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Abstract We analyze the radial symmetry of extremals for a class of interpolation
inequalities known as Caffarelli-Kohn-Nirenberg inequalities, and for a class of weighted
logarithmic Hardy inequalities which appear as limiting cases of the first ones. In both
classes we show that there exists a continuous surface that splits the set of admissible
parameters into a region where extremals are symmetric and a region where symmetry
breaking occurs. In previous results, the symmetry breaking region was identified by
showing the linear instability of the radial extremals. Here we prove that symmetry can
be broken even within the set of parameters where radial extremals correspond to local
minima for the variational problem associated with the inequality. For interpolation
inequalities, such a symmetry breaking phenomenon is entirely new.
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1 Introduction and main results

In this paper we are interested in the symmetry properties of extremals for a family
of interpolation inequalities established by Caffarelli, Kohn and Nirenberg in [1]. We
also address the same issue for a class of weighted logarithmic Hardy inequalities which
appear as limiting cases of the first ones, see [4,5].

More precisely, let d € N*, 6 € (0,1) and define
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Notice that
0<9(d,p) <0<l <+—= 2<p<p'(d,b):=—-——

where, as usual, 2" = p*(d, 1) = (127”2 if d > 3, while we set 2" = p*(2,1) = o0 if d = 2.
If d = 1, 0 is restricted to [0,1/2) and we set 2* = p*(1,1/2) = co. In this paper, we

are concerned with the following interpolation inequalities:
Theorem 1 [1,4,5] Let d > 1 and a < ac.

(i) Letb € (a+1/2,a+1] whend =1, b € (a,a+1] whend =2 and b € [a,a+ 1] when
d > 3. In addition, assume that p = p(a,b). For any 0 € [¥(d,p), 1], there exists a
finite positive constant Cocxn(0,p, A) with A = A(a) such that
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/]Rd ||bP z) < Coxn(0:p,4) /]Rd |22 v /]Rd W v (1)

for any u € Dé’Q(Rd). Equality in (1) is attained for any p € (2,2%) and 0 €

(3(p,d),1) or 8 = ¥(p,d) and d > 2, ac —a > 0 not too large. It is not attained if
p=2,0ra<0,p=2"andd >3, ord=1 and 0 = J(p,1).

(i) Let v > d/4 and v > 1/2 if d = 2. There exists a positive constant Cywry (7, A)

2
with A = A(a) such that, for any u € Dy*(RY), normalized by Jra m‘;fi!lﬂ) dr =1,
we have:
Ju? d—2-2a 2 |Vu|?
/]Rd MQ(TU log (|x| | ) dx < 27 log |Cwru(y, A) i 22 dz| (2)

and equality is attained if v > 1/4 and d =1, or v > 1/2 if d = 2, or for d > 3
and either v > d/4 or v =d/4 and ac —a > 0 not too large.

Caffarelli-Kohn-Nirenberg interpolation inequalities (1) and the weighted logarithmic
Hardy inequality (2) are respectively the main results of [1] and [4]. Existence of ex-
tremals has been studied in [5]. We shall assume that all constants in the inequalities
are taken with their optimal values. For brevity, we shall call extremals the functions
which attain equality in (1) or in (2). Note that the set D;’2(Rd) denotes the completion
with respect to the norm

(a+1)

_ 2 — 2
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of the set D(R?\ {0}) of smooth functions with compact support contained in R%\ {0}.



The parameters a < ac and A = A(a) > 0 are in one-to-one correspondence and it
could look natural to ask the constants Cogn and Cyr,g to depend on a rather than
on A. As we shall see later, it turns out to be much more convenient to express all
quantities in terms of A, once the problem has been reformulated using the Emden-
Fowler transformation. Furthermore, we can notice that the restriction a < ac can be
removed using a transformation of Kelvin type: see [7] and Section 2.1 for details.

In the sequel we will denote by Cfyn (8, p, A) and Ciyp i (7, 4) the optimal constants
in (1) and (2) respectively, when considered among radially symmetric functions. In
this case the corresponding extremals are known (see [4]) and the constants can be
explicitly computed:
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Notice that v = 1/4 is compatible with the condition v > d/4 only if d = 1. The
constant Ciyp(1/4, A) is then independent of A.
By definition, we know that

Corn(0,p, A) < Cern(0,p,4)  and  Cyru(y,4) < Cwru(y,4) .

The main goal of this paper is to distinguish the set of parameters (0,p, A) and (v, A)
for which equality holds in the above inequalities from the set where the inequality is
strict.

To this purpose, we recall that when § = 1 and d > 2, symmetry breaking for
extremals of (1) has been proved in [2,9,7] when

VAla)+d—1.

a<0 and p>

ac

In other words, for § = 1 and

d—1

a < Alp) == ac — m

<0,

we have Cixn(0,p,4) < Corn(8,p, A). This result has been extended to the case
0 € [¥(p,d),1] in [4]. Let

O(a,p,d) == m [(p+2)2(d2 Y4a®—4da(d—2)) —4dp(p+4)(d— 1)]
and 3 2(d—1)
a—(p) = ac — Hi2

Proposition 1 [4] Let d > 2, 2 < p < 2* and a < a—(p). Optimality for (1) is not
achieved among radial functions if



(i) either 9(p,d) < 0 < O(a,p,d) and a > A(p),
(i3) or ¥(p,d) <0 <1 and a < A(p).

More precisely, one sees that symmetry breaking occurs if § < ©(a, p,d). We observe
that, for p € [2,2"), we have ¥(p,d) < O(a,p,d) if and only if a < a—(p). The condition
O(a,p,d) <1 is equivalent to a > A(p).

By rewriting the condition § < ©(a,p,d) in terms of a, we find that in the set
{(0,p) : I(p,d) <O <1, pe(2,2%)} the function

2vVd—1 [2p0

=P7
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Q(evp) = Qc —
takes values in (—o0, ac) and is such that symmetry breaking holds for any a < a(0, p).
Notice in particular that a—(p) = a(¥(p,d),p) and that we recover the condition a <
A(p) for 0 = 1.

Before going further, let us comment on the nature of the above symmetry breaking
result. Among radially symmetric functions, extremals are uniquely defined up to a
multiplication by a constant and a scaling. Denote by u* the unique radial extremal
in (1) under an appropriate normalization (see [4] for details). Conditions a < A(p) =
a(l,p) for 6 = 1 and a < a(0,p) for 6 < 1 correspond exactly to the values of the
parameters for which the linearized operator associated to the functional Fp, 4 (see
Section 2.2) around u™ in the space orthogonal to the radial functions admits a negative
eigenvalue, while it is positive definite for a > a(f,p). Thus, in the first case, u* no
longer corresponds to a minimizer for the variational problem associated with the
inequality. Also notice that, if for a sequence of non-radial extremals (un)n, (an)n
converges to some a and (un)n converges to a radial extremal u*, then a = a(6,p).

As in [4], it is worthwhile to observe that if a < —1/2, then

d_ 9 9 _ 1 A
4 - apﬂ(p7 d)|p:2 < ap@(a7p7 d)‘p:Q - 4 d—1"

This is consistent with the limiting case § = v (p — 2) and p — 24 corresponding to
the weighted logarithmic Hardy inequality (2).

Proposition 2 [4] Let d > 2 and a < —1/2. Assume that v > 1/2 if d =2 and

d 1 A)
< —
<y<qt+o1o
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then the optimal constant Cywru (7, A(a)) in inequality (2) is not achieved by a radial
function.

In other words, letting

a(y) :==ac— 5V (d—-1)(4y - 1) (4)
then, for any given v > d/4, symmetry breaking occurs whenever a € (—oo, a(y)).

A first step of our analysis is to counterbalance the above symmetry breaking results
with some symmetry results. To this purpose we recall that for 6 = 1, radial symmetry
for extremals of (1) was proved by various methods in [3,11,6] if 0 < a < ac. We shall
extend these results to the case § < 1 using the method of [6]. Our first new result is
based on Schwarz’ symmetrization, and states the following:



Theorem 2 For any d > 3, p € (2,2%), there is a curve 6 — a(0,p) such that, for any
a € [a(f,p),ac), Coxn(9,p, A(a)) = Cign (0, p, A(a)). Moreover, limg_,q_ a(6,p) = 0,
and limg_,q, @(0,p) = ac.

At this point, d = 2 is not covered and we have no corresponding result for the weighted
logarithmic Hardy inequality. Actually, numerical computations (see Fig. 1) do not
indicate that our method, which is based on Schwarz’ symmetrization, could eventually
apply to the logarithmic Hardy inequality.

As for the case § = 1, d > 2, where symmetry is known to hold for (1) in a neigh-
borhood of a = 0—, for b > 0: see [12-14,7,6], the symmetry result of Theorem 2 is far
from sharp. Indeed, for = 1, it has recently been proved in [6] that symmetry also
holds for p in a neighborhood of 24, and that there is a continuous curve p — a(p)
such that symmetry holds for any a € (a(p), ac), while extremals are not radially sym-
metric if a € (—o0, a(p)). We shall extend this result to the more general interpolation
inequalities (1) and to (2).

Notice that establishing radial symmetry in the case 0 < 6 < 1 in (1) poses a
a+1) , 12 (1-0)
L2(R?) *
Nonetheless, by adapting the arguments of [6], we shall prove that a continuous sur-
face splits the set of parameters into two sets that identify respectively the symmetry

more delicate problem than when § = 1, because of the term |||:v|7( )uH

and symmetry breaking regions. The case d = 2 is also covered, while it was not in
Theorem 2.

Theorem 3 For all d > 2, there exists a continuous function a* defined on the set
{(6,p) € (0,1]x(2,2%) : 8 > I(p,d)} with values in (—o0, ac) such that lim a*(6,p) =

pP—24

—oo and

(i) If (a,p) € (a*(0,p),ac) x (2,2%), (1) has only radially symmetric extremals.
(i1) If (a,p) € (—00,a”(0,p)) x (2,2%), none of the extremals of (1) is radially symmet-
TiC.
(7’“) For every p € (272*)7 2(9717) < a*(97p) < d(@,p) < ac-

Surprisingly, the symmetry in the regime a — a. appears as a consequence of the
asymptotic behavior of the extremals in (1) for 6 = 1 as a — —oo, which has been
established in [2]. Symmetry holds as p — 24 for reasons which are similar to the ones
found in [6].

Concerning the weighted logarithmic Hardy inequality (2), we observe that it can
be obtained as the limiting case of inequality (1) as p — 24, provided 6 = v (p — 2).
Actually, in this limit, the inequality degenerates into an equality, so that (2) is obtained
by differentiating both sides of the inequality with respect to p at p = 2. It is therefore
remarkable that symmetry and symmetry breaking results can be extended to (2),
which is a kind of first order correction to Hardy’s inequality. Inequality (2) has been
established recently and so far no symmetry results were known for its extremals. Here
is our first main result:

Theorem 4 Let d > 2, there exists a continuous function a** : (d/4,00) — (—o0,ac)
such that for any v > d/4 and a € [a**(7),ac), there is a radially symmetric extremal
for (2), while for a < a**(y) no extremal of (2) is radially symmetric. Moreover,

a**(7) > a() for any v € (d/4, o).



Theorems 3 and 4 do not allow to decide whether (6,p) — a*(6,p) and v — a** ()
coincide with (6, p) — a(6,p) and v — a(y) given by (3) and (4) respectively. If the set
of non-radial extremals bifurcates from the set of radial extremals, then a* = a in case
of (1) and a** = @ in case of (2). Moreover, most of the known symmetry breaking
results rely on linearization and the method developed in [6] for proving symmetry
and applied in Theorems 3 and 4 also relies on linearization. It would therefore be
tempting to conjecture that a* = a and a** = a. It turns out that this is not the case.
We are now going to establish a new symmetry breaking phenomenon, outside the zone
of instability of the radial extremal, i.e. when a > a, for some values of § < 1 for (1)
and for some a > a(7y) in case of (2). These are striking results, as they clearly depart
from previous methods.

Theorem 5 Let d > 2. There exists n > 0 such that for every p € (2,2+n) there exists
an e > 0 with the property that for 6 € [9(p,d), ¥ (p,d)+¢) and a € [a(0,p), a(0,p) +¢),
no extremal for (1) corresponding to the parameters (0,p,a) is radially symmetric.

Notice that there is always an extremal function for (1) if > 9(p, d), and also in some
cases if § = ¥(p,d). See [5] for details. The plots in Fig. 2 provide a value for 7.

We have a similar statement for logarithmic Hardy inequalities, which is our third
main result. Let

ady—d—1
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Theorem 6 Let d > 2 and assume that v > 1/2 if d = 2. If A(a) > Agp(7,d),
then there is symmetry breaking: no extremal for (2) corresponding to the parameters
(v,a) is radially symmetric. As a consequence, there exists an € > 0 such that, if
a € [a(y),a(y) +¢€) and v € [d/4,d/4 + ¢€), with v > 1/2 if d = 2, there is symmetry
breaking.

This result improves the one of Proposition 2, at least for v in a neighborhood of
(d/4)+. Actually, the range of v for which Agp(y,d) < A(y) can be deduced from
our estimates, although explicit expressions are hard to read. See Fig. 4 and further
comments at the end of Section 5.

This paper is organized as follows. Section 2 is devoted to preliminaries (Emden-
Fowler transform, symmetry breaking results based on the linear instability of radial
extremals) and to the proof of Theorem 2 using Schwarz’ symmetrisation. Sections 3
and 4 are devoted to the proofs of Theorems 3 and 4 respectively. Theorems 5 and 6
are established in Section 5.

2 Preliminaries
2.1 The Emden-Fowler transformation

Consider the Emden-Fowler transformation

u(z) = |ac|_(d_2_2a)/2 w(y) where y=(s,w)€ Rx si-l=c,

zeRY, s=—log|z| € R and wzx/|x|€§d_1.



The scaling invariance in R? becomes a translation invariance in the cylinder C, in the
s-direction, and radial symmetry for a function in R becomes dependence on the s-
variable only. Also, invariance under a certain Kelvin transformation in R4 corresponds
to the symmetry s — —s in C. More precisely, a radially symmetric function v on ]Rd,
invariant under the Kelvin transformation u(z) — |z|?(®~%) u(z/|x|?), corresponds to
a function w on C which depends only on s and satisfies w(—s) = w(s). We shall call
such a function a s-symmetric function.

Under this transformation, (1) can be stated just as an interpolation inequality in
H'(C). Namely, for any w € H'(C),

0 201-0
lwlfece) < Corn(,p,4) (IVelfa) + Allwlize) lleliie” — ©)
with A = A(a) = (ac — a)?. With these notations, recall that
A=0«<=a=a. and A>0<=a<ac.

At this point it becomes clear that a < ac or a > ac plays no role and only the value
of A > 0 matters. Similarly, by the Emden-Fowler transformation, (2) becomes

/C [l log [wf* dy < 27 log [Cwr (7, 4) (IVwliae) +4)] | (7)

for any w € H*(C) normalized by ||w|\32(c) =1,forany d > 1, a < ae, v > d/4, and
N> 1/2i0f d = 2.

2.2 Linear instability of radial extremals

Symmetry breaking for extremals of (7) has been discussed in detail for § =1 in [2,9],
and by the same methods in [4], where symmetry breaking has been established also
when 6 € (0,1). The method goes as follows. Consider an extremal w* for (6) among
s-symmetric functions. It realizes a minimum for the functional

9 1=0

(Vw2 o) + AllwlZs¢)) lwlia ) .
- (8)

LP(C)

Fopaluli= ool
w

among functions depending only on s and Fy ,, 4lw*] = CEkn (6, p, /1)71/0. Once the
maximum of w* is fixed at s = 0, since w* solves an autonomous ordinary differential
equation, by uniqueness, it automatically satisfies the symmetry w*(—s) = w*(s) for
any s € R. Next, one linearizes Fy ; 4 around w™. This gives rise to a linear operator,
whose kernel is generated by dw* /ds and which admits a negative eigenvalue in H!(C)
if and only if a < a(6,p), that is for

A> A0,p) = (ac — a(0,p))?

where the function a(f,p) is defined in (3). Hence, if a < a(f,p), it is clear that
Fo.p,A — Fop a|w"] takes negative values in a neighbourhood of w™ in HY(C) and
extremals for (6) cannot be s-symmetric, even up to translations in the s-direction. By
the Emden-Fowler transformation, extremals for (1) cannot be radially symmetric.



Remark 1 Theorem 5 asserts that there are cases where a > a(f,p), so that the ex-
tremal s-symmetric function w* is stable in HI(C)7 but for which symmetry is broken,
in the sense that we prove Cixn(0,p,4) < Corn(d,p, A). This will be studied in
Section 5.

In the case of the weighted logarithmic Hardy inequality, symmetry breaking can
be investigated as in [4] by studying the linearization of the functional

IVl + Allwla e,

A 9)
) 1 w2 w?
lwliZa e, exp{m Je Tz, 18 (Ilwllim)) dy}

around an s-symmetric extremal w*. In this way one finds that extremals for inequal-

Gy Alw] :=

ity (7) are not s-symmetric whenever d > 2,

A> Ay) = 5 (=17~ 1) = AG@() -

2.3 Proof of Theorem 2

As in [6], we shall prove Theorem 2 by Schwarz’ symmetrization after rephrasing (1)
as follows. To u € D}Z’Q(Rd), we may associate the function v € Dé’Q(Rd) by setting:

u(z) = |z|*v(z) VaeRe.
Inequality (1) is then equivalent to
121~ vlF o (ray < Corn (0, 4) (A= AB)? B 77

with A := ”vv”iZ(Rd)? B = ||z|! v”iZ(Rd) and A := a(2ac — a). We observe that
the function B — h(B) := (A — AB)? B9 satisfies

W(B) 1-6 X0
hB) B  A—XB’

By Hardy’s inequality, we know that

A=AB> inf (A—a(2ac—a)B) =A—aZB>0
a>0

for any v € Dé’Q(Rd) \ {0}. As a consequence, h'(B) < 0 if
(1-0)A<AB. (10)

If this is the case, Schwarz’ symmetrization applied to v decreases A, increases B, and
therefore decreases (A — )\B)e B9 while it increases |||:v|“_bv|\ip(Rd). Optimality
in (1) is then reached among radial functions. Notice that A > 0 is required by our
method and hence only the case ac > 0, i.e. d > 3, is covered.

Let

—A_ 2
tliB

—ae -



Condition (10) amounts to
2 _ (N2
t< Jac 1(1160 a) ’ (11)

If w is a minimizer for (1), it has been established in [5, Lemma 3.4] that

(Coxn(1,27,a2))"(dP)
CEKN(67P7 1)

2 9(d,
(t+ 1) < (0e =010 (14.02)" )

For completeness, we shall briefly sketch the proof of (12) below in Remark 5. The
two conditions (11) and (12) determine two upper bounds for ¢, which are respectively
monotone increasing and monotone decreasing in terms of a. As a consequence, they
are simultaneously satisfied if and only if a € [ag, ac), where ag is determined by the
equality case in (11) and (12). See Fig. 1. This completes the proof of Theorem 2. O

&

0.2 0.4 0.6 0.8 1 1.2 1.4
Fig. 1 According to the proof of Theorem 2, symmetry holds if a € [ag(0,p),ac), 0 €

(Y(p,d), 1). The curves 0 — ag(0, p) are parametrized by 6 € [J(p,d), 1), with d =5, ac = 1.5
and p = 2.1, 2.2, ... 3.2. Horizontal segments correspond to 6 = ¥(p,d), ao(0,p) < a < ac.

Remark 2 Although this is not needed for the proof of Theorem 2, to understand why
symmetry can be expected as a — ae, it is enlightening to consider the moving planes
method. With the above notations, if u is an extremal for (1), then v is a solution of
the Euler-Lagrange equation

0 AH(ﬂ_L)L_ !
A-AB B A-2B) o 2|~ oflf,

If d = 2, then \ = —a? < 0 and 1;13‘9 — Ag§3 is always positive. If d > 3, 1;13‘9 — AgﬁB
is negative if and only if (10) holds. Assume that this is the case. Using the Emden-
Fowler transformation defined in Section 2.1, we know that the corresponding solution

on the cylinder is smooth, so that v has no singularity except maybe at z = 0. We
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can then use the moving planes technique and prove that v is radially symmetric by
adapting the results of [10,8].
Using Hardy’s inequality, (d — 2)2 B < 4 A, also notice that (10) cannot hold unless

(d—2—2a)? _ (ac — a)?
> T e

This imposes that a — ac as § — 04. Compared to (10), a numerical investigation (see
Fig. 1) shows that this last condition is qualitatively correct.

3 Radial symmetry for the Caffarelli-Kohn-Nirenberg inequalities

In this section, we shall first establish some a priori estimates which will allow us to
adapt the method of [6] to the case of inequality (1).

3.1 A priori estimates

Recall that if v and w are related via the Emden-Fowler transformation, u is radially
symmetric if and only if w is independent of the angular variables. The following result
is taken from [2, Theorem 1.2, (i), p. 231], where § = 1. Here we are interested in the
regime corresponding to a — —oo.

Lemma 1 Let d > 1 and p € (2,2%). For any t > 0, there exists a constant c(d,p,t)
such that

1 2 2 2 1
A lwilte ey < IVwlite ey +tlwllizey VweH (C)
and
ull?
lim ¢7 % c(d,p,t) = sup 5 Lr ®?) 5 =: Sp(Rd) .
t—o0 u€H! (R4)\{0} HVUHLZ(Rd) + HUHL2(Rd)

In other words, as t — +o00, we have
4_q. 2 d 2 2
570 JwlZaey < SpRY (1 -+ 0(1)) (IVelae) + i) )

for any given p € (2,2%).

Remark 3 Sp (Rd) is the best constant in the Gagliardo-Nirenberg inequality
o gy < Sp(RY) (190l gay + ullfa o) )
and t%_aC is the factor which appears by the scaling u — ¢ (d=2)/4 u(-/V/1), that is
£0 7% ull P ey < Sp(RY) (IVullfz(za) + tlullfs za))

for all ¢ > 0. This is natural in view of the analysis done in [2]. We also observe that
limp_,2 Sp(RY) = 1.
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From Lemma 1, we can actually deduce that the asymptotic behavior of c(d,p,t) as
t — oo is uniform in the limit p — 2.

Corollary 1 Let d > 1 and q € (2,2%). For any p € [2,q],
od,p,t) <t [e(d,q,0)]' ¢ V>0
with ¢ = %. As a consequence,
a(p—2)

lim sup tp0e c(d,p,t) < [Sq(Rd)]p(qu) .
00 pef2,q]

Proof Using the trivial estimate

2 1 2 2
lwlfzey < 7 [IVwlfece) + thwllfae)|
the estimate of Lemma 1

ol aey < e(d,0,) [IVelaey + tllolz )]

and Holder’s interpolation: [Jwl|pr(c) < Hw||£2(c) ||w|\11;(%)7 we easily get the first esti-
mate. Since

d d

E*CLC*C:U*C)(Q*%) )
we find 1¢

d d -
tr =% c(d,p,t) < (tT““ c(d, q, t)) -

and the second estimate follows. ad

Remark 4 Notice that for d > 3, the second estimate in Corollary 1 also holds with
g=2% and ¢ =1 —Y(p,d). In such a case, we can actually prove that

o(d,p,t) < %75 (9(p,d) Sx(d))’®D (1 — 9(p,d))} @D

where S (d) = Ccxn(1, 2%, a%) is the optimal constant in Sobolev’s inequality: for any
d
we H RY, [ul 22 gy < Se(@)|VulZa(za).

Consider the functional Fy ;, 1 defined by (8) on H(C). A minimizer exists for any
p>2ifd=1ord=2and p € (2,2%) if d > 3. See [2] for details if § = 1 and [5,
Theorem 1.3 (ii)] if 6 € (¥(p,d),1). The special, limiting case 8 = ¥(p,1) is discussed
in [4] if d = 1 and in [5] if d > 1. From now on, we denote by w = wg , 4 an extremal
for (6), whenever it exists, that is, a minimizer for Fy , 4. It satisfies the following
Euler-Lagrange equations,

—0Aw+ (1—0)t+Nw=(t+ A P!

with ¢ := HVwH%g(C)/HwH%Q(C), when we assume the normalization condition
0
2 2 2(1-6
(IVwleqe) + Allwlieey) ol = Il
Such a condition can always be achieved by homogeneity and implies
_9 1
lwlly (13)

Lr(€) - CCKN(97P7 A) .

As a consequence of the Fuler-Lagrange equations, we also have

IVwliEzey + Allwliz ) = ¢+ 40wl q, - (14)
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Remark 5 1f w is a minimizer for 7y ; 4, then we know that

||w|‘%p(c) ||w|‘%p(c) _ ||w|‘%p(c)
CCKN (97p7 A) o Cé}KN(enzj? A) Cé}KN (97p7 1)

(d,p) [|w ”1 9(d,p)
L2 (0) L2(C)
Sobolev’s inequality (cf. Remark 4) written on the cylinder, we know that

—2
A

(t+ ) [lw]|f2c) =

On the other hand, by Hélder’s inequality: [|wl|r(c) < Hw|| , and by

9(d, 9(d,
lwllEs ey < (5+(d)” PP wlF 268 wlThe,” ™

9(p,d)
= (S*(d))ﬂ(p’d) (|| Vw||i2(c) +a2 HWHiZ(C)) HwHiSC)ﬂ(p’d))
9(p,d)
= (5:(@)"® (64+02) """ fuliFage,

Collecting the two estimates proves (12) for v(z) = |z| ™% w(s,w), where s = — log |z|
and w = z/|z], for any z € R? (Emden-Fowler transformation written for a = 0).

As in [2], we can assume that the extremal w = wg j 4 depends only on s and on
an azimuthal angle ¢ € (0, 7) of the sphere, and thus satisfies

—0 (9ssw + Dy (Jgw)) + (1 = O)t + Aw = (¢ + A) " wP ™ (15)

Here we denote by dsw and dgw the partial derivatives with respect to s and ¢ re-
spectively, and by Dy the derivative defined by: Dgw := (sin ¢)2_d 04 ((sin ¢)d_2 w).
Moreover, using the translation invariance of (6) in the s-variable, the invariance of the
functional Fp ,, 4 under the transformation (s,w) + (—s,w) and the sliding method,
we can also assume without restriction that w is such that

w(37¢) = w(fsvd)) v (57¢) eR x (0771—) )
Osw(s,d) <0 V(s,¢) € (0,+0) x (0,7), (16)
max, w = w(0, ¢g) ,

for some ¢ € [0, w]. In particular notice that

—+oo T
Vel 22 ) :wH/O /O (195uwf? + 0% (sin )"~ dos ds

where w,_o is the area of S?2, From Lemma 1, we obtain the following estimate:

Corollary 2 Assume that d > 2, A > 0, p € (2,2%) and 0 € (¥(p,d),1). Let t =
t(0,p, A) be the mazrimal value of ||Vw||iz(c)/|\w||iz(c) among all extremals of (6).
Then t(0,p, A) is bounded from above and moreover

limsupt(6,p,A) < co and limsupt(,p,A) < oo,
p—24 A—04

where the limits above are taken respectively for A > 0 and 6 € (0,1) fized, and for
€ (2,2%) and 0 € (¥(p,d),1) fized.

Proof Let tn = va””iz(c)/Hw””iz(C)’ where wy, are extremals of (6) with A =
Apn € (0,400), p=pn € (2,27) and 0 € (0, 1]. We shall be concerned with one of the
following regimes:
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(i) Ap = A and pp = p do not depend on n € N, and 0 € (J(p,d), 1),
(ii) An = A does not depend on n € N, 6 € (0, 1] and limp— oo pn = 2,
(iii) pn = p does not depend on n € N, 6 € [¥(p,d), 1] and limp— 00 An = 0.

Assume that limn—co tn = 00, consider (14) and apply Lemma 1 to get

Prn—2 (tn + An)'~°

L —a. min{6,1-60} _
Lon (C) CCKN(97 Pn, An)

thr " BT (L4 0(1) < (tn + An) ' flwal| (17)
where we have used the assumption that 1 — d(pn,d) = pin —ac > 1— 0. This gives a
contradiction in case (i).
Using the fact that
CCKN(07P7 A) > C*CKN ((97177 A)
where Cign (0, p, A) is the best constant in (1) among radial functions given in Sec-
tion 1, and observing that

* * p—2_
CCKN(97P7A) :CCKN(97P71)A 2p 07

we get
—2
1/Chxn(0,p,A) ~ A%7%5 0 as A—0.
In case (iii), if we assume that ¢, — 400, then this provides a contradiction with (17).
In case (ii), we know that

lim Coxn(0,p,4) = 47"
P—2+

and, by (17) and Lemma 1,

4 _a, min{0,1 — 6} (tn + A)10 9.1-6

th" — = (1+0(1) < 0—F——— =A"1t 14 0(1

" Sp. (R9) ( R Cexn (0P, A) n W)
as n — oo. Again this provides a contradiction in case we assume lim ¢, = oco. O

n—oo

Let k(p, A) := CExn (0 = 1,p, A) and recall that k(p, A) = A= (P12)/(2p) k(p,1) and
limp_.2, k(p,1) = 1. As a consequence of the symmetry result in [6], we have

Lemma 2 There exists a positive continuous function £ on (2,2") with

lim &(p) =co and lim &(p) = a;(erz)/p k(2%,1)
p—2 p—2*

such that, for any p € (2,2%),
2 2 2 1
[wlltr ey < ellVwlltz ey + Z(e;p) [wlltzcy VweH(C)
holds for any € € (0,&(p)) with Z(e,p) := e v k(p, 1)%

Proof From [6], we know that there exists a continuous function X : (2,2*) — (a2, c0)
such that lim,_9 A(p) = 0o, limp_.o+ A(p) = a? and, for any A € (0, A(p)], the inequality

llEe ) < ke ) (IVelfaie) + Alwlitae)) ¥ weH'(C)
holds true. Therefore, letting
&(p) = k(p, A(p)) = A(p) " T CP k(p,1)
our estimate holds with A = A(p), € = A~ (P+2)/(2p) k(p,1) and Z(e,p) =€ A. O
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Lemma 3 Assume that d > 2, p € (2,2%) and 0 € [¥(p,d),1]. If w is an extremal
function of (6) and if w is not s-symmetric, then

0 d—1D+(1—0)t+A<(t+D)p-1) ||w|\§;2(c) . (18)

Proof Let w be an extremal for (6), normalized so that (16) holds. We denote by
¢ € (0,7) the azimuthal coordinate on S By the Poincaré inequality in Sd_l, we
know that:

2 2
/SEF1 |D¢(8¢w)| dw > (d—1) /SEF1 |(8¢w)| dw

while, by multiplying the equation in (15) by Dg(dpw), after obvious integration by
parts, we find:

0 </C (105 (@5) * + [ Dy (95w)[*) dy) +((1 —0)t+/1)/ |0gw|® dy

= (t+ )7 (1071)/C w2 |agw|® dy < (t4+4)'0 (p—1) ||w|\Lw(C)/ |0pw|” dy .

By combining the two above estimates, the conclusion holds if [|0pw||r2(c) # 0. O

3.2 The critical regime: approaching a = ac

Proposition 3 Assume that d > 2, p € (2,2%) and 0 € [9(p,d),1]. Let (An)n be a se-
quence converging to 04 and let (wn)n be a sequence of extremals for (6), satisfying the
normalization condition (13). Then both t, := ||an||iz(c)/|\wn||iz(c) and [[wnl|~ (c)
converge to 0 as n — +o0.

Proof First of all notice that, under the given assumption, we can use the results in
[5, Theorem 1.3 (i)] in order to ensure the existence of an extremal for (6) even for
0 = ¥(p, d). Moreover with the notations of Corollary 2, we know that (¢, )n is bounded
and, by (13) and (14),

9 2 _ (tn + An)170
[Vwnl[fz(cy + An llwnllfzc) = Corn (0, p, A )P/ 7=2)

1

Op 1
with Carn (6, p, An) P/ (P=2) < CCKN(& P, An) PP L AFTETE L 0as Ay — 0y,
where we have used the fact that pe—p — 5 > 0 for § > ¥(p,d). Thus, using (13) we have
lim [|[Vwn||r2c) = 0 and hm Hwn||Lp ¢y = 0. Hence, (wn)n converges to w = 0,
n—oo
weakly in H .(C) and also in Cllog for some a € (0, 1). By (16), it follows

Jm [wn|pee ) =0

Now, let too := limp— 00 tn and assume by contradiction that toc > 0. The function
Wi = wn/||wn|[g1 (rey solves

—OAWn + (1= 0) tn + An) Wi = (tn + An) 0wl 2 W,
Multiply the above equation by Wi, and integrate on C, to get
0 HVW’HH?F(C) + (1 =0)too(1 4 0(1)) + An) HW”H%Q(C)
-0 —2
< (oo (14 0(1)) + 40~ lwn 2230, [WallZa e, -

This is in contradiction with the fact that ||[Wn|g1(ge) = 1, for any n € N. O
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Corollary 3 Assume that d > 2, p € (2,2%) and 0 € [¥(p,d),1]. There exists € =
e(0,p) > 0 such that extremals of (6) are s-symmetric for every 0 < A < e.

Proof Any sequence (wn)n as in Proposition 3 violates (18) for n large enough, unless
8¢wn = 0. The conclusion readily follows. O

3.3 The Hardy regime: approaching p = 2

We proceed similarly as in Proposition 3 and Corollary 3.

Proposition 4 Assume that d > 2, fit A > 0 and 0 € (0,1]. There exists n €
(0,460/(d —20)) such that all extremals of (6) are s-symmetric if p € (2,24 7).

Proof The case § = 1 is already established in [6]. So, for fixed A > 0 and 0 < 6 < 1,
let wp be an extremal of (6) with p = p, — 24. By Corollary 2, we know that (tn)n
is bounded and

—6 n—
IVewnlfz ey + Allwnlizey = (tn + )0 wnl5o G, lwnlien ) -

First we prove that t, converges to 0 as n — +o0o. Assume by contradiction that
limp— oo tn =t > 0 after extracting a subsequence if necessary, and choose ¢ € (0,1/A)
so that

t+0) > (ct+1). (19)

Recalling that Coyxn (6,0, A) ~ A% as p — 24, we find that
n— * 0
lwn P, (&) = 1/Corn (6 pn, 4) < 1/Cxn (0, pn, 4) — A”.

Using Lemma 2 to estimate HwnHiPn () by e ||Vw||ig(c) +Z(e,p) ||w|\ig () for n large
enough, we get
(tn + A) wnllf2 )
= [Vunlfze) + Allwnlltziey = (tn + D' lwnll5 %) lwnlon )
< (tn+ )74 (14 0(1)) (etn + Z(e,pn,d)) [lwnllEac) -
Hence, by passing to the limit as n — oo, and using the fact that

lim Z(e,pn,d) =1,

n—oo

we deduce that
t+ )<+ (ct+1)

in contradiction with (19). This proves that limy,— o0 tn = 0.
Summarizing, wy, is a solution of

—0 Awn + (1= 0) tn + A) wp = (tn + )20 whr 1

such that t, = ||an||ig(c)/”w'n,||ig(c) — 0 as n — +00. Let cn == [lwn||Lrn ¢y and
Wy = wn /cn. We know that
_ 1 1
P2 = < — A?
" Cokn(0,pn,A) ~ CEKN(G:pn:A)
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and

IVWalfze) + AlIWallte(ey = (tn + A) 0 &2 [ Wa |2 (tn + )70 =2

Len (C) —
Hence we have

. 2 2 . 1-6 p,—2
i [[VWallgze) + A[Walliz) = lim (tn+4)""" ™" < A

Furthermore, from limp—oo tn = 0, we deduce that limp— oo HVWnH?ﬁ(c) = 0 and

limsup,,_, o ”W"H%%C) < 1. This proves that (W) is bounded in H*(C) and that,
up to subsequences, its weak limit is 0. By elliptic estimates and (16), we conclude that
limsup,, o [Wnl[L(cy = 0. Therefore, limsup,, ||Wn||€"0:(g) <1

We can summarize the properties we have obtained so far for an extremal wy of (6)
with p = pn, — 24 as follows:

n—oo

lim ¢, =0 and 1imsup||wn|\€7;;(zc) < A%,
n—oo

Incidentally, by means of the maximum principle for (15), we also get that

Pn—2 (1—0)tn+/1> 0
||wnHLoo(C) = (tn + /1)1*0 = )
which establishes that
. pn—2 __ 460
i flwn i ey =47
Inequality (18) is clearly violated for n large enough unless dgwn = 0. This concludes
the proof. O

3.4 A reformulation of Theorem 3 on the cylinder. Scalings and consequences

As in [6], it is convenient to rewrite Theorem 3 using the Emden-Fowler transformation.

Theorem 7 For all d > 2, there exists a continuous function A* defined on the set
{(0,p) € (0,1]x(2,2%) : 0 > I(p,d)} with values in (0, +00) such that 11151 A*(0,p) =
p—2+

+oo and

(1) If (A,p) € (0, 4%(0,p)) x (2,2%), then (1) has only s-symmetric extremals.

(“) If/l = A (97]7), then CCKN(07P7 A) = CEKN(07P7 A)
(i11) If (A, p) € (A*(0,p), +0) x (2,2%), none of the extremals of (1) is s-symmetric.
(iv) 0< A*(0,p) < A(6,p).

Notice that s-symmetric and non s-symmetric extremals may coexist in case (ii). In (iv),
we use the notation A(6,p) = (ac—a(6,p))?, where the function a(6,p) is defined in (3).

A key step for the proof of Theorem 7 relies on scalings in the s variable of the
cylinder. If w € HY(C) \ {0}, let wo (s,w) := w(o s,w) for o > 0. A simple calculation
shows that

9 1-6
HVUJU}H%Z(C) Hw||L2(6C)
LP(C)

2—

=

1 2 2
Foporalwe] = 0”778 Fy ) alw] 0?7750 (67 —1

[[w]]
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As a consequence, we observe that

* 2 -1 *
Cern (0, p,07A)"7 = Fy 1, o2 4wy p 52 4]
2142y 1 2142 *
=0~ ¢ 0 CCKN(97P7 A) b =07 0 p0 f@,p,A[we,p,A] .
Lemma 4 Ifd>2, A>0 and p € (2,2%), then the following holds:

(i) If Ccrn(0,p, A) = CExn (0, p, A), then Corn(0,p,A) = Cixn(0,p,A) and, after a
proper normalization, wy p \ = w;,p,/\ for any X € (0,4).

(i) If there is an extremal wg p A, which is not s-symmetric, even up to translations in
the s-direction, then Coxn(6,p,A) > Corn (6, p, A) for all X > A.

Recall that, according to [4], the extremal w;7p7 , among s-symmetric functions is
uniquely defined up to translations in the s variable, multiplications by a constant
and scalings with respect to s. We assume that it is normalized in such a way that it
is uniquely defined. As for non s-symmetric minimizers, we have no uniqueness result.
With a slightly loose notation, we shall write wy j x for an extremal, but the reader
has to keep in mind that, eventually, we pick one extremal among several, which are
not necessarily related by one of the above transformations.

Proof To prove (i), apply (20) with we = wg px, A = 24,0 < o < 1 and w(s,w) =
wy p A (s/0,w):
1

————— = Fopr[wop,]
CCKN(07P7 )‘)% ? ?

9 1-6
o IVewllEa ey llwliz G

D=
+
ct:‘|.\j

2142 —
—g° 07 po ]:O,p,/l[w]"'o' P (1_0- 570
ol
9 916
s TR g2y Vel e
= C* 1 2/0
Coxn (0.2 ) (A
2 2458
_ 1 " R T (1- 2 ||waHL2(c) HwHLz(C)
N z 2/0 ’
CEKN(&I% A)e ||wHL{s(c)

By definition, Coxn(0,p,A) > Cign(6,p,A) and from the above inequality we find
that necessarily V,w = 0, and the first claim follows.

Assume that wg p 4 is an extremal with explicit dependence in w and apply (20)
with w = wg p 4, wo(s,w) == w(os,w), A = oA and o > 1:

1

————— < Foporalwo]
Con(0,p,\)7 P ’

2 2152
B o2 itys om0t (62— 1 IVwwe,p,alltzeyllwo.p.allz e
= = a 2/6
Corn(8,p, )7 o . 4ll7 57
) ) 5 2159
2—14 2 Vow w
<_0© ANy e (02 1 Ve 97P,AHL2(C)H 97P7AHL2(C)

2/60
o allpatc,

< CEKN(07P7 )‘)_% )
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since Vowg p 4 # 0. This proves the second claim. a

By virtue of Corollary 3, we know that, for p € (2,2%) and 9(p,d) < 6 < 1, the set
{A >0 : Fpp 4 has only s-symmetric minimizers} is not empty, and hence we can
define:

A*(0,p) :=sup{A >0 : F9,p, 4 has only s-symmetric minimizers} .

In particular, by Proposition 1 (also see Section 2.2), Lemma 4 and Proposition 4, we
have:

0<A™(0,p) <A(f,p) and  lim A%(0,p) =+oo.
pP—44

Corollary 4 With the above definition of A*(6,p), we have:
(i) if A € (0,4%(0,p)), then Ccrn(0,p,A) = Cixn (0, p, A) and, after a proper normal-
ization, we p \ = wapy)\,

(ZZ) 7’f)‘ = A* (9717); then CCKN(97P7 )‘) = CEKN(97P7 )‘)7
(iii) if A > A*(0,p) and 0 > 9(p,d), then Ccrn(0,p, ) > Cirn(6,p, A).

Proof (i) is a consequence of Lemma 4 (i). It is easy to check that Coxn(6,p, ) is
a non-increasing function of \. By considering limy ., Fy , alwg ,, ], we get (ii). If
p € (2,2%) and 0 € (¥(p,d), 1], it has been shown in [5] that Fp , 1 always attains its
minimum in H(C) \ {0}, so that (iii) follows from Lemma 4 (ii). O

3.5 The proof of Theorem 7

In case 6 = ¥(p,d), extremals might not exist: see [5]. To complete the proof of The-
orem 7, we have to prove that the property of Lemma 4 (ii) also holds if § = 9(p,d)
and to establish the continuity of A*.

Lemma 5 If A > A*(0,p) and 0 = ¥(p,d), then Ccxn(0,p, A) > Céxn (0,0, N).

Proof Consider the Gagliardo-Nirenberg inequality

H(p,d —9(p,d
lullfn () < Can) IVulFa @) Iullf$mn®® vueH' ®Y)  (21)

and assume that Cgn(p) is the optimal constant. According to [5] (see Lemma 6 below
for more details), we know that

CGN(p) < CCKN(ﬂ(p7 d)7p7 )‘) .

According to [5, Theorem 1.4 (i)] there are extremals for (6) with 0 = ¥(p,d), p €
(2,2%) and X > 0, whenever the above inequality is strict. By Corollary 4 (ii) we know
that Can(p) < Cirn((p, d),p, A) if A = A*(I(p,d), p).

Case 1: Assume that Con(p) = Cixn(P(p,d),p, A*(9(p,d),p)). Then for all A >
A*(I(p,d), p),

Cern(@(p, d), p, A) < Can(p) < Cern(¥(p, d), p, A)

because Cin (0, p, ) is decreasing in A, which proves the result.
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Case 2: Assume that Con(p) < Céxn (9(p, d), p, A*(9(p,d), p)). We can always choose
A > A*(9(p,d), p), sufficiently close to A*(J(p,d),p), so that

Can(p) < Corn(@(p,d), p, ) < Corn(P(p,d),p, A) .

Then [5, Theorem 1.4 (i)] ensures the existence of an extremal wg ,  of (6) with
0 = Y(p,d). By the definition of A*(9J(p,d),p), such an extremal is non s-symmetric.
The result follows from Lemma 4 (ii). O

To complete the proof of Theorem 7, we only need to establish the continuity of
A* with respect to the parameters (0,p) with p € (2,2*) and ¥(p,d) < 6 < 1. The
argument is similar to the one used in [6] for the case § = 1. First of all, by using the
definition of A*(6,p), Lemma 4 (i) and the s-symmetric extremals, it is easy to see
that, for any sequences (0n)n and (pn)n such that 6, — 6 and pn, — p € (2,2%),
limsup A*(0n,pn) < A*(0,p).
n—>-+oo
To see that equality actually holds, we argue by contradiction and assume that for a
given sequence 0p, € [J(pn,d), 1] and p, € (2,2"), we have:
Ao := lim A" (On,pn) < A*(0,p) .
n—-+o0o
For n large, fix A such that A*(0n,pn) < A < A*(0,p) < A0, p).
If 6 > 9(p,d), then 0, > JF(pn,d) for n large, and we find a sequence of non

s-symmetric extremals wy ) that, along a subsequence, must converge to an s-

symmetric extremal w;,p,A;g ;:ontradiction with A < A(0,p) as already noted in the
introduction.

If & = ¥(p,d), then, by strict monotonicity of Ciky with respect to A, we find:
Cen(p) < Coxn@(p,d),p, A*(p,d)) < Cixn(@(p,d),p,A) and so, for n sufficiently
large: Can(p) < Coxn(0n,pn,A) < CcrN(On,pn, ). Again by [5, Theorem 1.4 (i)],
there exist non s-symmetric extremals wg, ,. x of (6) relative to the parameters
(On,pn, \), that, along a subsequence, must converge to an extremal of (6) relative to
the parameters (0, p, A). Since A < A*(0, p), the limiting extremal must be s-symmetric

and we obtain a contradiction as above. This completes the proof of Theorem 7. O

Remark 6 As already noticed above, at A = A*(6,p), we have

Cexn(0,p, A7(0,p)) = Coxn(0,p, A7 (0,p))

and, as long as there are extremal functions, either A*(0,p) = A(0, p), or a s-symmetric
extremal and a non s-symmetric one may coexist. This is precisely what occurs in the
framework of Theorem 5, at least for § > ¥(p, d).

4 Radial symmetry for the weighted logarithmic Hardy inequalities

As in Section 3.4, we rephrase Theorem 4 on the cylinder.

Theorem 8 For all d > 2, there exists a continuous function A** defined on the
set {y > d/4} and with values in (0,+00) such that for all A € (0, A**(v)], there
is an s-symmetric extremal of (2), while for any A > A**(v), no extremal of (7) is
s-symmetric. Moreover, A**(y) < 1 (47 —1)(d - 1) = A(5).
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4.1 The critical regime: approaching A = 0

In order to prove the above theorem, we first start by showing that for v > d/4 and A
close to 0, the extremals for (7) are s-symmetric. From [5, Theorem 1.3 (ii)], we know
that such extremals exist.

Proposition 5 Let v > d/4 and d > 2. Then, for A > 0 sufficiently small, any
extremal w~ A of (7) is s-symmetric.

Proof Let us consider v > d/4 and a sequence of positive numbers (A )n converging
to 0. Let us denote by (wn)n a sequence of extremals for (7) with parameter Ap.
For simplicity, let us normalize the functions wn so that |[wnl[r2(c) = 1. Moreover,
we can assume that wy, depends only on s and the azimuthal angle ¢ € s?! and
maxc wn = wn (0, ¢o) for some ¢ € [0, 7]. Finally, wp is a minimum for Gy ,, 4 defined
in (9), and we have Gg , A[wn] = 1/Cp with Cp := Cwru(y,4n) for any n € N.
Therefore wy, satisfies the Euler-Lagrange equation

_ 1
—Awy, — Cp b wn (1 + log |wn|?) exp <ﬂ / lwn|? log [wn|? dy) = pnwn  (22)
C

for some pp € R. Multiplying this equation by wy and integrating by parts we get

_ 1
IVunlaey ~ Gt exp (o [ ol g dy ) [ (04 gl ) dy = o

(23)
In addition, the condition g97p7A[wn] = 1/Cy, gives
_ 1
va'n”%ﬁ(c) +An - Cnl exp (E / |wn|2 log|wn|2 dy) .
C
As in [5], consider Hélder’s inequality, |[w|[pq(c) < Hw|| r2(c) ||w|\Lp(C) with ¢ =

2(p—q)/(q(p — 2)) for any g such that 2 < ¢ < p < 2*. For ¢ = 2, this inequality
becomes an equality, with ¢ = 1, so that we can differentiate with respect to ¢ at ¢ = 2
and obtain

2 |w|? ) < _P_ 2 (HwHLP(C))
/C|w| log (” ” dy < p—2 Hw||L2(C) log ”w”22_(c) .
Let Cgn(p) be the best constant in (21). Combining the two inequalities, we obtain
the following logarithmic Sobolev inequality on the cylinder: for all d > 1,

2 d [Velfa e
/ w? log () dy < 5 o) tog | e ) + K@) wlae) (20
c Hw||L2 ©) [|w ”LZ ©)

where
K(d):= inf ——=C
(d) - 2 an(p) -
See [4, Lemma 5] for more details and a sharp version, but not in Weissler’s logarithmic
form as it is here, of the logarithmic Sobolev inequality on the cylinder.
Applying this inequality to wp, we obtain

-~
S

~

IVwnlEae) +4n < Gl e ™ (IVwnllfae))
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Since v > d/4, An — 0 and C;, — 400 (see [4, Theorem B’]), we see that (Vwn)n
converges to 0 as n — +o0. On the other hand, ||wn|[r2(c) = 1, so, up to subsequences,

(wn)n converges weakly and in CIQO’CO‘ to w = 0.
Now, like in the proofs of Corollary 3 by using (22), we see that the function
Xn = D¢wn satisfies:

Je (196xnf® + 1043 ?) dy
— Gt exp (5 S lwnl? Tog wal® dy) [ Ixnl® (3 + 2 og Jwa[?) dy
= pn [xnlltzcy - (25)
Hence, by means of the Poincaré inequality we derive
(d—1—pn) xnllf2(c)
< Gt exp (g5 fo lwnl? og [wn? dy) fo Ixal?® (3+2 log wn) dy
< it exp (B o lwnl® 1oglwal? dy) lxnlEa (e (3+2 Tog (Jwnll=(c)) < 0

for n large, since [lwnl[;,~(c) converges to 0 as n — +oo. Next observe that by the

strong convergence of (Vwn)n to 0 in L2(R?) (23) and by the logarithmic Sobolev
inequality (24), we obtain limn— oo pn = 0. So, necessarily xn = 0 for n large and the
proof is complete. d

4.2 The proof of Theorem 8
Consider the functional G, 4 defined in (9). If w € HY(C)\{0}, let wo (s,w) := w(o s,w)
for any o > 0. A simple calculation shows that for all o > 0,

_ 1
(0~ 1)o7 [Vwwlfa)

) 1 w2 w? .
[wllEz e exp{w Je Ttz 1o <”“f”52<c>) dy}

L2(0)

Gry 2 o] = 02727 Goy plw] —

The above expression is the counterpart of (20) in the case of the weighted logarithmic
Hardy inequality and we can even observe that 2 — % =limy 2, (2 — % + p—29) when
0 = v (p—2). We use it exactly as in Section 3.4 to prove that for any d > 2, 4 > 0
and v > d/4, the following properties hold:
(i) If Corn(v,A) = Gy (v, 4), then Coxn (v, A) = Gy (7, A) and, after a proper
normalization, w, y = w} y, for any A € (0, 4).
(ii) If there is there is an extremal w. 4, which is not s-symmetric, even up to trans-
lations in the s-direction, then Cwru (v, A) > Gy (7, A) for all A > A.
At this point, in view of Proposition 5 and by recalling the role of the function a in (4),
we can argue as in Section 3.5 to prove the existence of a continuous function A**
defined on (d/4, 00), such that
(i) 0 <A™ (y) < A(),
(ii) if X € (0, 4™ (7)), then Cwru (7, A) = GyLu (7, A) and, after a proper normalization,
Wy \ = w,? Ao
(ili) if A =A™ (v), then Cwrn(v,A) = Gyru(7,A),
(iv) if A > A (), then Cwru (v, A) > Gy (1, A)-
This concludes the proof of Theorems 8. ]
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5 New symmetry breaking results

This section is devoted to the proof of Theorems 5 and 6. We prove symmetry breaking
in the range of parameters where the radial extremal is a strict, local minimum for
the variational problem associated to inequalities (1) and (2). Consider the optimal
constants in the limit cases given respectively by 6 = ¥(p,d) and v = d/4. We recall
that

_ 29(p,d _ 2 (1—8(pd
1 o Ml Vg el wlE
Corn(P(p,d),p; A)  wepl?®ra)\{0} (1 u||ip(]Rd)
and
1 . —a 2 2 [ lu? 2 (ae—a) | 12
m i VuHLZ(Rd) P {_3 /]Rd [z]2 (@t 1) log (|$| [ul ) dx

where the last infimum is taken on the set of the functions u € D;’Q(Rd) such that
(|||~ (@+D) ul|12(ray = 1. We also define the best constants in Gagliardo-Nirenberg and
logaritmic Sobolev inequalities respectively by

9(p,d —9(p,d
O | i) v
Con(p) ~ wen! (R9)\{0} lE s (ay

and

1
— = inf / |Vu|? dz exp [—%/ lul? log |u|? da
Crs uweH' (RY) JRd R

HUHLZ(Wd):l

It is well known (see for instance [15]) that Cp,g = 7r2de'

Lemma 6 Let d > 3 and p € (2,2%). For all a < ac, we have

Can(p) < Cern(@(p,d),p,A) and Crg < Cwrn(d/4,4).

If d = 2, the first inequality still holds while the second one is replaced by Cig <
limsup,, ., (1/2), Cwru(y,4).

Proof Consider an extremal u for either the Gagliardo-Nirenberg or the logaritmic
Sobolev inequality. It is known that such a solution exists, is unique up to multi-
plication by constants, translations and scalings (in case of the logaritmic Sobolev
inequalities, take for instance u(z) = (27)"%* exp(—|x|?/4) for any = € R?). Let
e € S and use un(z) := u(z +ne), n € N, as a sequence of test functions for the
quotients defining Coxn (¥(p, d), p, A) and Cwru(d/4, A) respectively. We first use the
reformulation of (1) used in Section 2.3 in terms of v(z) = |z|”%u(x), and observe
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that, for 6 = J¥(p,d) =1— (b—a), d > 2, we have

1
Cekn (0, p, A1)
_ 6 1 ,2(1-6
, (170122 ey + @ (a = 2ac) 2l vllEa gay ) e~ 0l S0
= m:
veH! (R)\{0} 1210~ wlI2 , gy

_ o _ 2(1-6
3 (172 gy + ala = 2a¢) 2l unlFaa) ) e~ unllf 520

N H|$|9_1 u"”ip(]Rd)

_2a, _ o —1_2(1-0
) (IIVuHi%Rdﬁ% IEE 1u||iZ(Rd)) % — el 1u||L§(Rd))
115 = el' = ullf, o)
¢ 2(1-06
(”vu”iz(Rd)) ||u||L2((]Rd)) 1
nSF [ll?, 2o, ~ Can(p)

The inequality Cr,g < Cwru(d/4, A) follows from a similar computation if d > 3. If
d = 2, it is enough to repeat the computation for a well chosen sequence (vn)n such
that yn > 1/2 for any n € N and limp—o0o yn = 1/2. O

Proof of Theorem 5. Let g(x) := (2 7r)7d/4 exp(—|z|?/4) for any z € R? and consider
the function 29(pd) |2 (1—B(pd))

Vel ey lelliz gy
h(p, d) = ——=C

T8z,

A tedious but elementary computation provides an explicit value for h(p,d) in terms
of I" functions, that can be used to get the estimate

1 1
Corn (0, )., Ala— (7)) ~ Can()

where a_(p) = a(¥(p,d),p). Consider the function

L(p7 d) = h(p7 d) CEKN(ﬁ(pv d)7p7A(a*(p))) .

< h(p,d)

Explicit computations show that limy .2, L(p,d) = 1 and £(d) := limp_.o, aa—lz;(p, d)
is an increasing function of d such that limg_, . £(d) = f% log2 < 0. Hence, for any

given d > 2, there exists an n > 0 such that L(p,d) < 1 for any p € (2,2 + 7). See
Fig. 2. As a consequence, we have

1
S Coren 0, ), py Aa—(0)))

provided 0 < p —2 < n, with 7 small enough, thus proving that Ciyn(0,p,4) <
Ccekn(8,p, A) if & = ¥(p,d) and a = a—(p). By continuity and according to Theo-
rem 7 (ii), the strict inequality also holds for @ close to ¥(p,d) and a close to a—(p), as
claimed. O

h(p,d)

Proof of Theorem 6. For the weighted logarithmic Hardy inequality (2), the same
method applies. From the explicit estimates of Cpg and Ciyp (v, 4), it is a tedious



24

L(p,d)“
1.06
L(p,4)
1.02
P
2. 2. 2.8 3 3.2 g
0.98
0.96 L(p,3)

Fig. 2 Plots of L(p,d) as a function of p for d =3, ...10.

but straightforward computation to check that Ciyp(v,4) < Crg if and only if
A(a) > Agp(y,d), where Agp has been defined in (5). As a special case, notice that
Civrm(d/4, A(—1/2)) < Crg if d > 3, while, for d = 2, we have:

lim  C} L A(=1/2)) < Cps .
i wru (7, 4(=1/2)) < Crs

See Fig. 3. By continuity, the inequality Ciy (7, A(y)) < Crg remains valid for v >
d/4, provided v — d/4 > 0 is small enough. This completes the proof. O

Gvrn(d/4,A(=1/2))/Cus

0.98¢ ......00000000000
o0®
0.96 .o o°
..
0.94¢ o’
[ ]
0.92 .
d
[ ] >

5 10 15 20 25 30 35

Fig. 3 Plot of C{y,(d/4,A(—1/2))/CLs in terms of d € N, d > 3.

Remark 7 The condition Crg < Ciy(d/4,A) amounts to a € (ax,ac) for some ex-
plicit ax and from [5, Theorem 1.4] we know that this is a sufficient condition for the
existence of an extremal function for (2). The symmetry breaking results of Theorem 6
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hold for any a € (—o00,a«). In that case, the existence of an extremal for (2) is not
known if v = d/4, d > 3, but it is granted by [5, Theorem 1.3] for any v > d/4, d > 2.

Compared with the result in Proposition 2, we see by numerical calculations that
A(a) > A(v) is more restrictive than A(a) > Agp(7y,d) except if d = 2 and v €
[0.621414 ...,6.69625...], d = 3 and v € [0.937725...,4.14851...], or d = 4 and
v € [1.31303...,2.98835...]. For d > 5, we observe that Agp(y,d) < A(y). See Fig. 4.

R Asp(v,d)/A(7)

1.75
1.5
1.25

0.75
0.5

Fig. 4 Plot of Agg(7,d)/A(y) as a function of ~, for d =2, 3, ...6.

As a concluding remark for the weighted logarithmic Hardy inequality, we em-
phasize the fact that, in many cases, the comparison with the logarithmic Sobolev
inequality gives better informations about the symmetry breaking properties of the
extremals than methods based on a linearization approach.
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