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Introduction
Stationary solutions and phase transition
Stability and coercivity

The Cucker-Smale model
An introduction

@ An homogeneous model

@ Phase transition

@ Dynamics

Key tools: linearization and an adapted (non-local) scalar product

(Xingyu Li, arXiv preprint...)
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A simple version of the Cucker-Smale model

A model for bird flocking (simplified version)

0
o = DA+, (Vg()f )
where uy = [ vf dv is the average velocity

f is a probability measure

1 1

o) = 5 ol = 5 Jol?

(J. Tugaut, 2014)
(A. Barbaro, J. Caiiizo, J.A. Carrillo, and P. Degond, 2016)
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Stationary solutions: phase transition

0.4 0.5

@ d = 1: there exists a bifurcation point D = D, such that the only
stationary solution corresponds to uy = 0 if D > D, and there are
three solutions corresponding to uy =0, £u(D) if D < D,

Q@ uy = 0 is linearly unstable if D < D,

Notation: *O), *H),f*(_)
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Introduction

Dynamics

The free energy

FIf] ::D/Rdflogfdv+/Rdf<pdv—%|uf\2

decays according to
V,
D 7f + Vyp —uy

d
G =-[ o

@ d=1:if F[f(t =0,)] < F[f¥] and D < D,, then

2
fdv

Tt - T[] < oo

@ d = 1: X is the eigenvalue of the linearized problem at f*(i) in the

weighted space L2 (( f*(i))’l) with scalar product

{f. g ::D/ng(fﬂ)’ldv_ufug
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Stationary solutions and phase transition
Stability and coercivity

Stationary solutions and their stability
The critical noise

Relative entropy and related quantities

The Cucker-Smale model
Results and proofs
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An homogenous Cucker-Smale model

%:DAf+V~((v—uf)f+av(|v|2—1)f>

Here t > 0 denotes the time variable, v € R? is the velocity variable

_ Jga v f(t,0) dv
Ja f(t,0) dv

(J. Tugaut), (A. Barbaro, J. Canizo, J. Carrillo, P. Degond)

uy(t) is the mean velocity

Theorem (X. Li)

Let d > 1 and o > 0. There exists a critical D, > 0 such that
(i) D > Dy: only one stable stationary distribution with uy =0

(ii) D < D.: one instable isotropic stationary distribution with
us = 0 and a continuum of stable non-negative non-symmetric
polarized stationary distributions (unique up to a rotation)
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Relative entropy and related quantities

Any stationary solution can be written as

fu(v) ¢~ b (3 lvmul G o= Jof?)
(v

- L (L g2+ L 4= L y)2
Jppa 7B (Bl G =5 1) g

where u = (u1,..uq) € R? solves [, (u—v) fu(v) dv =0
Up to a rotation, u = (u,0,...0) = ue; is given by

H(u) =0

/Rd (1 — u) e~ pa)=un) gy, and va(v) = ¢ |1J|4—|-177‘l |v|?

J. Dolbeault
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A technical observation

H(u) = a/ (1—v]*) v e~ Blpal)mun) g,
Rd

because (integrate on R%)

D ai (e—%(%m—um) = (n —uta(v?—1)v)e dra®—um)
U1

(integrate on RY) and
H(u) = § faa (L= [02) vf em D700 dy | 30(0) = § S (far1—jars)

where j4(D) := fooo s? e~ %2(5) ds + elementary manipulations
e 2 @
Jnt+5 = 2jnt3 + Jng1 = / sl (32 — 1) e D ds>0
0
o 1
W jnts + (1 — @) jngs = / R A TR () O
0
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The bifurcation point D,

If d =1, let us consider a conZtinuous positive function 1 on RT such
that the function s — 1 (s) e*" is integrable and define

+oo
H(u) := /0 (1— %) 9(s) sinh(su)ds Vu>0

For any v > 0, H'(u) < 0 if H(u) < 0. As a consequence, H changes
sign at most once on (0, +00)

If d > 2, consider a series expansion

H(u) =0 has as a solution uw = u(D) > 0 if and only if D < D, and
limp_,(p,)_ w(D) =0

J. Dolbeault Flows, linearization, entropy methods
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Stationary solutions and their stability
The critical noise

Relative entropy and related quantities
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Plot of u — H(u) when d
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Relative entropy and related quantities

Q@  Flree energy

1
F1f] ::D/Rdflogfdvqt/wfcpadv—§|uf|2

Q  Relative entropy with respect to a stationary solution f,

11~ 51 = D [ f1o8 (L) o 5 g~ P

Q  Relative Fisher information

= [ |

D7+av|v|2+(1—a)v—uf
Q@  Non-equilibrium Gibbs state

2
fdv

(e} (e}
e~ (3 lv—w P+ (o' =5 [0]?)

G(v) =

- A (Lp—ur 2 pl4a— L y2
Joa €7 (Bl PG =5 102) g,
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Gibbs state vs. stationary solution

F[f] is a Lyapunov function in the sense that

d
&‘{T[f(t? )] = _j[f(tv )]

where F[f] — F[fu] = D/Rdf log <}f) dv — % lus —u/? and

If] = D? /Rd V log (éf)
d

LJf(t,-)] = 0if and only if f = Gy is a stationary solution

2
fdv
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Stability and coercivity

2
Quals) =t S 51 +29)] = D [ ¢ fudv— D[y, P
Rd
where vy := § [L.vgfudv
. 1 2 2
@2.ulg] = 611_1)% E—Qﬁ[fu (l+eg)] =D /Rd Vg — vyl fudv

Stability: (Q1u >0 ¢
Coercivity: Qau > A Q1,u for some A >0 7
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Stability of the isotropic stationary solution

Quolal = D [ ¢*fodo—D* v,

We consider the space of the functions g € L?(fo dv) such that

/ gfodv=0
Rd

Lemma (X. Li)

Q1,0 is a nonnegative quadratic form if and only if D > D, and

Q1,0l9] > n(D) /Rd 9% fo dv

for some explicit n(D) > 0 if D > D,

J. Dolbeault Flows, linearization, entropy methods
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Stability of the polarized stationary solutlon

Corollary (X. Li)

F has a unique nonnegative minimizer with unit mass, fo, if D > D,.
Otherwise, if D < Dy, we have

min F[f] = Ffu] < Flfo]

for any u € R? such that [u| = u(D).

v

The minimum is taken on LY (R%, (1 4 [v|*) dv) such that [g, fdv=1

Corollary (X. Li)

Let D < Dy, |u| = u(D) # 0. Then

Ql,u[g] >0

Hint: f, minimizes the free energy
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A coercivity result

Poincaré inequality: if [, hfodv=0

/ |Vh|? fy dvaD/ |h|? fiu dv
R4 R4

Let f € LY(R?) with [p, fdv=1, g = (f — fu)/fa and let

ulf] = %D) uy if D < D, and uy # 0. Otherwise take u[f] =0

Proposition (X. Li)

Letd>1, >0, D>0. Ifu=0, then

QQ,u[g] 2 eD Ql,u[g]
Otherwise, if lu| = u(D) # 0 for some D € (0, D..), then

Guald 2 € (1= n(D) 222 01,1
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Stationary solutions and phase transition Coercivity
Stability and coercivity Rates of convergence
Recall that vy := 5 [pu (v —u) g fu dv

Qouala] = €0 (1 (D)) Y 0, 14l

[vyl? uf?
k(D) < 1 and as a special case, if u = u[f], then

Q2,ulg] = Cp (1 — k(D)) Q1,ulg]

J. Dolbeault Flows, linearization, entropy methods
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Apply Poincaré to h(v) = g(v) — (v —u) - v,

57 Qualdl = [ [Va—vif* oo
> [ (@ vy (= WP = 2v, - (0= w)g) fud

b [/ 9 fu dv+/ vy (v— W) fudv— 2D v,[?
R4 Rd
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Lemma (X. Li)

Assume that d > 1, a > 0 and D > 0.

(i) In the case u =0, we have that [5, |v|* fo dv > d D if and only if
D < D,

(ii) In the case d > 2, D € (0, D,) and u # 0, we have that

/ |(v— u)-u|2fu dv < D|ul?
Rd

/|("U—u)~wi2fudv:D|w|2 VweR? such that u-w=0
Rd

v

% |(v—u) ~w|2fu dv=r(D)(w-e)? +|w|* — (w-e)> VYwecR?
Rd

J. Dolbeault Flows, linearization, entropy methods
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High noise: convergence to the isotropic solution

For any d > 1 and any a > 0, if D > D,, then for any solution f with
nonnegative initial datum fi, of mass 1 such that F[fin] < oo, there is
a positive constant C such that, for any time t > 0,

0 < FIf(t,-)] — Flfo] < C e ®P?

J. Dolbeault Flows, linearization, entropy methods
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An exponential rate of convergence for radially
symmetric solutions

Logarithmic Sobolev inequality

folre (3)

2

Faoz%o [ flos (J{) o= -] (1)

Proposition (X. Li)

A solution f € C° (R*,Ll(Rd)) of with radially symmetric initial
datum fi, € L1 (R?) such that F[fim] < co. Then

0 < FIf(t, )] — Flfo] < C e

for some A >0

The Gibbs state and the stationary solution coincide

J. Dolbeault Flows, linearization, entropy methods
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Continuity and convergence of the velocity average

Let a >0, D >0 and consider a solution f € C° (R*,L}(R%)) with
initial datum fi, € LY (R?) such that F[fin] < co. Then t+— us(t) is a
Lipschitz continuous function on RT such that lim,_, y us(t) = 0 if
D > D, and lim;_, o |us(t)| = v with either u =0 or u = u(D) if

D € (0, D)

@:—a/ v (jo]? = 1) f do
Rd

Q  Csiszar-Kullback inequality

f 1 2
/Rdf log <Gf> dv > 1 1f = Gellts ey

/Rdv(f—Gf)dUZUf—/Rd’UGde:/Rd(Uf—U)Gde):— &)
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A non-local scalar product for the linearized evolution
operator

In terms of f = fo (1 + g) the evolution equation is
dg
fo =DV ((Vo=v,)fo—vy9h)
with vy = & [, vgfo dv and Q1,0(g] = (g, g) where
(91, 92) == D/d 91 92fo dv — D* vy, - vy,
R

is a scalar product on the space X := {g € L%(fo dv) : fRd gfodv= 0}

dg

5 =Lg—v,- (DVg—(v—FV@a)g)

Lg:=DAg—(v+ V) (Vg—vy)

J. Dolbeault Flows, linearization, entropy methods
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Lemma (X. Li)

Assume that D > D, and o > 0. The norm g — \/{g, g) is equivalent
to the standard norm on L2(fo dv) according to

U(D)/dngodv <(g,9) < D/dngo dv YgeXx
R R
The linearized operator L is self-adjoint on X and

—(9,Lg) = Q2,0[9]

J. Dolbeault Flows, linearization, entropy methods
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The scalar product (-, -) is well adapted to the linearized evolution
operator in the sense that a solution of the linearized equation

99

_y
ot 9

with initial datum gy € X is such that

1d

@[] 5%@m=@wm=—%mm

2dt

and has exponential decay. According to Proposition 3.4, we know
that

<g(t7 ')7g(t7 )> = <90790> 672 Cot Vt>0

J. Dolbeault Flows, linearization, entropy methods
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Proof of the exponential rate of convergence

dg
ot

A Gronwall estimate

=£g-v, (DVg—(v+Vea)g)

2 dthO[ g+ Qaolg) = Dng'/ 9(Vg =) fodv
R
based on

2 Quols) < 260 (1 - lus(0)] /358 ) @rold

We know that lim;_, ;o |uy(t)| = 0, which proves that

limsup e2(¢2=9)t Q, 4[g(t, )] < +oo

t—+o00
for any ¢ € (0,Cp)

J. Dolbeault Flows, linearization, entropy methods
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Symmetric and non-symmetric stationary states

Without limitation on D but without rates...

Lemma (X. Li)

For any d > 1 and any a > 0, if D < D,, then for any solution
fece (]R*, Ll(Rd)) with initial datum fi, > 0 of mass 1 such that
Flfin] < Flfo]. Then limy 4o |ugp(t)| = (D) and

limg s oo FIf(t, )] = Flfu] for some u € R? such that |u| = u(D) and

flt+mn,) — fo in LYR* xR?Y as n— +oo

if im0 up(t) = u

J. Dolbeault Flows, linearization, entropy methods
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An exponential rate of convergence for partially
symmetric solutions in the polarized case

Proposition (X. Li)

Let a >0, D >0 and consider a solution f € C° (R*,L}(R%)) with
initial datum fi, € LY (R?) such that F[fin] < Flfo] and

ug, = (u,0...0) for some u# 0. We further assume that

fin(v1, v2, .o 01, V. o) = fin(v1, Vay o V1, — vy, .. .) for any { = 2,
3,...d. Then

0<TFIf(t, )] = Flfu] < Ce?t VE>0

holds with A\ = €p (1 — k(D)) >0

Without symmetry assumption, the question of the rate of convergence
to a solution / to the set of polarized solutions sis still open

J. Dolbeault Flows, linearization, entropy methods
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These slides can be found at
http://www.ceremade.dauphine.fr/~dolbeaul /Lectures/
> Lectures
The papers can be found at
http://www.ceremade.dauphine.fr/~dolbeaul /Preprints/
> Preprints / papers

For final versions, use Dolbeault as login and Jean as password

Thank you for your attention !
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