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The Landau equation

@ Landau (1936) : Kinetic model in plasma physics that describes the evolution of the
density function f(t,z,v), t € RT the time, x € T* the position and v € R? the
velocity.

Landau equation
ocf +v-Vaof =Q(f, f) J

Q is the Landau collision operator (bilinear operator and acts only on variable v) :

araw =v.-{[

a(v — v)[g(0) Vo f () — F(0)Vug(v2)] dv*}

3

2 Zi%j
raj(2) =27 (5ij - |Z|2)
—_—
projection onto z-1

v € [—2,1] « hard potentials, Maxwellian molecules and moderately soft potentials

v € (=3, —2) < very soft potentials
v = —3 <> Coulombian potential
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The Landau equation

@ Landau (1936) : Kinetic model in plasma physics that describes the evolution of the
density function f(t,z,v), t € RT the time, x € T* the position and v € R? the
velocity.

Landau equation
ocf +v-Vaof =Q(f, f) J

@ () is the Landau collision operator (bilinear operator and acts only on variable v) :

QU 9)(v) = Vo - { [, a0 = oM@V 1) = 1T 9000)] dv*}

3

Remark
For g(v) = p(v) = (2#)_3/26_"”2/2, we have
° Q(f;)(v) =V {(a®y p)Vof — (b p)f}, bi(v) = ;ajaij(v)

o [t looks like the Fokker-Planck operator :
Lrp(f) = Vo - {Vuf +vf}
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Basic properties

o Conservation of mass, momentum and energy :

1 0
a3 )
" ]2 0

H(f):= J;ﬁ i, f logf dzdv

Entropy of the system :

Entropy dissipation :

D(f)i= = [ QU logf dv>0

@ H-Theorem d
aH(t) = — . D(f)dz <0
® D(f) =0 <= f (local Maxwellian)
° Qu,pu) =0
The normalized Maxwellian
ulv) = (2m)~ e J
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The rescaled Landau equation

@ The model :
{ 6tf+v-sz=§Q(f,f), (t,z,v) e RT x T x R®
f|t:0 = f07
@ The Knudsen number : 1/ is the average number of collisions for each particle per
unit time
@ Rescaling and perturbation :

s f€(t7x7v) = f(s%v %7’”)
» fe(t, @, v) = p+ ept/2ge(t, @, v)
The perturbative system :

{ atgs + é'U . Vzgg — 6%595 = ér(gs,gs)
Gejt=0 = Ge,0

(1)

D(g1,92) = n= Q"2 g1, ' 2 g2)
L is the homogeneous linearized Landau operator :

> L acts only in variable v
> L is self-adjoint in L2(R3)
> L is a negative operator L2(R3)
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» L= L1 + Lo
diffusion part ~compact part
s l:lg = F(\/ﬁﬂg)» £2g = F(g7\/ﬁ)
> The diffusion part £; :
v

L19 =V [A@W)Vog] (A(v) )g + V- [A(v)g]g

* A(v) = (a5 (v))1<i,j<3 is a symmetric matrix with
@ij = Q4j %o [

» The compact part L :
Log = —p~ 120 {u [aij *y {,}/2 [9]'9 + %]g]}]}

» N(L£) = Span { /i, v1/H, v24/1t, V3+/1, |[v|? 1}
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Notations

The Lesbegue spaces : L2= L*(R?), L2 ,= L*(T® x R?)
For s € N, H: is the usual Sobolev space on T®

H, ,-norm defined by

2 X412 X 2 X41 2
lglzs , = Kv>2 " gllzz + [<0)2 PuVuglz + [<0)2 (I = P) Vgl

where (v) = (1 + [v]|*)"/? and P, is the projection on v, i.e. Py = (- %)%

[v]/ [v]

From [Mouhot-Strain] *, we have :

(~L£9,9)15 > Cylolihy .. Vo e N(L)*

o || - || defined by
2 a 12
lol* = ¥, [ 1051ty do
lal<3 VT
o g =1Ilpg + (I —Ip)g; I is the orthogonal projection to N/

The fluid/macroscopic part Ilyg :

og(t, ,v) = {a(t,x) + v - b(t,z) + |v|°c(t, z)} /1

o (I —1Ilp)g : the kinetic or microscopic part

1. Mouhot, C., and Strain, R. Spectral gap and coercivity estimates for linearized Boltzmann collision
operators without angular cutoff. Journal de Mathématiques Pures et Appliquées 87(05 2007), 515~5

Mohamad Rachid From Landau to Navier-Stokes 15 octobre 2021 7 /17



Uniform estimate and global solutions

We introduce the following energy functional and dissipation :
° £%(9) = lglFaz2
e D(g) = [I(I —Io)gl|
o C(9) = [Valloglmzr2

1
[ st [ 3 Jesaom
T3 xR3 |2

v

o O O

) (IC)

There exists Mo > 0 such that : for € € (0,1) ge,o satisfies (IC) and ||ge,0
then the Cauchy problem (1) admits a unique global solution

Theorem

|msrz < Mo,

g € L*([0,00); Hy L2)

with the global energy estimate

o0 o0
sup E2(t) + Co f ! D*(t)dt + COJ C*(t)dt < C) E2(0)
0

t=0 o &

where Co, C} > 0 are independent of e.

v
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Strategy of the proof

@ We show the existence of local solution on [0,77], T' > 0.

@ We introduce the following macroscopic energy

E*=&%4 775( Z (091, V20%(a,b,¢)) 2 + (070, Vad¥a) )’77 >0
la|<2
> or = ((I — HO)976)L%

> e€ Span{vi\v|2u1/2,v?u1/2,vivjul/Q,viul/Q,ulﬂ}, for 4,7 =1,2,3 (so-called
13-moments of Grad [Guo] 2)

@ We choose 1 > 0 small such that :

d 1 1
7E2 + C()(*'D2 —+ CQ) <caFE *'DQ + C2 ,co,c1 >0
dt e? €

o Using that [ ge,0f w32 < Mo, to obtain

T

E*(T) + C2f

{8%92 +62}dt < E*(0), T>0
0

2. Guo, Y. The Boltzmann equation in the whole space. Indiana University mathematics journal (2004),
1081-109
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Limit to fluid incompressible Navier-Stokes-Fourier

The hydrodynamical limit of (1) as e goes to zero is the incompressible
Navier-Stokes-Fourier system associated with the Boussinesq equation which writes

Oru + u - Vau+ Vep = vAgu,
00 +u- V.0 = kA0,

Ve-u=0,
p+0=0.
In this system :
@ 0 : temperature @ u : velocity vector field
@ p : density @ v : viscocity
@ p : pressure @ x : heat conductivity

@ The coefficients v and « are determined by £
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Local conservation laws

@ The fluid variables :

pe = (ges /)2 s Ue = (g 03/1) 25 O = (gs, (% _ )ﬁ>

L2

v

Local conservation laws

(%pg + %V;c s Ue = 0

Orue + EVz(pe + 05) + 1V ( (U)f,gs)Lz =
ates ar %évz * Ue ar 21

35 ( (’U)f gE)LQ =
where A =v®v — 2 1d andB—fu(‘”' g)

Mohamad Rachid From Landau to Navier-Stokes 15 octobre 2021 11 / 17




Theorem
There exists Mo > 0 such that : if g. o satisfies
1) (IC), geo € HILY, |geollmzrs < Mo

2) There exist po(x), Oo(z) € HE and uo(x) € HS such that g. o 9 strongly in
E—>
H2L?, where

90(z,) = pol@)y(®) + uo(@) - oy/Aw) + o) (1 — 2) ()
Then, as € — 0,

o . — pyli+u- v+ 0 — 3) /i weakly-x in L®([0,00); H2LZ).

o (p,u,0) e C(RT; H2) n L®(R"; H2) is a solution of the incompressible
Navier-Stokes-Fourier equation with initial data

3 2
uli=0 = Puo(x), 6O|i=0 = 500(33) - 500(@,

where Puo(x) is the divergence-free part of uo(z).
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1) Some existing results of weak convergence in the framework of strong solutions :

» From Boltzmann equation without cutoff to incompressible Navier-Stokes :
[Jiang-Xu-Zhao, 2018]

» From Boltzmann equation with cutoff to incompressible Navier-Stokes :
[Briant, 2015], [Briant-Merino-Mouhot, 2019], [Guo, 2006 ]

2) Some existing results of weak convergence in the framework of weak solutions :

» The renormalized solutions for the Boltzmann equation (from DiPerna-Lions) and
the Leray solutions for the Navier-Stokes equations : Bardos, Golse, Levermore,
Lions, Masmoudi, Saint-Raymond...
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Remark on strong convergence

o In [Carrapatoso-Rachid-Tristani, 2021] 3, we have improve the above result :

[Strong convergence]

[L2-h ocoercivit ] Regularization Spectral analysis
yp Y) | estimates in short time by [Yang-Yu] *

3. K. Carrapatoso, M. Rachid, and |. Tristani, Regularization estimates and hydrodynamical limit for the
Landau equation, 2021, arXiv : 2107.12044

4. T. Yang and H. Yu, Spectrum analysis of some kinetic equations, Arch. Ration. Mech. Anal. 222.2
(2016), pp. 731-768
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Strategy of the proof

From the global energy estimate we have :
N 2
f;g ”gs (t)HHgL% <C (Nl)
> §0 (I — Mo)ge[|*dt < Ce?  (N2)
By using (N1), (IN2), we show the weak-» convergence of (g ). to

g(t,x,v) :P\/ﬁ+U-v\/ﬁ+0(% — g)\/ﬁ

We show the following convergences

pe —> p weakly- x in L*(RT; HY)
ue —> u weakly- x in L*(R"; HY)

0. —> 60 weakly- x in L®(R"; H2)
@ We use Aubin-Lions Theorem to prove

Pu. —> u strongly in C(R™; HZ)
3 2

595 _ gps — 6 strongly in C(R™; Hﬁ)

o We obtain the proof by using the previous limits and local conservation laws
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Conclusion and Perspective

Conclusion :

o We have obtained a weak convergence to the Navier-Stokes solutions from the
Landau equation.

Perspective :
@ What about the limit of Vlasov-Poisson-Landau?
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Thanks for your attention !

Mohamad Rachid. Incompressible Navier-Stokes-Fourier limit from the Landau equation.
Kinetic & Related Models, 2021, 14 (4) : 599-638. doi : 10.3934/krm.2021017
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