technical than the one of Lemma 1. We start with an auxiliary
result.

Lemma 2 For any N > 1, p < 6 and 0 € (¥(p,3),1), if B = B(0,p) is given
by (14), the equation

0(6—p)(” —N)yz—(2p0-3(p—2))(0(z —=N)+(1-6)(z—1)N) =0,
has a unique root in the interval (N*/# o).

When N = N(0,p) > 1 is given by (13), we denote this root by x* = x*(8, p).

Proof Consider the function
f(@):=0(6-p)(z” —N)z— (2p§—3(p—2))[0(z" —N) + (1-6)(z—1)N],

and notice first that f(N'/#) < 0 because 6 > 9(p,3) and N*/# > 1. Next we
observe that a :=2p0—3(p—2) = 2p(0—19(p,3)) =6—p—2p(1—10) and
compute

(@)= (6-p)0 [(1+8)2” —N] —2p (0 — 9(p,3)) [0 2" + (1 - O)N]

and

1"

Fa)y=p802""2[6-p)(1+B)z—(B-1)(6-p—2p(1-0)] >0
for any = > 1. Using the fact that N > 1, we find that
FIINYBY>2(p—2)(1-6)N>0.

It follows that the function f(x) is increasing and convex for z > N/#. Since
F(NY/#) < 0 we conclude that f(x) has a unique root for z > N'/#,

When N = N(6, p) we only need to check that N(6,p) > 1. This is shown
in Lemma 4. Before, we need a preliminary estimate. Consider the Digamma

; _ I'(2)
function (z) = OR

Lemma 3 For all z > 0, we have

%<w(z+%)—¢(2)<ln(l+i)+*—
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Proof We use the following representation formula (cf. [1, § 6.3.21, p. 259]):

o] e—t e—zt
w(2)=/0 (t_let) dt

and elementary manipulations to get the lower bound

0o — st 0o
1 € 1 —zt 1
5) — = —=dt > - dt = — .
Y (z+ 1) —v(2) /0 g >2A e 55

As for the upper bound, we have the equivalences

| 1 1 2 oo et p
n(1+§)+;—22+1— =7 t>0

e e] 2 e ¢] e—zt
(14 L g —/ — _dt>0
= n( +2z)+/0 ¢ 2241 Jy 1+e i

00 eft/2 ezt 2

—In(1+5= dt — >0 .
a +2z)+/0 1+et/2 2241

The result follows from

—z+%t
/Ooe()dt>1/ooe—(2+§)tdt: 1
o l+et/2 2 /o 2z+1

and, by monotonicity of the function z +— In (1 + i)

_ 1
2z+1?

1

1

Lemma 4 Assume that 2 < p < 6 and ¥(p,2) < 6 < 1. Then the function
0 — N(0,p) is decreasing and N(1,p) = 1.

Proof N(1,p) = 1 is a consequence of the definition of N. Using the precise
value of K&in (0, p, A), we obtain the following explicit expression of the func-
tion N(6, p), namely

2p0—3(p—2) 2

_2 %(zﬁ)?;‘é 202-p(1-0))\" 7r0 | L(3%) P(=5572+3) | 77
2—p(1-6) 4 (20-1) p+2 F(—+%) F(Z—;;)£12—9)) .

p—2

| |

Let us define G := N and compute

10G ph—2(p—2) _2p9—3(p—2)+ln<2(2—p(1—9))>

Goao  2—-p(1—-60) (20—-1)p+2 (20—1)p+2
_ -0 — —0
F/(Z ;;)92 )—1-%) _F’(2 ,;92 ))

p—2 p—2

I (2710(170) T %> I (2712(170)) '
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By Lemma 3 we get that

10G p0—-2(p—2) 2pf-3(p—2) I 2(2—-p(1-19)
G0~ 2-p(1-0) (20-1)p+2 (29—1p+

+m((20—1)p+2>+ p—2 2(p—2) 0
2 2—p

2—p(l=0) (-6 (@6-1)p+2
Since 190G _ 0N _

for 8 € (9(p,2),1] and N(1,p) = 1, it follows that %N < 0. Indeed, since at

0 =1, log N = 0, then, in a left interval of § = 1, ON/00 < 0. Let 0 be the
minimum number in the interval [§(p,2), 1) such that AN/90 < 0 in (,1). Let
us assume by contradiction that § > 0(p,2). Then, IN/OO = 0 at 0 = 0. A
contradiction with (21), since on [0,1), N > 1.

After these preliminaries, we can now state the main result of this section.

Lemma 5 Assume that

2<p<6 and 9p,3)<O<1l if d=2 or 3,
2<p<?2 and Yp,d) <0<l if d>4.

Then any optimal function for (3) is symmetric if A < Ay(0,p,d). Moreover,
we have limg_y1 A2(0,p,d) = As(1, p,d).

Proof As in the proof of Lemma 1, the starting point of our estimate is in-
equality (19), which becomes

t+ A4 A\
A e .
H/\N(@,p)()\) if A< A(1,q,d),

under the restriction that we choose ¢ = ¢*(6, p) given by (12), thatis 1-§ = 6
with ¢ as in (11). Remarkably, we observe that, for this specific value of ¢, we

have
p=2_(,_4=2 _
o 2p (1 2q >(1 2

t+A _ (A A
D U D

where 8 :=1— 12’].%3 and N = N(0, p). Hence we get that

and, as a consequence,

Lo NAPA— AN
SN oNAP

As in the proof of Lemma 1, we can apply Theorem 1 if
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e Condition (20) holds and a sufficient condition is therefore given by the
condition

that is,
(0 A (1,p,d) — A) (N = NA®) > (1-60) (NAP X = AN7).
e Condition A < A,(1,q,d), which is required to get (19), holds, i.e.,

2p6 —3(p—2)
p—2 '

1 _
A< A1 qd) = Z(d—l)ﬁ—q -

1
=710

For a suitable z = A/A > N'/8_ to be chosen, these two conditions amount to

0 A.(1,p, )(xﬂ—N)

ASo@) = o N = @ T)N ’
A<X(m):=i(d—1)2pﬂ;i(§_2)i.

After replacing A, (1, p, d) by its value according to (8), we get that ¢(x)— x(x)
has the sign of f(x) as defined in the proof of Lemma 2. By Lemma 4, we
know that N > 1 and conclude henceforth that any minimizer is symmetric if

A< X(X*(e7p)) = A2<0ap7 d)

In the limiting regime corresponding to as § — 1_, we observe that
o(x) = A (1,p,d) and x(z) = As(1,p,d)/z, so that limg_4 A2(0,p,d) =
x(1) = A.(1,p,d).

4 Proof of the main results

Proof (Theorem 3) It is a straightforward consequence of Lemma 1 and Lem-
ma 5. Notice that limg_,1 A1(0,p,d) = A4(1,p,d) because

lim 9/1*(1,]?7 d)
-1 (1—0)1I*(0,p,q) + 6

= A (1,p.d) .

Proof (Theorem 5) The function ¢ — A;(1, ¢,d) is monotone decreasing and

q"(0,p) —p= p;p__pQ()l(l_;)e) >0.

Moreover, by Lemma 4, x*(6,p) > 1. So, for i = 1, 2,
Ai(aapv d) < A*(lvq*(07p)7d) < AFS(gvpa d) .

By definition of As(é,p,d), we know that A,(0,p,d) < As(f,p,d). By Theo-
rem 3, if A = A,(0,p,d) any minimizer for Kcxn (6, p, A) is symmetric. On the
other hand, by continuity, we know that

KCKN (07p7 AS<9ap7 d)) = KEKN (0?p7 AS(07pa d)) .
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Let us assume that As(0,p,d) < Apg(6,p,d) and consider a sequence
(An)nen converging to Ag(6,p,d) with A, > Ay (0,p,d). If w, is a non-
symmetric minimizer of Kckn (6, p, An), we can pass to the limit: up to the
extraction of a subsequence, (u,)nen converges in H(C) towards a minimizer
u for Kekn(8,p, As(6,p,d)). The function u cannot only depend on s, be-
cause any symmetric minimizer for K&y (0, p, 4) is a strict local minimum in
H!(C) due to the fact that As (0, p,d) < Aps(8,p,d). Hence, for A = Ay (6,p,d)
there are two distinct minimizers for Koxn(6,p, A): one is symmetric and
the other one is not symmetric. This proves that A,(0,p,d) < As(0,p,d) if
6 > ¥(p, min{3,d}).

In the other cases, that is, if either d = 3 and 6 = ¥(p,3), or d = 2 and
6 > 0, the same method applies if we replace A,(6,p,d) by Ax(0,p,d).

Proof (Theorem j) Let us consider f(z) as in the proof of Lemma 2 and
assume that 6 =y (p —2). As p — 24, f(x)/(p — 2) converges towards

fo(w) == 4ya®tt — (84 =3)Nox + (47 =3)No  with fo=1- 4 .
We easily check that the function fy(x) is convex for x > 0, fO(Né/BO) < 0 and

f(’)(Né/ﬁO) = 2Ny > 0. We conclude that fy(x) has a unique root for z > N(IJ/BO.
We denote this unique root by x§ = x{(7). It follows that x*(v (p — 2),p)
converges to x4 (y) as p — 24. Symmetry then is established by passing to the
limit for any A € (0, Ag(7,d)) with Ag(v,d) given by (16).

5 An approximation and some numerical results

The functions x*(¢, p) and x§() which enter in the results of Theorem 3 and
Theorem 4 are not explicit but easy to estimate, which in turn gives explicit
estimates of A3(6,p,d) and Ag(7,d). Let

a=2p(9—19(p,3)) =2pf—-3(p-—2),

_ _,_Pb-2

and

(d—1)a BO(6—p) —a(l—0+BON"E)
4(p—2) BOG-p)NVF—a(B0+1-0)

AQ,approx(Ga b, d) =

Proposition 2 Suppose that either d = 2 and p € (2,6) or else d > 3 and
€ (2,2%). Then for any 0 € (¥(p,3),1), we have the estimate

AQ(Gapa d) > AQ,apprOX(eapv d) .
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Proof Let us consider the function f defined in the proof of Lemma 2 and
recall that f”(z) is positive for any z > N'/# > 1. Moreover we verify that

FINYAYy=—(1-6)aN(NVY? 1) <0,
FINYBY = N [ge(ﬁ—p) —a(l —9+,60N*1/ﬁ)} > 0.
which provides the estimate

< NS _ SINYBY 366 —p)NYP —a(B0+1—0)
F(NVB) — BO6—p)—a(l—0+BON-1A)’

x*(0,p)

and the result follows.
Next we give an estimate of Ag(y,d) in Theorem 4. Let
@d-1) (-3
2(1- IS -2(1-3)

AO,approx (’77 d) =

)

with Ng(7) as defined by (15).
Proposition 3 Assume that d > 2 and v > 3/4. Then

AO (73 d) > AO,approx(’Ya d) .

Proof Recall that gy =1 — ﬁ. Let us consider the function fy defined in the
proof of Theorem 4. We note that f{/(z) is positive for x > 0. Moreover we
verify that f}(N3/") = 2Ng > 0 and fo(N§/?) = —(4v—3) No (N)/* —1) < 0,
which provides the estimates

. 1 N1/Fo S
x5 () < No/ﬁ0 - ;E(I\C‘)(lj/ﬁ)) =2 (7 - i) Ng™™" —2 (7 -

)

NI

and the result follows.

To conclude this paper, let us illustrate Theorems 3 and 5 with some nu-
merical results. First we address the case of subcritical § € (¥(p,d),1) and
compare A, with Apg: Fig. 1 corresponds to the particular case d = 5 and
6 =0.5.

The expression of A, (6, p,d) is not explicit but easy to compute numeri-
cally. We recall that A, is the maximum of A; and As, both of them being
non-explicit. In practice, for low values of the dimension d, the relative differ-
ence of A; and A, is in the range of a fraction of a percent to a few percents,
depending on # and on the exponent p. Moreover, we numerically observe that
Ay < Ag, at least for the values of the parameters considered in Fig. 1. The
estimate Ag approx (6, p, d) of Proposition 2 is remarkably good.

In Fig. 2, we consider the critical case § = J(p, d). The plot corresponds to
d =5 and all p in the interval (2,10/3). The exponent ¥(p, d) is the one which
enters in the Gagliardo-Nirenberg inequality

29(p,d 2(1—-9(p,d
lullfs gy < Can(p,d) [Vulfages lullf S ™™ Vu e H'(RT)
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Fig. 1 Curves p — A,(0,p,d) and A — Apg(6,p,d) with 6 = 0.5 and d = 5. Symmetry holds
for A < A,(0,p,d), while symmetry is broken for A > Apg (0, p,d). The relative difference of Ay
and Ag, t.e., A2(0,p,d)/A1(0,p,d) — 1, is below 4%. The estimate of Proposition 2 is such that
1 — A2 approx (8, p, d)/A2(8, p, d) is of the order of 5 x 1073.

on the Euclidean space R?, without weights. Here Can(p,d) denotes the op-
timal constant and p € (2,00) if d = 1 or 2, p € (2,2*] if d > 3. The opti-
mizers are radially symmetry but not known explicitly. It has been shown

A (9

p
L L L L L L N
20 22 24 2.6 28 30 32 ”~

Fig. 2 With § = 9(p, d), the curve p — A, (0, p,d) is always below the curves p — Aps(0,p, d)
and p — Acn(p, d) for any p € (2,2"), although Apg and Agn are not ordered. The plot corre-
sponds to d = 5 and we may notice that Agn(p, d) < Aps if p is small enough.

in [8, Theorem 1.4] that optimal functions for (1) exist if Cgan(p,d) <
Cekn(8,p,a). On the other hand, optimal functions cannot be symmetric
Can(p,d) > Cixn(8,p,a): see [5, Section 5| for further details and conse-
quences. This symmetry breaking condition determines a curve p — Agn(p, d)
which has been computed numerically in [6,7]: there are values of p and d
for which the condition A > Agn(p,d), which guarantees symmetry breaking
(but not existence), is weaker than the condition A > Apg(0,p,d), that is
Acgn(p,d) < Aps(8,p,d). See Fig. 2. A rather complete scenario of explana-
tions, based on numerical computations and some formal expansions, has been
established in [9,10]. As it had to be expected, we numerically observe that
A (0, p,d) < min{Apg(0,p,d), Aan(p,d)} when 8 = ¥(p, d), for any p € (2,2*).
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