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1. Introduction. We consider a gas of charged particles described by a distribution function f (t, x, v) ≥ 0 which represents the probability density of particles at
position x with velocity v at time t. The evolution of f is governed by the Liouville
evolution equation
∂f
+ v · ∇x f + F (t, x) · ∇v f = 0
∂t

(1.1)

3
3
in IR+
0 × IR × IR , where the electric ﬁeld F (t, x) is given by an external potential φe
and by a mean ﬁeld potential φ according to

F (t, x) = −q (∇x φ(t, x) + ∇x φe (x)) .

(1.2)

The electrostatic potential φ ≥ 0 is self-consistently computed by
φ = K ∗ ρ(f )

(1.3)
with K =

q
−1
,
4π0 |x|

where ρ(f ) is the spatial density of particles, which is deﬁned by

ρ(f )(t, x) =

f (t, x, v) dv .
IR3

As usual, 0 and q are respectively the permittivity of the vacuum and the elementary
charge of the particles that, in the sequel, we assume to be unity without loss of
generality. We shall consider the initial value problem corresponding to
f (0, x, v) = f0 (x, v) ≥ 0 .

(1.4)

This system is called the Vlasov-Poisson system for charged particles. The main feature we add to standard versions of the Vlasov-Poisson system is an external potential
that conﬁnes particles and allows the existence of steady states. For this reason, we
will refer to φe (x) as a conﬁnement potential.
The aim of this paper is to establish the nonlinear stability of special stationary
solutions in Lp (IR6 ) with p ∈ [1, 2] and explicit constants, at least in some cases (see
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Section 3). For that purpose, we shall use an entropy, which is also called Casimirenergy, free energy, relative entropy or Lyapunov functional in the literature. The
stationary solution is a minimizer, under constraints, of the entropy, or, reciprocally,
the entropy functional is determined by the shape in energy of the stationary solution.
Our ﬁrst main result corresponds to a p which is ﬁxed by the entropy.
Theorem 1.1. Let φe be a bounded from below function on IR3 with φe (x) → ∞
as |x| → +∞, such that (x, s) → s3/2−1 γ(s + φe (x)) belongs to L1 ∩ L∞ (IR3 , L1 (IR)).
Here γ is the inverse of (−σ  ), eventually extended by 0, where σ is a bounded from
below and strictly convex function of class C 2 .
Let f be a weak solution of the Vlasov-Poisson
system corresponding to a nonneg√
ative initial data f0 in L1 ∩Lp0 , p0 = (12+3 5)/11, such that σ(f0 ) and (|φe |+|v|2 )f0
belong to L1 (IR3 ). If inf s∈(0,+∞) σ  (s)/sp−2 > 0 for some p ∈ [1, 2], then there exists an explicit constant C > 0, which depends only on f0 , such that for any t > 0,
f = f (t) satisﬁes


1
f −f∞ 2Lp ≤ C
[σ(f0 )−σ(f∞ )−σ  (f∞ )(f0 −f∞ )] d(x, v)+
|∇(φ0 −φ∞ )|2 dx
2 IR3
IR6


where f∞ (x, v) = γ( 12 |v|2 + φe (x) + φ∞ (x)), φ∞ is a stationary solution of the Vlasov-Poisson system and φ0 is given by (1.3) at t = 0.
The value of p0 arises from the paper [34] by Hörst and Hunze in order to deﬁne
weak solutions (see Section 2 for more details). Note that some of our results can be
extended to weaker notions of solutions, like the renormalized solutions introduced
by DiPerna and Lions in [27], as we shall see later.
Also, let us point out that assumptions over σ in Theorem 1.1 can be translated
into assumptions over γ, if needed. We remark that our stationary states are obtained
as minimizers of entropy functionals, thus hypotheses over σ are more natural.
Our second main result is a stability result in L2 , which can be written as follows
in the case of maxwellian stationary solutions.
Theorem 1.2. Under the same assumptions as in Theorem 1.1, except that we
assume now p0 = 2 and σ(s) = s log s − s, there exists a convex functional F reaching
its minimum at f = f∞ such that any weak solution to (1.1)-(1.4) satisﬁes
f (t, ·) − f∞ 2L2 ≤ F[f0 ] .
With the notations of Theorem 1.1, p = 1, γ(s) = e−s and (f∞ , φ∞ ) is given by
−|v|2 /2
−(φ∞ +φe )
. More general
f∞ (x, v) = e 3/2 ρ∞ (x) with −∆φ∞ = ρ∞ = f0 L1  e
(2π)

e−(φ∞ +φe ) dx

statements will be given in the rest of the paper.
Theorem 1.1 is based on a somehow canonical method to relate entropies and
special stationary solutions, at least for p = 1 or p = 2. Here we get an Lp -nonlinear
stability result, 1 ≤ p ≤ 2, for a whole family of stationary solutions. It is also possible
to take advantage of the uniform boundedness of the stationary solution to introduce
new possible choices of the entropy functional and get stability results in Lq with
q = p: for instance q = 2 and p = 1 in Theorem 1.2. Note that Theorem 1.2 provides
an L2 -stability result for the maxwellian stationary solutions, which is not included
in Theorem 1.1 (see Section 4).
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Similar ideas have been used previously in various contexts: for gravitational systems (without conﬁnement) in [42, 44, 30, 31, 32] using the Casimir-energy method,
and for systems in bounded domains in [6, 7], using entropy ﬂuxes involving Darrozès & Guiraud type estimates. For conﬁnement, we shall refer to [26], and also
to [11, 24, 10] in case of models with a Fokker-Planck term. Entropy methods have
recently been adapted to nonlinear diﬀusions: see for instance [2] in the linear case
and [13, 14, 20, 39, 23, 22] in the nonlinear case, with applications to models where
a Poisson coupling is involved [2, 8, 9] (also see references therein for earlier works).
The estimates of Csiszár-Kullback type are indeed exactly the same in kinetic and
parabolic frameworks.
In the electrostatic case of the Vlasov-Poisson system, the most relevant reference
for our paper is [12] (also see [4, 5, 29] for earlier results in plasma physics). In [12],
Braasch, Rein and Vukadinović consider compactly supported classical solutions to
the Cauchy problem and stationary solutions which are compactly supported in the
energy variable and depending on additional invariants of the particle motion. The
scope of our paper is to extend their approach to general weak solutions and to
emphasize the interplay of the regularity of the initial data and the various possible
functionals and norms. We improve and complement results in [12] in several ways:
we generalize stationary states, in two directions: we allow them to be not compactly
supported in energy variable (maxwellian stationary states), and the dependence on
energy and on other invariants of motion includes not factorized states (see Section 6
for details). Theorems 1.1 and 1.2 are valid for either weak or renormalized solutions
(see below for details). And ﬁnally, we obtain stability bounds in Lq spaces 1 ≤ q ≤ 2
(while in [12] only for q = 2).
We are going to work in the framework of weak [34, 36] or renormalized solutions
[27, 38], which of course contains the case of classical solutions. As we shall see below,
there is a natural class of stationary solutions and Lp norms with respect to which
the stability can be studied, but we will also consider other Lq norms. For instance,
Maxwellian steady states are known to be asymptotically stable in L1 (IR6 ) for the
Vlasov-Poisson-Fokker-Planck (VPFP) system [11, 10, 26, 24]. It turns out that they
are stable for the Vlasov-Poisson system, in L1 of course, but also in other norms.
This question initially motivated our study and has been used to extend [12] (Theorem
1.2).
This paper is organized as follows. We start our discussion by doing an overview
of the deﬁnitions and properties of the solutions to the Vlasov-Poisson system. We
also introduce in Section 2 the family of stationary solutions we are dealing with
and some of their properties. Section 3 contains the proof of a generalized version
of Theorem 1.1. Theorem 1.2 is proved in Section 4. In Section 5, we establish
some relations among various nonlinear stability results and generalize Theorem 1.2.
Finally, in Section 6, we consider more general steady states depending on additional
invariants, for which we prove an extension of Theorem 1.2.
2. Notions of solution and stationary solutions.
2.1. Weak and renormalized solutions to the Cauchy problem. A classical solution [41, 43, 33, 28] is a solution to the Cauchy problem (1.1)-(1.4) for which
the derivatives hold in the classical sense and the force term F satisﬁes a Lipschitz
condition. Our approach applies to weaker notions of solutions. By weak solution
[3, 34, 36], we mean a solution in the distributional sense, for which the force ﬁeld F
is not smooth enough to apply the classical characteristics theory (see below for a pre-
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cise deﬁnition). Essentially, we are going to use the framework of weak solutions (W)
of Hörst & Hunze [34], and as a special case, the one of Lions & Perthame [36] for
which further interpolations identities are available. These last solutions are sometimes called strong solution [40] and we shall denote them by (S). For solutions
corresponding to initial data with very low regularity, we shall use the renormalized
solutions (R) of DiPerna & Lions [27, 38].
Before making precise these notions of solution, let us introduce some notations
and a basic hypothesis on the initial data. We shall refer to the Cauchy problem for
the Vlasov-Poisson system with initial data f0 as the initial value problem (1.1)-(1.4).
We assume
(H1):
f0 is a nonnegative function in L1 (IR6 )
and denote by M := f0 L1 its mass. Let φ0 be the solution to the Poisson equation
at t = 0, corresponding to f = f0 in (1.3).
Throughout this paper, we consider global in time solutions: IR+
0 = [0, ∞) is
the time interval. As a preliminary step, we can state the following result (see the
Appendix for a proof).
Proposition 2.1. For any nonnegative function f0 in L1 (IR6 ), there exists a
nonnegative strictly convex function σ such that lims→+∞ σ(s)/s = +∞ and σ(f0 ) ∈
L1 (IR6 ).
To obtain stability results, we are going to impose further constraints on σ, which
will be strongly related to the choice of the entropy or to the choice of a special
stationary solution. However, we ﬁrst have to deﬁne a precise notion of solution.
6
p
Definition 2.2. Let p ∈ [1, ∞]. A function f ∈ L∞ (IR+
0 , L (IR )) is a global
weak solution of (1.1)-(1.4) with initial data f0 if and only if:
6
s
1. f is continuous on IR+
0 with values in L (IR ), where s ∈ [1, p) (s = 1 if p = 1),
p
p
with respect to the σ(L , L ) topology (weak topology for p < ∞ and weak ∗ topology
for p = ∞). Here p and p are the Hölder conjugates.
2. f (0, ·) = f0 .
3. The function (x, v) → f (t, x, v)F (t, x) is locally integrable over IR6 for all t ≥ 0
(since f (t) ∈ L1 (IR6 ) for any ﬁxed t, F (t, ·) is deﬁned almost everywhere on IR3 and
is locally integrable).

4. For all test functions χ ∈ Cc 1 (IR6 ), the function (t) := χ(x, v)f (t, x, v) d(x, v)
is continuously diﬀerentiable on IR+
0 and


 (t) = v · ∇x χ(x, v) f (t, x, v) d(x, v) + F (t, x) · ∇v χ(x, v) f (t, x, v) d(x, v) .

Note that a weak solution for p > 1 is a weak solution for all q ∈ [1, p]. According
to Hörst & Hunze [34], such weak solutions exist in case φe ≡ 0 globally in time if we
assume that f0 satisﬁes
√
(W) f0 ≥ 0, f0 ∈ L1 (IR6 ) ∩ Lp (IR6 ), p ≥ p0 = (12 + 3 5)/11 = 1.70075... and
 

|v|2 + φe (x) f0 (x, v) d(x, v) < ∞ .
IR6

We shall also consider the subcase of the so-called strong solutions of Lions & Perthame [36]:
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(S) f0 ≥ 0, f0 ∈ L1 (IR6 ) ∩ L∞ (IR6 ), and for some m > 3,
 

|v|m + φe (x) f0 (x, v) d(x, v) < ∞ .
IR6

Remark 2.3. In case (W), ∇φ0 ∈ L2 (IR3 )3 [34] as a consequence of the interpo5p−3
lation inequality: ρLq ≤ C f θLp  |v|2 f 1−θ
L1 with q = 3p−1 , θ ∈ (0, 1), and of the
Hardy-Littlewood-Sobolev inequality: ∇φLr ≤ C ρLq with 1q − 1r = 13 . The case
p = p0 is obtained by imposing r = p .
Without assumptions on the initial energy, it is still possible to give global existence results [15, 16]. Also note that if (W) is satisﬁed, f0 log f0 ∈ L1 (IR6 ), as we
shall see in Section 4, provided e−β φe ∈ L1 (IR3 ) for some β > 0.
In this paper, we will also consider weaker notions of solutions.
Definition 2.4. Assume that
(R) f0 is a nonnegative function in L1 (IR6 ) such that f0 log f0 ∈ L1 (IR6 ) and
 


1 2
1
|∇x φ0 |2 dx < ∞ .
|v| + φe (x) f0 (x, v) d(x, v) +
2
2 IR3
IR6
6
1
We shall say that f ∈ C 0 (IR+
0 , L (IR )) is a renormalized solution of (1.1)-(1.4) on
+
IR0 with initial data f0 if and only if
1. The quantities
 


1 2
|v| + φe (x) + φ(x, t) f (x, v, t) d(x, v) and
f (x, v, t) log f (x, v, t) d(x, v)
2
IR6
IR6

are bounded from above, uniformly in t ≥ 0.
2. β(f ) = log(1 + f ) is a weak solution of
∂
β(f ) + v · ∇x β(f ) + F (t, x) · ∇v β(f ) = 0
∂t
considered in the distributional sense, where F is deﬁned according to (1.2) and (1.3).
In case e−β φe ∈ L1 (IR3 ) for some β > 0, weak solutions for p > 1 are also
renormalized solutions (see Lemma 4.1).
Proposition 2.5. Let f0 verify (R) and assume that φe is a nonnegative potential
1,1
(IR3 ), (1.1)-(1.4) admits a global
such that: lim|x|→+∞ φe (x) = +∞. If φe is in Wloc
1,q
5p−3
in time renormalized solution. If moreover φe belongs to Wloc
for q ≥ 2(p−1)
and if
(W) holds, then (1.1)-(1.4) admits a weak solution.
Proof. This result can be obtained by adapting the proofs of [34, 36, 27, 38]. For
renormalized solutions, characteristics can be deﬁned according to [25, 35] as soon as
1,1
φe is in Wloc
(IR3 ). Details are left to the reader.
Weak or renormalized solutions have the following properties:
1. The distribution function is nonnegative for all t ≥ 0.
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2. Conservation of mass: for any t ≥ 0,


f (t, x, v) d(x, v) =
IR6

f0 (x, v) d(x, v) = M .

IR6

3. Finite kinetic energy, potential energy and entropy: for any t ≥ 0,


 1 2
 1 2
2 |v| + φe (x) + φ(x) f d(x, v) ≤ IR6 2 |v| + φe (x) + φ0 (x) f0 d(x, v)
IR6
and


IR6

f log f d(x, v) ≤


IR6

f0 log f0 d(x, v) ,

with equality in the case of classical solutions (see Corollary 2.8 for an application).
4. In case (S), for any t ≥ 0,
f (t, ·)L∞ (IR6 ) ≤ f0 L∞ (IR6 ) .
5. Moreover, if we assume that

σ(f0 ) d(x, v) < ∞

(H2):
IR6

for some strictly convex continuous function σ : IR+
0 → IR, then for any t ≥ 0,


σ(f ) d(x, v) ≤
σ(f0 ) d(x, v) ,
IR6

IR6

with equality in the case of classical solutions (see Corollary 2.8 for an application).
2.2. Stationary solutions and entropy functionals. Let us introduce further notations.
For any function f ∈ L1 (IR6 ), let φ = φ[f ] be the solution of

−∆φ = IR3 f dv in L3,∞ (IR3 ) given by the convolution with the Green function
of the Laplacian. The operator φ is linear and satisﬁes:


f φ[g] d(x, v) =
g φ[f ] d(x, v) .
IR6

Any function f∞,σ such that
(2.1)

f∞,σ (x, v) = γ

IR6



1 2
|v| + φ[f∞,σ ](x) + φe (x) − α
2



is a stationary solution of the Vlasov-Poisson system. Such a solution exists if and
only if
√  +∞ √
−∆φ∞,σ = Gσ (φ∞,σ + φe − α) with Gσ (φ) = 4π 2
s γ(s + φ) ds


0

has a solution φ∞,σ = φ[f∞,σ ] such that IR6 f∞,σ d(x, v) = M . The constant α is
therefore determined by the total mass M . Under assumptions that we are going to
specify now, we will prove that such a stationary exists and is unique (see Lemma 2.7).
Let us consider σ such that γ is the generalized inverse of −σ  (eventually extended
by 0): σ is convex (resp. strictly convex) if and only if γ is monotone nonincreasing
(resp. decreasing in its support). With these notations, we assume that σ and φe
verify:
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(H3):

σ ∈ C 2 (IR+ ) ∩ C 0 (IR+
0 ) is a bounded from below strictly convex function
such that
lim

s→+∞

(H4):

7

σ(s)
= +∞ .
s

φe : IR3 → IR is a measurable bounded from below function such that
lim

|x|→+∞

φe (x) = +∞

√  +∞ √
and x → Gσ (φe (x)) = 4π 2 0
s γ(s + φe (x)) ds belongs to L1 ∩ L∞ (IR3 ).
The conditions on the growth of φe and on the decay of γ will be refered as
conﬁnement conditions. We are going to adapt the proofs given in [26] for the case
γ(s) = e−s and in [6, 7] for the bounded domain case to prove the existence of a
stationary solution f∞,σ . The existence of α = α(M ) will be a consequence of the
proof.
Let M > 0 and consider on L1M (IR6 ) = {f ∈ L1 (IR6 ) : f ≥ 0 a.e., f L1 = M }
the functional




1 2
1
Kσ [f ] =
σ(f ) +
| ∇φ[f ] |2 dx .
|v| + φe (x) f d(x, v) +
2
2 IR3
IR6
Definition 2.6. Given f and g in L1M (IR6 ), the relative entropy of f with respect
to g is
(2.2)

Σσ [f |g] := Kσ [f ] − Kσ [g] .

Lemma 2.7. Under Assumptions (H3)-(H4), Kσ is a strictly convex bounded from
below functional on L1M (IR6 ). It has a unique global minimum, f∞,σ , which takes
the form (2.1) and is therefore a stationary solution of the Vlasov-Poisson system.
Moreover Σσ [f |f∞,σ ] can be written as

(2.3)
[σ(f ) − σ(f∞,σ ) − σ  (f∞,σ )(f − f∞,σ )] d(x, v)
Σσ [f |f∞,σ ] =
IR6

1
+
|∇x (φ − φ∞,σ )|2 dx
2 IR3
and σ(f∞,σ ) and σ  (f∞,σ )f∞,σ belong to L1 (IR6 ).
Proof. Assumption (H4) gives that Kσ [f ] is bounded from below by Jensen’s inequality. By Hypothesis (H3) Kσ is convex, so we may pass to the limit in a minimizing sequence involving the semi-continuity property. The limit f∞,σ belongs to
L1M (IR6 ) because of Dunford-Pettis’ criterion. Equation (2.1) is the corresponding
Euler-Lagrange (where α enters as the Lagrange multiplier associated to the constraint
on the L1 norm). Identity (2.3) easily follows by a direct computation, using (2.1).
Note that Σσ [f |f∞,σ ] is obviously nonnegative, since Kσ [f ] attains its unique
minimum at f = f∞,σ .
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Corollary 2.8. Consider a renormalized or weak solution f of (1.1)-(1.4) under
Assumptions (H1), (H2), (H3) and (H4). Then Σσ [f (t)|f∞,σ ] ≤ Σσ [f0 |f∞,σ ].
The proof relies on standard semi-continuity arguments and is left to the reader.
1/(q−1)

Example 2.9. 1) Let σq (s) = sq , with γq (s) = (−s/q)+
, for some given
q > 1. With the notations f∞,q = f∞,σq and φ∞,q = φ[f∞,σq ], this stationary solution
satisﬁes the nonlinear Poisson equation
3

1
+ q−1

−∆φ∞,q = Cq (α(M ) − φe − φ∞,q )+2

q
5q−3
where Cq = (2π)3/2 q − q−1 Γ( q−1
)/Γ( 2(q−1)
).
2) The limit case as q → 1 corresponds to σ1 (s) = s log s − s and γ1 (s) = e−s . In this
case we obtain the maxwellian stationary solution
1

e−(φ∞,1 (x)+φe (x))
e− 2 |v|

f∞,1 (x, v) = m(x, v) = M
,
(2π)3/2 IR3 e−(φ∞,1 (x)+φe (x)) dx
1

(2.4)

2

where φ∞,1 is given by the Poisson-Boltzmann equation

(2.5)

−∆x φ∞,1 =

m(x, v) dv = M 

IR3

e−(φ∞,1 +φe )
.
e−(φ∞,1 +φe ) dx
IR3

3) A less standard case is given by
σ(t) =

2
0

 √− log t
1

s2 e−s ds
2

if 0 < t ≤ 1
if t > 1

which corresponds to: γ(t) = e−t .
2

In next sections, the various cases of this example will be analyzed. They will
motivate a more general treatment. For simplicity, we shall write Σq [f |f∞,q ] instead
of Σσq [f |f∞,σq ], for q ≥ 1.
3. Lp -nonlinear stability. In this section, we give a Lp -nonlinear stability result for f∞,σ , 1 ≤ p ≤ 2, with minimal convexity assumptions on the initial data and
an explicit stability constant. It is based on the following result.
Proposition 3.1. Let f and g be two nonnegative functions in L1 (IR6 )∩Lp (IR6 ),
+
+
2
0
p ∈ [1, 2] and consider a strictly convex function σ : IR+
0 → IR in C (IR ) ∩ C (IR0 ).
Let A = inf σ  (s)/sp−2 : s ∈ (0, ∞) . If A > 0, then the following inequality holds:
(3.1)

−1


2−p
Σσ [f |g] ≥ 2−2/p A max f 2−p
f − g2Lp
Lp , gLp

1
+
|∇x (φ[f ] − φ[g])|2 dx .
2 IR3

Proof. The case p = 1 is the well known Csiszár-Kullback inequality (see for instance [1]) that we are going to adapt to the case p ≥ 1.
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Assume ﬁrst that f > 0. By a Taylor development at order two of σ we deduce
that we can write the relative entropy for f and g as


1
1
Σσ [f |g] =
σ  (ξ)|f − g|2 d(x, v) +
|∇x (φ[f ] − φ[g])|2 dx
2 IR6
2 IR3


A
1
p−2
2
≥
(3.2)
ξ
|f − g| d(x, v) +
|∇x (φ[f ] − φ[g])|2 dx
2 IR6
2 IR3
where ξ lies between f and g. If p = 2, the result is obvious. Let 1 ≤ p < 2. By
Hölder’s inequality, for any h > 0 and for any measurable set A ⊂ IR6 , we get

p/2 
1/s

p −α α
2 p−2
αs
|f − g| h h d(x, v) ≤
|f − g| h
d(x, v)
h d(x, v)
A

A

A

with α = p (2 − p)/2, s = 2/(2 − p). Thus

p/2 
 
(p−2)/2
|f − g|2 hp−2 d(x, v)
≥
|f − g|p d(x, v)
hp d(x, v)
.
A

A

A

We apply this formula to two diﬀerent sets.
i) On A = A1 = {(x, v) ∈ IR6 : f (x, v) > g(x, v)}, use ξ p−2 > f p−2 and take h = f :

p/2 

−(2−p) p/2
|f − g|2 ξ p−2 d(x, v)
≥
|f − g|p d(x, v) f Lp
.
A1

A1

ii) On A = A2 = {(x, v) ∈ IR : f (x, v) ≤ g(x, v)}, use ξ p−2 ≥ g p−2 and take h = g:

p/2 

−(2−p) p/2
|f − g|2 ξ p−2 d(x, v)
≥
|f − g|p d(x, v) gLp
.
6

A2

A2

To prove (3.2) in the case f > 0, we just add the two previous inequalities in (3.2)
and use the inequality (a + b)r ≤ 2r−1 (ar + br ) for any a, b ≥ 0 and r ≥ 1. To
handle the case f ≥ 0, we proceed by a density argument: apply (3.2) to f (x, v) =
2
2
f (x, v) +  e−|x| −|v| and let  → 0 using Lebesgue’s convergence theorem.
This proposition can be applied to weak or renormalized solutions, thus proving
the ﬁrst main result of this paper, which is a more detailed version of Theorem 1.1.
Theorem 3.2. Let f0 verify (H1), (H2) and either (R) or (W). Assume (H3)
and (H4). If f is a weak or renormalized solution of (1.1)-(1.4) with initial value f0 ,
then
∇φ − ∇φ∞,σ 2L2

≤

2 Σσ [f0 |f∞,σ ]

Assume that A = inf σ  (s)/sp−2 : s ∈ (0, ∞) is positive for some p ∈ [1, 2]. If
p = 1, assume moreover that e−φe ∈ L1 . Then f0 ∈ Lp (IR6 ) and
f (t) − f∞,σ 2Lp ≤ C(f0 , σ) Σσ [f0 |f∞,σ ]
for any t ≥ 0, where C(f0 , σ) is a constant, which takes the explicit form
 2/p


2−p
2−p

if p > 1
 2 A max f0 Lp , f∞,σ Lp
C(f0 , σ) =

 4
if p = 1
AM
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In case (S), C(f0 , σ) is also bounded by
max (f0 L∞ , f∞,σ L∞ ).

22/p
A

M (2−p)/p M(2−p)(p−1)/p with M =

Proof. The proof is a straightforward consequence of Lemma 2.7, Corollary 2.8 and
Proposition 3.1 once it is known that C(f0 , σ) is ﬁnite. Although we directly prove
an estimate of f (t) − f∞,σ 2Lp in terms of Σσ [f0 |f∞,σ ], we may notice that, for p > 1,
two integrations give the inequality
σ(s) − σ(s0 ) − σ  (s0 ) (s − s0 ) ≥



A
(s − s0 )
sp − sp0 − p sp−1
0
p (p − 1)

for any (s, s0 ) ∈ (0 + ∞)2 . Applied to f and f∞,σ , this means that on IR6
(3.3) σ(f )−σ(f∞,σ )−σ  (f∞,σ ) (f −f∞,σ ) ≥


 p
A
p
p−1
−p f∞,σ
(f −f∞,σ ) ,
f −f∞,σ
p (p−1)

which proves that f belongs to L∞ (IR+ , Lp (IR6 )) (by f0 Lp , according to Corollary 2.8 applied with σ(s) = σp (s) = sp ). The constant C(f0 , σ) involves f0 Lp ,
which is therefore itself bounded in terms of σ(f0 ) and f0 σ  (f0 ).
If p = 1, the condition that e−φe ∈ L1 shows that f∞,σ also belongs to L1 . In
that case, inequality (3.3) is replaced by


σ(f ) − σ(f∞,σ ) − σ (f∞,σ ) (f − f∞,σ ) ≥ A f log



f
f∞,σ


− (f − f∞,σ ) .

The details of the proof are left to the reader.
Remark 3.3. Note that A = p (p − 1) if σ = σp , p > 1, and A = 1 if p = 1 and
C(f0 , σ2 ) = 1. The expression of C(f0 , σ) is optimal at least for σ = σp in the limit
f0 − f∞,σ Lp → 0 (see [1] for a discussion in the case p = 1).
For p > 2, Hölder’s inequality holds in the reverse sense: f (t)−f∞,σ 2Lp +∇φ−
∇φ∞,σ 2L2 controls Σσ [f0 |σ].
For p = 1, we recover the classical Csiszár-Kullback inequality in Proposition 3.1
and a stability result in L1 (see [1, 2]) which is natural in the framework of renormalized solutions (if f log f belongs to L1 : see Lemma 4.1 below).
4. L2 -Nonlinear stability of maxwellian steady states. In [12], Braasch,
Rein and Vukadinović introduce modiﬁed Lyapunov functionals for proving L2 -stability for certain steady states (see Section 5 for more details). In this section, we
shall extend this approach to the maxwellian case. The main idea is the following.
Although σ  (s) = 1/s is not bounded from below uniformly away from 0 (which would
be the condition to apply directly Proposition 3.1 in L2 ), since f∞,1 is bounded in
L∞ by a constant s̄, it is suﬃcient to consider the inﬁmum of σ  in (0, s̄).
In the maxwellian case, we ﬁrst notice that (H2) follows from the other assumptions.
Lemma 4.1. Assume that e−β φe belongs to L1 (IR3 ) for some β > 0. Let f be a
nonnegative function in L1 ∩ Lq (IR6 ), q > 1, such that (x, v) → (|v|2 + φe (x))f (x, v) ∈
L1 (IR6 ). Then f log f belongs to L1 (IR6 ).
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Proof. Depending on the sign of log f , we are going to consider two cases.
β
2
1) Deﬁne g(x, v) = e− 2 |v| −β φe (x) . On A = {(x, v) ∈ IR6 : f (x, v) < 1}, using
Jensen’s inequality, we get
 

 
 

0 ≥ A f log f + β 12 |v|2 + φe f d(x, v) = A f log fg d(x, v)

 f 
1
≥ f L1 (A) log gL1 (A) .
L (A)

2) On IR6 \ A, we conclude using the next lemma.
Lemma 4.2. Let f be a nonnegative function in L1 ∩ Lq (Ω), q > 1, for some
arbitrary domain Ω ⊂ IRd , d ≥ 1. Then



f qLq (Ω)
1
f (z) log f (z) dz ≤
.
f L1 (Ω) log
q−1
f L1 (Ω)
Ω
Proof. According to Hölder’s inequality,
q−r

q(r−1)

q−1
f rLr ≤ f Lq−1
,
1 f Lq

for 1 ≤ r ≤ q. At r = 1, this is an equality, and thus, we may derive the inequality
with respect to r at r = 1.
Let φe and f0 verify respectively (H4) for σ1 (s) = s log s − s, and (H1), (W).
Consider a weak or renormalized solution f of (1.1)-(1.4) with initial value f0 and
the corresponding stationary solution f∞,1 = m given by (2.4)-(2.5). According to
Theorem 3.2, m is L1 -stable:
Σ1 [f |m] ≥

1
f − m2L1 .
4M

We shall now prove a L2 -stability result for m using an appropriate cut-oﬀ functional
as in [12]. Let E1 (x, v) := 12 |v|2 + φ∞,1 (x) + φe (x). According to (H4),
Emin := inf{E1 (x, v) : (x, v) ∈ IR6 } ≥ inf{φe (x) : x ∈ IR3 } > −∞ .
Denote m = ϕ ◦ E1 with ϕ(s) = κ e−s where
(4.1)

κ=

M
(2π)3/2



e−φ1,∞ −φe dx

−1

.

Consider s̄ = ϕ(Emin ) and deﬁne

s log s − s if s ∈ [0, s̄]
τ1 (s) :=
1 Emin
(s − s̄)2 − (Emin − log κ)(s − s̄) + s̄ log s̄ − s̄ if s ∈ (s̄, +∞)
2κ e
The function τ1 is of class C([0, ∞))∩C 2 ((0, ∞)), with min(τ1 ) = eEmin /κ > 0. Since
0 ≤ m(x, v) ≤ ϕ(Emin ) = s̄ for any (x, v) ∈ IR6 and ϕ is decreasing, m is a minimizer
of the modiﬁed free energy (or Casimir) functional Στ1 [f |m] = Kτ1 [f ]−Kτ1 [m], where


 
1 2 1
Kτ1 [f ] =
τ1 (f ) d(x, v)
|v| + φ + φe f d(x, v) +
2
2
IR6
IR6
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and we can apply Theorem 3.2 with p = 2. This proves a reﬁned version of Theorem 1.2. Since f belongs to L2 , τ1 (f ) makes sense in L1 according to Lemma 4.1. Let
us remark that the construction of τ1 is done in such a way that Kτ1 [m] = Kσ1 [m],
and then Corollary 2.8 can be applied. In this framework, it is natural to work with
weak rather than renormalized solutions.
Theorem 4.3. Assume (H1), (H3), (H4) for σ = σ1 and (W) for p = 2. Consider
the stationary solution given by (2.4)-(2.5). With the above notations, every weak
solution f of (1.1)-(1.4) with initial data f0 ∈ L1 ∩ L2 (IR6 ) veriﬁes
Στ1 [f0 |m] ≥ Στ1 [f (t)|m] ≥

1
f (t) − m2L2
2 s̄

∀t≥0.

Remark 4.4. 1) A simpler version of Theorem 4.3 holds for solutions satisfying
(S). In this case, it is not necessary to modify σ, since σ1 (s) = 1s is bounded from
below in (0, max(f0 L∞ , mL∞ )] by max(f0 L∞ , mL∞ )−1 .
2) Theorem 4.3 can be generalized to any stationary solution f∞,σ and any Lq norm
with p = q ∈ (1, 2]: see next section.
3) Note that in the maxwellian case the value of κ deﬁned by (4.1) is e−α(M ) where
α = α(M ) is the constant in (2.1) which is ﬁxed by the mass constraint.
5. General nonlinear stability results. In this section, we generalize to Lq ,
1 ≤ q ≤ 2, and to arbitrary steady states f∞,σ the stability results of Sections 3-4. We
are also going to generalize the techniques used in the L2 -stability result of Braasch,
Rein and Vukadinović in [12], which can be summarized as follows. Let γ be a C 1
function on IR such that γ  < 0 on (−∞, Emax ) and γ ≡ 0 on [Emax , +∞) and deﬁne
σ as a primitive of −(γ −1 ), which is well deﬁned at least on some subinterval in IR+
(see for instance [14] for more details). Then f∞,σ is a compactly supported steady
state which is L2 -stable among weak or renormalized solutions of (1.1)-(1.4).
For q > p, the main idea is again to bound σ  (s)/sq−2 from below only on the
interval (0, s̄ = f∞,σ L∞ ) and to modify σ on (s̄, +∞). In this case, let us establish
a useful consequence of Proposition 3.1. Let Eσ (x, v) := 12 |v|2 + φ∞,σ (x) + φe (x) and
Emin := inf{Eσ (x, v) : (x, v) ∈ IR6 }, which is ﬁnite by assumption (H4). With the
notations of Sections 2–3, f∞,σ = γ ◦ (Eσ − α), where α is such that f∞,σ L1 = M .
Take s̄ = γ(Emin − α) and deﬁne

σ(s) if s ∈ [0, s̄]
τσ (s) :=
ψ(s) if s ∈ (s̄, +∞)




σ  (s̄) 

with ψ(s) = σσ (s̄)
σ
(s)+
σ
(s̄)
−
σ
(s̄)
(s−s̄)+σ(s̄)− σσ (s̄)
σq (s̄) and σq (t) = tq.

q
σq (s̄) q
q (s̄)
q (s̄)
With the truncated Lyapunov functional Στσ [f |f∞,σ ] = Kτσ [f ] − Kτσ [f∞,σ ], we immediately get the following variant of Proposition 3.1.
Corollary 5.1. Let f and g be two nonnegative functions in L1 (IR6 ) ∩ Lq (IR6 ),
+
+
2
0
q ∈ [1, 2] and consider a strictly convex function σ : IR+
0 → IR in C (IR ) ∩ C (IR0 ).

q−2
With the above notations, let B = inf σ (s)/s
: s ∈ (0, s̄) . If B > 0, then there
exists a constant C > 0 such that
1
Στσ [f |g] ≥ C f − g2Lq + ∇φ − ∇φ∞,σ 2L2 .
2
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As in the case of Section 4, this estimate can be applied to get nonlinear stability
results.
Theorem 5.2. Let f0 verify (H1), (H2) and either (R) or (W). Assume that σ
and φe satisfy (H3) and (H4). Assume that inf σ  (s)/sp−2 : s ∈ (0, s̄) is positive for
some p ∈ [1, 2], where s̄ is deﬁned as above. Then f∞,σ is Lq -nonlinearly stable among
weak or renormalized solutions of (1.1)-(1.4) for any q ∈ (1, 2], provided f0 ∈ Lq (IR6 )
if q > p.
Proof. The case q = p is covered by Theorem 3.2. In case q > p, the proof is an
easy application of Corollary 5.1: f∞,σ is Lq -stable in the sense that there exists a
constant C > 0 such that for any t ≥ 0,
f (t) − f∞,σ Lq ≤ C Στσ [f0 |f∞,σ ] .
The case 1 < q < p relies on Hölder’s inequality and Theorem 3.2:
p−q

p (q−1)

f (t) − f∞,σ Lq ≤ (2M ) q (p−1) (C(f0 , σ) Σσ [f0 |f∞,σ ]) 2q (p−1) .

The case p = q = 1 is covered by Theorem 3.2. Only the case 1 = q < p is left open.
In the case q > p, notice that the Lq norm is bounded in terms of Στσ [f0 |f∞,σ ] and
not in terms of Σσ [f0 |f∞,σ ] (as it is also the case in Theorem 4.3, with p = 1, q = 2).
6. Steady states depending on additional invariants. In the previous sections, we dealt with stationary solutions depending only on the energy. Our stability
analysis can be extended to steady states which depend on additional invariants of the
particle motion. To avoid lengthy statements, we shall only state the generalization
of Theorem 4.3. In order to emphasize the connection with the previous results, we
shall abusively use the same notations.
Consider the ODE system
Ẋ = V ,

V̇ = −∇x φ(t, X) − ∇x φe (X)

which describes the characteristics of the Vlasov equation (1.1). We shall assume that
1,1
either both φ and φe are locally Lipschitz (classical solutions), or at least in Wloc
(using the generalized characteritics of DiPerna & Lions, see [25, 35]). A function
I : IR6 → IRm , is an invariant of the motion if and only if
d
I(X(t), V (t)) = 0
dt
in an appropriate sense. Classical examples of invariants are, for instance, the angular
momentum I(x, v) = x × v in case of a central force motion (i.e. if φ + φe is radially
symmetric), its modulus, or one of its components: I(x, v) · ν, in the axisymmetric
case with axis of direction ν ∈ S 2 , corresponding to a system invariant under rotations
of axis ν. References on existence results of classical solutions with symmetries can
be found in [28] (for stationary solutions, see [18]).
Consider stationary solutions in the form


f∞,σ (x, v) = µ E(x, v) − αM [φ∞,σ , φe , I], I(x, v)
(6.1)
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where αM is a constant to be determined by f∞,σ L1 = M , E is the energy and I is
an invariant of the motion. Note that E depends on φ∞,σ = φ[f∞,σ ]. For simplicity,
we suppose that I is a scalar quantity.
In [12], Braasch, Rein & Vukadinović consider the case where µ can be factorized
as
µ(E, I) = γ(E − α) ν(I) ∀ (E, I) ∈ IR2 ,
where γ is compactly supported and α ∈ IR. If γ satisﬁes (H3) and (H4) and if ν is
a C 1 uniformly positive function, our previous results can easily be extended. In this
section, we are going to consider general steady states corresponding to functions µ
which cannot be factorized in terms of two functions γ and ν (such an extension has
already been considered by Guo and Rein in [32] for gravitational systems) or which
do not necessarily have a compact support in E.
In order to obtain the existence of these stationary solutions, we have to assume
the following hypotheses on µ and φe , which are generalizations of (H3) and (H4) of
Section 2.
∂σ
−1
(H3’): Let σ : IR+
(s, I) and assume that for
0 × IR → IR be such that ∂s (s, I) = −µ
+
+
any ﬁxed I ∈ IR, σ(., I) has a C 0 (IR0 ) ∩ C 2 (IR ) regularity, is bounded from below,
strictly convex and such that lims→+∞ σ(s, I)/s = +∞. Here µ−1 is the generalized
inverse of s → µ(s, I), for ﬁxed I.
(H4’): The external potential φe : IR3 → IR is a measurable bounded from below function
such that lim|x|→+∞ φe (x) = +∞ and



1 2
x→
µ
|v| + φe (x), I(x, v) dv
2
IR3
belongs to L1 ∩ L∞ (IR3 ).
The stationary solution f∞,σ is characterized as the unique nonnegative critical
point of a strictly convex coercive functional Kσ , with




1 2
1
Kσ [f ] =
σ(f, I) +
|v| + φe (x) f d(x, v) +
|∇φ[f ]|2 dx ,
2
2 IR3
IR6

under the constraint IR6 f∞,σ d(x, v) = M for some given M > 0. As in Section 2,
αM in (6.1) is the Lagrange multiplier associated
to the constraint on the masss and

is uniquely determined by the condition IR6 f∞,σ d(x, v) = M . To σ, we associate a
relative entropy functional deﬁned by
Σσ [f |f∞,σ ] := Kσ [f ] − Kσ [f∞,σ ]


∂σ∞
1
=
[σ(f, I)−σ∞ −
|∇x (φ[f ]−φ∞,σ )|2 dx
(f −f∞,σ )]d(x, v) +
∂s
2 IR3
IR6
with σ∞ = σ(f∞,σ , I) and φ∞,σ = φ[f∞,σ ].
2
If there exists a function Aσ (I) > 0 such that ∂∂sσ2 (s, I) ≥ Aσ (I) for any (s, I) ∈
IR+
0 × IR, by Taylor expansion it follows that

Σσ [f |f∞,σ ] ≥
Aσ (I)|f − f∞,σ |2 d(x, v) ,
IR6

which proves a weighted L2 -stability result. Exactly as before, we can use a cut-oﬀ
argument and get a generalization of Theorem 4.3.
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Let Eσ (x, v) := 12 |v|2 +φ∞,σ (x)+φe (x) and Emin := inf{Eσ (x, v) : (x, v) ∈ IR6 },
which is ﬁnite by assumption (H4’). With evident notations, f∞,σ = µ(Eσ (·) −
αM , I(·, ·)). Take s̄(I) = µ(Emin − αM , I) and deﬁne for any I ∈ IR

σ(s, I) if s ∈ [0, s̄(I)]
τσ (s, I) :=
(6.2)
ψ(s, I) if s ∈ (s̄(I), +∞)




σ  (s̄,I)
σ  (s̄,I) 
σ  (s̄,I)

σ2 (s̄) σ2 (s) + σ (s̄, I)− σ2 (s̄) σ2 (s̄) (s− s̄) + σ(s̄, I)− σ2 (s̄) σ2 (s̄),
σ2 (s) = s2 . With the truncated Lyapunov functional Στσ [f |f∞,σ ] =

with ψ(s, I) =

s̄ = s̄(I) and
Kτσ [f ] − Kτσ [f∞,σ ], we immediately get the following variant of Theorem 4.3.

Theorem 6.1. Let I be a function in C 1 (IR6 ) and assume that φe , µ verify
(H3’)-(H4’). Assume moreover that
Bσ (I) = inf{s ∈ [Emin − αM , µ−1 (0, I)] :

∂2σ
(s, I)} > 0
∂s2

for any I ∈ IR .

Let f0 be a nonnegative function in L1 (IR6 ) ∩ L2 (IR6 , Bσ (I(x, v)) d(x, v)), such that
(x, v) → σ(f0 (x, v), I(x, v)) belongs to L1 (IR6 ) and consider a weak (resp. renormalized) solution of the Vlasov-Poisson system with initial data f0 satisfying (W) (resp.
(R)). Then for any t ≥ 0

Στσ [f0 |f∞,σ ] ≥ Στσ [f (t)|f∞,σ ] ≥
Bσ (I(x, v)) |f (t, x, v) − f∞,σ (x, v)|2 d(x, v) .
IR6

Weighted Lq estimates can also be established, if one replaces σ2 by σq in (6.2),
2
under the condition that inf{s ∈ [Emin − α, µ−1 (0, I)] : s2−q ∂∂sσ2 (s, I)} > 0 for any
I ∈ IR.
Remark 6.2. Equation (1.1) is a special case (parabolic-band approximation) of
the Vlasov-Poisson system for semiconductors
∂f
+ v(p) · ∇x f + F (t, x) · ∇p f = 0,
∂t
3
3
1
on IR+
0 × IR × IR , with v(p) = ∇p (p). If we assume that  is a nonnegative C function such that e−(p) ∈ L1 (IR3 ), then using abusively the same notations as for (1.1)
(which corresponds to the special case (p) = 12 p2 ), one can for instance prove that
there exists a maxwellian type stationary solution given by

e−(p)−q (φ(x)+φe (x))
,
e−−q (φ+φe ) d(x, p)
IR6

where φ is given by (1.3) with ρ(f )(t, x) = IR3 f (t, x, p) dp. Nonlinear stability results
for m and more general stationary states can be easily obtained using the previous
ideas. Realistic models include collisions, which usually determine a special class of
stationary solutions (and the appropriate Lyapunov functional is then decreasing even
for classical solutions). We refer to [37, 37, 6, 7, 17, 19] for more details on this
subject.
m(x, p) = M 

16
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7. Appendix: a convexity property of L1 functions. Let f0 be a nonnegative function in L1 (Ω) for some (not necessarily bounded) domain Ω in IRd , d ≥ 1.
It is straightforward to check that σ(f0 ) ∈ L1 (Ω) if σ is a C 2 convex function on IR+
such that s → σ(s)/s is bounded (consider for example σ(s) = 2s + e−s − 1). The
result of Proposition 2.1, which is a special case of the following Proposition, is much
stronger.
Proposition 7.1. Let (E, dµ) be a measurable space. For any nonnegative
function f0 in L1 (E, dµ), there exists a nonnegative strictly convex function σ of class
C 2 such that lims→+∞ σ(s)/s = +∞ and σ(f0 ) ∈ L1 (E, dµ).
This result is more or less standard. We are going to give a proof for the completeness of the paper, which is based on the following elementary lemma.

Lemma 7.2. Consider a sequence {αn } with αn > 0 for any n and
αn < ∞.
Then there exists an increasing
sequence
{β
}
with
β
>
0
for
any
n
∈
IN, and
n
n

limn→∞ βn = +∞ such that
αn βn < ∞.
Proofof Lemma 7.2. We prove this result by an explicit construction of βn . Let
n = m≥n αm and take βn = 2√1n :
√
1
√
αn βn = (n − n+1 ) √ ≤ n − n+1 ,
2 n

√
which immediately gives m≥n αm βm ≤ n .

Proof of Proposition 7.1. Let αn = n≤f0 <n+1 f0 dµ and take βn given by Lemma 7.2.
One can ﬁnd a convex function σ with s → σ(s)/s nondecreasing, such that σ(n+1) =
(n + 1)βn . Thus


σ(n + 1)
σ(f0 ) dµ ≤
f0 dµ ·
= αn βn ,
n+1
n≤f0 <n+1
n≤f0 <n+1
which ends the proof.
Remark 7.3. From Proposition 7.1, it is clear that there is no optimal convex
function σ corresponding to a given initial data f0 (reapply the Proposition to σ(f0 )).
To any σ, one can however associate a function γ. Is there an optimal condition
on the growth of φe so that both the stationary solution and the relative entropy are
well-deﬁned? This would indeed deﬁne a notion of conﬁnement which would depend
only on f0 . On the other hand, if the growth condition is not satisﬁed, is it possible
to give some dispersion estimate (like in the case φe ≡ 0, or (x − x0 ) · ∇φe ≥ 0 for
some given x0 ∈ IR3 ) ?
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Sci. Paris Sér. I 326 (1998), pp. 833–838.
[36] P.L. Lions, and B. Perthame, Propagation of moments and regularity for the Vlasov-Poisson
system, Invent. Math., 105 (1991), pp. 415–430.
[37] P.A. Markowich, C.A. Ringhofer and C. Schmeiser, Semiconductor equations, Springer,
New York, 1990.
[38] S. Mischler, On the trace problem for solutions of the Vlasov equation, Comm. Partial Differential Equations 25 (2000), pp. 1415–1443.
[39] F. Otto, The geometry of dissipative evolution equations: the porous medium equation, Comm.
Partial Diﬀerential Equations 26 (2001), pp. 101–174.
[40] B. Perthame, Time decay, propagationof low moments and dispersive eﬀects for kinetic equations, Commun. Partial Diﬀer. Equations 21 (1996), pp. 659–686.
[41] K. Pfaffelmoser, Global classical solutions of the Vlasov-Poisson system in three dimensions
for general initial data, J. Diﬀ. Eqns. 95 (1992), pp. 281–303.
[42] G. Rein, Non-linear stability for the Vlasov-Poisson system—the energy-Casimir method,
Math. Methods Appl. Sci. 17 (1994), pp. 1129–1140.
[43] J. Schaeffer, Global existence of smooth solutions to the Vlasov-Poisson system in three
dimensions, Comm. Partial Diﬀerential Equations, 16 (1991), pp. 1313–1335.
[44] G. Wolansky, On nonlinear stability of polytropic galaxies, Ann. Inst. H. Poincaré Anal. Non
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