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ABSTRACT. We first discuss a class of inequalities of Onofri type de-
pending on a parameter, in the two-dimensional Euclidean space. The
inequality holds for radial functions if the parameter is larger than —1.
Without symmetry assumption, it holds if and only if the parameter is
in the interval (—1, 0].

The inequality gives us some insight on the symmetry breaking phe-
nomenon for the extremal functions of the Caffarelli-Kohn-Nirenberg
inequality, in two space dimensions. In fact, for suitable sets of param-
eters (asymptotically sharp) we prove symmetry or symmetry breaking
by means of a blow-up method and a careful analysis of the convergence
to a solution of a Liouville equation. In this way, the Onofri inequality
appears as a limit case of the Caffarelli-Kohn-Nirenberg inequality.

1. INTRODUCTION

The Onofri inequality on the sphere S?, see for instance [1, 14, 15], states
that

2
(1) / 2u-2fudo gy < V205200
S2

for all u € & = {u € LY(S?,do) : |Vu| € L*(S?,do)}, where do denotes
the measure induced by Lebesgue’s measure in R? O S2, normalized so that
/. g2do = 1. Using the stereographic projection from S? onto R?, we see
that (1) is equivalent to the following Onofri type inequality in R2:

1 2
/ ev—fRQ vdp du < e HVvHLz(Rgdz)’
R2

for all v € D = {v € LY(R?,dp) : |Vo| € L?(R?,dz)} where du denotes the
probability measure

dus — dz
e T+ =P)?
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In this paper, we first note how the above inequality can be generalized to
the family of probability measures

a+1 |z > dx
T (14 gD’

for @ > —1, and investigate when the inequality

dpe =

1 v 2
(2) / ev—fRz vdpia dHa < e 167 (at1) I U”L2(1R<2,czgc)7
R2

holds in the space
o = {u € LY(R?, duy) : |V € L2(R2,dx)} .

In section 2, we prove that (2) always holds for functions in &, which are
radially symmetric about the origin. Meanwhile, without symmetry assump-
tion, inequality (2) holds in &, if and only if « € (—1,0].

The Moser-Trudinger inequality was initially proved by N. Trudinger in
[18], and then established in a sharp form by J. Moser in [14] using sym-
metrization techniques. In dimension two it involves a term exp(4w |u/|?).
However, in [14], J. Moser also establishes (1), up to a non sharp constant,
and this is why (1) is sometimes called a Moser or Moser-Trudinger in-
equality in the literature. Onofri’s proof relies on conformal invariance and
provides the sharp constant on S2. Inequalities of the type (1) are known
to hold over any compact surface (see [10]), but on S?, the advantage of
Onofri’s inequality is that it holds with the best possible constants.

We use the above information to investigate possible symmetry breaking
phenomena for extremal functions of the Caffarelli-Kohn-Nirenberg inequal-
ity (see [3]), in two space dimensions. Namely,

|U’j 2/ / ‘CUP
3 = dr < dr YueD,
(3) </E2 B < Cap 2 |z[2e ab

2
witha<b<a+1, p:b ,
—a

Da,b - {‘$|_bu < Lp(szdw) . |w’—a |Vu] € Lz(R2,d{E>} )

and an optimal constant C, ;. Typically (3) is stated with a < 0 (see [3])
so that the space D, is obtained as the completion of CZ° (R?), the space
of smooth functions in R? with compact support, with respect to the norm
lul|? = || |z|~bu 12+ [l |z]7* Vu ||3. Actually (3) holds also for a > 0 (see
section 2), but in this case Dgy is obtained as the completion with respect
to || - || of the space {u € C°(R?) : supp(u) C R?\ {0}}. We know that for
b= a+ 1, the best constant in (3) is given by C, p—4+1 = a® and it is never
achieved (see [4, Theorem 1.1, (ii)]). On the contrary, for a < b < a + 1,
the best constant in (3) is always achieved, say at some function u,p € Dqp
that we will call an extremal function. However u,j is not explicitly known
unless we have the additional information that wu,j is radially symmetric
about the origin. In the class of radially symmetric functions, the extremals
of (3) are given (see [6, 4]) up to scalar multiplication and dilation, by

2a (14+-a—b) > —ﬁ

(4) ui(z) = (14 Jof = v
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See [4] for more details and for a “modified inversion symmetry” property
of extremal functions, based on a generalized Kelvin transformation. Also
we refer to [16, 13, 12] for further partial symmetry results. On the other
hand, extremals are known to be non-radially symmetric for a certain range
of parameters (a,b) identified first in [4] and subsequently improved in [9].
Those results provide a rather satisfactory information about the symmetry
breaking phenomenon for u,, when |a| is sufficiently large. Also they apply
to any dimension N > 3, where inequality (3) reads as follows:

P 2/p 2
(5) (/ [ul dx) < C’é\fb/ 7]Vu\ de, Yue Dé\fb ,
R R

v [a| N faf*

with p = % , D(]Xb = {|z|u € LP(RN,dz) : |z|7%|Vu| €
L?*(RY dx)}, an optimal constant C(fb ,and a, b € Rsuch that a < (N—2)/2,
a <b<a+1. Again we observe that inequality (5) makes sense also if
a> (N —2)/2and a < b < a+ 1, where now the space Dfxb is given by the
completion with respect to ||-|| of the set {u € C2°(R?) : supp(u) C R?\{0}}.

Inequality (5) is sometimes called the Sobolev-Hardy inequality see [6],
as for N > 2 it interpolates between the usual Sobolev inequality (a =
0, b = 0) and the Hardy inequality (a = 0, b = 1); or the weighted Hardy
inequalities (see [4]), since for b = a+ 1 it furnishes a family of Hardy-type
inequalities involving weights.

For N >3 and 0 < a < (N — 2)/2, the extremal u, of (5) (which again
exists for every a < b < a + 1) is always radially symmetric (see [6], and
for a survey on previous results, see [4]). On the other hand, when a < 0,
this is ensured only in some special cases described in [13, 12]. Also see [16,
Theorem 4.8] for an earlier but slightly less general result.

In this paper, we focus on the less investigated bidimensional case N = 2,
and besides symmetry breaking phenomena, we explore the possibility of
ensuring radial symmetry for the extremal u,p, a property which cannot be
handled as in [16, 13, 12], (see in particular [16, Remark 4.9]).

To this purpose, first we check in section 2.2 that (3) (or more gener-
ally (5)) holds for all @ # 0 (or a # (N —2)/2 if N > 3) and not only
for a < 0 (or a < (N —2)/2) as it is usually found in literature. In this
way we can analyze radial symmetry of u,y in the range a # 0 and for all
be (a,a+1).

Theorem 1. Leta # 0 and N =2. Ifa<b< h(a) =a+ \/%, then (3)

admits only non radially symmetric extremals.

Asin [4, 9], Theorem 1 follows by analyzing the linearized operator around
the radial extremal uzaf and show that it yields to a saddle (and not a
minimum) type solution.

Since as |a| — +00, 0 < a+ 1 — h(a) — 0, it is reasonable to look for
radially symmetric extremals when |a| is small. But so far, for N = 2, there
was no result identifying a set of parameters (a,b) for which u,p is shown
to be radially symmetric. Here we provide a contribution in this direction
which asserts that the above curve h(a) is asymptotically optimal as a — 0.
More precisely, we show that if a — 0, then A/, (0) = 2 (or if @ — 0_, then
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h’_(0) = 0) gives the optimal value of the ratio b/a that signs the transition
between radial symmetry and symmetry breaking.

Theorem 2. Leta # 0 and N = 2. For every e > 0, there exists 6 > 0 such
that for |a| € (0,9), b € (a,a + 1), if one of the following conditions holds:

(i) a>0 and b/a > 2 +¢,
(ii) a <0 and b/a < —¢,

then the extremals of (3) are radially symmetric, and given, up to scalar
multiplication and dilation, by ufzag defined in (4).

Note that, as a consequence of Theorem 1, we can also state , for small
|a], the following counterpart of Theorem 2 in case of symmetry breaking.

Corollary 3. Let N = 2. For every € > 0, there exists § > 0 such that if
la| € (0,9), b € (a,a+ 1), if one of the following conditions holds:

(i) a>0and b/a <2 —c¢,
(ii) a <0 and b/a > ¢,
3

then (3) cannot admit a radially symmetric extremal.

We will directly prove the weaker statement in Corollary 3 as a conse-
quence of the Onofri type inequality (2). We emphasize that such an ap-
proach makes no use of the linearized problem around the radial solution (4)
and could be helpful in other contexts. To prove the more complete result
stated in Theorem 1, we use the Emden-Fowler transformation in order to
formulate (3) (or more generally (5)) as the Gagliardo-Nirenberg inequality
on the cylinder R x S' (or more generally R x SV~1). In this way we can
analyze the linearized elliptic problem around the solution corresponding
to (4) and see in which case it does not yield to a local minimizer. We shall
obtain a precise description of the linearized problem in section 3. This
information will lead us directly to the proof of Theorem 1. It will be use-
ful also to handle the more interesting part of our contribution given by
Theorem 2, that will be derived from an argument by contradiction using a
blow-up method and a careful analysis of the convergence to a solution of a
Liouville equation

To emphasize the relevance of Theorem 2 and the advantage of our ap-
proach, we notice that it provides an alternative and direct proof of Onofri’ s
inequality (see Section 5) without any use of the conformal invariance, but
rather by identifying it as a limiting case of the Caffarelli-Kohn-Nirenberg
inequalities.

In concluding we wish to bring the reader’s attention to an Onofri type
inequality in the cylinder R x S1 (see Proposition 25 in section 5). We believe
it helps to illustrate the nature of the symmetry breaking phenomenon.

2. THE ONOFRI INEQUALITY IN CONNECTION TO THE
CAFFARELLI-KOHN-NIRENBERG INEQUALITY

Consider the measure p, and the Banach space £, a > —1, defined in
section 1. Here and from now on, we let [|v]|2 denote [|v|[12(r2 dq)-
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2.1. Onofri inequalities in R?.

Proposition 4. Let a > —1. For allv € &, there holds

(6) / eV Ja2 vijia dpie, < em (IIVng-Fa(OH-?)H%f%vH%).
RQ

Proof. We use polar coordinates in R? ~ C. For z € R?, we let z = re®,

r >0, 6 € [0,27). We also consider cylindrical coordinates in R?, so that for
(y,2) ERZx R, we let y = pe?, p>0, 0 € [0,27) and z € R. In this way,
we can write R D 52 = {(pe 2) : p®2+ 22 =1and 6 € [0,27)}. We recall
that the inverse ¥ of the usual stereographic projection from S? onto R? is
defined by
, » 2re? 21
So(re?) = (pe,2) = (1 +r27 1 +r2>

If v is defined on S?, then v = u o X is defined in R? and for any continuous
real function f in R, we have
m [ f(u) da:/ de and 47r/ |Vul? do:/ |Vo|? dz
s2 gz (1+|z[?)? s2 R?

whenever f(u) and |Vu|? belong to L(S?).

In order to prove the proposition, we are going to use the inverse of
a dilated stereographic projection given for all @ > —1 by the function
¥, : R2 — 52 such that

) 9 potl pi T2(a+1) -1
0y
ZO‘ (T el ) - <1 + T2(o¢+1) ) 1 + T.Q(Ox-ﬁ-l) :

Note that for any r > 0, 6 € [0,27), So(re) = Zo(r'*e?) and, for any
p>0,0€]0,2m) and z € [-1,1],

E;l((pew,z)) _ (Isz)l/(oH-l)eiG ‘
Now, if f is a continuous real function in R, f(u), |Vul?> € L'(S?) and

v = u o X,, then an elementary computation (see the Appendix) shows
that

. f(u) do = /R2 fv) dpg

1 1 2
ﬂ/é@\VU] do OH_l/RQ(]Vv] +a(a+2) ragv )dx

The result follows from Onofri’s inequality (1). O
Corollary 5. If o € (—1,0], then (2) holds true for any v € &,.

Proof. 1t is an immediate consequence of Proposition 4 since for o € (—1,0],
we have o (o + 2) < 0. O

This result is optimal. While (2) remains valid for all &« > —1 among
radially symmetric functions (about the origin), in general it fails to hold
in &, for a > 0. In view of the proof of Corollary 5, this is a consequence
of the conformal invariance and of the positivity of « (a4 2) for a > 0, but
this can also be seen from a more analytical point of view as follows.
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Proposition 6. If a > 0, then inequality (2) fails to hold in &,.

Proof. Let us exhibit a counter-example to (2), which is valid for all a > 0.
For any ¢ € (0,1), let us consider the function v, : R — R defined by

where Z denotes the point (1,0). For this function we can calculate the
various terms of (2).
First we compute the Lh.s., and see that

,ua(ezvg) = /R2 e2ve dite = Ioe + Aa ﬁ
where ) .
Ioz75 N g /|:1:x|<1 - 2 Gt
(1+mi2r)
and A, = f|x—:z=\>1 djig is finite for all & > —1. Now, by the change of

variables * = T + /e y and dominated convergence, we find

T 2a 1
hm/ ’$+\@y|2 gdy:/ diyw
i<t (L4 |2+ VEYPE)T (1w lyl?) 1 e T lyP)

So, for the function v,, the Lh.s. of (2) satisfies
a+1
4

Next we compute the r.h.s. of (2), that is m Vel + 2 1o (ve) and
see that

2ve )

lim pq (e =limlIl,. =
e—0 e—0

e+m 472
V|3 =471 —
R e e
and -
Q[La(’l)s) = Ja,s =+ Aa 10g m 5
where

&
Joe = I dite, .
- /|x_x|<1 °g<<e+w|x—x\2>2> a

Using A, =1 — f|x7j|<1 djte, we get

e+m 2
+Ba,€ ) Ba,s = / log <_2> dpe
le—z|<1 e+l — 7

1
lim Ba,s = / log (_4> d/.ta .
e—0 |lz—z|<1 |z — 2|

1 9 o
2 =
g IVl + 2o = 1

€
2 p1a(ve) = log m

Hence

loge+0O(1) as €—0,

and comparing with the estimate above, we violate (2) for ¢ > 0 small
enough. O
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2.2. The extended Caffarelli-Kohn-Nirenberg inequality. The range
in which inequalities (3) and (5) are usually considered can be extended as
follows.

Lemma 7. If N = 2, then inequality (3) holds for any a # 0 and b such
thata < b <a+1. If N > 3, then inequality (5) holds for any a # (N —2)/2
and b such that a < b <a+ 1.

Proof. We use Kelvin’s transformation and deal with the case N = 2. If
u € Dqyp, then v(z) = u (x/|z]?) is such that |z|*|Vv| € L*(R?,dz). Hence,
for a > 0, b € (a,a + 1], define @’ = —a, ¥/ = b—2a € (—a,—a + 1] and
apply (3) to the pair (a/,b") with p =2/(/ — a’) to obtain

2/p 2

v|P Vv .

fo () = cow [ g do
R R

Now, we make the change of variables y = =/|z|? and get

|ulP 2/p / |Vul? )
—d < Cuy - d n D,y .
/2 <‘y|4 vp W > Loy 2 |y oar WY 1 a,b

Thus we arrive at the desired conclusion with Cyp = Cqr py, since
4—bp=bp, —2d=2a and p=2/t/ —d)=2/(b—a).

Similarly in dimension N > 3, argue as above witha = N —2 —d/, bp =
2N —b pand p=2N/(N —2—-2(0 —d')) =2N/(N —2—2(b— a)). O

Surprisingly, the case a > 0 if N = 2, or a > (N —2)/2 if N > 3, has
apparently never been considered. According to our argument, it requires
to define with care the space D, ;. Indeed if a function u € C=(RM)N Dy
for a > (N —2)/2, N > 2, then u must satisfy «(0) = 0. Although optimal
functions for inequality (5), a > (N —2)/2, N > 2, have not been studied,
it has been noted in [4, Theorem 1.4] that whenever u > 0 satisfies the
corresponding Euler-Lagrange equations, then, up to a scaling, it satisfies
the “modified inversion symmetry” property, that is, there exists 7 > 0 such

that ( :
—(N—-2-2a
u(:c):‘g‘ w22 VaeRY,
T |z[?

The transformation u +— |x]7(N —2-2a) u(z/|z|?) is sometimes called the gen-
eralized Kelvin transformation, see e.g. [6]. The modified inversion symme-
try formula can be shown for an optimal function u using the fact that v
given in terms of u as in the proof of Lemma 7 is also an optimal function
for inequality (5), with parameters a', b'.

2.3. The Onofri inequality as a limit case of the Caffarelli-Kohn-
Nirenberg inequality in R2. We now relate inequalities (2) and (3). In
this section, we will only consider the case a < 0. The case a > 0 follows by
Lemma 7.

For N =2, a> —1,¢e € (0,1), let us make the following special choice of

parameters:

€ 2
(7) a——li_g(owl—l), b=a+¢e and p=-.
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rad

Let u. = u.% be given in (4), that is

ue(w) = (1+ \x|2<a+1>>*ﬁ -

We consider the functions

f _ |: Ue :|2/€ g — |:|VU5’:|2

’w‘a+e

and the integrals

Ke = fe dxr  and )\Ez/ggd:v.
R2 R2

Straightforward computations show that

_£€

2a 2 o T—2
Ko = / || ; usza do— T / s _ds,
R2 (1 + |z[20+) || at+lo (1+s)7=

2(2a+1—a)
Ao = 4a2/ i —dx .
R2 (1 4 ‘x|2(1+a))ﬁ

Notice that we can use Euler’s Gamma function I'(z) = fooo 5% te=%ds, and
on the basis of the well known identity:

> 201 2\—b _I‘(a)F(b—a)
2/0 s (14 8%)Pds = ———>

deduce for A\. the following expression:

Lemma 8. Let ag > —1, v € C®(R?), we = (1 + ev)u.. With the above
notations, we have

1 p d
— ]w€b| dac:/ ]1+8v|§ Jedr
Ke Jp2 |x|P R2 Jge fe da

and, as € — 0, uniformly with respect to o > «p,

|Vw5|2
|2a

2/e 2
8(Lta)? [ _Ue U _, /VQufd O(a?
(I—¢)2 /R2|$|2(aa) T+ RL vl |z[2 z+ O(a"e)

Proof. By definition of g., we can write

dr = \+e2

R |T

|Vw,|? dx 9 5 dx
/R2 2 dr =\ +2¢ . Vue - V(ugz v) Pz +e - |V (uev)| PR
@ (D
A simple algebraic computation shows that

2 2_
) (i) = e

|x|2a

Using (8) and an integration by parts, we obtain

CL2
m=""

|z |27 2/% y da .
9 R2
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As for (IT), we expand |V (ue v)|? and write

d
(I1) = / |:’U2 Ve |? + ue V(v?) - Ve 4 u? |Vv|2} 32:
R2 ‘J}‘ “

where the first two terms can be evaluated as above using (8) and an inte-
gration by parts. Hence,

dz 4 a? —a) 2/e
/2 <1)2 |Vue|? + u-V(0?) - Vu€> e = /2 |20~ 275 2 d: .
R R

To complete the proof we just remark that the function |z\2(o‘_“)ug/ ° s

uniformly bounded for a > oy > —1. O

For a given o > —1, we now investigate the limit as ¢ — 0. We prove
that inequality (2) is a limiting case of inequality (3), whenever (3) admits
a radially symmetric extremal for any € small enough. In such a case, we
can write (3) as follows:

1 P 1 [ Vw2 N\
9) — \wL dx < / [Vl dx .
ke Jre || Ae Jr2 |zl
Thus, if we take w = w, = (1 4+ €v) u., then we have:
1 |wel|P

2 1/e
dr < <1+ f\2 { (11+S)2 fRzlgClQ(a 5 dz+ [po V‘;:Qau da:D + O(a%c?).

In particular, observe that

Ke Jg2 ||t

‘x’*bp fé‘ dx - o+ 1 |:L"2a u2/6
Jre fe da :

Proposition 9. Let us fir « > —1 and suppose that there exists a sequence
(en)nen converging to O such that the radial extremal function u., is also
extremal for (3) with (a,b,p) = (an, bn, pn) specified a follows,

dx ~ dpe(x) as e — 04 .

2 En
Pn=—, Ap = —
En 1—¢,

(a+1), by=an+e,.

Then, inequality (2) holds true in &,.

Proof. As n — oo, we have

T
e, = A4Am|an| +0(en) , ke, = ] +o(1).

Using Lebesgue’s theorem of dominated convergence repeatedly and Lem-
ma 8, for any v € C°(R?) and w., = (1 + &, v) u.,, we have

1 |we,, [P / 2 f. dx 9
_ d — 1 _J=n v d
Ke, Jrz|2|0nPn ! RJ envl Jxe fe, dz - R2 ¢ e
1 |Vawe,, |

1
Wl g =146, 20dpg + ———— 2) 4+ O(2
e Jor Tap i + € </R2 vdu +4(1+a)7THVv||2>+ (e2)

as n — 4o00. The proposition follows by applying inequality (3) with
(a,b,p) = (an,bn,pn). By density we can finally choose v in the larger
space Eq. O
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Remark 10. Incidentally let us note that if we temporarily admit the result
in Theorem 2, then we find a sequence of optimal functions as required by
Proposition 9. In particular, for a = 0, this gives an alternative proof of
the Onofri inequality in R? as a consequence of Caffarelli-Kohn-Nirenberg
inequality (3). Using the inverse X of the stereographic projection, this also
proves Onofri’s inequality (1) on S?.

Let us now consider another asymptotic regime in which o« — oco. Propo-
sitions 9 and 11 will be useful for the proof of Corollary 3 (symmetry break-

ing).
Proposition 11. If (e,)nen and (an)nen are two sequences of positive real
numbers such that as n — 400,

En

WETOO = 0 nEI-EOO On = +00 and n = _1 — &n (1 + Oén) n—>—-l>—oo 0- ’

then for n large enough, the radially symmetric extremal u., cannot be a

global extremal for inequality (3).

Proof. We argue by contradiction and assume that (9) holds with respect
to the given choice of parameters. By definition of A, , ke,, and Lebesgue’s
theorem of dominated convergence, we know that

En

lim =4r and lim (ap+ 1)k, =7.
n—-+oo |an‘ n—-+4oo

If v € C2°(R?), then by a direct computation, we find:

‘uan(l +€7’l U)‘pn

. 2/en
(a4 1) /2” /+°° 2t 4 (1 + env(rcos 9,rs1n20)) /e i db
(1 + r2entD)) e

l4+en

2w p4oo

tl en 1 1

/ / (1+ e, v(tTan cos, tTHan sin9))2/6” dtde .
(1+t2)T==n =

We pass to the limit as n — +o0o and obtain:

lim 1 ‘Usn(l +én U)|p" do — l /27r€21)(0059, sin 0) do /+00tdt
n—+00 Keg,  JR2 |$’bnpn ™ Jo 0 (1 + t2)2

1 2w .
— e2 v(cos 6, sin 0) do .

2 0
Analogously,

u2/€n
(on + 1)/ —r_wdx
R

5 |l"2 an—0n)

— o) [ PR Mg
R2 (1+’m‘2(1+an))m

lten

2 +oo tl en 1 1
/ / v(tentT cosf, tanti sinf) dt db .
(14 t2)T-n =5
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By Lemma 8, we see that

L[ Vi tenlP
Ae, JR2

v dx

P =145 8<an+1>2/ u
|z [2an Ae, (L—¢p)? Jge |z]?(@n—an)

En £n Q2
O O n
* (1 + Oén) * ( )\5n > ’
and so

Ven s e s (e
lim (/\1/ IV[UE"‘U’;{;"U)] ’2 da:) E: 6% 02 v(cos 0, 81n0)d0f0+ (Ht_%)z
en JR2 T "

n—-4o0o

_ 6% fOQﬁ v(cos ), sinf) do

Hence the validity of (9) would imply that for all v € C2°(R?), there holds:

1 2w

- 621)((20597 sin 0) do < 6% f027r v(cos 6, sin 0) d )
2w 0

But this is clearly impossible, since such an inequality is violated for in-
stance by the function v(x) = v(z1,22) = 22 n(z), with  a standard cut-off
function such that n(z) = 1if |z| <1, n(z) =0 if |z| > 2. O

3. SYMMETRY BREAKING

This section is devoted to the proof of Theorem 1. We start by establishing
Corollary 3, which is weaker but follows as an easy consequence of the results
of section 2.

3.1. Proof of Corollary 3. By Lemma 7 and Kelvin’s transformation, we
can reduce the proof to the case a < 0. Let us argue by contradiction and
assume that there exists g € (0,1), a,, — 0_ and b,, such that gy < Z—Z <1
and ug, p, is radially symmetric. Set e, = b, — a, > 0 and define «,
such that o, + 1 = —a, (1 — &,)/e,. Notice that &, — 04 while «a, +
1 =an—an/(by —an) = an — (by/an — 1)~ > a, + (1 — 9)~!. Hence,
liminf, 4o an > ap = €9/(1 —e9) > 0. But this is impossible since it
contradicts Proposition 11 in case lim inf,—, o oy = 400, or Propositions 6
and 9 if limsup,, ., ,, ap < +oo. ]

3.2. Proof of Theorem 1. It is well known (see [4]) that by means of the
following Emden-Fowler transformations:

x
||
inequality (5) for u is equivalent to the Sobolev inequality for w on Rx SN,
Namely,

N—-2—2a
2

(1)  t=logl|, =" esN, w(t0) =2 F" v(a),

HwH%p(Rst_1) < Cé\,]b ||Vw\|%2(RX5N_1) + i(N —2- 20)2|’w‘|i2(Rst—1)} ,
forw € H'(RxSN-1), with p = 2 N/[(N—2)42 (b—a)] and the same optimal
constant C, as in (5). This inequality is consistent with the statement of

Lemma 7, as it makes sense for any a # (N — 2)/2, independently of the
sign of N — 2 — 2a.
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For N = 2, the inequality holds for functions w = w(t, ) defined over the
two-dimensional cylinder C = R x S! ~ R x (R/27Z), i.e., such that w(t,-)
is 2m-periodic for a.e. £ € R. The inequality then takes the form

(1) w3y < Caarap (IV0I3e) + a0l Vwe H(C)

for all @ # 0 and p > 2. Here C, is the optimal constant in (3) which enters
in (11) with b = a + 2/p.

For any a # 0 and p > 2, inequality (11) is attained at an extremal
function w,, € H'(C) which satisfies

—(wi + wgg) + a?w=wP™! in Rx[-mn],
(12)
w>0, w(t-) is2m-periodic VteR,

and such that
(Ca,a+2/p)

where the functional

-1 p—2 _ .
Lreee) — ngﬁ?cf)\{o} Flw),

= ||wa,p

||wH%p(c)

is well defined in H'(C) \ {0}. Moreover, according to [4], we can further
assume that

Wap(t,0) =wep(—t,0) YteR, 6¢€[-mm),
(13) Wap (1,0) <0 V>0, V6€[-m7),

MAXR [ 7) Wa,p = Wa,p(0,0) .

This symmetry result is easy to establish for a minimizer, but the mono-
tonicity requires more elaborate tools like the sliding method and we refer
to [4] for more details. For a solution of (12) which does not depend on 6,
the conditions in (13) allow to determine its value at 0 simply by multi-
plying the ODE by wy and integrating from 0 to co. In fact, in this way,
one deduces the relation: a?w?(0)/2 = w?(0)/p, which uniquely determines

w(0) > 0. In turn this yields to the following unique #-independent solution
for (12) and (13):

Wap(t) = (a%p)l/(pfz) [Cosh (Tz t)}—2/(p—2) ,

as a consequence of the classification result in [4]. Such a solution is an
extremal for (11) in the set of functions which are independent of the 6-
variable, and

17117 2 ) + 0 1F1I7
)= inf  FU(f) with F*(f) = L® L'®
feH (R)\{0} ||f [

—2
et pll 20

For simplicity, we will also write F(f) = (m)'=2/P F*(f) for all functions f
which are independent of 6. As a useful consequence of the above consider-
ations, we have the following result.
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Lemma 12. Let p > 2. For any a # 0,

_L _p 2
(Ca,a+2/p) P2 = Hwa,PHLP C) Hw ,pHLp C) =4 (2 a’)p72 (ap)P*2 Cp
where ¢, is an increasing function of p such that
c, — 0 as p— 24
(14) ’ ’

1
Cp — 5 as p— +o00.

As a consequence, if a = a(p) is such that lim, . a(p)p = 2 (o + 1), then

(15) lim p/|w;(p)p|pda; —8(at1).
C 9.

p—00

Proof. Observe that
p p

__p_ P " _p_
Hwa,PHip(c): (Ca,a-i-Q/p) P2 = (f'(wa’p))P*Q S (f(wa,p)) P2 = Hw ,p”L:ﬂ(C .
On the other hand,

talle = 20 (577 [ Jeosh (2524)] 7

—00

_ 47r(“2p)ppz/oo 20" ¢! dt
2 0 (1

‘ S]
[\

2p

+ e—a (p—2) t) p—2
2 2 2 ! ds

0 (1 + 5(p72)/p) s

Hence by setting:
ds

0 (14 se-2/p)573
we easily check (14) and the fact that ¢, is monotonically increasing in p. The

limiting behavior of ¢, stated in (14) is a direct consequence of Lebesgue’s
dominated convergence theorem. O

'EQ
I
—_
i

We can now reformulate Theorems 1 and 2 in the cylinder C, as follows.

Theorem 13. Let a # 0 and p > 2.
(i) If |a|p > 2V1 4 a?, then F(wqp) < F(wy,)-
(ii) For every e > 0, there exists § > 0 such that, if 0 < |a|] < & and
la|p < 2 — ¢, then F(wap) = F(wy,)-

Part (ii) of Theorem 13 will be proved in the next section. Concerning
part (i), we define the quadratic form

— ||V ) 2 ) _ -1 Z p—2 2d
Q) = V8220 + 0 1622, — (p >/C|w,p| 2 de

on HY(C). In fact, property (i) is a consequence of the following result,
inspired by [4, 9] (at least for the case a < 0):

Proposition 14. Let a #0 and p > 2. Then

M S S o0 4 2
¢ e HY(C) 191172 ¢ @t <2)
[T (t,0)d) =0, t € R a.e.
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s achieved by
U(t,0) = (cosh((a+1)1)) P Peosh, with a=(p—2)a/2—1.

In particular, if la|p > 2v/1+a?, then w, , 48 a critical point for F of
saddle-type.

Proof. Since wy , is a local minimum for F when restricted to the set of
functions independent of , to search for negative directions of the Hessian
of F around wy ,,, we have to analyze the quadratic form Q(v) in the space
of functions ¢ € H'(C) such that [™_(t,6)dd = 0 for a.e. t € R. To this
purpose, we use the Fourier expansion of v,

okt .
U(t,0) =) fult) o fek(t) = fi(t)
;0 k oL k k

+oo
QW) =23 (k132 +(@®+52) el — (p—1) /R w72 fel dt)
k=1

Hence we obtain a negative direction for @) if and only if
o I Bagogh (0 + DI ey (0= 1) o bty P2 Pt
“P - feH! (R)\{0} 1£11Z2 gy

Setting 1+a = (p—2)a/2and B=a?p(p—1)/2=2(1+a)’p(p—1)/(p—
2)2 > 0, the question is reduced to the eigenvalue problem

1 /Bf
. —Af.
(cosh((o + 1)t))2

in H'(R). The eigenfunction fi(t) = (cosh((e+ 1) t))fp/(pd) corresponds

to the first eigenvalue \; = —(ap/2)?. See [11, 9] for a discussion of the
above eigenvalue problem. Hence /‘clup =1+ a®— (ap/2)?, and the proof is
completed. O

4. A SYMMETRY RESULT

The section is devoted to the proof of part (ii) of Theorem 13. Without
loss of generality, by Lemma 7, we can restrict our analysis to the case a > 0.

4.1. Pohozaev’s identity.

Lemma 15. If w € H'(C) satisfies (12), then for all t € R, w = w(t,0)
satisfies the identity
/w(ae) da_/7r (E> a9 —a /ﬂw d0+p/ﬂw df .

Proof. Multiply the equation in (12) by %—f and integrate over [—m, 7] to

obtain:

T 0?w dw  0*w Ow 5 Ow T ow
— = g g - p—1 77
/ ( oz ot o002 ot " o “’> 40 /_W“’ o Y

that is
_ 0 dw\2 _ (dw\2 2,2 1M d(wP)
- 5 () e fa— - [

de .

\:1
—
o
—
g2
¥
~—
_l’_
N[ =
&l
L—
—

Q
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Since |7 % (%—g’%—lt”) df = 0, we get

d [T |[0w\? ow\? 5, 2 5
i CRO R

for all £ € R. Hence as a function of £, the above integral must be a constant.
Since it is also integrable over R, then it must vanish identically. (]

df =0

4.2. Proof of Theorem 13. The method is based on the strong conver-
gence properties of a suitable rescaling of the extremal function w,, for
(11) towards a solution of a Liouville equation. We argue by contradiction
and suppose that there exists g9 € (0,1) and, for all n € N, a,, > 0, p,, > 2,
such that:

(16) lim a, =0, appy<2—¢eo and F(wa,,p,) < F(wy, ) -
n—-+oo ny Pn

For simplicity, set

Wy, = Wq,,,p, and w; =w,

Qn,Pn "’
and recall that we can assume
wp(t,0) = wy(—t,0) , ag;n (t,0) <0 Vt>0 and w,(0,0)= Max Wr, -

Ownp,

Notice in particular that %5=(0,0) = 0 for any § € [—m,n]. If we apply
Lemma 15 to w = w, and t = 0, we obtain

2 2 T - -
1%2%/ w2 (0,0) do Spn/ wh(0,0) df < py |Jwa |27 i)/ w2(0,0)do

—Tr

and deduce that )
n—2
Pn ||wn||p ©) > ipn a?z .

Lemma 16. With the above notations,

|pn 2

hmlnfpn ||wn | >1.

©)
Proof. We can write wy,(t,0) = on(t) + ¢¥n(t, 0) with

™

1 vy
gon(t):/ wn(6,0)d0 . | Gn(t,0)d0 =0 ae te€R and th £0.

Multiplying (12) by 1, and using the fact that [ 4, (t,0)df = 0 for any
t € R, we find

H O |*

a% H@/}nH%Z

g

— /wg;n—l Yy, dt df
C

_ / WP g, dtdo — / L, dt df
C C

= (pn — 1)/01 {/C |son 4+ (1—5) wn\p"‘Q |9 |2 dtde} ds

< 0= 1)l [ 10 dtas
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By Poincaré’s inequality, we know that ||1/)n||%2(c) < | %%H;(C), and this
proves the claim.

Next we introduce the new parameters:
2 a 1
en=— and ap=-1+(1-¢g,)—=-1+=(1—¢e)anpn-
Dn En 2

Lemma 17. Up to a subsequence we have:

lim a, =a¢€[-1,0),

n—-+00

and limy, 4o pn, = +00, or equivalently,

lim ¢,=0.
n—-+o0o

Proof. From the condition: ay,p, < 2 — €y, we deduce that a,, +1 < (1 —
€n) (1 —¢e0/2). Thus, along a subsequence, we can assume that «, converges
to some a € [—1,0) and lim,, 4o pn € [2, 00].

To rule out the possibility that lim, 1. p, = P € [2,00), notice that if
this would be the case, then by Lemma 12,

By applying local elliptic estimates in a neighborhood of the origin (0,0)
then we would deduce that lim, 4o [wnllLoe(c) = liMp— oo wn(0,0) = 0,
in contradiction with Lemma 16. U

Corollary 18. With the above notations,
lim inf w,, (0,0) > 1.
n—-—+00
Proof. If by contradiction we assume that liminf, ;. w,(0,0) < 1, then

liminf,— 100 Pn ||wn|\%§;é) = 0, and again this is impossible by Lemma 16.

O
Lemma 19. With the above notations,

lim sup p, ||wnH%§;(?:) < 400 .
n—-+o0o

Proof. Argue by contradiction, and assume that, along a subsequence, d,, =

(n [|wnl 7, (26))71/ ? converges to 0 as n — +oo. We consider the function

Wi (t,0) = pn (W B 1>

defined in C,, = R X [—=7/dp, 7/d,], which satisfies
pn_l
AW, = (1+%=)" —62p,02 (1+22) in C,,
W, <0 = W,(0,0) .

Furthermore, by Lemma 12, we find

WTL Pn pn 1
1+ —2) de=—" [ wbde < ————p, | [wilP"de .
/” ( ! Pn ) ) wn(O’O)Z /Cwn v Wn(OaO)Q P /C ’wn‘ v
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Recalling that liminf, 4o wy,(0,0) > 1 and lim, 40 anpn = 2(1 + @)
by (15), we can pass to the limit above and by virtue of (14)-(15), conclude:

. Pn
nEIfOO 11+ Wa/pnl LPn(Cp) <8r(l+a).

Since the right hand side in (17) is uniformly bounded in L2 (R?), we
can use Harnack’s inequality (see for instance [2, 17] in similar cases) to
deduce that W, is uniformly bounded in L7 . Hence, by elliptic regularity
theory, W, is uniformly bounded in 0120? So we can find a subsequence
along which W,, converges pointwise (uniformly in every compact set in R?)
to a function W which satisfies

(18) AW =" in RZ

Furthermore, by Fatou’s Lemma,

W Pn

eV dr < lim <1+n> de <8 (1+a) <8,
R2 n—+oo Je, Pn

as a € [—1,0). But this is impossible, since according to [5], every so-

lution W of (18) with ¢V € L'(R?), must satisfy [z, e" dz = 87 (also

see [7, 8]). O

Corollary 20. For a subsequence of |[wyl|rc) = wn(0,0) (denoted the
same way) we have:

li n\Y, =1,
nEa (0 0)

lim  [w,(0,0)]" =0,

n—-+00

lim py, [wn(O,O)]pn_2 =pu€[l,400).

n—-+o00

Proof. The existence of a limit g > 1 is just a consequence of Lemmata 16
and 19. Furthermore by Lemma 17, p,, = 2/¢,, — 400 as n — 400, which
proves that [w,(0,0)]P" converges to 0. Finally, according to Corollary 18,
liminf, 4o wy(0,0) > 1 and if this limit were not 1, we would get a con-
tradiction to the existence of u. O

Define the function

It satisfies:

_ VTL pn_l Vn
—AV; = pp (wn(0,0))™" 2<1+> —alpn <1+p) in C,

Vi, <0=1V,(0,0), Vi(t,+) is 2m-periodic .

We also observe that

Dn (wn(0,0))p" / (1 + E)pn dr = py, / |wy, [P dx < py, / |wy [P dx
C Pn C C

and by (15), lim, oo Pn fo |wy [P dz = 87 (a + 1). In particular, by Corol-
lary 20, we obtain

lim  pn (wn(o,o))p”/c (1+E)p" dz < 81 (1+a).

n—+oo Dn
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Lemma 21. Up to a subsequence, Vi, converges to a function V pointwise
and C%-uniformly in any compact set in Rx[—n, 7). Furthermore V satisfies:

~AV =pe¥V in C,
(19) maxc V <0=V(0,0), V() is 2m-periodic VteR,

pf, e de < 8r(1+a),

V(t,0) =V(-t,0), %—‘;(t,e) <0 Vt>0, VvVOe€l|-mn],
and
s 2 T 2 T
(20) / (%‘6/) dH:/ (%‘;) d9—87r(1—|—a)2—|—2u/ d) VieR.

00
loc

(R?), by Harnack’s inequal-
Hence, by elliptic regularity

Proof. Since —AV,, is uniformly bounded in L

ity, we see that V;, is uniformly bounded in LS.

theory, V,, is uniformly bounded in Clo . - Therefore, up to a subsequence, V,,
converges pointwise, and uniformly on every compact set in C, to a func-
tion V' which satisfies (19) with 0 < 14+« < 1, and also inherits the symmet-
ric properties of V,,. To obtain (20) observe first that the result of Lemma 15
can be rewritten as follows,

/ (%‘g) o = / (8(;;) de—iwg‘ é’”o /\wn|2d0+ (O 5/ \wn|p do,

for any ¢ € R, and that w,, converges uniformly to 1 in any compact set in
R x [—m,w]. Hence by means of Lemma 17 and Corollary 20, we can pass

to the limit in the above identity and deduce (20). O
Lemma 22. The following estimates hold:

i po (a3 ) = Il 0)) =0

Vo \ P 4
/evd:c: lim (14—") de = —~
c n—+oo Jo Dn a+1
Moreover,
p=2(a+1)%,

and V' takes the form
(21) V(t) = —2log [cosh((a+1)t)] .

Proof. In order to identify the given solution of (19), we consider the func-
tion ¢ expressed in polar coordinates as follows:

o(r,0) =V (=logr, 0) —2logr +logp Vr>0, VOec[-mn|.

By straightforward calculations we see that ¢ satisfies:
1
—Ap = —2 (Vit + Vo) (=logr, 8) =e? in R2\{0},

/ e?dr < 8t (l+a),
R2

and
(22) 90(7’_1,9):(;7(7“,0)+410gr Vr>0, V0¢e|[-mmn|.
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A classification result of Chou and Wan (see [7, Theorem 3, 1.] and [8])
concerning solutions of Liouville equations in the punctured disk allows us
to conclude that (in complex notations):

81/ ()P ]
2
1+ F))
with f locally univalent in C\{0}, possibly multivalued and,
(i) either f(z) = 27 g(z2),
(i) or f(z) = ¢(vz) and ¢(z) ¢(—2) = 1,
where g and ¢ are holomorphic in C\{0}. Since the case (ii) implies that ¢
must admit an essential singularity either at the origin or at infinity, this
can be excluded in account of the integrability condition of e¥.
On the other hand, in case (i), if we take into account the fact that f’ # 0
for any z # 0, and the integrability of e¥, we can allow only the choice:
fz)=a (" —b),
with f € R, a, b€ C and b # 0 only if 5+ 1 € N (as otherwise ¢ would be
multivalued). For the corresponding solution ¢ we find:
(2) = 1o 8A(B+1)2 2?0
Z) =
14 & (1 4+ X [2P+1 — p|2)2

The symmetry property (22) implies that
z
¢ () = oto) + atogl:l,

and so, necessarily b = 0 and A = 1. Hence,

8(B+1)°r?
(14 r2(ﬁ+1))2 '

p(2) = log

], with A = |a|?.

p(z) =p(r)=1o

By direct calculation, we get
/ e?dr=8r(1+p0) < 8r(l+a).
R2

In other words, —1 < < a < 0. As a consequence, we find that V = V (¢)
is given by

2
V(t>=¢<et>—2t_1ogﬂzlog[ 2(8+1) ]

pu (cosh((B+1) t))2

with —1 < 8 < a < 0. The condition V(0) = 0 implies = 2 (3 + 1)
On the other hand, from (20) we also have:

VN2 _ )2 4(6+1)?
(57) =4+a) (b1 D)
that gives:
. 2 9
4 12(s1nh((ﬂ+1)t)) Al 4(8+1) |
B+1) (cosh((5+1)t))2 (1+e) (Cosh((ﬁ-l-l)t))2
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and we get 3 = a. Therefore (21) is established and necessarily

VTL n
nlln;opn (wn(0,0))"" /C <1 + F>p dr = 2(a +1)* /C eVdr=8n(a+1).

Thus, by recalling (15), we complete the proof. O

Wy, Pn—2 v
rn:sgp’<wn(070)> —e’|.

Lemma 23. With the above notations, lim, 4o, 7 = 0.

Define

Proof. Fix € > 0 and choose R. > 0 sufficiently large so that

eV(RE) = L < E.
(cosh((a+1) Re))2 4

Furthermore, (wy(t,0)/wn(0,0)P" "2 = (1 + V,,/py)P»~2 converges to eV
uniformly in any compact set in R x [—m, 7], and so we can find n. € N such
that for all n > n.,

sup
[tI<Re, [0]<m

(D) -] <

£
1

Thus, recalling that (wy (¢, 0)/w,(0,0))P" 2 and € are even in ¢ and mono-
tone decreasing in ¢ > 0 by Lemma 21, for n > n. we find the estimate

t 0 p’ﬂ72 t 9 pn*2
rm < sup (w”(’ )) —eV‘Jr sup <wn(, )> + sup €',
1<k, |9)<x | \wn(0,0) 1>k, \wn(0,0) 11> R
P ——
<€/4 eV(RE>+5/4<5/2 6/4
which proves the result. O

Lemma 24. For n large enough, we have w, = w;,.
Proof. Let xp = 0wy /86. Clearly [T xn(t,0)df = 0, and since w,, € H(C),
then y,, € L?(C). Moreover, x, satisfies
2
—Axn + (%21 Xn = (pn - 1) (wn(ta 0))1? Xn

(in the sense of distributions), where

(5 = 1) (0,002 (2200,

(Pn = 1) (wn(0,0))P" % [xx| € L*(C) -
In other words, —Ax,, + a2 xn € L?(C), and hence x,, € H'(C) satisfies:
wn(t,H) )Pn—2

Yy, |2 2 2, = -1 /(
IVxnlizz + anlxnllzz = (n = 1) | (3707

By Proposition 14, we know that if v € H*(C) and [™_1(¢,0)df = 0 a.e.
t € R, then

V|2 = B (01" dtdo > [1— (22 w2,
Vel =7 /C(cosh((an+1)t))2 a2 [1= (252) [Iliace

IN

[(pn = 1) (w0t 0))™

IN

X2 dx

n
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with 3, = a2 p, (pn — 1)/2. Passing to the limit as n — +oo, we get
t,0)|?
Vel - 2(a+1)? [ — UL
¢ (cosh((a+1)t))

Consequently, for ¢ = x,,, we obtain

n—2
0= HVXnH% + a% HXnH%2 —(pn—1) fc (wn(t,Q))p X% dx

; dtdo > [1 —(a+ 1)2} 19172 -

2
IVxall}z =2 (@ +1)? fo romiiyar 4+ aa Il ) 2
P—2 1 wn (6,0) \P 7] 2
—|—(pn — 1) (wn(0,0)) /C [(COSh((a+1)t))2 - <u)n(0,0)> ]Xn dx

. - X
2l 1 = o= D 00 [
> [14a2 = (a+1)2 = (o — 1) (wn(0,0)" " 1] [xnl22c)

2
+[2(a+1)? = (pn — 1) (wn(0,0))P 2] /c (cosh((;(:- 1)) dx

with r, = supe | (wn(t,8)/wn (0, O))pnf—2 e'|. Recall that by Lemma 22,
lim (pn — 1)(wn(0,0)P" 7% = p=2(a +1)%,

n—-—+00
and by Lemma 23, lim, , o, = 0. Since a, — 0 as n — 400 and
(14 a)? < 1, we readily get a contradiction for large n, unless x,, = 0. This
means that w,, is independent of the variable 6, and so w, = w;,. U

5. CONCLUDING REMARKS

It is interesting to note that, via the Emden-Fowler transformation (10),
for any o > —1, inequality (2) can be stated in the space

¢, = {w — w(t,0) € LMNC,dva) : |Vl € L2(C,dx)}

where C = R x S! and
a+1 dt df

2 [ cosh ((a+1)t)]2 '
Proposition 25. If a > —1, then

dvy =

Vw2, o +o (a+2) || Gpw |

L2(c)

1 2
/ew_fcwd”o‘ dv, < el67(etD (| L2(C>) Ywe &, .
C

As in Section 2.1, when « < 0, there holds
1 2
/e“’fcwwa dv, < el6m(etD) IVwliza e Ywee&,.
C

However, when a > 0, while the latter inequality is always valid for
functions depending only on the variable t € R, in general it fails to hold
in &,.

The above inequality is a version of Onofri’s inequality in the cylinder C
which is equivalent (under the Emden-Fowler transformation (10)) to (6).
The symmetry breaking phenomenon is easily understood in this case, as
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clearly, the optimal situation is attained among functions which do not de-
pend on 6 if and only if a € (—1,0].

The proof of Theorem 13 does not rely on Onofri’s inequality. Hence, as
observed in Remark 10, it can be used to deduce the family of Onofri type
inequalities (2), which contains (via sterographic projection) the standard
form of Onofri’s inequality (1) as a special case. Those Onofri inequalities
appear as limits of Caffarelli-Kohn-Nirenberg inequalities in an appropriate
regime of the parameters given by (7), as a — 0. In these asymptotics, the
case b < h(a) yields to a > 0, while the case b > h(a) leads to a € (—1,0).

APPENDIX. THE DILATED STEREOGRAPHIC PROJECTION

We use spherical coordinates (¢,0) € [~7, g] [0,27) on S? C R? and
radial coordinates (r,6) € [0,00) x [0, 27) in R%. By definition of the dilated
stereographic projection, we have

2 ol p2lotl) _q
cos ¢ = T3 2@ and sing = 1 2t
from which we deduce
dp  4(a+1)r2et!
& = (1t ey

The normalized measure of the sphere S? is given by

COS

1 de
do = 3 cos ¢ or do
and a simple change of variables shows that, if u(gi), 0) = v(r,0), then

/f da—/ Fw) <2220 [ 1) ds

2 27T

ail m rdrdf. Using spherical and radial coordi-

nates respectively on S? and R?, the expressions of the gradients are given
respectively as follows

where du, =

Vul? = |0pul* +

1
and  |Vo|? = |9,v]* + 2 |0gv]? .

Knowing that Ogu = 0,v <d—f> , we get

—1
2, o COS ¢ de / 9
/|0¢u| do = /|ar| . ( > re 74 ~— [ el raras.

While using that dpu = Ogv, we get

1 1 d¢> Ca+1 [ |0gvf?
dpul*do = | |0pv|? drdf .
/52 COSQ¢| pul” do /Rz| 0| 2 cos ¢ dr 277 A7 Jp2 T2 rar

Thus, observing that (o +1)2 — 1 = a (a + 2), we conclude

1 2
/ |Vu\2 do = |89U|
S2 47T(

S — 2d 2/ drdf| .
ot [/R2]Vv| T+ a(a+2) 12 rdr
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