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ABSTRACT. We prove some Hardy type inequalities related to the Dirac operator by
elementary methods, for a large class of potentials, which even includes measure valued
potentials. Optimality is achieved by the Coulomb potential. When potentials are smooth
enough, our estimates provide some spectral information on the operator.

RESUME. Par des méthodes élémentaires, nous démontrons des inégalités de type Hardy
pour des opérateurs de Dirac correspondant & une large classe de potentiels qui comprend
des potentiels a valeur mesure. Le cas optimal est réalisé par le potentiel de Coulomb.
Pour des potentiels suffisamment réguliers, nos estimations donnent une information sur
le spectre de 'opérateur.
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1. INTRODUCTION

In a recent paper [4], J. Duoandikoetxea and L. Vega proved the following weighted
Gagliardo-Nirenberg inequality

/Rd V(@) | f(@)]* de < 2K[VIIVfll2@a) [/l 2@ey ¥ f € HI(RT),

for any d > 2 and any nonnegative function V. Here the constant K[V] is given by

1
K[V]:= inf sup |z| [ V(tz+a)titdt.
a€R? L cpd 0

J. Duoandikoetxea and L. Vega also proved that the equality holds if V' is a multiple of
1/|x — agl, for some ag € R?, and in such a case, f has to be a multiple of ecle=aol with
c>0and K[V]=1/(d—1).

As a consequence, the Schrodinger operator —A — V' is semi-bounded from below and
satisfies —A — V > —K[V]? in the sense of operators, since by writing

KV A2 |1l < / VIR do + KV]? / P da |
we obtain
/|Vf]2dx—/ VIf? de > —K[V]? / IfI?dz Y f e H'(RY).
]Rd

This gives an estimate for the lowest eigenvalue of —A — V', and also proves that —K[V]?
is an eigenvalue of —A — V' if and only if V' is a Coulomb potential, i.e., V(x) = v/|z — ao|
for some v > 0 and ag € R

The Dirac operator coupled to a potential V' takes the form
HV = —ia-V—i—ﬂ—V(w)L
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where
a= (2 %) k=123 p=(% 3)

and I is the identity operator on C?. Here o = (0k)k=1,2,3 denotes the family of Pauli
matrices :

A=), w=( ). m=( ).
Such Dirac operators act on four components complex valued spinors defined on R?, i.e.,
functions of L2(R3,C*). Since the principal part of the operator is homogeneous of degree 1,
Coulomb potentials are critical and eigenvalues are related to some kind of Hardy inequality.
This deserves some further explanations.

When V' = 0, the spectrum of the free Dirac operator Hy is oess(Hp) = (—o0, —1] U
[1,4+00). If V() = V,(z) := v/|z|, it is well-known [7] that for any v € (0,1) the Dirac-
Coulomb operator Hy, can be defined as a self-adjoint operator with domain D, satisfying :
HY(R3,C*) ¢ D, ¢ HY/2(R3,C*) and spectrum oess(Ho) U {\}, Ay, -} where {\V} x> is
the nondecreasing sequence of eigenvalues, all contained in the interval (0, 1) and such that
A = V1—0v2 limy_1 A} = 1, for every v € (0,1). According to [2], for a large set of
radial potentials V' with singularities not stronger than 1/|x|, more precisely, for all those
satisfying :

lim V(z)=0 and r +c1 >V >—co:i=—supV,
|| —-+oo || R
with v € (0,1), ¢1, c2 € R, ¢1, ca > 0, ¢1 +ca — 1 < V1 =02 if \{[V] is the smallest
eigenvalue of the Dirac operator Hy in the interval (—1,1), then

—~
*
SN—

M _ 2 2 2 /3 2
Lot e aoawy [P ez [ vighar voer@e).

with the understanding that some of the terms can be equal to +o00. Although Hy is not
bounded from below, we shall say in the rest of this paper that A;[V] is the ground state
energy level. This can be justified in the non-relativistic limit when physical parameters
are taken into account. Asymptotically, one can then relate A\;[V] to the lowest eigenvalue
of a Schrdinger operator with potential V.

Notations in (x) deserve some precisions. We refer to [1] for more details. The spinor
¢ = (ﬁ;) takes its values in C2 and by |¢|?, |V¢|? and |0 - V ¢|?> we denote, respectively,
the quantities [¢1|* + |¢2|?, E3_; (|0k01]* + [Okdal?) and |03¢1 + D12 — i Dagho|® + D11 +
i Oap1 — Osha?.

The proof of Inequality (x) relies on the following observations. The eigenfunction asso-
ciated with A\;[V] can be characterized as a critical point of the Rayleigh quotient

R[w] — <¢a HV ¢>

~ TolEagacn

Y

which is obtained by decomposing v = (i) into an upper component ¢ and a lower com-

ponent x, where ¢, x € H'(R3, C?) are two components spinors. In a variational context,
such a decomposition is known as Talman’s decomposition, see [6], and it is proved in [2]
that the lowest eigenvalue in (—1,1) is given by

V] = gl;g max R[y] with ¢ = (;’2) .

With these notations, the eigenvalue equation becomes a system
{ Kx+¢-Veoé=n[V]g,
Ké—x-Vx=M[V]x,
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where the operator K is defined as
K:=—ioc-V.

The method is actually fairly general, see [2] for precisions, and allows for more general
decompositions than Talman’s decomposition. Moreover, other eigenvalues in the gap can
also be characterized under some additional technical conditions : See [3] for a recent result
in this direction and for a complete list of references.

We can now rewrite the above characterization of A\;[V] as

M[V] = ggﬂ@

where for any ¢ € H'(R3,C?),

Am:q%xmm with ¢ = (7).

With the corresponding Euler-Lagrange equation for y;,
K¢—x—=Vx=A4¢lx
A[¢] turns out to be implicitly defined as a solution of
; 0 -V ¢|? / 2 / 2
A)=0 th A) = ——d 1—A dx — 1% dx .
Fo =0 with fo0i= [ (TG do (1) [ 1P e [ Vol ds

The function A — fs(A\) is monotone decreasing with respect to A, so A[¢] is uniquely
defined, and for any A\ < A[@], fs(\) > 0. Hence, fs(A[V]) > 0 for any ¢ € H'(R3, C?),
which proves (x). Inequality (x) is achieved by the upper component of the four-spinor of
any eigenfunction associated with A;[V]. In particular if V' = € (0,1), we get

v
o el

’UCV(MQ — — 12 2 ‘¢|2 23 2
/ﬂ§31+m+|x”|dx+(1 m)/ ¢ do > v /]R de Vo e L7(R%,C7) .

By taking the limit when v — 1, we get

9 2
/ e d$+/ 6 do >/ Ol voem@, e,
R3 1+|x| |$|

If we replace ¢(-) by e 1¢(e~!-) and take the limit when £ — 0, we obtain

: o2 |
[l vopae= [ €

By taking ¢ = (g,0) with g purely real, we end up with

2
/ 2| |[Vg|? dz > / o dx
R3 R |z|

for all g € H'(R3,C), which is itself equivalent to

/\Vde:> /‘Vﬁdx v fe HY(R?, C),

as shown by considering f = \/m g. For more details, see [1, 2]. A direct proof and im-
provements on the potential have even been obtained in [1]. Such results are very similar
to the ones known for the Hardy inequality, see [5] for some recent result and further refer-
ences, or equivalently for the lower estimates for the eigenvalues of Schrodinger operators
with critical potentials, i.e., inverse square singular potentials.
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Our main result is twofold. We prove a lower bound A[V] for A\i[V] written in the
spirit of the approach developed in [4], see Theorem 2. Because of the monotonicity of the
function fy, this proves an inequality like (x) with A;[V] replaced by A[V] :

/ o Vel* dz + (1 — A[V])/ 9|2 dz > / V|g|?dx V¢ e L*(R3 C?
r3 L+ A[V]+V R3 E
and, under some technical assumptions, we also show that the equality case is achieved
only if V' is a Coulomb potential. In such a case A[V] = A\1[V] : See Theorem 1 below.

Section 3 is devoted to the proof of Theorems 1 and 2, which are extended to measure
valued potentials in the last section of this paper.

2. DEFINITIONS AND MAIN RESULTS

Define the admissible class of radial potentials A,,q by

V :R?® — RT is a nonnegative radial measurable function,

AL[V] :=sup (12 /OTV(t)t2dt) < % ;

Vedong <— >0 \ T

> dt 1
— 2
(7 [vig) <3

With a standard abuse of notations, we have written V' (z) = V(|z|). Let
AlV] = miin)\i, Ar =/ 1—-4AL[V]2.

The fundamental example is the Coulomb potential V (z) = % for which

= Jal
g and A[V]=+v1-v2.

Remark. (a) Note that for any V € Apaq, A[V] € [0,1]. Moreover, V-2 0 implies A[V] < 1
and A[V] =0 only if AL[V] =1/2. B
(b) If V € Ayaq, then V(z) = |£L'|_2‘£(|l'|_1) is also in Avaq and A[V] = A[V]. This is a

)
simple consequence of Ay[V] = A_[V] and A_[V] = AL[V]. Note that for the Coulomb
potential V =V

Ay =

With the above notations, we can state our main results.

Theorem 1. Assume that V € Apaa. For any ¢ € L*(R?,C?) and any X € (— 1,A[V]],
-V ¢|?

1 VigRde < [ 12V 4 1—)\/ 2 da .

() [viefars [ TSR dre 0= [ ol da

Moreover, if AL < % and V # 0, then there exists a non-trivial function ¢ € L*(R3,C?)

such that (1) holds as an equality with X\ = A[V'] if and only if V' is the Coulomb potential

V(z) = ray with v € (0,1), v = \/1=A[V]? and ¢ is a radial function such that ¢ =

BypVi-vi=lg-vr for some constant B € C?.

Without further restrictions on ¢, both sides of the inequality can be infinite. As already
explained in the introduction, the motivation for Hardy-type estimates like (1) comes from
the Dirac operator. The goal is to give a lower estimate for the ground state level and one
can prove the following result.

Theorem 2. Let V € Apaq. If p € (—1,1) is an eigenvalue of Hy, then
w>AV].

As a consequence, if V. € Ayaq, Hy has only nonnegative eigenvalues in (—1,1) and A[V]
is a lower bound for all of them.
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Actually, if V' is not too singular in order that Hy can be defined as a self-adjoint
operator with a domain contained in H'/?(R?), it was proved in [5] that if the maximum
of all X such that (1) holds true is in the interval (—1, 1), then it is the smallest eigenvalue
of Hy in (—1,1).

Remark. (a) If V € Ajq and 0 < W(z) < V(z) a.e., then (1) holds with W instead of V'
and X € (—1,A[V]]. Note that the left-hand side of (1) decreases and the right-hand side
increases when V' is replaced by W. Note also that W does not need to be radial.

(b) If Vo(z) = V(a + @) is in Awaa for some a € R?, then (1) holds for X € (— 1, A[V,]].

Given a general potential W we can combine both remarks and proceed as follows.
Consider the radial potentials defined by the least radial majorants of the translates of W,
that is

Wi(r):=sup W(a+rw) forr>0.
wes?

If W7 is in Apaq for some a € R3, define
A W] =sup {A[W}] : a e R®, AL W] <1/2} .
The following corollary is a simple consequence of Theorem 1 and the preceding remarks.

Corollary 3. Assume that W} is in Aaq for some a € R3. For any ¢ € L*(R3,C?) and
any X € (— 1, A*[W]],

vV ¢|?
2 </ o - / 2
/RBW|¢| dzx < T Wd:v—l— |p|* dx |

and A*[W] is a lower bound for all eigenvalues of Hyy in the gap (—1,1).

Note that as a special case corresponding to A = A[V],
/ V¢ dx < / _lo- VP dx + (1 — A[V])/ |p|*> dz ¥V ¢ € L*(R3,C?) .
R3 - R31+A[V]+V R3 ’

Such an inequality is the generalization to Dirac operators of the Hardy inequality for
Schrodinger operators established in [4].

3. PROOF OF THEOREMS 1 AND 2

3.1. Preliminary results. The Pauli matrices are Hermitian and satisfy the following
properties :

Jj0k+0k0j:25jkﬂg, Vi, k=12 3.
With a standard abuse of notations, each time a scalar § appears in an identity involving
operators acting on two-spinors, it has to be understood as d Iy, where 5 is the identity
operator on C2. For any a,b € C3, we have

(c-a)(oc-b)=a-b+ioc-(axD).

Applying this formula to a = z and b = V, we obtain the following result.

Lemma 4. The following equality holds:

‘z—’-vz( é,)(a v) H(a L) VzeR3,

where L := —ix X V is the orbital angular momentum operator.

The next result is concerned with the spectrum of the operator o - L. We shall denote
by X} the spectral space of o- L associated to the eigenvalue k, and by P the corresponding
projector in L2(R3, C?).

Lemma 5. The spectrum of o - L is the discrete set {k € Z : k # —1} and Ker(o - L)
contains all radial functions. Moreover, if ¢ is a continuous function, then Pr¢(0) =0 for
any k € Z\ {0, —1}.
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Proof. The spectrum of the operator 1+ o - L is the discrete set {£1,£2,---}, see [7]. This
can be seen by noticing that

1
lto-L=J—L"+7, J::L+%.

Then, the fact that the spectrum of J? (resp. L?) is the set {j(j+1) : j = 3,3,...} (resp.

{e(+1) : =j+1% j=1 3 ...} proves the statement on the spectrum of 1+ o - L.
For all k£ # 0, —1, Py¢ is a linear combination of functions Qj)fn, m = 1,...my which
depend only on the angular variable w and not on |z|, with coefficients

) = [ Protrw)vh (o) de

which are continuous functions of r = |z|. According to [7], Section 4.6.4,

£4.00) = Puo(o) [ vhdw=0,
S2
which proves that Py¢(0) = 0 for k& # 0, —1. O

The main points are that L commutes with all radial functions and that 0 is not in the
spectrum of 1 4 o - L. The following result is adapted from [1] and follows trivially from
the fact that A = (o - V)? commutes with o - L.

Lemma 6. For any k, l€Spec(o-L), k#1, Pk(U'V)ZPl = PI(O"V)QPk =0 in H'(R3, C?).

The radial symmetry of the potential can be taken into account as follows.

Corollary 7. Any function ¢ € L?>(R3,C?) can be written ¢ = > ke, k1 Pk with ¢ € Xy,
and moreover, if W is a radial function,

2 _ 2
[wiekd= > [ Winkd,

k€Z, k#—1
/Wa.v¢|2dx: > /W|0-V¢k|2daz.
R3 R3

keZ, k#£—1

3.2. Two useful inequalities. Here we follow the approach of [4] for the Schrédinger
operator. Let ¢ € D(R3,C?) and write

() = R </oo —2¢(tw) (w- Vo(tw)) dt>

for r = |z|, w = z/r. Assume that W is a radially symmetric function.
/RSW]cb\Q dr = /Sgdw/OOOW(er(ﬁ(rw)Frzdr
L 00 N co .
= 2% </52 dw/o W(rw)r dr/r H(tw) (w-Vo(tw)) dt>
_ 9w (/S d /O S (w- Vé(tw) £2) g (1) dt)

where

(2) gw(t) == 7512/0 W(r)r2dr
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Using Lemma 4, for any 6 > 0, 4 > —1, and any nonnegative V', we obtain

((+ Zawo L)o.0)
_ zm</R3(maﬁ|¢)< 2 ))gw(»ﬂ)dﬂﬂ)

I+p+V

1 o -V |
< |lgw [l o= (0,00) [5 /R3 1’+/H-‘V da:+6/R3(1 +u+V) e dm] )

Here we use the fact that <|x\_1 gwo- Lo, q§> is real.

A similar estimate holds with the integral in r taken on the interval (t,00). Let ¢ €
D(R3,C?) and write

6(2)]2 = [(0)]* + 2R (/0 S W) (w- Vo(tw)) dt>

for r = |z|, w = x/r. Assume that W is a radially symmetric function and that ¢(0) = 0.
Then

/RSW]qﬁFdx = /Szdw/oooW(erqb(rw)FerT
= 2§R(/Sde/OOOW(rw)r2dr/or¢(z€w)(w-V¢(tw)) dt)
= o ( [ v [T6E0) @ Vo) (o i)

where
(3) hw (t) == t12/t°° W(r)r?dr .

Using Lemma 4, for any 6 > 0, 4 > —1, and any nonnegative V', we obtain

<(W—i|hwa-L)¢,¢>
= on( [ (VAT 5) (i ) )

|| l+p+V

1 o -V ¢[? / 2
<||h 0 - ——d 1) 1 %4 dx| .
< Il 5 [ 1 m ey do 8 [ (0t V) o da
Again we use the fact that <|x\*1 hwo- Lo, <;3> is real.

Summarizing, we have the following result.

Lemma 8. With the above notations, for any ¢ € D(R3,C?), for any 6 >0, p > —1, and
any nonnegative V,

W+ Zgwo L)é.o) 2
[z] ) 1 lo-V ¢l / )
y <3 ———dr+9) 1+u+V dx
@ lgw || oo (0,00) §Jps 1+ p+V RS( 1% ) 9l

and, assuming ¢(0) =0,

2
<(W—MWU'L)¢’¢><1 -V g2
1A | oo (0,00) T O s 1+ p+V

(5) dx+5/ (14 p+V) |2 da .
R3
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3.3. Spectral decomposition. For a given V' € A,,q, define

1 " 2(k+1 .
ig}g<r2(k+1)/oV(s)s( ) ds ifkeZ, k>0,

Ak =

1 oo )
ili% <7’2(k+1) /Tj V(S) 82(k+1) ds> ifk e Z, k<-=-2.

Since V' is nonnegative, observe that Ay < Ag for all k € Z, k > 0 and that Ay < A_5 for
all k € Z, k < —2. So, if V belongs to A;aq, Ax < 1/2 for all k € Z, k # —1.

3.3.1. Nonnegative spectrum of o - L. Assume first that k € Z, k > 0, and let us solve the
equation

2k
(6) Wk—i—Tgk:V Vr e (0,00)

where g := g, Wwith the notation (2), i.e

1 T
gk (r) == 7’2/0 Wi (s) s2ds .

Since

- / r
<7‘2k / s2 Wi (s) ds> = 2D W 4 2k p2k 1 / 2 Wi(s) ds = P2y
0 0

Eq. (6) can be solved by taking

_ 1 " 2(k+1)
gk(r) = D) /0 V(s)s ds
and
2k

Note that the relation gi(r) = %2 for Wy (s) s2 ds amounts to a simple integration by parts,
and that

9%l oo (0,00) = Ak

by definition of Aj. Collecting the above estimates and using Lemma 8, for ¢ = ¢ €
D(R3, C?) such that

UL¢k:k¢k7 kEZ;kZOa

we obtain

/RSV\%Zdw = <<Wk+i|9k‘7‘L>¢k7¢k>

1 -V é1)?
A [/ wdw—i—é/ (L4 i+ V) |owl? da
R R3

IN

O Jrps 1+pu+V

which amounts to

oV il / 2 / 2
1T utV +(1—- — >
/RB T+t dz + (1 — p) o |pr|” dx » V |éw|* dz >0

if ;1 and § satisfy the equations

A 62— 6+ A, =0.
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Solutions to the above system of scalar equations are given by

1
_ st . 2
§=05 = i <1i\/1 4Ak>,
1— |67 [?
- k _ 2
— -k — 1—4A%.
M S g T TV k

We observe that ,uz <0< py =4/1— 4A%. We can therefore choose § = 0, and pu = p

in order to maximize u, and get

|0 V i / 2 / 2
——dx+ (1 — dx — \% dx >0
Loy e amm [lotar— [ Vo

for any ¢ € D(R3,C?) such that
oc-Lop=ko¢p keZ, k>0,
3.3.2. Negative spectrum of o - L. Similarly, for k € Z, k < —2, let us solve the equation

2
(7) Wk—ﬁhk—v VTE(OOO)

7ﬁ2/ Wi(s) s 2ds .
Since

0o ! oo
(r%/ 2 Wi(s) ds> = — 2Dy 4 ok 2kl / s2 Wy (s) ds = —p2tD) ,
Eq. (7) can be solved by taking

2(k+1)
hi(r) k+1/ Vs ) ds

and Wy = % hi + V. Note that the relation hy(r) = T—Q fT Wi (s) s2 ds holds as a conse-
quence of a simple integration by parts, and that

where hy, := hy, with the notation (3), i

[7k] oo (0,00) = Ak

by definition of Ay, for any k € Z, k < —2.
Let ¢ = ¢y € D(R3,C?) be such that

o-Lop=Fko¢r, kel, k<=2,

and note that ¢5(0) = 0 by the remark following Lemma 5. Collecting the above estimates,
we obtain exactly as in Section 3.3.1

/Rngk%:c - <(Wk Hhka L)¢k,¢k>

1 -V o |?
Ay [/ |0¢k|d:c+5/ (L4 1+ V) i do
5 R R3

IN

sl4+pu+V
which amounts to
o0V | / 2 / 2
—d dz — Vv dr >0
/Rsl+u+V z + ( |kl da Okl da
if p and 9 satisfy the equations
Apd* =65+ A, =0.
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The proof goes exactly as in the case of the nonnegative spectrum of o - L. Solutions to
the above system of scalar equations are given by

1
_ st _ _ 2
5 =8 = op (11,/1 4Ak> :
1— |6 T
+ k 2

We observe that F‘Z <0<y, = 4Ai. We can therefore choose § = 6, and p = p, in
order to maximize u, and get

lo -V ¢y |? / 9 / 9
— —dx+ (1 - dr — V dr >0
/R31+Mk+V (=) Jog 10 s | 1P

for any ¢y, k € Z, k < —2, such that
o- Lok =k .

3.3.3. Partial result on the eigenspaces of o - L. Collecting the estimates obtained in Sec-
tions 3.3.1 and 3.3.2 for smooth functions, and then using a density argument, we can state
the following result.

Lemma 9. Assume that V € Apaq. For any ¢p € L*(R3,C?) such that o - L ¢y = k ¢y,
keZ, k# -1,

-V ¢/? -
v 2d</'“d+1_ [ tonf? as
[viestars [ COERG de i) [ ot ae

3.4. Completion of the proof of Theorem 1. Inequality (1) with A = A[V] follows from
Corollary 7 and Lemma 9 using Ay < Ag = Ay [V] forall k € Z, k > 0 and Ay < A_o =
A_[V]forall k € Z, k < —2. The case A < A[V] is a consequence of the monotonicity with
respect to A.

With the notations of Section 3.3, if the equality case in (1) with A = A[V] occurs for
some non-trivial function ¢ € L?(R3,C?), then equality occurs in (4) for W = Wy, for any
k > 0, and equality also occurs in (5) for W = Wy, for any k < —2. If we decompose ¢ on
the eigenspaces of o - L as Zk?éfl Pr¢, this means that for any kg € Z, kg # —1, such that

Do = Pro¢ # 0,

(1) if kg > 0, then gy, = Ay, is constant a.e.

(2) if kg < —2, then hg, = Ay, is constant a.e.
Hence a derivation with respect to r of Ay, = ﬂ(ki%fd) Jo V(s) s*RoF1) ds in the first case,
and of Ay, = Wﬁ fjoo V(s) s2(ko+1) ds in the second case, shows that

V(r) == Vre (o),

with v = 2|kg + 1| Ag,. For this potential we compute all Ay’s and observe that Ay =
A_9 =v/2 and that Ay < v/2 for all k # —2, 0. So, Pr¢ =0 for all k # —2,0. For kg = 0,
-2, ¢r, = Pry¢ = fio(r) Fiy» where Fy, is an eigenfunction of o - L with eigenvalue kg
depending only on the angular variables and not on |z|. Equality in (4) and kg = 0 means
that (o - %) (0-V) ¢pg = =6y (14 pg + V) ¢o, that is, from Lemma 4, fo(r) is a solution
to the equation

v
fy==0 (1415 +2) fo.
where 85 (1 + py ) = v is solved by vd, =1 — /1 — v2. Solving the equation yields
fO(T) — Ar—l+m€—ur
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for some constant A € C. On the other hand, equality for (5) and ky = —2 means that
(o ﬁ) (0-V) ¢ =0_9(14+pn-,+V)p_o, that is, from Lemma 4, f_5(r) is a solution
to the equation
/ _ _ v 2
fro =02, (1 tH_ot ;) f-2— - f-2
where 0 5 (1+ u—y) = v is solved by v6—, = 1 — /1 — 2. Solving the equation yields
fs (T) — AT,flf\/lfz/2 v

for some constant A € C. Hence f_5 is not in L?(R?) unless A = 0. The proof is completed
by recalling that the eigenspace of o - L corresponding to the 0 eigenvalue is the space

L2(r? dr,C?), see [7], Section 4.6.4, while, reciprocally, all computations are explicit in the
case V(r) =v/r. O

3.5. Proof of Theorem 2. Assume that p € (—1,1) is an eigenvalue of Hy and consider
an associated eigenfunction ¢ = (;’:) € L%*(R3,C*) satisfying Hy ¢ = pt or, what is
equivalent, solutions ¢ and x of the following system of two equations :
Kx+(1-V)¢=po, Koé¢-(1+V)x=nx.
Using the second equation, we can eliminate x to get
K K
¢ K ( ¢

X1t arvo 1+pu+V

>+(1—V)¢=u¢-

Multiplying the last equation by ¢ and integrating over R3, we get

o ’U'V¢|Q . 2 . 2 _
ol i= [ 5 dee =g [ 6P do— [ Vieldz 0.

By monotonicity of fg, fs(A) <0 for any A > u. Hence, by (1), A[V] < p. O

4. MEASURE VALUED POTENTIALS

Let /\/lf:ég be the set of nonnegative radial Radon measure with support in zero measure
sets, with respect to Lebesgue measure. We can extend the class of admissible radial
potentials A;.q to the larger class A;.q of measure valued potentials corresponding to

VeAdas and Se MRS

rad

- — L. 2 "2 1
R=V+Sc A,y AL[R] .—21;13 [7"2 </0 V(t)t dt+/0 t dS)] < 5

A_[R] :=sup [7“2 (/ V(t) det +/ t2 dS)} < 1 )
\ r>0 r t r 2

where we do for S the usual abuse of notations of identifying x with |z|. With d1, A+ and
A[R] defined in terms of A4 [R] exactly as in Section 2, we obtain the following result.

Theorem 10. Assume that R =V + 8 € Ayq. For any ¢ € L?(R3,C?) and any \ €
( - 17A[R]:|7

’ 2 lo-VoP _ )
(8) /R:;V!qﬁ dm+/ng¢y dSS/R:ler)\JrVdH(l /\)/st dz |

Moreover, if Ay < % and A[R] < 1, then there exists a non-trivial function ¢ € L*(R3,C?)
such that (1) holds as an equality with A = A[R] if and only if S = 0 and V is the Coulomb
potential V(z) = oy with v € (0,1) and v = /1 — A[R]?.
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Proof. Consider a sequence of functions (W,,)pen C Apag such that S = lim,,—,, W), vaguely

in the sense of measures and A, := A[V + W,,] > A[R] = lim,;,_,oc A,,. By Theorem 1, for
all ¢ € L?(R3,C?) and any A € (—1, A,,], we have that

-V ¢
24 / Llo2dr < / lo d 1)\/ 24
/R3V|¢| Tt RSW |¢| vo= r31FA+V +W, l‘+( )R3’¢| v

\U‘V¢|2 / 2
——d 1—A d
/R31+)\+‘/ m+( ) Rs’(b‘ v

since W,, > 0. Passing to the limit in the above inequality proves (8) for all A € (—1, A[R]].
Indeed, for every ¢ such that the right hand side of (8) is finite, we have

lim / ]U-V¢|2 dw—/ 7’U'v¢|2 dx
notoo Jps 1+ A+V +W,, — Jrge1+A+V

since A > 0 and S = lim,,_,oc W, is supported in a 0 measure set of R3. O
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