The Vlasov-Poisson-Boltzmann equation with

polynomial perturbation near Maxwellian

Xingyu LI
Project EFI, Ceremade

2021.10.13

To appear soon in arXiv
Joint work with Chuqi Cao and Dingqun Deng (Tsinghua University)

Xingyu LI The Vlasov-Poisson-Boltzmann equation 2021.10.13

1/

30



The Vlasov-Poisson-Boltzmann equation

The Vlasov-Poisson Boltzmann equation (VPB)
OtF +v-VyxF —Vy¢-V,F=Q(F,F)
where

—A¢ = F(v)dv —1, / o(t,x)dx =
R3 T

and F(t,x,v) >0, t >0 for x € T3, v € R3. Q denotes the Boltzmann
collision operator

Qf.g)(v / / vl o)) (V) — g(v)F(v))dodu,

where (v, v,) and (V/, v}) are the velocities of particles before and after
elastic collision given by

, VA ve  |v— v ;o vV ve  |v— vy
p— 0' J—
2 2 o 2 2

obviously
Vv =V v, VR = VR V)
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Boltzmann collision kernel B

Define the deviation angle 6 through

COSH::Q‘O"
v w]
B takes the form
V — Vi
B(v — = lv — v |7B(— .
(v=ver0) = v = w["b( =" o)

where the angular function b satisfies
sin Ob(cos f) ~ §172¢
we focus on the strong singularity case
-3 <y <1, %§s<1

and we can suppose without losing generality that 0 < 0 <
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Landau kernel

We also study the Landau case, where the kernel

Qg f)(v) =Vy- /R3 (v — v)(g(v)Vif(v) — F(v)Vi.g(v:))dws

with

oW =2 (1- 550 ), 3<a<n

Landau case can be seen as s = 1.
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Maxwellian and the perturbation

Suppose that [13 [ps Fdxdv = 1. The equilibrium is the Maxwellian-type

|v[?
2

p=(2m) %"
define F = p+ f. Then
Oef +v-Vuf =V Vof + (Vad- V= LF + Q(F,F) (1)

where

LF = Q)+ QuF). ~Bo= [ Flxv)dv, [ ox)ox=0
R3 T3
The global existence, uniqueness, and large time behaviour have been
proved by Y. Guo in the space H)‘:’V(,u_lp). We extend it to the
H2 ,({v)¥) case.
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Background

For the exponential weight Hiv(,u_l/z) case, the Landau equation is
proved by Y. Guo, the Boltzmann case is proved by P. Gressman, R.
Strain. The Vlasov-Poisson-Boltzmann/Landau case is proved by Y. Guo
and T. Yang et al.

The polynomial weight case is proved by the semigroup method, which is
first initiated by C. Mouhot and developed and extended by M. Gualdani,
S. Mischler, C. Mouhot for the cutoff Boltzmann equation.

For the polynomial weight case H2L2({v)*), the Landau equation is
proved by K. Carrapatoso |. Tristani, K. Wu for the hard potential case
and K. Carrapatoso, S. Mischler for the soft potential case.

For the non-cutoff Boltzmann equation, F. Hérau, D. Tonon, I. Tristani
proved the hard potential case and C.Cao, L.He and J.Ji proved the soft
potential case recently.

A natural question is how to extend it to the VPB equation.
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Basic propositions

Conservation law:

//f(v)dvdx:O, //vf(v)dvdx:O,
T3 JR3 T3 JR3

/ |v|2f(v)dvdx+/ |V.o(t,x)|?dx =0
T3 JR3 T3
Continuity equation:
0
/ f(v)dv+ Vi - / vf(v)dv = 0.
8t R3 R3
null space of L:
ker(L) = span{y, vapu, vapu, vapu, |v[*pu}-

projection onto ker(L):

3 2 _
Pf:(/ fdv)ﬂ+z</ v,-fdv) v,-u+(/ v 3de>(IV\2—3)u-
R3 i1 R3 R3 6
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Weighted function and functional space

For k > 0 large enough, choose the weight function
W(a, B) _ <V>k+a\a|+b\,3|+c

a, b, c € R need to be chosen carefully. The functional spaces with the
norms

Xk = {f S L)2<,v . C|a|7|ﬁ|W(Oé,B)8gf € L)2<,v7 |Oé’ + |,B’ S 2}

Yi(Ye) i={f € L, : Qapgwla, B)OFF € LZHS ;5(L2L2 1), o] + 18] < 2}

with the constants Cy g
If the initial data fy of (1) satisfies ||fo||x, small enough, then we have the
global existence and convergence to the Maxwellian
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Main result

Theorem (C.Cao, D.Deng, X.Li)

There exist constants kg > 14 and € > 0, such that for all k > kg, if the
initial data fy of (1) satisfies ||fy||x, < €, then (1) has a unique global
solution f € L*°([0, 00); Xk) that satisfies  + f > 0 and

1 ()22 < e lifollx, i v e[0,1]

and

1F(O)llrzez S (O Mifollx, if 7€ (=3,0)

for some constant \ > 0.

The similar result holds for the Vlasov-Poisson-Landau equation with
Y e [_37 1]
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Sketch of the proof

The proof combines works by Y. Guo and the semigroup method
introduced by M. P. Gualdani, S. Mischler, and C. Mouhot

Notice that LPf = 0, so we need to treat the terms Pf and (I — P)f
separately.

Difference from the Boltzmann case: the conservation law is not the same
so we need to estimate Pf.

We can prove that the term VPf can be controlled by (/ — P)f term by
the method of Y.Guo, and from Poincaré inequality, we can also get the
estimate of Pf(notice that x € T3)

For the upper bound of term (/ — P)f, we use semigroup method: define
the norm

“+o0o
111 = 11172 +n/0 ISL(r)(1 = P)f|[{2dT

and calculate its time deriavitive.
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The requirement s >

The time deriative of the semigroup related norm will produce the term
| UV 9.t S
0

we can't integrate by parts to estimate it, because the operators S;(t) and
V., don't commute. After assuming s > % we can prove that

ISL(E)Vxd(x) - Viflliz S t7H2e XV Vo s
St2e MV b ()| [F |,
we can also prove that
ISc(@)f s < NIFllmgs 1S Fllm-s < [[F]l -

so this term can be finally estimated.
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Preliminaries on the Boltzmann operator

Lemma (L.He)

Let wi,wy € R, a,b € [0,2s] with wy +wy =+ +2s and a+ b = 2s.
Then for any smooth functions f, g, h we have
(1) if v +2s >0, then

(Q(g; h), F)iz| < (llgllix

Y2s+(=w) T (—wo

ot lelie)liblleg, 1£llag,
(2) if y +2s =0, then
(Q(g, h): izl < (llelles, + Nl hllmg, 11l

where w3 = max{d, (—w1)" + (—wa)"}, with § > 0 sufficiently small.
(3) if =1 < v+ 2s <0 we have

(Qg, h), Azl < (llglle, + gl

Apere \Wa — 119X — A +
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Preliminaries on the Boltzmann operator

Lemma (C.Cao, L.He, J.Ji)

Suppose that —3 < v < 1. For any k > 14, and smooth functions g, h, we
have

2k . k-3t 0
(@Ch, 1), £(v))] <2lblcosb)sin*F Zly lhlliz,_ Iz,
+ Cellhll2llg ]l 2

for some constant C, > 0, where 73 is the constant such that
[ uwly = wdv < )
R3
holds. Moreover, for any || < 2 we have

(Q(h, Opp), g (V)P < Cullhlliz llglliz

ket /2 ket /2
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Preliminaries on the Boltzmann operator

Lemma (C.Cao, L.He, J.Ji)
Suppose that -3 <y <1,7v+2s>—-1and G=pu+g > 0. Then if

G20, [Gllnx=1/2, [IGllg+GllLiogr <4

we have

2k 2 _ 2k—3—’y€ 2 2
(Q(G, £), F()™) < =5 | b(cos #)(1 — cos ilfllz  + Cflip

Gl g, Il

2
-n H f“ Hi iy kt+v/2 k+v/2

+ Cillglliz, I F Il

/ k+/2

for some constants 71,72, Cx > 0, where v, is the constant such that

wwws/Wv—mmmW
R3
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Upper bound for the Boltzmann operator

Lemma (C.Cao, L.He, J.Ji)

For any smooth functions f, g, h and k > 12 , we have

(Qf, &), h(v)*) S IIflliz,llellre, ., o 0l ez, lglliz I llg, Il

k+y/2 k+~/2

In particular by duality we have

1R, &)=, S WFlluz, ligllesg + llgllez, 1l

k+v/2+2s kt+y/2°

Xingyu LI The Vlasov-Poisson-Boltzmann equation 2021.10.13 15 /30



Basic estimates for the linearized Boltzmann operator

There exist constants Cy, G5, C3 > 0, such that for any smooth functions
f,g,h and any k > 12 large, there exists a constant C, > 0, such that

(1)
(QUF 1), 8)x | < Cilfllv,llglly, + C > 105Fl,1058liz,
la+15]<2
QfG=p+g=>0,
(Qu+g,1), Fx, < —Clfl3, — GlIfIIF, + C EZH%WQV

|lal+|8]<2
+ Gllflix gl I llvi + Cillgllx I Fllve 1 Fllv,
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Basic estimates for the Vlasov-Poisson part

(3) c
2
[(=v- Vif x| < ZIFIT,
(4)
(V- v, F)x, < Cillgll ezl llmzez
(5)

(vx¢ -V, f, f)Xk < Ck”gHYkaHYkaHXk'
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Strategy of proving the estimates

The estimate about the Boltzmann operator is similar as C.Cao, L.He and
JJi

Notice that here we need to choose the weighted function w carefully to
let it satisfy the interpolation inequalities, which are used in the estimates.
Moreover, the VPB equation has the V¢V, f term, so we need to also
calculate the v—derivative term.

For the Vlasov-Poisson term, we use Sobolev inequality give the estimate
about the V,¢. Finally, after choosing fit constant C, g, we get the
results above.
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Local existence

The main sketch is: define the series of functions {F,} as follows:
FO(t7X7 V):Ma (at+v v V an' ) n+1 — Q(FI‘H Fn+1)

—Aép :/ Fndv — 1
R3

then the series of functions f, := F, — u satisfies
fo =0, (at +v-Vy—=V,0,-V ) 1+ Vidn - vi
= Q) + Qs 1) + Qs frsa). ~Bdy = [ o
R

and we take the limit as n — oo and use the fixed point theorem to prove
the result.
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Upper bounds for the energy

Define
E(f)=|flx. D(f)=Ifl3,
then for f as the solution to (1), for any t > 0,

E(f) + / D(f)ds < E(fo) + / > ||aaf||L2 ds—i—/t D(f)E(f)ds.
|a|<2

for the case 95f,[B| > 1, we can use the interpolation to let it be
controlled by HfH%/k so there is only 0“f remaining.
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Upper bounds for V,Pf (abc inequality, Y.Guo)

We rewrite the equation (1) as
Otf +v-Vif + (Vo -v)u— Lf = N(f), —Ap= / f(t,x,v)dv
R3
here N(f) := V¢ -V, f + Q(f,f) is the nonlinear part. For any m € N,

dG(t
S (1907 PFEass + 07Vl 2) — L6

dt
|a|l=m
2
< > IV = P)f|[3 + Z 10°(1 = PYfl[Z2 + > 110°NylIZ2
laj=m o= jal=m
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Upper bounds for V,Pf (abc inequality, Y. Guo)

where
GA(t) S D 110°F sz 10° VP2,

|ajl=m
and 9N, is the L3 projection of 9*N(f)(t,x, v) onto the subspace
generated by the basis {11, vip, vivju, vilv]?u}, 1<i,j<3. Moreover
_ @ £12
10~ PV Flee,
dG

2o Y0 (V0 Ity =0 = PYO"FIiZ, — 0°N(EYI2) =22
|a|l=m

for € > 0 small enough. This allows us to use (/ — P)f term to estimate
Vi Pf.
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Upper bounds for (I — P)f

For any |a| <2, € > 0small, t >0 and k > 20 large, there exist constants

c1, Gk, Mk >0and 0 < < &, sit.

d (!Hé’o‘f!Hz

& (M s M w.0mol: ) + all - Py

k+~/2

G :
<e|PO°fEz + —VE(F) D 0 flfzy ~ Lower order

lo'|<ex

+CeV/E(D0°Fllizn,_, > 0% Fll iz ~~ Lower order

Xy /2455
lo/|<|a|—1
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Upper bounds for (I — P)f

Denote k(a) = k + 10s — 5|as, and

+oo
I3, = 32 107 ) g+ [ 1S = Pz

|| <2

then after summing |a| < 2, there exists 0 < n < % such that

a (11 . .
Ji | T M DIVl | e D (= PO () Oy
|Oé\<2 || <2
<6 Z HIDaaf‘HL2 + 7 ) Z Haa k(a)HLQHS ~~ Lower order.
o <2 | <2
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Upper bounds for Pf

Define k() = k + 10s — 5|a|s. For any k > 14 large, E(f) < M and M is
very small, ¢ is defined above, then there exist constants ¢p,c3 > 0 and a
function G(t) such that

ay - P)a“f<v>k(a>||%gH§/z

o] <2
o . d
> Z [(v)k@)g fHL2H5 —aM Z IE; f”L2L2 _EG(t)
ol <2 laf <2

where

|G(t Z H@O‘fHLsz .

\oz|<2

Xingyu LI The Vlasov-Poisson-Boltzmann equation 2021.10.13 25 /30



Proof of the main theorem

As mentioned before, we show that there exists M > 0 small enough, such
that if E(fy) < M, then we have the global existence
Denote

t>0

Ty = sup{E(f) + /Ot D(f)(s)ds < M}

we know from local existence that T, > 0. Next, we show that T, = co.
Choose M satisfies

M
CM? < E(h), CE(f) < =
then from the lemmas above,

t

E(f)+/0t D(f)ds < CE(f0)+/0 D(f)E(F)ds
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Proof of the main theorem

since -
/ D(f)(s)ds<M <1
0
from Gronwall lemma,

E(F) + /Ot D(f)ds < CE(fy) < g

, VO T< T

this implies that T, = oo
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Convergence rate

Our goal is to show the convergence of the term

X(1) = 3 [ a3,

|| <2
from the lemmas above, we can show that the norm

I£11Z,

V(1) = 2+ 3 Vel - G(1)

jal<2
is equivalent to X(t), and

d @ k(a) qa g2
SYO+ 2 N, <0

o] <2

the case v > 0 can be directly deduced from Gronwall's inequality
the case v < 0, we need to interpolate to get the result about the
convergence.
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Future works and open problem

Since we have recently proved it for the Vlasov-Poisson-Boltzmann
equation, we plan to move to the Vlasov-Maxwell-Boltzmann system,
which writes

8tF+vaF—|—(E—|—VXB)VVF:Q(F7F)

with
OE -V, xB= —/ vF(v)dv,
R3

0tB+VyxE=0, V,-B=0, VX-E:/ Fdv
R3
the Vlasov-Poisson system is a special case correspond to B =0 in the
Vlasov-Maxwell system.

We only prove it for the strong singularity case, how to prove it for the
weak singularity case s € (0, 3).
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Thank you for the attention!
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