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1 Introduction

In this paper we first prove a new family of inequalities which is intermediate
between the classical Sobolev inequalities and the Gross logarithmic Sobolev

inequality.

Theorem 1.1 Assume that N =2, 3, 4 and consider m € [*51, +o0[ (m #
1, 1). Then for any w € DV(IR") such that

w* dz =M >0 (1.1)
RN
with v = y(m) = Wl_l, the following identity holds
1L/ 2m \? 1
5(2m — 1) /JRN Vel do + (1 —m N) /RN lw|" dz + K(m, M) >0

(1.2)
where K(m, M) is a negative constant if m < 1 and a positive constant if
m > 1. Here the space DY(IR") defined by

DY(RY) = {w e L' N LY (RY) : Vw e L*(RY)} .

The expression of K (m, M), which is optimal for Inequality (1.2) under Con-
straint (1.1), is explicitely given in Section 2.2, Equation (2.11). Note that
Inequality (1.2) also holds in the case m = ¥=! for any N > 3 and that
K(%, M) is then given in terms of the optimal constant of the Sobolev em-
bedding of D'2(RN) = {w € L¥2(RY) : Vw € L2(R™)} into L¥2(RR")
(see Section 2.4). DY(IRY) can be defined as the completion of D(IRY) with

respect to the norm

[wll = lw[l g1 mry + [wll g2 myy + IV 2ryy -

DV(IRY) is a subset of DV2(IRY) if N > 3 and DO=Y(IRY) = H'(IRY). The

case m = 1 corresponds to the Gross logarithmic Sobolev inequality: for any

w € DUA(RNY, if M = [wll2, g,

[, ww) oglw?(2)] dz - M[N+1og(i)] <2 [ IVulds
RN (27T)N/2 - JRY
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or, with v = w? and M = ||v|| ;1 gy,

M 1 |V
— S < — . .
/]RN vlogv dx M{N + log<(27r)N/2)] <5 Jev o dx (1.3)

The main ingredient in our proof comes from two recent papers by L.
Erbe and M. Tang [12] for a ball and by P. Pucci and J. Serrin [25] in the

whole space, from which the following result can be inferred:

Lemma 1.1 The radially symmetric solutions (ground states) of

ON
Au—u"+u =0, u>0 if 1<y< (1.4)
N —2
and of
Au—v P4’ =0, u>0 if 0<vy<l1 (1.5)

such that lim|g| .o u(x) = 0 are unique if N =2, 3, or 4.

The sublinear case (7 < 1) is deduced from [12] while the superlinear case

v > 1) comes from [25]. Here we adopt the convention 2% = +oo if
N—2

N = 2. A more general result (higher dimensions) is given in Appendix A:
see Corollaries 4.1 and 4.2. As a consequence of Theorem 1.1, one may prove

thatformzlgr—jz%,m%l,

_ 1 2 1 m
L] = 2/]RN o(z) |2]? de 1_m/ v (z) dz — K(m, M) (1.6)
1 m
< Z m—1 2
<5 [ @) e+ Ve @) de
provided v = w?” > 0 satisfies the additional condition
2
/]RN v(z) [2]? dz < 400 . (1.7)

Inequality (1.6) becomes an equality for

<
i
=
=
~
I

wla) = waela) = (Clom, M) + 2 al?) T
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for some constant which is determined by Condition (1.1). By the way, this
also determines the value of K(m, M).

Even if the Condition (1.7) perfectly makes sense with w = w, for any

N-2
N

]%, %[ More precisely, for any A > 1

m > it is hopeless to expect an inequality similar to (1.6) for an m €

1 2 2y 1 1
- Jw[? dz — —/ 1 de — K(m, M
wefﬁ};m (2 /JRN 2™l de 1—m JRrYN [ v (m, M)
fﬂ?N wlw|2Y de=M
A 2m 9
5 J |z - w? + T 1Vw| dzv) =400 .(1.8)

For more detailed results, the case N > 5 and a short list of references

concerning Sobolev inequalities, we refer to the introduction of Section 2.

In the second part of this paper, we use the results of Theorem 1.1 to
study of the asymptotic behavior in time of the solutions of the nonlinear
Cauchy problem,

u =A™, t>0 ze€RY (1.9)

u(0, z) = ug(x), (1.10)

where m is a positive number which we assume different from one, and ug €
L'(IR™) is nonnegative.

The case m > 1 arises as a model of slow diffusion of a gas inside a porous
container. Unlike the heat equation m = 1, this equation exhibits finite speed
of propagation in the sense that solutions associated to compactly supported
initial data remain compactly supported in space variable at all times (see
Aronson [2]). When 0 < m < 1, the opposite happens. Infinite speed
of propagation occurs and solutions may even vanish in finite time. This
problem is usually referred to as the fast diffusion equation. Let us observe

that the elliptic part when written in divergence form becomes

mV - (u" V) ,



and the nonlinear diffusion coefficient u™~! takes small values when wu is small
if m > 1 while the opposite happens if m < 1.

These problems are known to be well posed in weak senses and to pre-
serve mass in time whenever m > (N — 2)/N. Solutions are regular and
positive (see [16]), but this is no longer true when m is below this threshold.
Discontinuities and finite time vanishing may occur as simple examples show.
For m > 1 solutions are at least Holder continuous. Also known is that for
compactly supported solutions, their space supports are becoming ”ball-like”
and of class C1* for long times (see [6]).

The long-time behavior of solutions to these problems has been the object
of a large number of papers. Since mass is preserved, it is natural to ask
whether a scaling brings the solution into a certain universal profile as time
goes to infinity. This is indeed the case and the role of the limiting profiles is
played by an explicit family of self-similar solutions known as the Barenblatt-
Prattle solutions [4], characterized by the fact that their initial data is a Dirac
mass. These solutions, which come out naturally from the scaling invariance

of the equation are given by the explicit formulas

i = (3)* ()

L >0andf0rm>¥,m7ﬁ1,

where o = m

m—1

Voo () = (c _ 7|x|2>f , (1.11)

2m

with (), denoting positive part.

Observe that these solutions have a constant mass in space variable, uni-
quely determined by the parameter C, and that at time ¢ = 0 they become a
Dirac measure at the origin. Explicitely, if we set M = [~ Ua(t, x)dz then
the value of the constant C' is given by

M

2(m—1)a
C =C(m,M) = <W> , (1.12)

>



where
FN-1

1(m) = |71 [ —dr,
(14 mp2) e

with the above integral taken on the interval (0, +00) if m < 1 and on the
interval (0, \/%) if m > 1 (see Section 2.1 for more details). Of course
the analogues of these functions for m = 1 are nothing but scalar multiples
of the fundamental solution of the heat equation. More generally, the role
of self-similar solutions in the asymptotic behavior of solutions is a common
pattern to many evolution equations.

Heuristically one thinks that if u(t, z) is a solution of (1.9)-(1.10), then the
scaling uy(t,r) = AN (\%z, At) which leaves the equation invariant should
converge in some sense as A — +00 to a solution invariant under the scaling of
(1.9)-(1.10) having as initial data the Dirac measure with mass equal to that
of ug, namely to a member of the family of the Barenblatt-Prattle solutions.
This would then give account of the asymptotic profile of the original solution
u for large times.

This idea was first set and made rigorous by Friedman and Kamin [13]
in the context of ug € L'(IR™) N L*(IRY), both in the cases m > 1 and
(N —2)/N < m < 1. These results have been later improved and extended
by Vézquez and Kamin (see [18] and [19]). See also [31] for a recent survey

and some new results. Thus far it is known that if uy € L'(IR") then

dim u(t, ) — Ug(t, )| sy = 0 (1.13)
and also
dim ¥ u(t,.) = Uolt, )y = (1.14)

both in the cases m > 1 and (N —2)/N <m < 1.

Even though these facts have been known for some time, little seems to
have been found concerning the rate at which the convergence occurs. For
the heat equation m = 1 the following fact is classical.

u
limsup vt - ||u(t,.) — 7H oll ey

B
m sy v ¢ 2y < 00 (1.15)
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In other words the corresponding decay rate of (1.13) when m = 1 is of order
O(t=1/%). Our second main result asserts the validity of an analogous decay

estimate for m # 1.

Theorem 1.2 Assume that N = 2, 3, 4 and m > =L m # 1 1. Con-
sider a nonnegative function ug € L*(IRY, (1 + |z|?>)dz) and assume that u*
is bounded in L'(IRY). Let M = |lugl| g~y and consider the solution of
(1.9) with initial data ug and the Barenblatt-Prattle solution Uc such that
1Uc(t, Mpimyy = M for any t > 0. Then there exists a constant C' > 0
depending only on m, M and L{ug] such that
(i) if me B2, 1], t— t_%Hum(t, i (my is bounded and
LN

lim sup ¢2=70= ) [u™(t,.) = U&(t ) myy < C

t——+o0
N(1—m)
(i) if m €]1,2], t > ¢ TN [Ju(t, YUE Tt )| g1 gy is bounded and

1-N(1—m)
tmsup N fut, ) — Uc(t,.)] U3 0,.) sy < C

t——+o0
limfup(tﬂum(t, Mersey + ||U(tax)‘x|2||L1(B§)) <C

where L'(B¢) is the centered ball of radius

\/7 C(m, M) -2 — N(1 — m)f] 7~ .

At this point we may notice that if m < 1, by interpolation with relation
(1.14), we get that for any p > 1
i VO () Ut ) gy = 0.
Similar results hold in the case m > 1 (see Section 3 for more detailed
results and the case N > 5). We can also make the following observation. If

m > N—+2 (note that N—+2 < &=L if N > 2), then U belongs to L*(IRY, (1 +

|z|?)dx) and UZ belongs to Ll(]RN dz), for each fixed t > 0: [~ (Uc(x)|z|>+

U (x)) da is well defined for m €] 585, &7 [ even if Inequality (1.6) does not

make sense.



2 Generalized Sobolev inequalities

Assume that N > 2 and m > %, m # 1. We define

L= (u(x)@ — vm(:c)> do— K(m, M) (2.1)

2 1—-m

1

where K (m, M) is such that Llv,] = 0, with v (z) = <C + 12_—mm\:c|2) o
and C' = C(m, M) is given by the condition [[ve || f1pvy = M. "
The case m = 1 is a special case where the above expressions have to be
replaced by their limit as m — 1, m # 1 (see Section 2.3).
As mentioned in the introduction, a crucial tool in our approach is a

uniqueness result for nonnegative radial solutions of

Au—u +u?=0 (2.2)
where (with v = 5-—)

N +2 N -1
1 = =27—1< if < 1 1 <
<p=y<g=2-l1< o if ——<m<leslar< o,
and (with the convention 5 = +oo0, m > 1 if N =2)

—l<p=2y—-1<qg=~v<1l if m>1<=0<y<1.

According to the results given in Appendix A: Corollaries 4.1 and 4.2), the

following conditions are sufficient

(i) (Fast Diffusion case) m €)%= 1[and N =2, 3,4, or m = 8L if N > 3,

4(N +2)
<N<1 d > —= 2.
or 5<N <16 an 7_5(N—8)’ (2.3)
(i) (Porous Medium case) m > 1 and N < 16,
4(N +2)
N >1 d > — 24
or >16 and > SN —8) (2.4)



The main result of this section is the

Theorem 2.1 Assume that N > 2, M > 0 and v = ﬁ If Conditions
(2.3)-(2.4) are satisfied, then

1, 2m ) 1 / Lin
P Vel de (= =) [ (@) da

Glw] = =
=5 G
has a unique radial minimizer in DY (IRY) satisfying the constraint

/ w[?'(z) dz = M .
lRN

This minimizer is given by

_ 2m-—1
2(1—m)

1—m
w(E) = wa(x) = (C(m, M) + wa , (2.5)
Glws] = —K(m, M) and Glw] = Glwe] if and only if w = wy almost

everywhere.

The proof of this result is given in Section 2.5. We shall start with some
preliminary computations and scalings which determine the optimal range
for m. The case m = 1 (heat equation) and m = ~=1 N > 3 (classical
Sobolev embeddings) are treated independently. Before going further, let us
give a straightforward corollary which is the case of interest for fast diffusion

or porous medium equations. Here v = w?’ with the above notations.

Corollary 2.1 Assume that N > 2 and v = 52— If Conditions (2.3)-(2.4)
are satisfied, then for any nonnegative function v in € L'(IRYN, (1 + |z|?)dx)
w/],th M — HUHLl(RN) > 0,

/]RN <U(5€) |x2‘2 ! vm(:c)> dx — K(m, M) (2.6)

1-m
< [ v@)r+ ——Vm (@) dz .
- JRVN m— 1
Moreover the inequality is optimal: it becomes an equality if and only if

1
(1—m)

o(2) = vao(2) = w2 () = (C(m, M)+ 12_7mm|x\2> vreRY.

+



A very natural question of course is to ask whether the restrictions cor-
responding to Conditions (2.3)-(2.4) could be removed. With our approach,
one has to extend the uniqueness results to the range of parameters which
are not covered by the results of Appendix A and this looks difficult. A result

can however be obtained with a constant A # 1 as shown by the next result

Theorem 2.2 Assume that N > 2, m > %= (m #£ 1 1) and v = .
Then for any M > 0, there exist a constant A = A(m, M) > 1 such that
for any nonnegative function v in € L'(IRY, (1 + |z|?)dz) with w = v™" 2 €

D,\/(RN) andM - ||,U||L1(RN))

1 , 1
= - m — K(m, M 2.
5 IRNv(z) |x|* dx 1—m/11sz (x) dx (m, M) (2.7)
A 2m
< = R 2 .
<35 N\xw+2m_1Vw\ dx

A proof of this result, based on a spectral analysis, is given in Appendix C.

Note that we may also write Inequality (2.7) as

2
%(%?ﬁ )L Vel e (A1) [ o da
+(L = NA) [l e K n M) 2 0.(28)
1—m RN
It would be difficult to give a complete list of references for the Sobolev
embeddings or the Gross logarithmic inequalitites. For m = 1 one can refer
to [1] and references therein. Concerning the optimal Sobolev constant, the
minimization methods and the role of radial solutions one may for instance
quote [3], [21] and [27]. Further references concerning some special aspects

of the problem will be given in the rest of this section.

2.1 Preliminary computations

Assume that N > 2 and m > %, m # 1, and consider

1—m T
() = (Cm. 3) + = af?)
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where C'(m, M) and M = |[v|[ 11 g~, are related by

M~(C’(mM) ’”_%—/(H

(where the integral is taken over IR™ if m < 1 and on the ball B(0, /22 if
m > 1),

=
|x\ ) dx

2(1—m) —
M\~ PNt

C(m, M) = <W) T dmy =158 | T

where the integral defining 7(m) has to be taken from 0 to 400 if m < 1 and

from()tow/ 1fm>1

Slmllarly, we may define

- -
m|x|2> e (2.9)
m +

Jom, M) = [ de =57 -/(C(m,M)+
R
(where again the integral is taken over IRY if m < 1 and on the ball
B(0,/-22) if m > 1), and a straightforward computation gives

N(m—1)42m

J(m, M) = M Now037 . J(m,1) | (2.10)

Proposition 2.1 On ]0,4o00[, M +— C(m, M) is a decreasing function if
m 6] 2 1[ and an increasing function if m > 1. If m > 1, M +— J(m, M)

and M — K(m, M) are nonnegative convez increasing functions.

Proof. The convexity of J when m > 1 is given by

N(m—1)+2m 2(m —1)
Nm-1)+2 ~ Nm-1)+2

Consider then, with R(m, M) = \/Z%C(m, M) if m > 1 and R(m, M) =

+ooif m < 1,

Km M) =3 [on@lef de+ —— [

>1.

11



= [rala) (B~ 2 (Clm, )+ 1 o))

B MC(m, M) 1-m IIP

T 1- /

_ mMC(m M) — / V™ (z) d

= L MC(m, M) — J(m, M) (2.11)

1

where the integrals are taken on B(0, R(m,M)) and J(m, M) is given by
Equations (2.9) and (2.10). This is sufficient to prove the existence for m >
1 of a positive constant ¢(m, N) which does not depend on M such that
K(m,M) = c(m,N)-J(m,M). O

Note that K (m, M) is well defined only for m >

for any m €]+

N 5 and strictly negative

1[. Moreover

N+2>
_ o m m—1y|2
0 —/RNvoo|x+m_1V(voo )|° dx
o 2 m 9 m—1y|2
= [ vslal? do+ (—)? [ o [V do
m
2 e V(™! 2.12
+ /JRNxUOO m_1V(voo ) dx ( )

2m

_ 2 2 m—gzvio m
_/]RNUOO\:q dr + (5—) /RNW(UOO )2 dx zN/RNUOO dz

Remark 2.1 According to Theorem 2.1, K(m, M) = —Glws):

1 2m

5(2m — 1)2 /IRN |V( )‘2 dx+(1%_N) /RN Voo () dax-F (m, M) =0

which together with Equations (2.11) and (2.12) means that

J(m, M) = /RN V) dz, K (m, M) /RN Voo ()2 dz |

2m m—1. 5
and (5 /JRNW(UOO 2 d

are proportional (with constants depending only on m and N but not on M)
N(m—1)+42m

to MC(m, M) = O(M N5 ),
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To conclude with these technical preliminaries, one may consider the
Euler-Lagrange equations associated to the optimal results in Inequalities
(2.7) and (2.8). Here we adopt the notation A = A=t

Proposition 2.2 vy, and we, defined by (1.11) and (2.5) are respectively

solutions of

3. Vo2, 11— A
S n ) B A N = (219
and
_(27m)2Aw+’}/(1—)\)|x|2w2ﬁ—l+(1+,}/)(L_N) 27/“1]27_1 —0

(2.14)

2(1—m)

prO'l]id@d n = %C(m’ M) . )\ — _m_ )\ . <l)_2N(1m) '

m 1-m I(m)

The proof is a simple computation (x will appear as the Lagrange multi-
plier associated to the constraint M = [[v||;1z~)). Up to a scaling, Equation
(2.14) takes the form (2.2) and the uniqueness of the solutions of Eqiation
(2.14) will be used to prove that the minimizer of G in Theorem 2.1 is of the

form w,,. Note that p is a strictly monotone function of M.

2.2 A scaling argument

In this paragraph, we shall see that simple considerations based on scaling

arguments are sufficient to determine the possible ranges of A and m. Con-

sider
A :% [ @)+ v @) P dm—)\L[v]
Lo 2m 2 2
= SGp [ VErhRde 102 [ @l do
)\ m
+HE— =) /RNU () dz + MK (m, M)

13



If v (x) = T™Vv(12),

_1( 2m
C29m—1

1—
—l——)\/ v(z)|z|? doe - 772
2 JRN

A m —N(1-m)
—i—(l_m N)/]RNU (x) dx - T
+AK (m, M)
1—A 2 _
~ o v(z)|x|* dx -7

F)\[UT] )2 /IRN ‘v(vm—%)|2 dy - 721=N(1-m)]

2 asT7—0

. N—2
provided m > =%=. As a consequence,

Proposition 2.3 If F\[v] is bounded from below uniformly in v € Xy =
{v e LY(RY) : v >0, |7)>v(z) € LYRY), v™ € L'(RY), Vv €
L*(RY), M = [v][ 1 myy > 0}, then A €] — o0, 1].

Considering now the opposite asymptotics 7 — 400 in the case m < %,

we have the following

Proposition 2.4 If m < %, for any A > 0,

1 m
inf = o m—1 2 -\ )
5 v(x)|z + p— 1Vv (x)]* de — AL[v] < 0

Proof. As 7 — 400, F\[v] ~ AK(m, M) < 0 if m < &=L, O

2.3 The Gross logarithmic Sobolev inequality

The case m = 1 corresponds to the Gross logarithmic Sobolev inequality. For
the completeness of the paper, but also to illustrate the general strategy and
anticipating on the results of Section 3, we give here a few results without
complete proofs and refer to [15], [28], [29], [30] and [1] for further results
and references.

14



Proposition 2.5 Assume that v € L'(IRY) is a nonnegative function, M =
0]l 1myy > 0 and [pv v(w) |z|* dz < +oo . Then

(i) Lajv] = [ v(a )<% + log(v(:z))) dr — K(1, M) > 0 provided
K(1,M) = Mlog(

2
||

Vo) =M - & )2N , which is the unique minimizer.
2m) 2

(ii) if \/v € DV2(IRY), then

1 1
Sl —vnlFy S Ll <5 [ lavE+29(VE) P dr . (2.15)

o )u> Moreover, the minimum is reached by
2

(iii) Consider the solution u € CO(IR*, L*(IRY)) of the Fokker-Planck equa-
tion
ou

E:—AU‘FV'(I’U)

with initial data u(t =0,.) =v. Then

SLlu(t )] == [ lefult ) + 29 e )P e

and as a consequence,
1
gl ) = vl fa gy < Lafu(t, )] < Lafo] -7

Proof. We just give the general ideas for some proofs of these results.
(i) is a consequence of Jensen’s inequality applied to [~ s( )g do(z) with
f=wv,g=1vs, s(t) = tlogt and do(x ):U Ok
is the Csiszdr-Kullback inequality applied to s(¢) while the right inequality

The left mequahty in (ii)

is the classical logarithmic Gross Sobolev inequality. To prove it, a simple
method introduced by Toscani is to consider the Fokker-Planck equation and
to compute first %L[u(t, .)], and then

G 3 oA 39T e )
—af > [y - 0t ]

"—5’(1] 52',]"2 dx Z 0
i,j7=1

15



where w = /v is the solution of

[Vwl?

N
+ —w+2x-Vuw.

T:A
w w + 5

We may also apply a direct minimisation method like in the cases m # 1
or simply take the limit m — 1 in Theorem 1.2. The terms involving
Jpyv(z) |x]* dr in the right side of Inequality (2.15) cancel and Inequal-
ity (2.15) is equivalent to Inequality (1.3). As a final remark, we can men-
tion that the time-dependent rescaling we shall study in Section 3 for m = 1:
R(t) = /1 + 2t relates the Fokker-Planck equation to the classical heat equa-

tion and gives an easy proof of Estimate (1.15). O

2.4 Classical Sobolev embeddings (case m = %)

Lemma 2.1 Any function v € L'(IRY) such that V(v™"3) € L2(IRY) be-
longs to LPU™ (IRN) with p(m) = (2m — 1)555. p(m) belongs to Jm, 1] if and

onlysz—H<m<— Foranym>—,p( ) > 1.

Proof. This corresponds to the critical Sobolev embedding of D'2(IR") in
L%(RN) applied to v™" 2. O
Note that the best Sobolev constant (see [21] for instance) is given by

5 - [r~ | V|2 dz ( N7 > <P(N)>%
= 1 = . .
veCS (IRN) 2N_ = N -2 F(ﬂ)
(Jrov 10175 do) ;
Proposition 2.6 Ifm = %, N > 3, then
5 / )|z + —vvm W) de > L] . (2.16)

Proof. The Sobolev inequlality is optimal for v = v, and Inequality (2.16)

therefore holds (with A= = A\ =1 as for m = 1). Moreover, the constant is

16



optimal: the inequality is strict unless v = v, since

S [ el + T @) do - 1y

BN
=S [ @) @) de K (m, M)
2'm—1" JRN ’
—1 L 2 m—1 2 _/ m—1 2
= Q(m—l) [/JRNU(@\VU (z)]” da RNUOO(I)\VUOO ()] dx
Note that for m = 2=L p(m) = (m — 1) 25 =1 and
22 = W2y JrN Voo | V(01?2 dr da. 0
MR

2.5 Proof of the Generalized Sobolev inequalities

This Section is devoted to a proof of Theorem 2.1. Arguments concerning
the symmetry and the uniqueness of radial solutions have been rejected in
Appendices A and B, but are crucial to prove the optimality of K(m, M).
Note that in the case m < 1 as well as in the case m > 1, there is no linear
term in the Fuler-Lagrange equations, and the result of existence cannot be
reduced to the classical framework studied by Berestycki and Lions in [5].

Because of Schwarz’ symmetrization method, the minimum of G with
the constraint on the L?(IRY)-norm is reached by radially symmetric func-
tions. In the following, we shall prove the existence of one radially symmetric
minimizer. Since the solutions of the Euler-Lagrange equations are radially
symmetric (see Appendix B: Proposition 5.1) and since the radial problem
admits at most one radial solution (see Appendix A: Corollaries 4.1 and 4.2)
as soon as Conditions (2.3)-(2.4) are satisfied, the minimizer is nothing else
than w(z) = we (), which is a solution of the Euler-Lagrange equations (see
Remark 2.2 below).

Assume that v > 1, m > % and consider

Yy ={weD(RY) : w>0, /]RNwQV(:B) dx = M},
Yu(R) ={w €Yy : supp(w) C B(0,R)},
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. L, 2m 2 (g )
we%}le(R)(2(2m—1) / Vol dz+ (3= / v Jdw) .
(2.17)
R — I is a decreasing function of R and by density: limg . o I = [o. If

Ip =

I, = 0, there exists a sequence (w,)neny C Yas such that
HwnHL?”f(jRN) =M, nl_i}TI vanHB(zRN) =0 and ||wn||L1+WRN) =0.

By the Sobolev embedding: lim,, 4 ||wn|| - = 0if N > 3 (the ex-
tension to the case N = 2 is evident) a contradlctlon with Holder’s inequality
since 1 +v <2y < ]3—]\72

IR is reached by a radially symmetric positive function wr € Hj(B(0, R))

which solves
2m 1
(2m—1) AQUR—(’}/‘I—l)(l_i—N)wR—I—Msz'Y 1 0

where pugr is the Lagrange multiplier associated to the constraint on the
L (IRY)-norm. The maximum of wg is attained at z = 0 : Awg(0) < 0,

proving that

-1 1
IR (wR(O)> —(+D(g——-N)20.
On the other side,
2m 1
M= () [ Vel e+ () = V) [ 0t(@) do

1 1
“N(1-m)) 71 CN(1—m) 7T
and thus wr(0) = <% ) o (B Rt as R oo

Note also that ug M > 21 — 21, > 0 and that up to the extraction of

a subsequence R, (with lim,,_. g, = +00), we may assume that

WR, — Weo 1N CEOC(IRN),

n

where w,, is a nontrivial (because wg(0) # 0) nonnegative solution of

(

2 1
Qmﬂz DPAw = (v + (g~ Nud + w7 =0, (218)
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By Hopf’s lemma, it is clear that w. > 0 in R".

On the other side, any minimizer in Yy, of

1. 2m 1
Q] = 52" [ IVultdo+ (= = N) [ w'(2) da
satisfies Lo
4 m (2 2 _
2(2m—1) /JRN |IVw|* dx = a(m, N)I
and

7—N/ w7 (x) dz = b(m, N) I

where a and b are two constants mdependent of M. This is easily seen by

a scaling argument: if w*(z) = A\~ 27w( ), then: dff\Q[w)‘]‘,\zl = 0, which

means
1 N 2m 2
S(E - N+2 / 2
SN2 () [ Vel de
N 1
= 5(1 +7)(m —N) o w7 (z) dx .
This together with

provides a unique expression for a and b.

If we consider now the minimizing family wg,

1 2m
S (

2°2m—1

)2 /JRN |Vwg|? dz — a(m, N)Q[wg] — 0

and
——N/ W (z) de — b(m, N)Q[wg] — 0

as R — oo (if not, a scaling would again produce a contradiction).

Thus ftee = limpg_. 4o pg is therefore uniquely determined:

oo = 17 [20(m, M) + (14 2)b(m, )]

19
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and the convergence of Vwg to Vws in L?(IRY) and of wg to ws in
LY (IRY) is strong: as a consequence, [Wooll p2v(mrvy = M and wy, belongs
to Y.

But there is a unique choice of the parameters A; and Ay such that u(x) =

Aw(Agz) > 0 is a solution of
Au—u"+u> =0,

which is unique according to Corollary 4.1. w, is therefore nothing else than

m—1
1—m)

1 . _ 2
weele) = (Clm, M)+~ af)
Note that Equations (2.19) and (2.20) together with the condition
/ w? (z) do = M
BN

and the uniqueness result (Corollary 4.1) prove that any radial minimizer is
a solution of Equation (2.18) with ., fixed as above and is therefore unique.

If v < 1, the proof is very similar. Consider again the sets Yy, Y (R)
and the infimum 7. The fact that I, < 0 is easily seen by using the function

Weo as a test function. The first difference comes from the fact that now

2y<1+y<2<

N-—-2"

and nothing a priori prevents from some vanishing of mass: passing to the
limit, we only know that w,, is radial, nonnegative, non-trivial for the same
reason as in the fast diffusion case and [|wool| 2y pyy < M. However, the
symmetry result given in Appendix B (Proposition 5.1) and the fact that
M +— —K(m, M) is concave and decreasing according to Proposition 2.1
proves that the only possible minmizer corresponds to a radially symmetric
function v, supported on a single ball in IR such that the constraint on
the L?'(IR")-norm is satisfied. Then the uniqueness result of Appendix A
(Corollary 4.2) applies and the proof goes exactly as in the case v > 1. O
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Remark 2.2 We conclude this section by a few remarks concerning the fact

that the minimizer is a non-trivial solution of the Fuler-Lagrange equations

and therefore nothing else than ws. In the case v > 1, the limit of the

minimizing sequence is a solution of an equation of type (2.2) and therefore
2(1—m)

by the uniqueness result takes the form (C’ + I_—m\x|2) , but it belongs

2m
to Yar which allows us to identify C' with C'(m, M).
In the case v < 1, the identification of the Lagrange multiplier in terms
of the value of the infimum, which then fizes the value of the constant C,
15 cructal. The concavity argument, which is used to prove that the limit
satisfies the constraint, is actually deeper. Ignoring the result concerning the
uniqueness (up to translations) of the solution (and the fact that the Lagrange
multiplier is a strictly monotone function of M), the monotonicity and the
strict concavity of M +— —K(m,M) < 0 also proves that the minimum
cannot be reached by a function supported for instance by a union of n disjoint
balls, correponding of course to a different value of the Lagrange multiplier,
and for which the minimum would be: —n K (m, ) > —K(m, M).

3 Long time behaviour of fast diffusion or
porous medium equations

Our approach in the proof of these results uses elements which are rather new
in the study of nonlinear diffusions of this type but that are already familiar
in the field of kinetic equations. In particular our methods are close in spirit
to works by Toscani (see [28], [29]) and by Arnold, Markowich, Toscani and
Unterreiter (see [1]).

First of all we transform the equation via a change of variables — a time-
dependent rescaling — natural for the self-similar structure of the equation,
which not only takes care of the dispersion of the profile, but also preserves
the mass at all times, and the initial data. The resulting equation is an

analogue of the so-called linear Fokker-Planck equation. The original problem
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is thus translated into the study of the convergence of the rescaled solution
to the steady state, uniquely determined by the preservation of mass.

The nonnegative function L which has a unique minimizer turns out to
be a convex Lyapunov functional for the rescaled problem. This Lyapunov
functional is an analogue of the relative entropy, familiar in kinetic equations
(see for instance [29]). The observation that this object is indeed decreasing
along trajectories in the case of the rescaled porous medium equation (m > 1)
appears first in Newman and Ralston approach (see [22] and [26]).

An interesting convexity inequality essentially due to Csiszar [8] and Kull-
back [17] allows us to estimate the difference between the solution and its
limit. The essential point in finding the decay rates is given by the results of
Section 2.

In this section we first set up the self-similar time-dependent change of
variables, introduce the Lyapunov functiona and prove its basic convexity
property related to the Cziszar-Kullback inequality. We include a proof of
the version we will utilize in Appendix D. The main result of this section is
the following theorem, which gives the rate of convergence of the solutions
of Equation (1.9).

Theorem 3.1 Consider a nonnegative function uy € L*(IRY, (1 + |z|?)dx)

and assume that uf' is bounded in L'(IR™). Let M = ol 2 (mry > 0 and

consider the solution of Equation (1.9) with initial data uy. If u(t,x) =
1

(R(t)) - U(log(R(t)), m) with R(t) = (1 (2 N(1— m))t) T

then with the same notations as in Section 2, if m > %, m # %, 1,
Llv(r,.)] < Llug) - e ¥ 7 >0
for some X\ €]0,1]. Moreover, A\ = 1 if Conditions (2.8)-(2.4) are satisfied.

The proof is a straightforward consequence of Corollary 2.1 and Theorem
2.2. Using the relation e™*™ = [R(t)]", one proves an algebraic decay in

terms of the original time variable t. Combining then this estimate with the
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Csiszar-Kullback inequality (see Proposition 3.1), one proves the following

result, which contains Theorem 1.2.

Corollary 3.1 Under the same assumptions as in Theorem 1.2, but without
the restriction on the dimension, if N > 2 and if Conditions (2.3)-(2.4)
are satisfied, then the same results as in Theorem 1.2 hold. If Conditions
(2.3)-(2.4) are not satisfied, then the decay rate is of order o for
o7 02 s oy i N < < 1 amd for [(u(t, ) — ot D) (1)l s

ifl<m<2.

3.1 Time-dependent scalings and the Lyapunov func-
tional

Consider 7(t) a new time scale and R(t) a lenght scale such that the solution

u(t, ) of Equation (1.9) reads as

ult,z) = (R(t)>_N - U(T(t), %) (3.1)

for some nonnegative function v. In this transformation the L'-norm is pre-
served: |[u(t,.)||p1myy = [[v(7(#), )l L1 myy- Tt is readily checked that v(r, z)

satisfies the equation
v, = AW™) + V- (zv) 7>0, v RY, (3.2)

which for m = 1 corresponds to the linear Fokker-Planck equation, provided

that ¢t — R(t) is a solution of the ordinary differential equation
iR _
dt
and 7(t) = log(R(t)). If we add the condition R(0) = 1 so that the initial

data is preserved,

R(t)NG=m-1 (3.3)



then
R(t) = (1 (2 N(1 - m))t) S (3.4)

provided m # 1. Observe that R(t) — +oo whenever “=2 < m, which is our
entire range of interest. The advantage of this change of variables lies on the
fact that it eliminates the dispersion taking place in the original function u
without introducing any singularity at initial time. This approach has been
introduced systematically by J. Dolbeault and G. Rein in [11] for a number
of evolution problems in kinetic theory and related models of fluid mechanics
or quantum physics.

With the same notations as in Section 1, as t — +oo, R(t) ~ (L),

Uso(t,.) ~ Uc(t,.) and the known fact

im <||u(t, ) = oot )| gy + VOt ) — unet, .)||L00(RN)> —0,

t—+o00

when (N —2)/N < m < 1 or m > 1 reads in these new scales just as:
v(7,2) — V() for 7 — 400 both uniformly and in the L'-sense. Here and

henceforth we use the notation, valid both when m > 1 and when ¥22 <

m <1, us(t, z) = <R(t)>_Nvoo <log(R(t)), m) N

Vo) = <C’+ 12_77;"|g:|2>;ﬁ (3.5)

with C' = C(m, M) given by (1.12) and M = [~ ug(x)dz.
We consider now L[v] given by Equation (2.1) which turns out to be a
Lyapunov functional for equation (3.1). We shall indeed prove in the next

section (Theorem 3.2) that for any solution v(¢, x) of Equation (3.2),

%L[v(t, )= /RN olt, Nz + %Vu(t, )R de (3.6)

Llv(t,.)] comes in the evolution problem in natural analogy with similar
objects arising in kinetic theory (free energy functional: see [9]) or for the
heat equation (relative entropy: see [28], [29], [30], [1]).
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Assume that m €]-25 N L Let w = v™2 be a nonnegative function such
that (1 + |z|?) v(z) and v™ belong to L'(IR"Y). Let us write

L) = /RN <@(|x|2 * 12—m ¢) - 1 jmvm(x)) de

m

The choice C'= C(m, M) as in relation (1.12) makes the quantity inside the
integral sign to be minimized in v for each fixed x precisely at the value v =
Voo () Where v (z) is given by formula (3.5). Notice that Lv] = L[v]— L{vs],

namely

|z|? 1 1+m

L[] :/]RN (U(x) : 1_mvm(:c)> dx—m/m o (z) dz (3.7)

form # 1, m > N—+2 and L[vs] = 0. L is strictly convex on its domain of def-

inition and has the function v, (z) as its unique minimizer. This is easily seen
using Jensen’s inequality in [R" with the measure do(z) = % dx,
B(0,R)

Wiﬁ% = /lRN SFD(Z_:> do(x)

[e.9]

with spp(t) = mtm ~t + 1 and R = +oo if m €], 1], and

N+2
Lv] / ( v ) 1 |z |? V™
— = Y do + - L d
fB(o,R) vg dx B(0,R) P Voo 7 2 \:v\>R(U 2 m—l) v

with spy(t) = 52 + 1 and R = R(m, M) = /2% C(m,M) if m > 1.

spp is a strictly convex function if m % (which is obviously the case if

m > N]Yr2’ N > 2) as well as spy.

An estimate of the difference of v with v, is given by the Csiszar-Kullback

inequality:

Proposition 3.1 Assume that N > 2. Let v is a nonnegative function such
that (1 + |z|?) v(z) and v(z)™ belong to L'(IR™).
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(i) If min{, ~=2} < m < 1, then there exists a constant C > 0 which which
depends only on m, M and L[v] such that

Llv] = Cljv™ - Ug“%l(mN) :

(it) If 1 <m <2 and R = R(m, M) = /22 C(m, M), then

m m—1 |ZI§'|2 'Um
Llv] > m”(v —Voo)Ve |l prmyy + (UT +

|z| >R

m_l)dx.

Proof. Proposition 3.1 is a direct consequence of Lemma 7.1. For m < 1,

we take s(t) = sFD(t)mt%_t +1, Ky = Ky = =, du(x) = dz and

1-m

Lv] :/ s(v—> vldx .

RN \vJ}
Let us prove that C' depends only on m, M and L[v]. [[v™[ ;1 g~y can be
1—m)

bounded as follows: Hélder’s inequality applied to v™ym1=m) .y gives

1—m

m 1-m
/ o™ dx < [/ v(C(m, M) + |z]?) dz} . {/ v dz} (3.8)
RN RN 2m RN
and using the definition of L[v], we get

|=* ;[
/RN’U 5 dx 1_m/lRNv(C(m,M)—l-

thus obtaining an estimate on [y v % dz and |[v™|| 1 gy, which depends

ol )da] "< K, 1) < Ll

only on m, M and L[v].

; 2 _
Ifl1 < m< 2 we may write - I

I-C(m, M) for |z| < R(m, M), [~ vol de > 22=C(m, M)M and apply

— m—1

7N

C(m, M) — vgg—l(x)) >

Lemma 7.1 to

Lv] = /JRN s<%> Voo () dp(x) + /]3(()7}%)c (v(x) @ + ml_ lvm(x)> dx |
s(t) = spu(t) 52 + 1, Ky = Ky = m and du(z) = v (z) dz. O

In the next section we shall prove Equation (3.6), thus justifying why we
used the denomination ”Lyapunov functional” for L[v] by considering the
evolution problem and proving that L[v] effectively controls the convergence

10 Voo
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3.2 Time evolution and the Lyapunov functional

Theorem 3.2 Assume that m > NL+2 and that ugy is a nonnegative function
such that (1 + |z|*)ug € L*(RN). If v and u are respectively the solutions of
Equations (3.2) and (1.9), then lim,_, o L[v(T,.)] =0 and if m < 1, then

Jim [[0™(r,.) = 2 gy =0

: —Na(l—m) m m _
tlgrnoot ||u(t,.) Uoo(ty )™ | 2 mvy = 0.

In the case m > 1, a result similar to the one of Theorem 3.2 for the con-
vergence of v to v, and for the improved decay rate of u(t,.) — u of course
holds using Proposition 3.1.

Proof. Let us assume first that the initial data ug(x) is smooth and com-
pactly supported in say the ball B(0, p) for some p > 0. Let v(7,z) then be
the solution of Equation (3.2) such that v(0,x) = ug(x). In the case m > 1,
the solution has compact support for any 7 > 0 and the computation leading
to Equation (3.6) is straightforward. Assume then that NLH <m < 1. The
solution is smooth. We claim that the quantity L[v(r,.)] is well defined for

7 > 0 and is decreasing. Consider the function

wp(z) = (o) - (faf? — ) (39

It is easily checked that w,(x) is a steady state of (3.2), defined on the region
|x| > p. Since this function takes infinite values on 0B(0, p), the comparison
principle implies then that v(7,2) < w,(x) for all 7 > 0. Hence v(z,7) =
O(|z|_%) uniformly in 7 > 0. Parabolic estimates then also yield that
Vo(z, ) = O(|x|_ﬁ_1). Fix a number R > 0 and set LE[v] = fB(O’R)(U%—
ﬁvm) dz. Denoting by do(x) the measure induced by Lebesgue’s measure
on 0B(, R), integrations by parts give
2

d K |z|?
el il I My m d
dr /B(O,R),U 2 /B(O,R) 2 V- (Vo 4 zv) de
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R
=— (Vo™ dr + — Vo™ cxd
B(Oﬂ)x (Vo™ 4+ zv) dx + 5 aB(o,R)( V" 4+ av) - x do(x)

:N/ vmdx—/ \x|2vdx+O(RN+2_ﬁ)
B(0,R) B(0,R)

A similar integration by parts yields

1 d
- = m g 3.10
1—mdr /B(O,R) v ( )
4m2 1 2
_ m—1/2 2d - N mg 0O RN+2_——m
(2m —1)? /B(O,R) V(v )I"dx B(0,R) v™dz + O =)
and it follows that

%Lﬁ[v] __ /B(QR) e — <o P 4 O(RY ) (301)
where the O(RY +2_ﬁ) term is uniform for 7 in bounded intervals, and
it goes to zero as R — +oo since m > N/(N + 2). Integrating this last
relation between with respect to 7 and then letting R — +o00 we obtain that
Lo(v(r,.)) is well defined and decreasing in 7. The requirement that wug is
smooth and compactly supported can be removed by a density argument.

We have thus proven that L indeed defines a Lyapunov functional for
Equation (3.1). The mass of v is finite and preserved in time, L[v(-,7)]
is decreasing and therefore uniformly bounded from above in 7, and using
Inequality (3.8) if m < 1, [py v(7,z) |z|* dz is also uniformly bounded from
above in 7 (this is straightforward if m > 1).

The assertion of Theorem 3.2 simply reads
[0 (7,.) —vellpimyy =0 as 7 — +oo.

However, we already know that v(7,.) — v, uniformly. To establish the
result it suffices to show that [, zv™(7,2)dz — 0 as R — +oo, uniformly

in 7, which is easily achieved by

/|m|>R v (7, z)dz < </|m|>RU(1 + |37|2)d!13> </|m|>R(1 + |:)3|2)_de>
(3.12)
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N
N+2

v is dominated uniformly in 7 by w, and |x\$_ﬁv(7, .) — 0 uniformly

The latter integral is finite for m > and goes to 0 as R — 4-o00.

in 7 as |z| — 400, for any € > 0. Since v approaches uniformly v., and since
we are assuming m > i, it follows that [ |z[?v(z, 7)de — [ |2|*ve(z)dz.
Hence, from the definition of the Lyapunov functional, L{v(7,.)] — L[vs] =

0. The proof of Theorem 3.2 is thus completed. O

The proof of Theorem 1.2 and of its extended version Theorem 3.1 now
easily follows. We consider a compactly supported initial data ug, and keep
the notation v(r, ) for the solution of Equation (3.1) and v () for the limit.

In these terms, the statement becomes an exponential decay estimate:
Liv(-,7)] < Ce 7 . (3.13)

The case m > 1 follows from the compuatation (3.11) and the fact that the
support of a solution remains compact if it is initially compactly supported.
Passing to the limit R — 400, we get

d m
L Llu(r,. :-/ Gy 4y 3.14
Sl )] = = [ vle+ =T vem R d (3.14)
Using the results of Section 2, we prove (3.13) and can remove by density
the assumption of compact support.

If m < 1, we may also pass to the limit R — 400 in Equation (3.11) and
get Identity (3.14) as well and the conclusion holds according to Corollary

2.1 or Theorem 2.2 provided m > % O

4 Appendix A: uniqueness results

As already mentioned in the introduction, the main ingredient of Section 2
comes from two recent papers by L. Erbe and M. Tang [12] for a ball and
its extension to the whole space by P. Pucci and J. Serrin [25], from which

Lemma 1.1 can be inferred. The condition (4.1) given in [12] for a ball
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also applies for the whole space. Lemma 1.1 is deduced from the following

theorem (which can be extended to the case of the m-laplacian).

Theorem 4.1 (/12] and [25]) Au + f(u) = 0 admits at most one radial
ground state (i.e. a positive solution u(x) such that limp,— e u(z) = 0)
if f € C%0,+oo] NC(]0,+00[ , f(0) =0, f(u)(u—a) < 0 for any u €
10, a[U]a, +o00[ for some a > 0 and

K _N-=-2
Cfl—u > W YV u E]O,CL[U]CL, +OO[ y (41)
where K(u) = % and F(u) = [3' f(t) dt. The same result holds for a

positive solution in a ball with zero Dirichlet boundary conditions.

In the canonical case f(u) = —u? + u?, —1 < p < ¢, the computation
given by Erbe and Tang in [12] applies and Condition (4.1) is equivalent to

either

(c—q)p+1)(1+q—p)+(c—p)g+1)(1+p—q) <0, (4.2)

or

Ip.q)=(p+1)(1+q—p*o—q)—(¢g+1)(1+p—q)*(c—p) >0, (43)

where 0 = % if N>2and 0 =400 if N =2. Here we take advantage of
the relation between p and ¢ to obtain results which improve the ones stated
in [25].

Convention. In order to simplify the notations, we adopt the following con-
vention: each time the quantity N —2 appears explicitely in the denominator

of a constant depending on the dimension, the constant takes the value +oo.

We first apply Theorem 4.1 to the fast diffusion case:

N_1< <le=1< 1 < N
m =
= T om-1 = N_-2’
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Corollary 4.1 Assume that N > 2 and m €]:~5,

ally symmetric solution (ground state) of Au — uY + u*~! = 0 such that

1[. The positive radi-

limz|— 4o u(x) = 0 is unique provided one of the two following conditions is
satisfied

(i) N =2,3, ord,

(ii) 5 < N < 16 and v > gggj;;.

_,y> 3N+4

Proof. Condition (4.2) is T and is nonempty

if and only if g%i’j < NL_ = Y|(m=2c1) O N < 4. It is therefore satisfied

provided N =2, 3, or 4 and

N — 3N 3N +4

IR o I T e v
Condition (4.3) is equivalent to I(y,2y—1) =vy(y—1)[(8 =v)c —9y] > 0 or
v < ggﬁi) and is nonempty provided gg&g > 1 which means N < 16. For
2<N<16,1<vy< ENH which means 8(N+2) <m < 1 (this condition
does not imply any restriction for m € [ L 1] only if : =L > % =
(N—-4)2<0<= N =4). O

We may now apply Theorem 4.1 to the porous medium case m > 1
0<vy<1):
—“l<p=2y-1<qg=v<1.

Corollary 4.2 Assume that N > 2 and v < 1. The positive radially sym-
metric solution of Au—u®'"'+u? = 0 such that lim, 4 u(x) = 0 is unique

provided one of the two following conditions is satisfied
(i) N <16,

(i) N > 16 and v > 3522
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Proof. Condition (4.2) is equivalent to 2342 < (v + 1), which is never

satisfied for v < 1. Condition (4.3) is equivalent to I(2y — 1,7) = y(y —

(v —8)g + 97| > 0 which means v < 4(NJ_’2) or m > & __ Note that
5(N—8) 3(N+2)

it does not give any restriction as long as gg%fg; > 1 which corresponds to

N < 16. O

5 Appendix B: ground states and symmetry

For the completeness of the paper, we give a sketch of the proof that any
nonnegative solution is radially symmetric, which is a classical result. Our
arguments are directly inspired from [7]. Only the range of the parameters
differs (but the proof given by Cortézar, Elgueta and Felmer still applies).
The notion of "ground state” usually has two meanings in the mathe-
matical literature. One can understand it as the global minimizer of some
energy functional, or as a positive (and by extension nonnegative: see [23])
solution of the corresponding Euler-Lagrange equation. Here we prove that
such a solution is radially symmetric under some integral condition which is

satisfied for minimizers.

Proposition 5.1 Assume that N > 2 and consider a nonnegative solution
(generalized ground state) of

Au—u +ul=0 (5.1)

in RN such that [y (uPT (z) +ut™(2)) do is finite. If =1 < p < q < 1, then
u s supported by a union of disjoint balls on which it is radially symmetric

. : : N2 :
and stricly decreasing along any radius. If 1 < p < q < 355, then u is
positive, im0 u(x) = 0, w is radially symmetric and stricly decreasing

along any radius (up to a translation of the origin).

Proof. Let us define f(u) = —uP+wu?. Since u belongs to LPT! NL~= (IRN),
Vu is in L2(IRY) and by Sobolev’s embeddings, u is in L7 (RN). 1f s, =
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=5 — ¢, multiplying Equation (5.1) by u®' and integrating by parts, we

get u € LX2FD(RN) with s, = 2t . 2N — g and then by iteration u €
L2t D (RN where s, = 25 1 + 15 — ¢ — +00 as n — +00.

Multiplying now Equation (5.1) by |Vu|?u® for some 3 €]0,2[ and a > 0

big enough, we prove that Vuir belongs LAT2(IRY), and iterating again a
finite number of times, we prove that Vu? belongs to L*(IRY) for some 6 > 0,
s> N: uisin L®(IRY) as well as Au and Vu is therefore locally bounded
in C%*(w) for some o > 0 and w in the support of u. By contradiction, it
easily follows that: lim,_ o ||| Lo (B(0,0)c) = 0.

Let us consider first the sublinear case. Assume that u has a non com-
pactly supported connected component K in its support. Without restric-
tion, we may of course assume that 0 € K. The radially symmetric function
v which is given as the solution of Av + f(v) = 0 for r = |z| > p, with the
inital conditions v(p) = ||u||L=(B(0,p)e) and v'(p) = 0 is such that there exists
a R > p for which v(R) = 0 since p > —3, according to the criterion given
by Peletier and Serrin in [23]. But for p big enough — and « uniformly small
enough on B(0, p)¢ — since f is decreasing on (0, (g)ﬁ), u is dominated by
vin B(0,R) \ B(0, p) according to the Maximum Principle, a contradiction.

The support of u is therefore a union of disjoint compact sets, and with
the version of the moving plane method used in [7] or [10] for instance, using
the decay of f near 0., it is easy to conclude that u is supported by a union
of balls on which u is radially symmetric and stricly decreasing along any

radius.

The superlinear case is simpler. By Hopf’s lemma, any nonnegative so-
lution is positive, of class C1* and decays to 0 as |¥| — +oo. Then one
may apply symmetry results based on the moving plane techniques to get
the radial symmetry around some point in IRY (see for instance [14], [20]).

(I
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6 Appendix C: a spectral property

Here we prove Theorem 2.2 (when Conditions (2.3)-(2.4) are not satisfied)
by a direct minimization approach, the study of the first and the second
variations, and spectral arguments.

Assume that X, is the set of the nonnegative functions v such that
(1 + |2|*) v(z) € L*(RY), v™ € L'(IRY)

and M = [|v[| 1 pvy > 0 and consider

A :% U(x)\x—i—mLVUm_l(x)Fdm—)\L[U]
RN J—
Lo 2m 2 2
=S Gp [ erhde 102 [ @l do

+(ﬁ ~N) /]RN v () dz + MK (M)

Lemma 6.1 For any A < 1, if m > %, m # 1, there exists a minimizer
vy € Xy of inf,ex,, FAlv].

Proof. Assume that M < m < 1 and consider a minimizing sequence
(Un)nen c Xup. Using mequahty (3.8), we get a bound on the integrals
Jry [Von \2 dz, [pyvlz]? dz and [py v dz. According to Lemma 2.1, v,
converges weakly in L™ (]RN) (with p(m) = (2m — 1)5%5 > 1) to some
limit vy and strongly in LF"™ (IRM)). By the Dunford-Pettis criterion, since
[~ 02U dx and [p~ v]2|? do are bounded, v, converges weakly in L'(IR")

to vy € Xj. Similarly, as R goes to +00,

1—m m 1-m

wda < W (C(M 2 ) < m > .
/|m|>Rvn b= </w>RU (C(M) + 2m [21") du /|sc|>RvoO “ ( ())
6.1

and by the Dunford-Pettis criterion again, we also get lim,, .o [~y v do =

Sy V¥ dx (since m < p(m)).
1
Passing to the limit, and by lower semicontinuity of [p~ |V, 2% da

and [~ v,|z|? do, we obtain: Flvy] < liminf, ., F[v,], which proves the
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1
convergence of |[Voun 2|? and v,|z|? respectively strongly in L?(R™) and
weakly in L'(IR™).

If m > 1, Inequality (3.8) and (6.1) have to be replaced by [v™ dx <

p(m)—m

pim)—m _m—1_
(fv dl’) e <f pP(m) d:v) "7 and the estimate for |x| > R is given by:

vdx < = [y v|z|? de. The rest of the proof is the same. O
|z|>R R2 JIR

Lemma 6.2 With the same notations as in Lemma 6.1, as X — 0, vy — Vs
m—2 m—31 . .
in L'0 LP (IRY), Vo, 2 — Vs 2 in L2(IRY), vf" — o™ in LY(IRY), and

limy_o [y va|z|? do = [pr vso|x]? da.

Proof. The same estimates hold for the family (vy), in the limit A — 0 as
for the minimizing sequence of Lemma 6.1: the limit is therefore v,, which

is the unique minimizer in Xy of [pv v|z + 2=Vo™ |2 dz. 0
We are now facing two possible situations:

- either there exists a A\ €]0, 1] such that F),[vy,] > 0 and then F)[v,] > 0
for any A < Ay,

- or for any A €]0, 1], Fy[va] < 0. In this case we will pass to the limit A — 0
and get a contradiction by studying for A < 0 the variations of F)[v]

around vy = V.

For any A <0,
R = %/JRN o)l + e (@) do
)
—)\( /. v(a:)% - ﬁ [ o) do - K(M))
=S [ @A LA [ @l dr
+(ﬁ ~N) /IRN V() + AK(M) do
> Fyfon] = 0
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(the minimum is indeed realized by v = v.,), the Euler-Lagrange equations
associated to the minimization problem are
3. |Vul?

2, 2m=3 9
m v [Av+ (m 2) . 1+ 5

1—A A _
\x|2+(m—]\7)mvm 1 = U (62)

where p is the Lagrange multiplier associated to the constraint |[v|| i pv) =
M. Actually, this equation written for v = v, is a polynomial of degree 2,
and the identification of the coefficients gives: p = =-C(m, M) - \.

To study the second variation, it is easier to consider w = ™2 and
introduce G\ [w] = F\[v] — p [~ v(z) dz:

1, 2
Gaw] = -(—2 | IVeP do+ 122 V(z)|z? da
2 2m—1
)‘ 1+’y
‘|‘(1_7 / w ) dx + )\K ,u/

1

where 7 = 5——, and to minimize it without constraint. The Euler-Lagrange

equations — which are of course identical to Equation (6.2) — are now

2m
2m — 1

= )?Aw+y (1= N)[aw? ™ +(1 +7)(ﬁ — N)w” = 2ypw® " =0

_1
and with we = vee 2,
2
Gilweo + ew] — Gy [wee] = E(ﬁf‘mw, W) 2(pNy + o(e?) (6.4)
with
2m
2m —1

+y(1+ v)(ﬁ — N)wl o — 29(2y = Dpwi Ve (6.5)

L o=

Woo

2A¢ + (27 — 1)(1 = w2 V|z[*¢

provided the support of w is contained in B(0, R) with R = R(m, M) =
2m . C'(M) whenever m > 1.

m—1
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Because of the positivity of F), for any A < 0, the spectrum of E?Uoo has to
be contained in [0, +oo[. Using Equation (6.3), a direct computation shows
2
that £5, 61 = 0 for 6, = wl, = (Clm, M)+ 52J2) . Consider now
_l’_
the Rayleigh quotient

(Eww¢7 ¢)L2(11~2N)

Ay = inf
27 <ppr>=0 < P, >

where (.,.)2(pvy denotes the standard scalar product in L*(IRY) and

o
(C(m, M) + g—mmw)

<q§,¢>:/

B(0,R(m,M)) ?

_l’_

Mg is the second eigenvalue of £, for the weighted eigenvalue problem with
-2

weight w71 = (C(m, M) + 12_—mm|x|2) Ay > Ay > 0. Note that the
_l’_

constraint < ¢, ¢, >= 0 is nothing else than the constraint [p~v w?'(x) dz =
M.

The end of the proof of Theorem 2.2 goes as follows. Assume by con-
tradiction that for any A > 0, if w, is a minimizer of G, then G)[w,] < 0.
According to Lemma 6.2, wy, — ws as A — 04, which is in contradiction
with the strict positivity of Ay and (6.4). O

7 Appendix D: the Csiszar-Kullback inequal-
ity

In this appendix, we present a version of the Csiszar-Kullback inequality,

which is nothing else than a second order Taylor development of Jensen’s

inequality. The proof is given for the completeness of the paper and we may
refer to see [8], [17] and [1] for more details.
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Lemma 7.1 Assume that Q is a domain in IRY and that s is a convex
nonnegative function on IR™ such that s(1) = 0 and s'(1) = 0. If u is a non-
negative measure on 2 and if f and g are nonnegative measurable functions

on § with respect to u, then

f K
Jsedn > e I sy (T

where K = i -min{ K7y, Ky},

Ky = min s"(n) and Ky= Qrgél}[ s"(1+6h)(1+h), (7.2)

776]0,1[ h>0

provided that all the above integrals are finite.

Proof : We may assume without loss of generality that f and g are strictly
positive functions. Let us set h = %, so that g =1+ h. If wis any
subdomain of 2 and k a positive integrable on w function, then Cauchy-

Schwarz’s inequality yields

s

The proof of Inequality (7.1) is based on a Taylor’s expansion of s(t)
around ¢ = 1. Since s(1) = §'(1) = 0, we have s(£) = s(14+-h) = 1s"(1+0h)h*

g
for some function = +— 6(x) with values in ]0, 1[. Thus we need to estimate
from below the function [, s”(1 + 6h)gh? du. First, we estimate

— |2 12
/ s"(1 + 6h)gh? dy = s"(1+ Qh)u du > Kl/ If =9 du
f<g f<g g f<g g

according to (7.2). Using (7.3) withw ={x € Q : f(z) < g(z)} and k = g,

we obtain

(ff<g|f—g| du)2
Ji<g 9 dp

/ s"(1+ Oh)gh? dy > K, (7.4)
f<g
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On the other hand, we have
2 2
/ s"(1+60R)gh? dp = s"(1460h)(1+h)——— Eint] du > K, udu
f>g >g f f>g f
using the definition (7.2) of K. Now, using again (7.3) with w = {x € Q :
f(x) > g(x)} and k = f, we get

(ff>g|f—g| du)2

s"(1 4 0h)gh? du > K. 75
~/f>g ( >g : ? ff>gfdlu’ ( )
Combining (7.4) and (7.5), we obtain
2 2
/ sLypdn > 1K, <ff<g|f_g| dﬂ> K <ff>g|f_g‘ d“> (7.6)
pdp > = { + } .
oyt =2 Tr=y 9 i T
O

Remark 7.1 If M = [, f du = [ g du, one can improve Inequality (7.1):

for monnegative functions f and g, ||f — glloveaw = 2[i<,(f —g) dp =
2 [4=4(g = f) dp. Inequality (7.6) can indeed be rewritten as [ s(L )9 du =
Bt | f — g||L1 (- Lhis also holds even if s'(1) # 0 since [q s'(1 )hg dp =

() Jo(f —g) du = 0.
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