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Motivation

Kinetic model of a gas with chemical reactions, rate depends on
the temperature of the background

® Theoretical issues:
® Existence of solutions
® Convergence to equilibrium
® Convergence to macroscopic equations
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Introduction

Kinetic description of gases

mass m > 0, position x € R3, velocity v € R3 timet >0
distribution function f(x, v, t) > 0
Time evolution:
® For fixed v € R3, without interactions and external forces, the
distributions are just transported with velocity v

Ocf(x,v,t) + v - Vif(x,v,t) =0,

. . . | L
o effect of interactions: change of the velocities + 3°;€ :;’:ilc::;

Of(x, v, t) + v Vif(x,v,t) = Q(f)(x,v,t)

Q collision operator

%c&w\ of Pu_rl-\’cles Loss o? PN+{CLES
, . )
v v ~ /
@ s / - / ~ v

vr TS

Loss of velocity V goin of velocity v

Examples: Landau-Fokker-Planck, Boltzmann operator, BGK operator
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Hypocoercivity

Idea of the proof

Kinetic model with chemical
reactions and background
temperature

Of +v-Vif =x1(v) = pef, Of +v-Vif = pi(T)xa(v, T) — pgf
Org+v-Vig =x2(v) — prg, Owg+v-Vig =pi(T)x2(v, T) — prg

pr = /fdv, pg = /gdv, pi(T) = Cexp(—kfi,_) Arrhenius law

0:T — D A T = cons. of total energy

@ © ®
\/
@ ®

Gas exchanging heat with a background *#
Of + v -Vyf =pM(T)—f

O(cv T) =D AT = / Iv]>(f — pM(T))dv
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Gas

exchanging
heat with a
background

Gas exchanging heat with a
background #

Oif +v-Vuf =pM(T)—f, M(T)= dexp(—ﬁ)

O(cv T)=DAT = / [v>(f — pM(T))dv

Hypocoercivity: Let D > 0. Then there exist positive constants C and A
such that solutions of the linearized equation satisfy
IIf — foo|lLa < Ce .

Existence Under certain assumptions on the boundary and the initial data,
there exists a solution (f, T') of the non-linear equation in d = 1, where

® (1+|v?+logf)f € L=((0,7); L*(T* x R)), T € CY*(T* x [0,7]),

® the Cauchy problem for the kinetic equation is interpreted in the

distributional sense with interpretation for the term pM(T) given by

(oM(T).6) = [ plx, YM(1)(w)o(x, wv/'T, t)dxclwlt
T1 xR x (0,00)
® Cauchy problem for the heat equation is interpreted in the mild sense.
Formal macroscopic limit to a cross diffusion system



Hypocoercivity
of a model
describing the
thermalization
of a rarefied
gas with total
energy
conservation
and chemical
reactions

Marlies Pirner

Generation
recombination

Kinetic model with
generation recombination

2
© ®
Oifi + v - Vifi = o(pix1 — ) + x1(v) — p2f1,

Oifa + v - Vi = o(pax2 — f2) + x2(v) — p1tfa,

Existence Under certain assumptions on x1 and the initial data, there
exists a unique global solution such that for all x € Q, v € R3, t >0,

pmx1(v) <A(x,v,t) < puxa(v),
prxa(v) < fa(x, v, t) < pntxa(v).

Exponential convergence Let (f1, ) be solution under the same
assumptions as for the existence, then there exist A and ¢ positive
constants such that for all t > 0 it holds

16c(£) = fuoo|* < e

Rigorous macroscopic limit to reaction-diffusion equations
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Hypocoercivity

Ocf(x, v, t) + vOuf(x, v, t) = m(x, t)x(v) — f(x, v, t) =: L(f)(x, v, t),
S'X(V5GLV=4 m(x, t):/f(x, v, t)dv x(v), /fodvzo

Denote f(x, v, t) = m(x, t)x(v) + h(x, v, t)
Entropy H(f) = ||f|]> + & < Af,f > with A:=[L+ (TN)*(TN)]~}(TN)*

If we can prove
() < —eH() and dlIf|F < H(F) < ClIFIR,

we can deduce ||f]||> < CH(f(t)) < Cexp(—2Ct)H(fo) deviation

Strategy: Oif f""”‘
d (G bei
NP =< LF,f >=< —h,mx + h>= —|[p? “T"*"""
sne naredient: dt
“Poi\ncare d 2 2
) N il < _ _
mequO.Lrl‘?/ dtH(f) = ||hH (SC”ITIH odeviation 6? (acel

Main issues in our case: <puilibsiom
Csom %(o\aCLL

® no conservation of mass due to chemical reactions N
Qc{u.\ler\UJV\

e entropy [ [ fInfdvdx (non-linear equation)

@ J. Dolbeault, C. Mouhot, C. Schmeiser, Hypocoercivity for linear kinetic equations
con<servine mass 2015
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Hypocoercivity

Idea of the proof

Hypocoercivity for generation
recombination model
Ocfi +v - Vifi = o(p1ix1 — i) + xa(v) — p2h,
Ot + v - Vifa = o(p2x2 — f2) + x2(v) — p1 12,

Entropy H(fi, &) = 3y 5 J [ filln 2= — 1) + fi,o0)dvdx,

Entropy dissipation < H(f,f) = —c > ko1 Dk — DaA\
/ Yernt Lrom

"":“"(::::’i‘cv\ Senaradtion wcombinatin
Global equilibrium fi oo = pooX1, f2,00 = %Xz, 3 steps of relaxation:

® fi, f to local equilibria p1x1,02x2
® p1,p2 to average densities p1,0 = éfn p1dx, éfQ p2dx

1
® p1797p2,ﬂ to Poos p:

(fi = prxx) (Prxk = pr.aXx) (Prsxi = ficoo)
devimtion §rom constawt o, Jy.
daviarion Lrom Llocal Lensity hen I-‘;l‘ro%
Q'Ct“"; Ll oveam ~ Seme mess Poi s glolea( qu(\b\‘lLLW\
g TS naquality
Terms in Z(H(fi, k) +0 < A(fi, f), (f1, f2) >)
~. % < .
3 4 Lo
Aaviodion Lrom local dasviakion Sxom C—ov\sd:;il&a-&:isﬂ-?ew;

e:tu;&briu.m Ylobel ac{utLibcium
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ﬁ G. Favre, M. Pirner, C. Schmeiser, Hypocoercivity and reaction
diffusion limit for a nonlinear pairwise generation-recombination

model, manuscript, 2021

Marlies Pirner

® Existence of mild solutions
® Exponential convergence to equilibrium through hypocoercivity
® Macroscopic limit: reaction diffusion equations
ﬁ G. Favre, M. Pirner, C. Schmeiser, Thermalization of a rarefied gas

with total energy conservation: existence, hypocoercivity, macroscopic
limit submitted, 2021

gy ® Hypocoerivity for the linearized problem
Idea of the proof
Summary ® Formal macroscopic limit: cross diffusion

® Global existence for the non-linear problem in one dimension
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