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ABSTRACT. We consider a linear symmetric operator in a Hilbert space that is neither
bounded from above nor from below, admits a block decomposition corresponding to
an orthogonal splitting of the Hilbert space and has a variational gap property associated
with the block decomposition. A typical example is the minimal Dirac-Coulomb operator
defined on C(R3\ {0},C*). In this paper we define a distinguished self-adjoint extension
with a spectral gap and characterize its eigenvalues in that gap by a variational min-max
principle. This has been done in the past under technical conditions. Here we use a
different, geometric strategy, to achieve that by making only minimal assumptions. Our
result applied to the Dirac-Coulomb-like Hamitonians covers sign-changing potentials
as well as molecules with an arbitrary number of nuclei having atomic numbers less than
or equal to 137.

1. INTRODUCTION AND MAIN RESULT

The three-dimensional Dirac-Coulomb operator is Dy =2+ V where 2 = -ia-V +
is the linear Dirac operator (see [22] for more detail), and V is the Coulomb operator
_l_)vcl (v > 0) or, more generally, the convolution of —ﬁ with an extended charge density.
Usually, one first defines 2_, |5 on the so-called minimal domain CSO(R3 \ {0},C*). The
resulting minimal operator is symmetric but not closed in the Hilbert space L?(R3,C%).
It is essentially self-adjoint when v lies in the interval (0, v/3/2], in other words it has a
unique self-adjoint extension, that turns out to be its closure. For larger constants v, one
must define a distinguished, physically relevant, self-adjoint extension and this can be
done when v < 1. The essential spectrum of this extension is R\ (-1, 1), which is neither
bounded from above nor from below. In atomic physics, its eigenvalues in the gap (-1,1)

are interpreted as discrete electronic energy levels.

Important contributions to the construction of distinguished self-adjoint realisations
of minimal Dirac-Coulomb operators were made in the 1970, see e.g. [20, 26, 27, 28, 16,
17,12, 11]. In these papers, general classes of potentials V are considered, but in the case
V = —v/|x| one always assumes that v is smaller than 1.

Reliable computations of the discrete electronic energy levels in the spectral gap (-1,1)
are a central issue in Relativistic Quantum Chemistry. For this purpose, Talman [21] and
Datta-Devaiah [1] proposed a min-max principle involving Rayleigh quotients and the
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decomposition of 4-spinors into their so-called large and small 2-components. An ab-
stract version of this min-max principle is concerned with a self-adjoint operator A de-
fined in a Hilbert space ./ and satisfying a variational gap condition, to be specified
later, related to a block decomposition under an orthogonal splitting

JC=F e H". (1)

Such an abstract principle was proved for the first time in [10], but its hypotheses were
rather restrictive and the application to the distinguished self-adjoint realization of 2y
only gave Talman’s principle for bounded electric potentials. In [2], thanks to another
approach, this limitation was overcome and the unbounded potential —v/|x| was dealt
with for v € (0,v/3/2]. The articles [3, 4, 5, 14, 15, 6, 19, 7] followed and the full range
v € (0,1] is now covered.

Using some of the tools of [2], Esteban and Loss [8, 9] proposed a new strategy to build
a distinguished, Friedrichs-like, self-adjoint extension of an abstract symmetric operator
with variational gap and applied it to the minimal Dirac-Coulomb operator, with v €
(0,1]. In [6, 7], connections were established between this new approach and the earlier
constructions, for Dirac-Coulomb operators with general electric potentials V.

Some important closability and domain invariance issues had been overlooked in the
arguments of [2] and [8, 9]. In [19] these issues are clarified and the self-adjoint exten-
sion problem considered in [8, 9] is connected to the min-max principle for eigenvalues
of self-adjoint operators studied in [2]. The abstract results in [19] have many important
applications, but some examples are not covered yet, due to an essential self-adjointness
assumption made on one of the blocks. In [2, Erratum], we present another way of cor-
recting the arguments of [2] thanks to a geometric viewpoint. In the present work, by
adopting this viewpoint, we are able to completely relax the essential self-adjointness
assumption of [19]. Additionally, our variational gap assumption is more general, as it
covers a class of multi-center Dirac-Coulomb Hamiltonians in which the lower min-max
levels fall below the threshold of the continuous spectrum (see e.g. [6] for a study of such
operators): we shall use the image that some eigenvalues dive into the negative contin-
uum.

Before going into the detail of our assumptions and results, let us start by briefly re-
calling the standard Friedrichs extension theorem and its proof. If a linear symmetric
operator A in a Hilbert space / is bounded from below, i.e., if

) (x, Ax)
m:= inf —— > —00,
xeDom(A\(0} || x|
then A has a natural self-adjoint extension Ar, which is called the Friedrichs extension
and defined as follows (see e.g. [18] for more details). The quadratic form g(x) = (x, Ax)
is closable in .. Assume that g, denotes its closure and p ,(:,-) its polar form. Take
E>-m. By the Riesz isomorphism theorem, for each f € #, there is a unique uy €
Dom(q ,) such that p , (v, us) + E (v, us) = (v, f) for all v € Dom(¢q 4). Note that u is also
the unique minimizer, in Dom(¢q 4), of the functional Ir(u):= % (ﬁA(u) +E| ullz) —(u, f).
The map f — uy is linear, bounded and self-adjoint for (-, -). Its inverse is A + Eid 7 and
one easily checks that Ar does not depend on E: in fact, A is just the restriction of A* to
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Dom(q ,)NnDom(A*). An important property of the Friedrichs extension is that its eigen-
values below its essential spectrum, if they exist, can be characterized by the Rayleigh-
Ritz principle. In the special case of the Laplacian in a bounded domain Q of R? with
smooth boundary, A = -A: C(Q) — [%(Q), one has Dom(q,) = H& (Q) and the con-
struction of Ar corresponds to the weak formulation in H& (Q) of the Dirichlet problem:
—Au= finQ, u=0o0n0Q. In other words, uy is the unique function in H(% (Q) such that
forall v e Hé (Q), [qVur-Vvdx = [, fvdx. So Ap is the self-adjoint realization of the
Dirichlet Laplacian. By regularity theory, we learn that Dom(Ar) = H*(Q) n H; (Q).

The statement of our main result requires some definitions and notations. We consider
a Hilbert space # with scalar product (-,-) and associated norm | - |. When the sum of
two subspaces V, W of .# is direct in the algebraic sense, we use the notation V+W. We
reserve the notation V & W to topological sums. Let F be a dense subspace of # and let
A:Dom(A) = F — / be a symmetric operator, i.e. an operator such that (Ax, y) = (x, Ay)
forany x, y € F. Let /£ = A, ® /€ be the orthogonal splitting of /# as in (1) and note

Ai A %i
the associated projectors. We make the following assumptions:
F. =AiF and F- = A_F are subspaces of F (H1)

and
(x-,Ax.)
a= sup ———— <+00. (H2)
xer\oy x|l

We also make the variational gap assumption that
forsomeky =1, we have Ay, > a (H3)

where the min-max levels 1 are defined by

A
Api= inf sup  2AD gy @)

2
Vsubspace of F, X€(V@®F-)\{0} Il
dimV=k

We shall use the more precise notation (H3)y, for our variational gap assumption when-
ever we need to specify the value of kp:=min{k >1: A; > a}.

The construction of a distinguished self-adjoint extension of A is based on two clos-
able quadratic forms. The first quadratic form is defined by

Bx_)=—(Ax_,x_) Vx_eF_. 3)

As a consequence of Assumption (H2) and of the symmetry of —A_A,, , 9 is bounded
from below and closable in #_. Therefore, we can consider the Friedrichs extension
B :Dom(B) ¢ #_ — #_ of —A_A|. and, for any parameter E > a, the operator Lg :
F, — Dom(B) c % (B) c 4 - such that

Lpxy:=(B+E 'A_Ax,. (4)
On the subspace of # defined by
FE:: {x++LEx+ C Xt €F+}CF+€BDOII1(B), (5)
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we also consider the second quadratic form
Qe(xy +Lpxy):= (x4, (A= E)x3) + (Lp x4, B+ E) Lg xy). 6)

Denoting by T’ the closure of I'z in .7, Qg is densely defined in the Hilbert space T'f.
Further details on this quadratic form are given in Section 2. Our main result is as follows.

Theorem 1. Let A be a symmetric operator on the Hilbert space . Assume (H1)-(H2)-
(H3) and take E > a. With the above notations, the quadratic forms 98 and Qg are bounded
from below, & is closable in -, Q, is closable in ' and they satisfy

Dom( Q) nDom(%) = {0}.

The operator A admits a unique self-adjoint extension A such that
Dom(A) c Dom(Qg)+Dom(4A).
The domain of this extension is
Dom(A) = Dom(A*) N (Dom(Q)+Dom(4))
and it does not depend on E.
Writing B
b:=inf(0ess(A) N (a, +00)),

onehas A < b forallk =1, hence a < b. In addition, the levels A satisfyinga < Ay < b are
all the eigenvalues — counted with multiplicity — of A in the spectral gap (a, b).

Theorem 1 deserves some comments.

e The abstract min-max version of Talman’s principle stated in [2] and corrected in [2,
Erratum] is similar to the second part of Theorem 1. An earlier work on the subject, [10],
and also [13, 25], imply Talman'’s principle for the Dirac operator only with a bounded
potential. Even in [2], the application to Dirac-Coulomb operators is valid only when
the subspace of smooth compactly supported wave functions is a core, and this imposes
the constraint v < v/3/2 for point-like atomic nuclei. The rigorous justification of Tal-
man’s min-max principle in the domain v/3/2 < v < 1 was done in the series of later
works [14, 15, 6, 19]. In all those works, one assumes that kg = 1, which amounts to
assumption (H3),. The abstract min-max principle for eigenvalues in the case ky = 2 was
first considered in [5], but in that paper (H2) was replaced by a much more restrictive
assumption. Allowing ky = 2 can be important in some applications: see Section 6.

e Compared with [9, 19], another novelty is that we do not assume that the operator
—A_A| is self-adjoint or essentially self-adjoint in /#_. As pointed out in [19], essen-
tial self-adjointness of —A_A|, holds in many important situations. However there are
also interesting examples for which it does not hold. An application to Dirac-Coulomb
operators in which the essential adjointness of —A_A|, does not hold true is described
in Section 6. Let us give a simpler example.

Example 1. On the domain F := (C2(Q,R))°, consider the operator

A(lzf) - (_AAUu)
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taking values in 7 = (L*(Q, R))z, where Q is a bounded open subset of R® with smooth
boundary. In this case one takes

a(o)=lo) )=

and (H1) holds. If A(Q) > 0 is the smallest eigenvalue of the Dirichlet Laplacian on ), we
can take a = -A(Q) in (H2) and we have A, = A(Q) > a, so Theorem 1 can be applied (with
ko =1). But —A_A|p_r is the Laplacian defined on the minimal domain C°(Q,R), and it
is well-known that this operator is not essentially self-adjoint in L*(Q,R) .

This paper is organized as follows. In Section 2, we introduce a number of mathe-
matical objects and state some preliminary results which explain the role of Qg in Theo-
rem (1). For simplicity, we first consider the case ky = 1. The self-adjoint extension A of A
is constructed in Section 3 and the abstract version of Talman’s principle for its eigenval-
ues is proved in Section 4. The case ky = 2 of Theorem 1 will be dealt with in Section 5.
Section 6 is devoted to Dirac-Coulomb operators with charge configurations that are not
covered by earlier results.

2. FUNCTIONAL SET-UP AND PRELIMINARY RESULTS

In order to prove Theorem 1 we need to introduce a number of mathematical objects.

In the whole paper, .# is a Hilbert space with scalar product (-,-) and associated norm
Il-1I. If T: Dom(T) c # — S is a linear operator, we define the corresponding norm by

I Xllpom(r) := VIIXIZ2+ IT x>, V¥ xe€Dom(T).

Recall that the fact that the quadratic form 28 defined by (3) is bounded from below
and closable in A_ is just a consequence of Assumption (H2) and of the symmetry of
—A_A, . Of course Dom(@) is dense in /- since it contains F_. Let B : Dom(B) c
JC_ — F_ be the corresponding Friedrichs extension of the operator —A_A|, . The
form-domain % (B) of B is precisely Dom(%). The subspace F-_ is dense in % (B) for
the norm || - | #(p), i.e., (B+ E)Y2F_ is dense in - for any E > a, but we cannot say that

(B+E)F_isdensein /_, since we do not assume that —A_A),, is essentially self-adjoint.
Given x, € F, and E > a, let ¢g x, : F- — Rbe defined by
OEx, (y) = (x4 +y,(A-E)(xy +y.)), Vy_€F.,

and recall that Lg is, according to (4), a well-defined operator on F, taking values in
Dom(B) c & (B) c #-. In the sequel we will systematically take the condition

E>a

for granted. The heuristics is that ¢ ., (y-) = (x,Ax) - E Il x|? if x = x; + y- with x; € Fy
and y_ € F_, so that, if y_ is a critical point of (x, Ax)/ | x|I2, then y- = Lgx;. Let us make
this idea precise.

Lemma 2. Foreach x, € Fy andy_€ F_,

@5, (V) = (x4, (A= BE) x4 ) + (Lg x4, (B+ E) Lgxy) = (y- = Lg X4, (B+ E) (y- — Lg X4)).
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Proof. With z_ := y_ — Lg xy € Dom(B), we obtain
@, (-) = (x4, (A= E) x1) + 2Re(Axy, y-) — (y-,(B+ E) y_)
= (x4,(A—E)x4) +2Re(Lg x4, B+E) y-) - (y-,(B+E) y-)
= (x4, (A= E)x4)+ (Lgx+,(B+ E) Lg x4)
+Re(Lgx+,(B+E)z_)—Re(z_,(B+E) y-)

= (x4, (A= E)x4)+ (Lgx+,(B+E) Lgx4) — (2-,(B+ B) z_),

which completes the proof. U

Recall that in (5) we defined the graphT'p of Lg as
Ig:={xy+Lgx;:x; € F} cF, @ Dom(B),
and that Tz denotes its closure in .. As noticed in the proof of [19, Lemma 5],
Tpn.c((A-E)(F.)". 7)

The subspace A_(A—E)(F-) of #_ is not necessarily dense in #_ since we do not assume
that A_ AlF_ is essentially self-adjoint. For this reason, we cannot infer from (7) that TN
JC_ ={0}. In other words, we do not know whether the operator Lg is closable or not. This
is why we have to resort to a geometric viewpoint in which the linear subspaceT g replaces
the possibly nonexistent closure of L. Here is the main difference between the present work
and [19].

On I'g we recall that the quadratic form is defined, according to (6), by
Qr(xy+Lgxy) = (x+, (A-E) x+) + (LE X4+, (B+E)LE x+) =@E,x, (LEX4).

In the earlier works [2] and [19], Qg is seen as a quadratic form on F,. For our argument,
it is essential to define it on I'r: as we shall see, this will allow us to close it in T'g.

Now, since F_ is dense in & (B) for || - | #(p), there is a sequence {y,}, in F_ such that

lim (y,—Lgxs,(B+E)(yn—Lgxy))=0.

n—+oo
Hence Lemma 2 tells us that

Qe(xy +Lgxy) = sup @gx, (y-).
y-€F_

Estimates on the variations of | x4 + Lg x || and Qg(x+ + Lg x-) as functions of E are useful.
The same statement can be found in [2, Lemma 2.1] and [19, Lemma 7], so we refer to
these works for a proof.

Lemma 3. Assume that (H1)-(H2) of Theorem 1 are satisfied. Then, foralla< E < E' and
forall x, € F., we have

/_
X+ +Lp x|l < llxs+ LExs |l < £

x4+ Lpxyll 8)
—a

and

(E'—B) x4+ + Lpx: 1* < Q(xs + LExy) = Qp (x4 + Lpxy) < (B' = B) llx+ + LE x4 %, (9)
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Moreover, forany E> a :
M >E ifandonlyif Qg(xy+Lgxy)>0, Vxy€F.\{0},
M=E ifandonlyif Qp(xy+Lgx:)=0, Vx;€eF,.

As a consequence, we have A > a if and only if

(iii") Forany E>a, Qgp(xy+Lgxy)=0, Vx;€eF,.

For the sake of simplicity, up to the end of the current section, as well as in Sections 3
and 4, we impose the condition
A1 >a, (10)
i.e., we assume that (H3),, that is, (H3) with ky = 1, holds. See Section 5 for necessary
changes to be done in the case ky = 2. For any E > a, let
E-a)?
el

Then, from the above Lemma, one easily sees that Qg + x|l - [|> = || - |> on Tz and we may

define a new norm
Ng =1/ Qe +xKEll- 12

on that space. Obviously, A = ||- || on I'g. Note that formulas (8) and (9) imply that,
for a< E < E', Tg and 'y are isomorphic for the norm || - ||, as well as for the norms A%
and ./VE’ . A detailed statement is as follows.

kg :=1+max{0, (E—)Ll)}( 11)

Corollary 4. Under conditions (H1), (H2) and (H3),, for E, E' € (a,00), the map ipp :
X4+ + Lgxy — Xy + Lpxy is an isomorphism between I'r and T for the norm || - ||, which
can be uniquely extended to an isomorphism betweenT g and T . Moreover there are two
positive constants c(E, E') and C(E, E') such that

C(E,EN Ng(x4 + LExy) < N (x4 + Lpxy) < C(E,E) Ng(xy +Lgxy), VYx,€F,, (12

50 ig g is also an isomorphism for the norms Ng and N,

Now, for x € 'y we may write Qg(x) = (x, Sgx), where

Sp:=TEg(A+(A-E)As +A_(B+E)A_)

Irg

and Il : # — T is the orthogonal projector on I'z. The operator S is the analogue in
our abstract context of the Schur complement of a block matrix. It is clearly symmetric,
and we have seen that Qg is bounded from below, so Qg is closable in Tg. If Gg denotes
the domain of its closure Q, Pg the polar form of Q and T the Friedrichs extension
of SginTg. The space Gg, endowed with the norm

Mg =1/ Qp+xgl-12,

is complete. This space depends on E, since it is a subspace of Tz, but (12) implies that,
forevery E, E' > a, the map ig g is the restriction to I'g of a unique isomorphism between
the two normed spaces (Gg, 4 g) and (Gg/, A ). We have

FEcDom(TE) C GECFEC%,
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[z is dense in T for || - || and T'f is dense in G for the norm .4 5. But we cannot say that
I'p is dense in Dom(Tg) for | - [pom(Ty) Since Sg is not always essentially self-adjoint.

While we may have Tpn A #1{0}, the following property holds.

Lemma 5. Under conditions (H1), (H2), (H3); and with the above notations,

TeNZ(B) = 1{0}.
Proof. Notice that from (7),
TgnZ(B) = (Tgn#-)nDom ((B+E)"?)
< ((B+E)(F)) nDom ((B+B)"2) = (B+E)2((B+B)'F.)") = (0},
since (B + E)V?F_ is dense in .#- and (B + E)"/? is into. O

Summarizing the observations of Section 2, we learn that

Proposition 6. Let A be a symmetric operator on the Hilbert space # . Assume (H1)-(H2)-
(H3) and take E > a. With the above notations, if (10) holds, then the quadratic forms
P and Qp are bounded from below, 9 is closable in A -, Qg is closable in T and their
closures satisfy Dom(Qg) nDom(%) = {0}.

3. THE EXISTENCE OF A DISTINGUISHED SELF-ADJOINT EXTENSION

In this section, we continue with the proof of Theorem 1 in the case ky = 1 by proving
the following proposition.

Proposition 7. Under the assumptions of Theorem 1, if (10) holds, then the operator A
admits a unique self-adjoint extension A such that Dom(A) c Dom(Qg)+Dom(%). Its
domain is Dom(A) = Dom(A*) n (Dom(Qg)+Dom(%)) and this subspace does not de-
pend on E.

3.1. Self-adjoint extension. We define an extension of A as follows. For any E > a, on
the subspace
Dom(A) := (Gg+Z(B)) nDom(A*), (13)
let us define
Ax:=A*x, VxeDom(A). (14)
This defines a self-adjoint extension of A because
Fc(Ig+Dom(B))nDom(A*) = D(A) and A* = A.

We have to prove that A does not depend on E, that is, the subspace Dom(A) is inde-
pendent of E. Note that Gg+ % (B) is an algebraic direct sum, but the corresponding
projectors are not necessarily continuous. We now prove

Lemma 8. Assume that the conditions (H1), (H2) and (H3); hold. Let x, u € Gg and z_,
v_ € ZF(B) besuch that X = x+ z_ € Dom(A*). Then, withU = u+ v_, we have

((A*-E)X,U) =Pp(x,w)— (B+E)"?z_,(B+ B)?v_) (15)
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forany E > a. As a consequence, A is symmetric.

Proof. If x, u are in F, formula (15) is already proved (see Lemma 2). If X = x + z_ and
U = u+ v_ satisfy the assumptions of the lemma, by density of I' in Gg, and by density
of F_ in & (B), there are sequences {X;},,,{U,}, in F such that, with

Xn =N Xp+ LeAy X, Zn:=NM_Xp—LgAL X,
Up =AUy +LeA Uy, Vpi=A_U,—LgA, Uy,
we have
lim Qp(x—xp) = lm Qplu—un) =0,
lim ((B+E)?(z_ - z,), B+ E)?(z_-2z,)) =0,
n—+oo
lim ((B+E)"2(v-—-vy), B+ E)"?(v-—v,)) =0.
n—+oo

As a consequence,
lim [|X-X,ll= lim [|[U-U,|l=0.
n—+oo n—+oo

For m, n e N, (X}, U,) satisfy the identity (15). Since ((A* - B X, Un) = (Xm, (A-E) Un)
and (X,(A-E)Uy) = ((A* = E)X, Uy), passing to the limit as m — +oo for each n, we
see that (X, U,) satisfies (15). Then, passing to the limit as n — +o0, we find that (X, U)
satisfies (15). O

Let us now prove that the domain of A does not depend on E. This immediately follows
from formula (13) and from the next lemma:

Lemma 9. Assume that the conditions (H1), (H2) and (H3); hold. LetE, E' > a, E' # E.
Then
Gg+%(B)cGg+F(B). (16)

Proof. If x + z_ € Gg + % (B), there exists a sequence y, € F, such that
Yn—Nix, Lgyn—A_x, yn+Lgyn,—x.
Then, y:=1lim;—+00(Vn+ Lg' yn) e and
(Lg—Lp)yn+2-=(E' —E)(B+E) 'Lgy,+z_ € Dom(B+E) + % (B) c Z(B).

We need only to prove that y € Ggr. This is a consequence of Lemma 3. 0

What remains to be done is to show that for any E > a, A— E is a bijection. In fact we
are able to prove this for any E in the variational gap (a, A1) .

Let f € A#. We look for X = x+ z_ in Dom(A*) with x € Gg = % (Tg) and z_ € & (B),
such that (A*— E) X = f. Thanks to Lemma 8, we can reformulate this problem as follows:

Find (x,z_) € Gg+ & (B) such that
{ Pr(x,u)=(f,w), YueGg,

()
(B+EB)?z_,(B+ B)Y?v_)=~(f,v), VYv_eZF(B). /
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Indeed, Lemma 8 guarantees that any solution of (A* — E)X = f lying in D(A) must sat-
isfy (2?r). Conversely, if (x,z-) € Gg x & (B) satisfies (%), then, by Lemma 8, for any
UE€eF,

(X,(A-BE)U) = (X,(A* —=E)U) = P (x, A+ U + LgA, U)
—(B+E)"?z_,B+BV*(A_U-LgA D)) = (f,U),
so that X e Dom(A*) and (A* - E)X = f.

Finally, since we assumed that E € (a, 1), P is a scalar product endowing Gy with a
Hilbert space structure, so the Riesz isomorphism theorem tells us that the first equation
in (%) has a unique solution u € Gg. Similarly, since E > a, the second equation has a
unique solution z_ € % (B). This proves that A is a self-adjoint operator.

Remark 10. Recalling thatI1g (resp. A_) is the orthogonal projector onT g (resp. F#£-), the
solution of the system of weak equations (%) can be expressed in terms of these projectors
and of the Friedrichs extensions Ty and B :

{ x=Tg'oIlg(f),
z_=—(B+E) o A_(f).

This shows that x is in Dom(Tg) and that z_ belongs to Dom(B). As a consequence, the
domain of A may also be written as

Dom(A) = (Dom(Tg) + Dom(B)) n Dom(A*). (17)

The extension A is thus built. Its uniqueness among those whose domain is con-
tained in Gg+ % (B) is almost trivial. Indeed, for any other self-adjoint extension A, we
must have Dom(A) c Dom(A*), hence, if Dom(A) ¢ Gg + % (B), then Dom(A) c Dom(A),
which automatically implies A = A since both operators are self-adjoint. This completes
the proof of Proposition 7.

Remark 11. In [19], it is proved that the extension A is unique among the self-adjoint ex-
tensions whose domain is included in Ay Gg ® AC_, assuming that the operator —A_A,, is
essentially self-adjoint. Coming back to Example 1, let us show that without this assump-
tion, such a uniqueness result does not hold in general.

With the notations and assumptions of this example, one easily checks that & (B) =
{0} x H& Q), Gg = H& (Q,R) x {0}, and, ifA(D) denotes the Dirichlet Laplacian with domain

H?N H& (Q,R), one has
~ (AP0
A=l o a0f

But since A : C°(Q,R) — L*(Q,R) is not essentially self-adjoint, there are infinitely many
other self-adjoint extensions of A with domain included in A, Gg & J€_. An example is

~ (-AD o
A=
( 0 A(N))

with AN the self-adjoint extension of A associated with the Neumann boundary condi-
tionVv-n=0.
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3.2. Variational interpretation. As a side remark, we give an interpretation of the self-
adjoint extension A that generalizes the Rayleigh- Ritz principle for semibounded oper-
ators mentioned in the introduction. Assuming that E € (a,A;) and given f € /2, let us
consider the inf-sup level

inf sup {% (X1 +y-, (A= E) (x4 + y2)) = (f, x4 + y_)}.
x+€Fy y eF_

Of course, in general, this inf-sup is not attained in F, @ F_, but enlarging this space one
can transform it into a min-max:

inf sup {% (x4, (A=B)x:)+ (LgX4,(B+E) Lgxy))
X+€Fs z_eD(B)

= (fxe+ Lex) -z, B+ B 2) - (f,20)}

= inf {3(Ceh, (A= B x) + (Lpxe, (B+ E)Lpx,)) = (f, %y + Lex,)}

X+€F;

- inf {l, B+Bz)+(f,2))

z_eDom(B)
= )rcgiGr;{ééE(x) - (.0} ‘z,r?}?g){% (B+B)"2.,(B+B"2)+(f,2)}.

Each of these last two convex minimization problems has a unique solution, and the
system of Euler-Lagrange equations solved by the two minimizers is just (2?¢), so their

sumis X = (A-E)'f.
4. THE MIN-MAX PRINCIPLE

In this section, we establish the min-max principle for the eigenvalues of A in the case
ko = 1. Even if our assumptions are weaker and our formalism slightly different, the ar-
guments of this section are essentially the same as in [2, § 2], up to some missing details,
and the more complete proof of [19, § 2.6].

Proposition 12. Under assumptions of Theorem 1, if (10) holds, then for k = ko the num-
bers Ay lie in the interval (a, b and those Ay satisfying Ay < b are all the eigenvalues of A
in the spectral gap (a, b), counted with multiplicity.

If assumptions (H1) and (H2) hold, to each E > a we may associate the sequence of the
min-max levels

Qr(x)

ly(E) = inf sup 5 - (18)
V subspace of Iy X€V\{0} Il
dimV =k
We may also define the (possibly infinite) multiplicity numbers
my(E) := card{k’zl . ¢,(E) :Zk(E)} > 1. (19)

The next lemma gives a direct relation between the min-max levels ¢4 (E) of Qg and the
min-max levels Ay of A defined by (2). This result and its proof can be found in [2,
Lemma 2.2] and in [19, Lemma 11]. The assumptions in these papers are stronger, but
the proofin our case is very similar and rather straightforward, and actually an easy direct
consequence of Lemma 3, so we omit it.
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Lemma 13. Under assumptions (H1) and (H2), for any k = 1 and any A > a such that
A # Ak, the signs of A — A and ¢ (1) are the same. If, in addition, A, > a, then Ay is the
unique solution in (a,+oo) of the nonlinear equation

lr(A) =0. (20)

In other words, 0 is the k' min-max level for the Rayleigh-Ritz quotients of Qy » and this
determines Ay in a unique way. As a consequence, my(-) defined by (19) is such that

m(Ag) = card{k' >1: Ap = Ak}.

Now, under assumptions (H1), (H2) and (H3); one should recall that I'r is dense in Gg
for the norm A%, so that (18) is equivalent to

Q X
ly(E) = inf sup QE(z) Wks1 1)
V subspace of G X€V\{0} Il
dimV=k

Then, by the classical Rayleigh-Ritz principle, we have ¢ (E) < info.s(Tg) and, in the
case ((E) <infoess(TE), £« (E) is an eigenvalue of Tr with multiplicity my (E).

Since we have a relation between the spectrum of Tr and the min-max levels ¢ (E),
what remains to be done in order to end the proof of Theorem 1 is to find a relation
between the spectra of T and A. In order to do so, we need some informations on the
continuity of the decomposition of X € Dom(ﬁ) asasum X =x+z_, x€ Dom(TEg), z_ €
Dom(B). We already mentioned that this decomposition is not necessarily continuous
for the || - || norm, but we have the following result.

Lemma 14. Under assumptions (H1), (H2) and (H3),, for any E > a, the two projections
ng: XeDom(A) —xeDom(Tg) and nly: X € Dom(A) — z_ € Dom(B),

uniquely defined by the condition X = x + z_, are continuous for the norms ”X”Dom(ﬁ) ,
| Xlpom(Tz) and llz—llpom() - More precisely, there is a positive constant Cg such that

175 (X) Ipome) < CEIIA-(A-E)XIl  and |17e(X)Ipom(ry) < Ce I X I pom i) -

Moreover the constant Cg remains uniformly bounded when E stays away from a and oo.

Proof. In the arguments below the constant Cr changes value from line to line but we
keep the same notation for sake of simplicity. We use the weak formulation (2?¢) of the
equation (A — E)X = f introduced in Section 3. In that section, f was given, X was un-
known and it was assumed that E € (a, A1) in order to make sure that (?) has a unique
solution X. But we use (%) differently here. We take E > a, X € Dom(A) and we de-
fine x:= (X)), z_ := n%(X), f= (A— E)X. Then (Zr) must hold. Looking at the sec-
ond equation of this system, we infer an estimate of the form | z_lpom) < CelIA-f1I,
hence the continuity of JT;E. Since || - lpom) = Il - || and x = X — z_, the estimate on z_
implies in turn the estimate | x|| < Cg | X IIDom( - Combining this information with the
first equation in (2?¢) we finally get the estimate || x|[pom(7) < Cg | X IIDom( ) SOTE is also
continuous. 0
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Remark 15. In the sequel, we do not use all the informations contained in Lemma 14: we
only need the weaker estimates IIn’E(X) | <CglIA_(A-E)X|| and |np(X)|l < Cg I X pomA) -

We are now ready to prove the following result:

Proposition 16. Under assumptions (H1), (H2) and (H3),, let E > a and m € N* be such
that for any & > 0, Rank(1_s 5)(Tg)) = m. Then for any € > 0, Rank(1(g—¢,+e)(A)) = m.

Proof. For § > 0 let Zs be a subspace of R(1(_s,)(Tr)) of dimension m. Then we have
%5 < Dom(Tg) < Gg. Using Lemmas 8 and 14 we find that for all x € Z5 and y € Dom(A),

|(x, (A= B)y)| = [Pp(x, mp()] = |(Tex, wp(y)| < Sllxl Izl < CeSIxI Y pomi) -

Assume by contradiction that for some &g > 0, Rank(1(z—_g, 5+¢)(A)) < m—1. Then for
each § > 0 there is x5 in % such that | xs]| = 1 and Tg—_g, 5+e0) (A)%s = 0. So there is y5 €
Dom(A) such that (A— E)ys = x5 and ||ys|| < ;1. We thus get (x5, (A— E)ys) = I x511> = 1
and Cgllxsllllys IIDom( A is bounded independently of §. So, taking § small enough we
obtain |(xs, (A- E)ys)| > Cedlixsl 1¥5llpoma) and this is absurd. We have thus proved
the Proposition by contradiction. 0

The converse of Proposition 16 is also true:

Proposition 17. Under assumptions (H1), (H2) and (H3),, let E > a and m € N* be such
that for any € >0, Rank(1(g—¢, g+ (A)) = m. Then for all § > 0, Rank(1_s 5 (Tg)) = m.

Proof. For € > 0, let %; be a subspace of R(T(g—¢,E+¢) (ﬁ)) of dimension m. Then we have
Y, c Dom(ﬁ) < Dom(Tg)+Dom(B). Using Lemma 8 we find that for all x e Dom(7T%) and
Ye&,

|(Tgx, wp(V))| = |Pe(x, me (V)| =|(x, (A- E)Y)| < ellxIl Y]

Moreover for any Y € %, from Lemma 14 one has

|7 (V)| < Ce||A-(A-E)Y| = Cgelliyll.

So, imposing € < ﬁ and using the triangular inequality, we get the estimate || Y] <
2|lmp(Y)| for any Y € &;. As a consequence, the subspace V; := n5(%;) < Dom(Tf) is

m-dimensional and for all x e Dom(Tfg) and y € V,, one has
I(Tex, )| <2¢elxllyll.

To end the proof of the Proposition, let us assume by contradiction that there exists
80 > 0 such that Rank(1_s, 5, (Tr)) < m— 1. Then for each small ¢ there is y, in V; such
that ||y. Il = 1 and 15,5, (TE)¥e = 0. So there is x, € Dom(Tg) such that Tgx, = y, and
Ixell < 651, We thus get (Texe, ye) = I1y: 1> =1 and lx Il e || < 65 So, taking & small
enough we get |(x¢, (A—E) ¥e)l > 2€ || xe |l | e || and this is absurd. We have thus proved the
Proposition by contradiction. U

Combining Lemma 13 with Propositions 16 and 17 completes the proof of Proposition 12.
O
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5. END OF THE PROOF OF THE MAIN RESULT

With Propositions 6, 7 and 12, the proof of Theorem 1 is complete if ky = 1 in as-
sumption (H3). In the more general case ky = 1, one can define the Friedrichs exten-
sion B exactly as before, as well as the operator L, its graph I'r and the quadratic form
Qe(x) = (x,Spx) with Sg = Tlg (AL (A= E)Ay + A_(B+E)A_), , Tlg: # — T being the
orthogonal projector on I'g.

Lemma 2 still holds, as well as the inequalities (8) and (9) of Lemma 3. But of course,
when ky = 2 there is no value of E > a such that Qg = 0. However we have the following
result:

Lemma 18. Under assumptions (H1), (H2) and (H3), for any E > a, there is kg > 0 such
that Qg +xgll- 1= -1 onTg.

Proof. Note that formula (11) for kg given for ko = 1, does not work for 1; = a. We thus
need a new argument when kj = 2. Fortunately, as in the case ky = 1, we just have to find
a constant kg for any E > a: then the inequalities (8) and (9) will immediately imply its
existence for any E > a. We take E € (a, Ay,) . Since Ay,—1 = a < E, by Lemma 13 we have
lio-1(E) € [-00,0). So there is a (ko — 1)-dimensional subspace W of I'g such that

Qr(w)

r._
0= .
wew\ioy lwll

€ (—00,0).

LetC:= sup{IISEwll rweW, |lw| < 1}. This constant is finite, since W is finite-dimen-
sional. We now consider an arbitrary vector x in I'y and we look for a lower bound on
Qg(x). We distinguish two cases.

e First case: x € W. Then Qg (x) = (x,Sgx) = — C| x||%.

e Second case: x ¢ W. Then the vector space span{x} @ W has dimension k. Since we
have Ay, > E > a, by Lemma 13 we obtain ¢y, (E) > 0, so there is a vector wy € W such
that Qp(x+ wp) = 0. Then we have

CZ
Qg (x) = Qg(x + wp) — 2Re(x, Spwo) — Qp(wp) = =2 Cllx || woll + 1€ | woll* = e 111>
So in all cases, if we choose kg = 1+ max{C, C?/|¢'|}, we get Qg (x) + kg [ x]|* = || x||*. This
ends the proof of the lemma. 0

Now, using Lemma 18, we can construct A%, Gg, 65, N g and A exactly as in the
case kg = 1. Then Corollary 4 and Lemmas 5, 8, 9 remain true under the more general
hypothesis (H3), instead of (H3);, and their proofs are unchanged.

When E € (a,Ag,), the problem (£?¢) defined in Section 3.1 has a unique solution
(u, z-) € Gg x & (B), as in the case ko = 1. For the existence and uniqueness of z_ sat-
istying the second equation in (&), the argument is exactly the same: one appeals to
the Riesz isomorphism theorem. But when kg = 2, 65 is no longer positive definite, so
we cannot use the Riesz isomorphism theorem for the existence and uniqueness of u.
Instead, we recall that from Lemma 13, #4,_;(E) <0 and ¢y, (E) > 0. By the Rayleigh-Ritz
principle, 0 (Tg) N (€1 (E), €k, (E)) is empty, so Tg is an isomorphism between Dom(Tx)
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and T’ that extends to an isomorphism between G and its topological dual. This implies
the existence and uniqueness of u satisfying the first equation in (2?¢). The other argu-
ments in Section 3.1 are unchanged. Note, however, that the variational interpretation
of (&¢) given in Section 3.2 is no longer valid when ko > 2, but it was just a side remark
that plays no role in the proof of Theorem 1. So the first part of this theorem is proved for
any value of kg .

In Section 4, all statements remain true if one replaces assumption (H3); by the more
general assumption (H3), with ko = 1, and their proof is unchanged. The only difference
is that the condition A} > a appearing in Lemma 13 is only true for k = ky instead of k > 1.
This completes the proof of Theorem 1 when ko = 2.

6. APPLICATIONS TO DIRAC-COULOMB OPERATORS

Let us consider the Dirac-Coulomb operator in dimension 3 given by
A=—-iaV+p+V

and start by the case of a point-like nucleus corresponding to the potential V (x) = —v/|x].
Using Talman’s splitting A () = (¢,0), A_(w) = (0, y) of four-spinors ¥ = (¢, y) into up-
per and lower two-spinors, thanks to Theorem 1 with ky = 1 we can define a distinguished
self-adjoint extension of A with minimal domain cg%u@ \ {0}, CH) for any0<v<1andwe
can also characterize all the eigenvalues of this extension in the spectral gap (-1,1) by
the min-max principle (2). This is not a new result: see [2, 8, 6, 19], where it was also
noted that V can be replaced by more general attractive potentials which are bounded
from below by —1/|x| near the origin.

A more delicate situation arises when
V1 Vo 3 2

Vix)=——+—— with x3#0, 0<vi<1 with —-<wvy,<
lx|  1x— Xol 4

pig
2
In such a case, Talman’s decomposition in upper and lower spinors cannot be used: as-
sumption (H2) does not hold. Instead, as projectors we choose

As =T, (—iaV+p),

5 -
+T[

and as domain F we take the Schwartz class .#(R3,C%), so that (H1) is satisfied. By the
upper bound on vy, it follows from an inequality of Tix [24] that the Brown-Ravenhall
operator —A_ (A +1- VZ)IA,F is non-negative so that (H2) holds with a = -1 +v,. On
the other hand, since v, < 1, [2, inequality (36)] implies that A; = 0, so (H3); holds as
well and thus, Theorem 1 can be applied with ky = 1. But as shown in [23, Corollary 3],
—A_Ajp_r is not essentially self-adjoint, since v, > 3/4, so one cannot use the abstract

result of [19].

Interesting cases of application of Theorem 1 with k( = 2 are Dirac operators perturbed
by an attractive electrostatic potential V(x) = -)_; i xtixil generated by several nuclei, each
having at most Z; protons with Z; < Z, = 137.04 so that v; = Z;/ Z, < 1. If the total num-
ber of protons ) ; Z; is larger than 137, a finite number N of eigenvalues of the distin-

guished extension in the spectral gap (-1, 1) can dive in the negative continuum when
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the nuclei get sufficiently close. If this happens, the N first min-max levels A (with Tal-
man’s splitting for instance) become equal to a = —1 and one has to take ky = N +1 (see
the recent work [7] for more details).
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