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Notation and setting

• Let x ∈ Td = [0, L]d , v ∈ Rd , and t ∈ (0,∞) be the space,
velocity, and time variables, respectively.
• Call

γ = (2π)−
d
2 e−

|v|2
2 .

• Functional spaces:
1. Velocity regularity: weighted L2−space L2

γ . Corresponding
Sobolev space H1

γ with dual H−1
γ .

2. Space-time regularity: L2(dt dx) space, with usual Sobolev
space H1

0 and dual H−1.

• Ornstein-Uhlenbeck operator

∆γ = ∆v − v · ∇v .



The Ornstein-Uhlenbeck operator

∆γh = ∆vh − v · ∇vh.

Properties:
1. −∆γ is positive semi-definite (kernel = constants), self adjoint

with compact resolvent over L2
γ .

2. Intregration by parts:

−
∫

∆γh k dγ =

∫
∇vh · ∇vk dγ.

3. Spectrum = N. In particular∫
|∇vh|2 dγ = −

∫
h∆γh dγ ≥ ‖h‖2L2

γ
,

for all null-avg functions (Nash 1965).



Vlasov-Ornstein-Uhlenbeck equation

Vlasov-Ornstein-Uhlenbeck equation:{
∂tht + v · ∇xht = ∆vht − v · ∇vht =: ∆γht ;

h(t = 0, x , v) = h0(x , v) ∈ L2(dx dγ).
(VOU)

Structural properties:
• Linear, mass-preserving equation (henceforth null-avg data

considered!).
• Existence and uniqueness of solutions (Green’s function:

Kolmogorov 1934 or BDMMS 2019).
• Elliptic regularity in velocity.
• Hypo-elliptic (Hörmander 1967) structure overall

[v · ∇x ,∇v ] = ∇x .



Main question

I The (VOU) equation generates a linear flow on L2(dx dγ).

I Only equilibrium point for null-avg solution is

h∞ = 0.

Question: convergence to equilibrium? Explicit decay rates?



Degeneracy and hypocoercivity

• The equation is degenerate diffusive, so the standard entropy
method fails:

1
2
d

dt

∫
h2t dxdγ =

∫
h∆γh dxdγ = −

∫
|∇vh|2 dxdγ ≤ 0.

Control/coercivity in velocity directions, miss the control in x .
• Hypo-ellipticity:

commutators =⇒ interaction between v and x .
Can we do it for coercivity?
• Hypocoercivity = coercivity in a twisted norm.



Strategy of hypocoercivity

1. Fix a reference norm, as L2 or H1.

2. Twist/perturb the norm and find an equivalent norm H such
that

d

dt
H(ht) = −D2(ht) ≤ −λH(ht),

along the flow of (VOU).
3. Exponential decay in H, Gronwall’s inequality.
4. Equivalence in reference norm:

‖ht‖2 ≤ C e−λt ‖h0‖2.

Hypocoercivity constant C > 1.



Quick review of the literature

→ Decay of H1 norm. Villani 2006, Dolbeault-Li 2018, Baudoin
2014-2019, . . .

→ Decay of L2 norm. Dolbeault-Mouhot-Schmeiser 2015,
Bouin-Dolbeault-Mouhot-Mischler-Schmesier 2019, Arnold-Erb
2014, Achleitner-Arnold-Carlen 2016-2018,
Arnold-Dolbeault-Schmeiser-Wöhrer 2021, Hérau 2005,
Bernard-Fathi-Levitt-Stoltz 2020,. . .

→ Usage of weak norms. Armstrong-Mourrat 2019, Cao-lu-Wang
2021, . . .



Strategy of time averages

Evolution not coercive, but on (time) average it is!

————————————-
————————————-
Construction:
1. Lions’ lemma (Amrouche-alii 2015).
2. Averaging Lemma (Armstrong-Mourrat 2019-B. 2021)
3. Modified Poincaré inequality
4. Explicit and constructive decay rates



Proof 1

Fix τ > 0 small enough.
Define

Hτ (ht) = τ−1
∫ t+τ

t
‖hs‖2L2(dx dγ) ds.

Energy estimate:

d

dt

∫ t+τ

t
‖h(s, ·, ·)‖2L2(dx dγ) ds = − 2

∫ t+τ

t
‖∇vh(s, ·, ·)‖2L2(dx dγ) ds.

Exponential decay if:∫ t+τ

t
‖∇vh(s, ·, ·)‖2L2(dx dγ) ds ≥ λ

∫ t+τ

t
‖h(s, ·, ·)‖2L2(dx dγ) ds.



First passage

Let ρ(t, x) =
∫
h(t, x , v) dγ. Then,∫ t+τ

t
‖h(s, ·, ·)‖2L2(dx dγ) ds = ‖ρ‖2L2(dt dx) + ‖h − ρ‖2L2(dt dx dγ).

Which we control with Gauss-Poincaré inequality with

‖ρ‖2L2(dt dx) + ‖∇vh‖2L2(dt dx dγ).

The second term is ok. What about the first one?



Lions’ Lemma

Lemma
Let O be a bounded, open and Lipschitz-regular subset in Rd+1.
Then, for all u ∈ D∗(O), we have that u ∈ L2(O) if and only if the
weak gradient ∇u belongs to H−1(O). Moreover, there exists a
constant CL(O) such that∥∥∥∥u − ∫

O
u dx dt

∥∥∥∥2
L2(O)

≤ CL‖∇u‖2H−1(O),

for any u ∈ L2(O).



Second passage

Let O = (t, t + τ)× Td . Use Lions’ Lemma to get

‖ρ‖2L2(dt dx) ≤ CL‖∇t,xρ‖2H−1.

Very explicit structure of Lions’ constant:

CL = 4 |Sd |
√
d L2 + τ2

τ
. (1)



Averaging Lemma

Lemma
We have

‖∇t,xρ‖2H−1(Ω) ≤

d2
(
‖h − ρ‖2L2(dt dx dγα) + ‖∂th + v · ∇xh‖2L2(Ω;H−1

α )

)
with

d2 = 2
(
‖v1|v |2‖2L2

γ
+
(
1 + L2

4π2

)
‖|v |2‖2L2

γ
+ d2L2

4π2 ‖v‖2L2
γ

)
. (2)



Modified Poincaré inequality

Using the (VOU) equation . . .

Lemma

‖(∂t + v · ∇x) h‖L2(Ω;H−1
α ) ≤ ‖∇vh‖L2(Ω;L2

α). (3)

. . . we recover Poincaré inequality on average!

Proposition
Zero average solutions to (VOU) satisfy

‖h‖2L2(dt dx dγ) ≤ κ2 ‖∇vh‖2L2(dt dx dγ), (4)

with κ2 = 2(1 + CL d2).



The result

Theorem
Null-average solutions to (VOU) satisfy

τ−1
∫ t+τ

t
‖h(s, ·, ·)‖2L2(dx dγ) ds ≤ ‖h0‖

2
L2(dx dγ) e

−λ t , ∀ t ≥ 0,

(5)
with

1
λ

= 2
1
τ

(
τ +

√
d L2 + τ2

)(
2 d2 |Sd−1|

)
.



Generalizations

Let α > 0. Consider

∂th + v · ∇xh = ∆αh, h(0, ·, ·) = h0, (6)

with
∆αh := ∆vh − α v 〈v〉α−2 · ∇vh.

We use the notation

〈v〉 =
√

1 + |v |2, ∀ v ∈ Rd .

Local equilibria in velocity:

γα(v) =
1
Zα

e−〈v〉
α
, ∀ v ∈ Rd .



Exponential and super-exponential case

Theorem (B. 2021)
Let α ≥ 1. Then, for all L > 0 and τ > 0, there exists an explicit
and constructive constant λ > 0 such that, for all h0 ∈ L2(dx dγα)
with zero-average, the solution to (6) satisfies

τ−1
∫ t+τ

t
‖h(s, ·, ·)‖2L2(dx dγα) ds ≤ ‖h0‖

2
L2(dx dγα) e

−λ t , ∀ t ≥ 0.

(7)



Fat tails

Theorem (B. 2021)
Let α ∈ (0, 1) Then, for all L > 0 and τ > 0, for all σ > 0, there
exists an explicit and constructive constant K > 0 such that all
solutions to (6) decay according to

τ−1
∫ t+τ

t
‖h(s, ·, ·)‖2L2(dx dγα) ds ≤

≤ K (1 + t)
− σ

2 (1−α)

∫∫
Q×Rd

〈v〉σh20 dx dγα, ∀ t ≥ 0.



Thank you for your attention.


