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Notation and setting

Let x € TY = [0, ]9, v € RY, and t € (0, 00) be the space,

[ )
velocity, and time variables, respectively.
e Call
_d _Iv?
vy=2r) 2e 2.
e Functional spaces:
1. Velocity regularity: weighted L?—space L2. Corresponding
Sobolev space H,lY with dual H;l.
2. Space-time regularity: L2(dt dx) space, with usual Sobolev
space H} and dual H™1.
e Ornstein-Uhlenbeck operator

A, =A,—v-V,.



The Ornstein-Uhlenbeck operator

Ayh=D,h—v-V,h.

Properties:

1. —A, is positive semi-definite (kernel = constants), self adjoint
with compact resolvent over L2.

2. Intregration by parts:

—/Awhkdyz/vvh-vvkdfy.

3. Spectrum = N. In particular

J19hRay =~ [ hahdy > a2,

for all null-avg functions (Nash 1965).



Vlasov-Ornstein-Uhlenbeck equation

Vlasov-Ornstein-Uhlenbeck equation:

{&ht V- Vihe = Avhe — v -V he = A hg; o)

h(t = 0,x,v) = ho(x, v) € L2(dx dv).
Structural properties:

e Linear, mass-preserving equation (henceforth null-avg data
considered!).

e Existence and uniqueness of solutions (Green's function:
Kolmogorov 1934 or BDMMS 2019).

e Elliptic regularity in velocity.
e Hypo-elliptic (Hérmander 1967) structure overall

[V * Vx, VV] - Vx.



Main question

» The (VOU) equation generates a linear flow on L2(dx d7).

» Only equilibrium point for null-avg solution is
hs = 0.

Question: convergence to equilibrium? Explicit decay rates?



Degeneracy and hypocoercivity

e The equation is degenerate diffusive, so the standard entropy
method fails:
Su hi dxdy = | hAyhdxdy = — [ |V, h|* dxdy < 0.
Control/coercivity in velocity directions, miss the control in x.
e Hypo-ellipticity:
commutators = interaction between v and x.
Can we do it for coercivity?

e Hypocoercivity = coercivity in a twisted norm.



Strategy of hypocoercivity

1. Fix a reference norm, as 1.2 or H!.

2. Twist/perturb the norm and find an equivalent norm H such

that J
S H(h) = ~D?(hy) < —AH(hy),
along the flow of (VOU).
3. Exponential decay in H, Gronwall's inequality.

4. Equivalence in reference norm:
el < Ce ™ [|ho?.

Hypocoercivity constant C > 1.



Quick review of the literature

— Decay of H! norm. Villani 2006, Dolbeault-Li 2018, Baudoin
2014-2019, ...

— Decay of L2 norm. Dolbeault-Mouhot-Schmeiser 2015,
Bouin-Dolbeault-Mouhot-Mischler-Schmesier 2019, Arnold-Erb
2014, Achleitner-Arnold-Carlen 2016-2018,
Arnold-Dolbeault-Schmeiser-Wéhrer 2021, Hérau 2005,
Bernard-Fathi-Levitt-Stoltz 2020, . ..

— Usage of weak norms. Armstrong-Mourrat 2019, Cao-lu-Wang
2021, ...



Strategy of time averages

Evolution not coercive, but on (time) average it is!

Construction:

1. Lions' lemma (Amrouche-alii 2015).

2. Averaging Lemma (Armstrong-Mourrat 2019-B. 2021)
3. Modified Poincaré inequality
4

. Explicit and constructive decay rates



Proof 1

Fix 7 > 0 small enough.
Define

t+T1
H,(he) = T—l/t 151225 g ds-
Energy estimate:
d t+7 t+7
E ) ”h(S,',')”%z(dxd,y) ds = _2/t ||Vvh(57'7')||iz(dxd'y) ds.
Exponential decay if:

t+r , t+r ,
/t I90h(5, ) o ey 95 = A / 145, )22 g0 g 9



First passage

Let p(t,x) = [ h(t,x,v)dvy. Then,

t+7
2 2 2
/t 1A, 5 ML (ax ay) 45 = [1PIT2(de ax) + 10 = PlIT2de ax ary-
Which we control with Gauss-Poincaré inequality with

2 2
101 E2(ae axy + 1V VAIIT2 (0t dx o)

The second term is ok. What about the first one?



Lions' Lemma

Lemma

Let O be a bounded, open and Lipschitz-regular subset in R9+1.
Then, for all u € D*(O), we have that u € L?(O) if and only if the
weak gradient Vu belongs to H=1(QO). Moreover, there exists a
constant C;(O) such that

u—/ udx dt
O

for any u € 1L2(0).

2
< CLHVUHi/fl(o),
12(0)




Second passage

Let O = (t,t+7) x T9. Use Lions’ Lemma to get

HPH%}(dt d) S CLHVt,XPH%{—l.

Very explicit structure of Lions' constant:

Vd L2+ 72
C = 4|59 YT
-



Averaging Lemma

Lemma
We have

IVexpllfi-1(q) <
d> (Hh - p”%ﬁ(dtdxd'ya) + Hath +v- th”%?(Q;H&”)
with

2 2)2 2
d =2 (VIR + (14 45) IIvEIE: + 55 IviE:) - (2



Modified Poincaré inequality

Using the (VOU) equation ...

Lemma

(0 + v - V) hHLZ(Q;H;l) < ||Vvh”L2(Q;L§)'

... we recover Poincaré inequality on average!

Proposition
Zero average solutions to (VOU) satisfy

2
1112 2 g ae ) < 52 1V BT 2 e e )

with ko = 2(1 + C d2).



The result

Theorem
Null-average solutions to (VOU) satisfy

t+7
T—l/t (. M2y @5 < 10l22gany €2 ¥E>0,
(5)
with

%<T+\/dL2+72) (221s771).

A



Generalizations

Let aw > 0. Consider

Och+v-Veh=0Dgh,  h(0,--) =

with
Aoh:=Avh—av(v)* 2.V, h.

We use the notation
(v) = /14 |v]2, VYveR?
Local equilibria in velocity:

1 a
Ya(v) = Z—ae_<"> , VveRd

hOa



Exponential and super-exponential case

Theorem (B. 2021)

Let « > 1. Then, for all L > 0 and 7 > 0, there exists an explicit
and constructive constant A > 0 such that, for all hg € L?(dx dvs)
with zero-average, the solution to (6) satisfies

t+7
7—l/t ||h(57 K ')H%z(dxdfya) ds < ||h0||%,2(dxd’ya) ei)\t’ vVt >0.

(7)



Fat tails

Theorem (B. 2021)

Let a € (0,1) Then, for all L > 0 and 7 > 0, for all o > 0, there
exists an explicit and constructive constant K > 0 such that all
solutions to (6) decay according to

1 an 2
- / 15, )2y 95 <
t

< K(1+ t)_2(1o—a) // (V7R3 dx dvy,, Vit>0.
QxRd



Thank you for your attention.



