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Part I: functional inequalities and stability
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Critical Sobolev inequality: best constant and optimizers

Sobolev’s inequality

Let d > 3, the Sobolev inequality states

INfll, = Su Ifll,,-  forany fe W (R)

where p* = d/(d —2) and [[f]], = (fy lfI” dx)?

> The optimal constant S, has been computed by Aubin and Talenti (1976) (but also previous
contribution by Rodemich (1966)) and it is achieved on

\Y%
5, — I7sl.
le.,-

_d=2
2

where g(x) = (1 + |x]*)

> By scaling, homogeneity and translations, the constant is achieved also on the manifold

M ={Grur(®) = A5 g (555 £ (A py) € (0,00) x R x R}
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nd Lieb

Stability: a question raised by Brezis and Lieb (1985)

Is there a natural way to bound from below

&s[f1 = IVl = S IF11,»

in terms of a "distance" to the manifold of the optimal Aubin-Talenti functions?

In other words: assume that (55[14] is small, can we prove that u is close (in some topol-
ogy) to a Aubin-Talenti function?
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The stability issue: a ques

Stability: a question raised by Brezis and Lieb (1985)

Is there a natural way to bound from below

&s[f1 = IVl = S IF11,»

in terms of a "distance" to the manifold of the optimal Aubin-Talenti functions?

In other words: assume that (55[14] is small, can we prove that u is close (in some topol-
ogy) to a Aubin-Talenti function?

> [Bianchi-Egnell (1991)] There is a positive constant C such that
. 2
Olf] 2 C inf |IVf = Vellizes) »

and M is the manifold of Aubin-Talenti functions. The constant C is NOT known!
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The stability issue: a question raised by Brezis and Lieb

Stability: improvements for the Sobolev inequality

Since Bianchi-Egnell’s result several improvements have been obtained

> [Cianchi-Fusco-Maggi-Pratelli (2009)] and [Figalli-Maggi-Pratelli,2013]
there are constants « and  and f — A(f) such that

Hf h”LZ* (RY)

IVflz2 ey = Sa (14 KA Il gy, AP =
“f”LZ* (]Rd)

= 1
heM

> [Dolbeault-Jankowiak (2009)] Assume that d > 3 and let ¢ = %. There exists a constant C
with I < C < 1+ 4 such that

C
12— (I g, = S0 [P o) r ar)
Hf”LZ*(Rd)

> Other contibutions: [Figalli-Neumayer, 2018], [Neumayer 2020], [Figalli, Ru-Ya Zhang
2020]

[ The problem of obtaining constructive results is widely open!
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The stability issue: a question raised by Brezis and Lieb

Stability of related families of inequalities

> Literature on stability of Sobolev type inequalities is huge:

— Weak L*"/%-remainder term in bounded domains [Brezis, Lieb, 1985]

— Fractional versions and (—A)* [Lu, Wei, 2000] [Gazzola, Grunau, 2001] [Bartsch, Weth,
Willem, 2003] [Chen, Frank, Weth, 2013]

— Symmetrization [Cianchi, Fusco, Maggi, Pratelli, 2009] and [Figalli, Maggi, Pratelli, 2010] >

Literature on stability of related inequalities

— Hardy-Littlewood-Sobolev: [Chen, Frank, Weth, 2013], [Carlen-Figalli,2013]

— Log-Sobolev: [Fathi, Indrei, Ledoux, 2014], [Eldan, Lehec, Shenfeld 2020], [Indrei, Kim,
2019], [Kim 2021]

> Literature on stability of inequalities in geometry
— [Frank, 2021], [Engelstein-Neumayer-Spolaor, 2021]
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A family of Gagliardo-Nirenberg inequalities

The Gagliardo-Nirenberg-Sobolev inequalities we consider

We consider the inequalities

INAI2 11157 > Cans(p) 1, (GNS)

0=, pe(l,4o0)ifd=1or2, pe(l,plifd>3, p"=;%

Theorem (del Pino, Dolbeault (2002))

Equality case in (GNS) is achieved if and only if

feMi={gruy : O, p.y) € (0,+00) x Rx R’}

Aubin-Talenti functions: gx ,..y(x) :== g ((x — y) /) where  g(x) = (1 + \x|2)_"i]

> Whend >3 and p = p* = d/(d — 2) we shall rename Cons(p*) ™" = Sy
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iardo-Nirenberg-Sobolev

Stability for Gagliardo-Nirenberg inequalities?

Let us consider the (homogeneous/scale invariant) deficit functional

Suans[f] = IVF1l; 1,57 — Cans If 1, > O
where ford > 3,1 <p < di pY,andford =1,21<p < oo =p*

Recall that (51-1(;1\/5[9] =0if g(x) = (1 + |)C| )71’?'

(Q): If dugnslf] is small, in what sense, if any, is f close to g? J

B> [Figalli-Carlen 2010] In R? with p = 3. Let f € W"?(R?) be a nonnegative function such
that |f||s(z2) = [19]l16(r2) (g being (an) Aubin-Talenti profile). Then there exist universal
constants Kj, d; > 0 such that, whenever ducny < 9,

Vinenslf] = Kiinf I = N g% @)

A>0,x0 ER?
> Other results by [Seuffert 2017], [Nguyen 2019]

> Another improvement is due to [Dolbeault-Toscani]
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Stability for Gagliardo-Nirenberg-Sobolev

Part I1: a constructive stability result
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Stability for iardo-Nirenberg-Sobolev

Preliminaries: non scale invariant form of the inequality

The non scale invariant deficit functional

Sanslf] := a |IVFIl; + b IfIEy — Kans IIfllz; " = 0

d—p (d—2 2p(1— d42—p (d—2
wherea=1(p—1°,b=2 Zil ) Kons = IIQIILZ,ERd)”) and v = %}_4))

&> Take f3 (x) := A% f(\x) then
Sonslfa] = a X | VflI22 ey + DA PIFID L @ty — Kons|lfll 20 (ray

Optimizing in A one finds [[V/]Z |15 7 > Cons(p) [I]
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Stability for Gagliardo-Nirenberg-Sobolev

Preliminaries: Entropy and Fisher information

> The Relative entropy recall that g' ™ = 1 + |x|*

Pl = 2 [ (o - g - g (1 - ) ) ax

)4

> A Csiszdr-Kullback inequality. There exists a constant C, > 0 such that

I =gl < || = |, < G VFTIGl if Wllasguoy = Igllizoe

> The Relative Fisher information

TIlg) ”“/ |0~ 1) Vi1 + 1 Ve[ ax

> We can rewrite the dgns[f] as

¥ Sowslf] = TTlg] — 4 Fflg]
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Stability for Gagliardo-Nirenberg-Sobolev

Constructive stability for Gagliardo-Nirenberg

The relative entropy
Flrlg) == 2 2 [, (lf|p+1 g — 12# 9" (If]> — gzp)) dx
The deficit functional

Sanslf) = a [|VFIl; + b IIFILT — Kox [IFI52 >0

Theorem (M. Bonforte, J. Dolbeault, B. Nazaret, N.S.)
Letd > 1,p € (1,p*), A > 0. There is a (computable) C > 0 such that
donslf] = Tfle] — 4 FIflg) = C FIflg]
foranyf e W:= {f e L'"(RY, (1 + |x[)*dx) : Vf € L*(R?, dx)} such that
d—p (d—4)

|[f||2p = ||g||2p , ‘/Rdxlf|2pdx =0 supr »r-! lf|2pdx <A

r>0 |x|>r

> As a consequence we get dns[f] > C |||f| — 9”2,, and danslf] > ||VIf] — Vol
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Stability for Gagliardo-Nirenberg-Sobolev

A general stability result

Theorem (M. Bonforte, J. Dolbeault, B. Nazaret, N. S.)
Letd > 1 andp € (1,p*). For any f € W, such that A[f] < oo, E[f] < oo, we have

IV 1122 oy Il gy — Cans IIf 2o aey 2 SIf1EIf]

The constant S[f] is computable!

2dslf]P e = M5
AL = < -1 I\Vf|\2> wlfl =

™ d—p (d—4) 2p
Alf] = —pacy—— supsor Sy [ (2 +27) 77 dx
AT I

P2 fua (z”:lmp“ gt - gt (S - P)>dx
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Ideas and strategy of the proof: entropy method and parabolic regularity

Idea of the proof in the non-critical case
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Ideas and strategy of the proof: entropy method and parabolic regularity

Stability by the fast diffusion flow

Ou = Au" in (0,00) x RY,
(Cp) o
u (0,x) = up(x) inRY,
Parameters and main features:

> m in the range _
& m1::%§m<l, with d >3, u €L} (R

> Existence and uniqueness in Li,. are settled, solutions are C*°, see Herrero-Pierre ’85.

/ u(t, x) dx = up(x) dx xu(t,x) dx= [ xuo(x) dx Vi>0.
RY R4 R Rd
> (CP) admits the self-similar solution (called Barenblatt)
i
Bu(t,x) = ! = By (xt?),
gt + o] =

where 9" =2 — d(1 —m) > 0, and

1

m—1

b
Bu() = | s + b
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Ideas and strategy of the proof: entropy method and parabolic regularity

Self-similar variables: entropy-entropy production method

Letd > 3, (d — 1)/d < m < 1, the a Fokker-Planck type equation
QK+V~P(VW”—20]:O
ot

can be obtained from u, = Au™ and admits a stationary solution

By = (14 4P) 7 = gy

1

whenp = 5.

A Lyapunov functional [Ralston,Newman 1984]
Generalized entropy or Free energy

Fly] o= _% } (v -B"—mB" (1= B)) dx

Entropy production is measured by the Generalized Fisher information

m—1 2
v |V + 2x

dx

d
dFp =10, I0:= /R d
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Ideas and strategy of the proof: entropy method and parabolic regularity

The entropy - entropy production inequality

1
Recall B(x) := (1 + |x|2)*m 7

m—1 2 B" v 2
) = v]vV +2x’ ae, Fpl= | (-2 4P v-8)) d
Rd R4 m m
By del Pino, Dolbeault (2002) we have

2 D p+1
Z0] = 47D] = G, (alI e + By = Kons W) = 2 Gl

where C, > 0,7 =v(p,d) > 0,p = -1~ , =L <m < Landv = [f]*”.

Also, if v solves % + V- [v (va_' - ZX)} =0

d
@] -4 b)) <0
[ Our goal: Z[v(t)] — (4 + n)F[v(r)] > 0 along the flow
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Ideas and strategy of the proof: entropy method and parabolic regularity

The asymptotic time layer improvement: ideas

In the large time asymptotic (where v ~ 3) we can "linearize" the quantities F[v] and Z[v] we
get

Fv] ~Flg] and Z[v]~I[g].
where g = vB"~> — B"~! and
Flg] := % / g B " dx and l[g]:=m(1— m)/ |Vg|? Bdx
Rd R4
In [Blanchet, Bonforte, Dolbeault, Grillo and Vazquez, 2009] the authors proved that
I[g] >4aF[g] where a=2-—d(l—m)
and a > 1if m € ((d — 1)/d, 1), which is an improvement with respect to

I > 4F]].

If(1—e)B<v<(14+¢e)Bthen Q)] := 2 > 444
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Ideas and strategy of the proof: entropy method and parabolic regularity

The initial time layer improvement: backward estimate

Consider, Q[v] := f_.[[ ]]

[;—Q<Q(Q 4)

Lemma
Assume that m > my and v is a solution to R-FDE with nonnegative initial datum v. If for some

n>0and T > 0, we have Q[v(T, )] > 4 + n, then

477e74T
> =
QO] 2 4+ o =7 Vt€0.T]

Q) : when can we gurantee that Q[v(¢,)] > 4 + 7 for some > 0 ?

v(tx)

or equivalently that || =g~ — 1||pcc ge) < €
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Ideas and strategy of the proof: entropy method and parabolic regularity

The strategy

Choosde >0, small enough

Get a threshold time t4 (&)

. tx(€ .
| Backward estimate | Forward estimate

< |

by entropy methods based on a spectral gap

Initial time layer Asymptotic time layer
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gy of the proof: entropy method and parabolic reg

Uniform convergence in relative error: statement

Theorem (M. Bonforte, J. Dolbeault, B. Nazaret, N. S. (2020) and M. Bonforte, N.S (2019))

Under the current assumptions, let € € (0, 1/2), small enough, A > 0, and G > 0. There exists
an explicit time t. > 0 such that, if v is a solution of

%+W%L(VW”—2Q]:0

with nonnegative initial datum vo € L' (R?) satisfying
2—d (1—m)

sup r (T—m) / Vo dx S A< oo (HA)
r>0 |x|>r

fRd vodx = fRd Bdx =M and Fuo) < G, then

v(t,x)

B(x)

1+A"" + G2
Ea

sup
x€R

—1‘ <e Vi>T:=log{m

}
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Ideas and strategy of the proof: entropy method and parabolic regularity

Back to Improved entropy-entropy production inequality

Theorem

Letm € (m,1)ifd >2, me (1/2,1) ifd =1, A > 0and G > 0. Then there is a positive
number ¢ such that

I > (44¢) FD
for any nonnegative function v € L' (R?) such that F[v] = G, Jzavdx =M, [, xvdx =0and
v satisfies (Ha)

We have the asymptotic time layer estimate
(1—-e)B<v(t,)<(1+e)B Vi>T

and, as a consequence, the initial time layer estimate

—4r

4ne

Zv(t, )] = (4 +¢) Fv(t,.)] Vtel0,T], where (= m
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Part I11: The Sobolev inequality




Ideas and strategy of the proof: entropy method and parabolic regularity

Why Sobolev is different?

The scaklee invariant deficit functional:

Suanslf] = VAU IFIEY — Cans Il =

whereford23,1<p§di p*.,andford = 1,21 < p < oo = p* and dpcns(f] = 0 iff

f € {8run (@) = pg ((r— )/} where g(x) = (1+]x")
The non scale invariant deficit functional:
Sanslf] == a [IVFll; + b IFI0T) — KonlIfll50 " =0

1 —pd=2) ;
wherea=1(p— 1% b= 2% Kon = ||g||L2piRd;’ and y = % iff f = gy
such that

p—1 —
N plf)=r = =/ e

IVFI2 = Sa Ifll3,+ = C(ZIf] - 4 FIf])
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Ideas and strategy of the proof: entropy method and parabolic regularity

Constructive Stability for the Sobolev’s inequality

The relative entropy
d—1 d—1
FIflal = 22 fu (17T =@ = 52 Q"7 (IfP7 = @) ) dx = [y (92 — 02 ) e
Theorem

Letd > 3 and A > 0. Then for any nonnegative function f € Wy~ (R?) such that

[P ac= [ aoxi)gax ana s [ p7ar<a,
Rd Rd

r>0 |x|>r
we have

V12 = 82 Ifllz,+ > Cs(A) FIflg]

The stability constant is C«(A) = €, (1 +A/C d)) ! yhere €, > 0depends only on d.

> As a consequence we get dans|f] > C |||f] — gHgZ and danslf] > || VIf] — Vg5
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Ideas and strategy of the proof: entropy method and parabolic regularity

The Sobolev case-I

Let us consider the fast diffusion equation, which we recall for convenience:

aV m—1Y\ _ o o
5+V'(VVV )—ZV-(xv), Wt =0,)=vp. (FDE)

For any x € R?, let us consider the Barenblatt profile By defined by

Ba(x) = 1B <%> where B(x) = (1 + |x\2)l/(m_l) .

We are interested in the specific choice of A corresponding to
1 2 . 2
A1) = ——— t,x)dx th K, := dx,
() 08 /]R" |x|7 v(z, x) wi K y |x|” B

where v solves (FDE) and 7 — fR(¢) is obtained by solving

=5 (m—mc)

1 2

%:(F \x|2vdx> —1, 7(0)=0 and K@) =" Vi>0.
* JRA

With these definitions, let us consider the change of variables

V{1, x) = ﬁw <z+7(z), ﬁ) V(%) €R* xR
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Ideas and strategy of the proof: entropy method and parabolic regularity

The Sobolev Case-11

>Let us consider the change of variables
1 X
6x)= ——wl(t+70), =) VY RT xR,
v(t,x) ER(I)"’W< +T(),%(l)) (t,x) € X

> If w is obtained by the above change of variables, then w solves

ow 4 (m—m) m—1Y\ __ _ o
aJr/\*(s)2 V-(WVW )72V-(xw), w(t=0,-)=w,

where the function ¢ + s(¢) := ¢ + 7(¢) is monotone increasing on R™, ), is defined by
Ae(s(r)) =A(t) V>0

and the function B, (s, x) := By, (5 (x) is such that for all s > 0

/]R" (l,x7 |x|2) w(s,x)dx = /JRd (l,x7 |x|2) B.(s,x)dx

>Same strategy as before but considering the best matching quantities

Flw,B.] and Z[w,B.]
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Ideas and strategy of the proof: entropy method and parabolic r

Thank you for your attention!

Thank you EFI!
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