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In a particle system (gas)

Different descriptions

Microscopic

Trajectories of each
particle

Newton
equation

Mesoscopic

Evolution of density
of particles

Landau equation
Boltzmann,

Fokker-Planck,
Vlasov...

Macroscopic

Evolution of
observables

Navier-Stokes
equation,
Euler...

Knudsen number
goes to 0
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The Landau equation
Landau (1936) : Kinetic model in plasma physics that describes the evolution of the
density function fpt, x, vq, t P R` the time, x P T3 the position and v P R3 the
velocity.

Landau equation

Btf ` v ¨∇xf “ Qpf, fq

Q is the Landau collision operator (bilinear operator and acts only on variable v) :

Qpf, gqpvq “ ∇v ¨

"
ż

R3

apv ´ v‹qrgpv‹q∇vfpvq ´ fpvq∇vgpv‹qs dv‹

*

§ ai,jpzq “ |z|
γ`2

ˆ

δij ´
zizj

|z|2

˙

loooooooomoooooooon

projection onto zK

γ P r´2, 1s Ø hard potentials, Maxwellian molecules and moderately soft potentials
γ P p´3,´2q Ø very soft potentials
γ “ ´3 Ø Coulombian potential

Remark

For gpvq “ µpvq “ p2πq´3{2e´|v|
2{2, we have

Qpf, µqpvq “ ∇v ¨ tpa ˚v µq∇vf ´ pb ˚v µqfu, bipvq “
ř

j

Bjaijpvq

It looks like the Fokker-Planck operator :

LFP pfq “ ∇v ¨ t∇vf ` vfu
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Basic properties
Conservation of mass, momentum and energy :

ż

R3

Qpf, fq

¨

˝

1
vi
|v|2

˛

‚dv “

¨

˝

0
0
0

˛

‚

Entropy of the system :

Hpfq :“

ż

T3ˆR3

f logf dxdv

Entropy dissipation :

Dpfq :“ ´

ż

R3

Qpf, fq logf dv ě 0

H-Theorem
d

dt
Hptq “ ´

ż

T3

Dpfq dx ď 0

Dpfq “ 0 ðñ f (local Maxwellian)
Qpµ, µq “ 0

The normalized Maxwellian

µpvq “ p2πq´3{2e´|v|
2{2
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The rescaled Landau equation

The model :
"

Btf ` v ¨∇xf “
1
ε
Qpf, fq, pt, x, vq P R` ˆ T3

ˆ R3

f|t“0 “ f0,

The Knudsen number : 1{ε is the average number of collisions for each particle per
unit time
Rescaling and perturbation :

§ fεpt, x, vq “ f
`

t
ε2
, x
ε
, v
˘

§ fεpt, x, vq “ µ` εµ1{2gεpt, x, vq

The perturbative system :
"

Btgε `
1
ε
v ¨∇xgε ´

1
ε2
Lgε “ 1

ε
Γpgε, gεq

gε|t“0 “ gε,0
(1)

Γpg1, g2q “ µ´1{2Qpµ1{2g1, µ
1{2g2q

L is the homogeneous linearized Landau operator :
§ L acts only in variable v
§ L is self-adjoint in L2pR3

vq
§ L is a negative operator L2pR3

vq
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§ L “ L1
loomoon

diffusion part

` L2
loomoon

compact part

§ L1g “ Γp
?
µ, gq, L2g “ Γpg,

?
µq

§ The diffusion part L1 :

L1g “ ∇v ¨ rApvq∇vgs ´
´

Apvq
v

2
¨
v

2

¯

g `∇v ¨
”

Apvq
v

2

ı

g

‹ Apvq “ paijpvqq1ďi,jď3 is a symmetric matrix with

aij “ aij ˚v µ

§ The compact part L2 :

L2g “ ´µ
´1{2Bi

!

µ
”

aij ˚v
!

µ1{2
”

Bjg `
vj

2
g
ı)ı)

§ N pLq “ Span
 ?

µ, v1
?
µ, v2

?
µ, v3

?
µ, |v|2µ

(
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Notations
The Lesbegue spaces : L2

v“ L2
pR3
q, L2

x,v“ L2
pT3

ˆ R3
q

For s P N, Hs
x is the usual Sobolev space on T3

H1
v,‹-norm defined by

}g}2H1
v,‹

:“ }xvy
γ
2
`1g}2L2

v
` }xvy

γ
2 Pv∇vg}

2
L2
v
` }xvy

γ
2
`1
pI ´ Pvq∇vg}

2
L2
v
,

where xvy “ p1` |v|2q1{2 and Pv is the projection on v, i.e. Pvη “
`

η ¨ v
|v|

˘

v
|v|

From [Mouhot-Strain] 1, we have :

p´Lg, gqL2
v
ě Cγ}g}

2
H1
v,‹
, @g P N pLqK

~ ¨ ~ defined by

~g~2
“

ÿ

|α|ď3

ż

T3

}B
α
x g}

2
H1
v,‹

dx

g “ Π0g ` pI ´Π0qg ; Π0 is the orthogonal projection to N
The fluid/macroscopic part Π0g :

Π0gpt, x, vq “ tapt, xq ` v ¨ bpt, xq ` |v|
2cpt, xqu

?
µ

pI ´Π0qg : the kinetic or microscopic part
1. Mouhot, C., and Strain, R. Spectral gap and coercivity estimates for linearized Boltzmann collision

operators without angular cutoff. Journal de Mathématiques Pures et Appliquées 87(05 2007), 515–5
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Uniform estimate and global solutions
We introduce the following energy functional and dissipation :

E2
pgq “ }g}2H3

xL
2
v

Dpgq “ ~pI ´Π0qg~

Cpgq “ }∇xΠ0g}H2
xL

2
v

ż

T3ˆR3

gε,0px, vqµ
1{2
pvq

¨

˝

1
v
|v|2

˛

‚dxdv “

¨

˝

0
0
0

˛

‚ pICq

Theorem
There exists M0 ą 0 such that : for ε P p0, 1q gε,0 satisfies pICq and }gε,0}H3

xL
2
v
ďM0,

then the Cauchy problem (1) admits a unique global solution

gε P L
8
pr0,8q;H3

xL
2
vq

with the global energy estimate

sup
tě0

E2
ptq ` C0

ż 8

0

1

ε2
D2
ptqdt` C0

ż 8

0

C2
ptqdt ď C 10 E2

p0q

where C0, C
1
0 ą 0 are independent of ε.
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Strategy of the proof

We show the existence of local solution on r0, T s, T ą 0.

We introduce the following macroscopic energy

E2 :“ E2
` ηε

´

ÿ

|α|ď2

pB
αr,∇xB

α
pa, b, cqqL2

x
` pB

αb,∇xB
αaqL2

x

¯

, η ą 0

§ r “ ppI ´Π0qg, eqL2
v

§ e P Spantvi|v|2µ1{2, v2i µ
1{2, vivjµ

1{2, viµ
1{2, µ1{2u, for i, j “ 1, 2, 3 (so-called

13-moments of Grad [Guo] 2)

We choose η ą 0 small such that :

d

dt
E2
` c0

´ 1

ε2
D2
` C2

¯

ď c1E

"

1

ε
D2
` C2

*

, c0, c1 ą 0

Using that }gε,0}H3
xL

2
v
ďM0, to obtain

E2
pT q ` c2

ż T

0

"

1

ε2
D2
` C2

*

dt ď E2
p0q, T ą 0

2. Guo, Y. The Boltzmann equation in the whole space. Indiana University mathematics journal (2004),
1081–109
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Limit to fluid incompressible Navier-Stokes-Fourier

The hydrodynamical limit of (1) as ε goes to zero is the incompressible
Navier-Stokes-Fourier system associated with the Boussinesq equation which writes

$

’

’

&

’

’

%

Btu` u ¨∇xu`∇xp “ ν∆xu,
Btθ ` u ¨∇xθ “ κ∆xθ,
∇x ¨ u “ 0,
ρ` θ “ 0.

In this system :

θ : temperature

ρ : density

p : pressure

u : velocity vector field

ν : viscocity

κ : heat conductivity

The coefficients ν and κ are determined by L
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Local conservation laws

The fluid variables :

ρε “ pgε,
?
µq
L2
v
, uε “ pgε, v

?
µq
L2
v
, θε “

ˆ

gε,
´

|v|2

3
´ 1

¯

?
µ

˙

L2
v

Local conservation laws

$

’

&

’

%

Btρε `
1
ε
∇x ¨ uε “ 0

Btuε `
1
ε
∇xpρε ` θεq `

1
ε
∇x ¨

`

Apvq
?
µ, gε

˘

L2
v
“ 0

Btθε `
2
3

1
ε
∇x ¨ uε `

2
3

1
ε
∇x ¨

`

Bpvq
?
µ, gε

˘

L2
v
“ 0

where A “ v b v ´ |v|2

3
Id and B “ v

´

|v|2

2
´ 5

2

¯
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Theorem
There exists M0 ą 0 such that : if gε,0 satisfies

1) pICq, gε,0 P H3
xL

2
v, }gε,0}H3

xL
2
v
ďM0

2) There exist ρ0pxq, θ0pxq P H3
x and u0pxq P H

3
x such that gε,0 ÝÑ

εÑ0
g0 strongly in

H3
xL

2
v, where

g0px, vq “ ρ0pxq
?
µpvq ` u0pxq ¨ v

?
µpvq ` θ0pxq

´

|v|2

2
´

3

2

¯

?
µpvq.

Then, as ε ÝÑ 0,

gε á ρ
?
µ` u ¨ v

?
µ` θp |v|

2

2
´ 3

2
q
?
µ weakly-‹ in L8pr0,8q;H3

xL
2
vq.

pρ, u, θq P CpR`;H2
xq X L

8
pR`;H3

xq is a solution of the incompressible
Navier-Stokes-Fourier equation with initial data

u|t“0 “ Pu0pxq, θ|t“0 “
3

5
θ0pxq ´

2

5
ρ0pxq,

where Pu0pxq is the divergence-free part of u0pxq.
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1) Some existing results of weak convergence in the framework of strong solutions :
§ From Boltzmann equation without cutoff to incompressible Navier-Stokes :
[Jiang-Xu-Zhao, 2018]

§ From Boltzmann equation with cutoff to incompressible Navier-Stokes :
[Briant, 2015], [Briant-Merino-Mouhot, 2019], [Guo, 2006 ]

2) Some existing results of weak convergence in the framework of weak solutions :

§ The renormalized solutions for the Boltzmann equation (from DiPerna-Lions) and
the Leray solutions for the Navier-Stokes equations : Bardos, Golse, Levermore,
Lions, Masmoudi, Saint-Raymond...
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Remark on strong convergence

In [Carrapatoso-Rachid-Tristani, 2021] 3, we have improve the above result :

Strong convergence

L2-hypocoercivity Regularization
estimates in short time

Spectral analysis
by [Yang-Yu] 4

3. K. Carrapatoso, M. Rachid, and I. Tristani, Regularization estimates and hydrodynamical limit for the
Landau equation, 2021, arXiv : 2107.12044
4. T. Yang and H. Yu, Spectrum analysis of some kinetic equations, Arch. Ration. Mech. Anal. 222.2

(2016), pp. 731–768
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Strategy of the proof
From the global energy estimate we have :

§ sup
tě0

}gεptq}2H3
xL

2
v
ď C pN1q

§
ş8

0 ~pI ´Π0qgε~2dt ď Cε2 pN2q

By using pN1q, pN2q, we show the weak-‹ convergence of pgεqε to

gpt, x, vq “ ρ
?
µ` u ¨ v

?
µ` θ

´

|v|2

2
´

3

2

¯

?
µ

We show the following convergences

ρε ÝÑ ρ weakly- ‹ in L8pR`;H3
xq

uε ÝÑ u weakly- ‹ in L8pR`;H3
xq

θε ÝÑ θ weakly- ‹ in L8pR`;H3
xq

We use Aubin-Lions Theorem to prove

Puε ÝÑ u strongly in CpR`;H2
xq

3

5
θε ´

2

5
ρε ÝÑ θ strongly in CpR`;H2

xq

We obtain the proof by using the previous limits and local conservation laws
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Conclusion and Perspective

Conclusion :
We have obtained a weak convergence to the Navier-Stokes solutions from the
Landau equation.

Perspective :
What about the limit of Vlasov-Poisson-Landau ?
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Thanks for your attention !

Mohamad Rachid. Incompressible Navier-Stokes-Fourier limit from the Landau equation.
Kinetic & Related Models, 2021, 14 (4) : 599-638. doi : 10.3934/krm.2021017
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