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Abstract We study a special class of non-convex functions which appear in non-
linear elasticity, and we prove that they have a well-defined Legendre transform.
Several examples are given, and an application to a nonlinear eigenvalue problem.
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1 Introduction

We want to define a Legendre transform FL (y) for functions F (x), where x is an
N x K matrix, and F' involves the various cofactors of x. Note that F' then has to
be strongly nonlinear, and nonconvex. The simplest case is when N = K and F is
a function of the determinant only: F (x) = @ (detx). We show that the Legendre
transform of

N
F (x) = — |detx|"/V
p

is
N
FE(y) = — [dety /™
q
with 1/p+1/g = 1, thereby generalizing the classical duality between L? spaces.

The next simplest is when F is a function of the (N — 1)-cofactors of x: in the case
when N = K = 3, we give conditions under which F has a well-defined Legendre
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2 I. Ekeland

transform. This covers for instance the area functional, defined over 2 x 3 matrices
_ (i .
xX= (x j> by:

1.2 .2.1\2 1.2 .2.1\2 12 2.2/
F(x)= [(xlxz —x1x3) " 4 (x5 —x7x3) " + (943 — x3x3) ]
which turns out to be its own Legendre transform (in other words, it is self-dual).

Note that with our definition, the Legendre transform F L of F satisfies the
usual duality relations:

() =F

(F) " = ()
The paper is organized as follows. First we define precisely what we mean
by a Legendre transform. Then we study two polar cases. In the first one F is a
function of the determinant only, and in the second F' depends only on the 2 x 2
cofactors of a 3 x 3 matrix. We give several examples, and we conclude by giving
an application to a nonlinear eigenvalue problem.

2 The Legendre transform

Let X be a finite-dimensional vector space, and Y its dual, the duality pairing being
denoted by < x,y >.Let F: X — Rbe aC! function and F' (x) €Y its derivative at
x. The classical formula of Legendre associates with every y € Y aset I (y) C R
defined as follows:

ILy)={<xy>—-F@x)|y=F(x)}. (D)

Usually, the right-hand contains several points, so that I is a multi-valued
map from Y to R. We refer to [1] for a study of this map. For certain classes of
functions F', however, the right-hand side is a singleton, so that formula (1) defines
a function on Y, which is then called the Legendre transform of F'.

Definition 1 Consider a map F : €2 — R, where € is a submanifold of X, and set
X = F' (). We shall say that a C! function G : ¥ — R is the Legendre transform
of F if X is a submanifold of ¥ and:

xeQ, y=F (x)] = <x,y>—-Fx)=G(y).

Of course, if F' is one-to-one, this formula becomes:
-1 -1
(y),y>—F ((F’) (y)) Vye (F') ().

We shall denote the Legendre transform of F by F L 5o that FL£ = G in the above.
It follows from the general theory of the Legendre transform (see [1]) that F/ and
G’ are inverse of each other and that F (x) is the Legendre transform of F% (y). In
other words, we have the classic formulas:

()" =F

G(y) =< (F)'
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(F)" = (F
There is a well-defined theory of Legendre transform for convex functions. In
that case, £ = X and the Legendre formula is replaced by the Fenchel formula:

F* (y)zsgp{yx—F(x)}

so that differentiability is no longer required. The Fenchel transform F* will co-
incide with the Legendre transform F’ provided F is C! and strictly convex. We
now proceed to give other classes of functions which have a well-defined Legen-
dre transform. Roughly speaking, these will be functions F' (x), where x is a matrix
and F depends only on the cofactors of x.

Given a number K and some k < K, we shall denote by Zk the set of strictly
increasing maps of {1,...,k} into {1,...,K}:

P =A{rn:{l,..k}—{1,. K} |n(l)<..<m(k)}

and by ¢ (K,k) = Ck its cardinal. We can also think of %k as being the set of
ordered subsets of {1,..., K} with k elements. Similar notations will hold for Py
and ¢ (k,N), provided k < N.

Consider a fixed N-dimensional space E. An element x € E* will have coordi-
nates x,, 1 <n < N. Given a family of K linear forms, (x1 ,-.-,xK), and a number
k <min{K,N}, there are ¢ (K,k) x ¢ (N,k) square k X k matrices which can be
extracted from the matrix x*. Each of them is specified by a certain choice of k
lines and k columns, that is by some & € Pk and some ¢ € Hk. We shall denote
it by:

o 7 1<i<k
HEA

Yo = Yol )<<k
and we shall denote by A" (x!,...,x¥)its determinant:
AP (o xK) = det [x7].

We then define a map Ay : (E*)X — ROKK) x ReENA) by

nePk

b= (AF)EETE. @

So the map Ay, just associates with a N x K matrix (x’,,‘) the determinants of all
the k£ x k matrices which can be extracted from it, that is, its k-cofactors.

Lemma 1 We have:

,0o
” o= ka’ 8A .
n,j
Proof This is just the Euler identity for k-homogeneous functions. O
Lemma 2 Set: 5
n__
Z (7'[, G)] W det [ ]

We then have:
det [z(m,0)%] = (det[{Z])* .
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Proof We know that (zc) is 0 if n does not belong to the image of x, or if j does
not belong to the image of 0, and that otherwise it is just the cofactor of x’; in

the matrix (x2). The last identity then follows from the well-known fact that the
determinant of a k x k matrix raised to the (k — 1)-th power is the determinant of
the cofactor matrix. O

As we stated in the beginning, we are interested in functions of the (x’n‘) which
involve the A;. We now make this idea precise. Consider the map:

A= (Ay,....,A) R - H
H — RNK X RL(N k) (K k) X RC(N,K)'

A function @ : H — R will be called trivial if it depends on the NK first coordi-
nates only that is, if it factors through (E* )K. Note that every function F : RV — R

can be written F = ® o A, where @ : H — R is the identity on (E*)* and sends all
the other coordinates to 0. This is called the trivial factorisation.

Definition 2 A function F : RVX — R will be called k-adapted if it factors through
Ay, that is, if we have F = @ o A for some function @ : REVAKK) s R Tt is
adapted if it factors non-trivially through A, that is, if we have F = @ o A for
some non-trivial function @ : H — R such that @ o A;.

We now write the formula for the Legendre transform. Take an adapted func-
tion F : RNK — R:

F(x)=F (xl,...,xK) =F (x{l) =0 (A,f’c) =0(A)
and pair K x N matrices with N x K matrices by:

<x,y>= Y x3)}
n,j

Substitute in the definition (1):

oxi
dDd 9A"°
{2 5= X A o }
k,m,0 axn
C 0D IAN° oD IATC
= X —ms——— @A) Y= ek
{2 S ewi 5T o
0P < ;94" ID IAFC
= X — — D(A y— Tk
{k%oaAlf’an,} " ox, ()i k%oaAlf’G ox)
2% dDd 0A°
= k ATC D (A) ]y = S
{k%c dA ! W1 k%c‘MnG I }
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where A stands for A (x1 s, xK ) We rewrite the result in more compact notation:
P (9Ak

Iz (y1,-, k) s Ak— Vi= “4)
( 2 @l / 2 A Jxl

We would like to give general conditions on @ which would ensure that the
right-hand side is a singleton, so that ' has a well-defined Legendre transform.
In addition, we would like to show that if F is k-adapted, then F’ is k-adapted as
well. Unfortunately, we have not been able to fulfil this program (the calculations
very quickly become horrendous) so we will be content with two examples.

3 Functions of the determinant

We take N = K. So let x be the square matrix with coefficients xX. Denote by X*
the cofactor of xX in X. We consider functions F : RY — R of the following type:
F (x) = @ (detx)

where @ : R — R is a C! function.
Let us apply the preceding theory. We have:

JF ddetx X
yz = a_xﬁ = (D/ (detx) a—xﬁ = (D/ (detx) dCtXn . (5)
Hence:
2 ik = @' (detx) Y xh det XF = N@' (det X) detX. (6)
nk

On the other hand, denoting by ¥ the matrix with coefficients y, and by z the
matrix with coefficients zz = detX,l,‘, we have:

detY = (@' (detx))" detz = @' (detx)" (detx)" " (7

Proposition 1 Assume that @ is such that the function t — tN='@' (1) is invert-
ible on (a,b), and let y : (d',b') — R be its inverse. Set Q = {x|a < detx < b}
and X = {y | d' < dety < b'}. Then the function F : Q — R given by:

F (x) = @ (detx)
has a Legendre transform FX : X — R given by:

Fh(y) = N @' (y(dety)) y (dety) — @ (w (dety)). ®)

Proof Equation (7) gives detx = y (dety). Writing (6) and (7) back into formula
(3), we get:

NGy = {N @' (detx) detx — @ (detx) | ! = @' (detx) detx,’;}
= {N @' (y (dety)) y (dety) — @ (y (dety)) }

yielding a unique value. d
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3.1 Example 1
Take @ (t) = % t|P/~, with p € R, so that
N
F (x) = = |detx|"/V . ©9)
p

Note that F is homogeneous of degree p. If p # 0, then tN '@’ (1) = 17—,
which is invertible provided p # 1, yielding y (s) = s'/(P=1). Substituting in the
above, and taking advantage of the fact that @ is homogeneous of degree p/N, we
get:

FL(y) =(p— 1)@ (y(dety)) = (p— 1)% |dety|1_77LI% )

Proposition 2 If p # 0 and p # 1, the function F : RV =R defined by (9) has a
Legendre transform FL : RN LR defined by:

N
FL(y) — ; |dety|q/N7

. 1 1 _
with 1_7+5_1'

Note that this duality holds for any value of p different from 0 and 1/N, in-
cluding negative ones. Note also that if N > 1 (the only interesting case), this
duality between @ (detX) and ¥ (detY) has nothing to do with convexity. On the
one hand, if p/N > 1, so that @ (¢) is convex, then 0 < g/N < 1, so that ¥ (¢)
is not convex. On the other hand, it is easy to check that if y # 0, we can find a
matrix x such that Zx’n‘yz = 1 and detx = O; it follows that the function

1
x— ij‘,,yz — —(detX)?
p
is unbounded from above and from below (consider the sequences x, = +nx), and

the critical point in the definition of the Legendre transform cannot be a global
minimum or maximum.

3.2 Example 2

Take p = 1 in the above, so that @ (r) = N¢'/N and:

F (x) = N |detx|'/V. (10)
The function F is defined on the whole of RY 2. On the other hand, we have
oF
Yi = 5 (x) = @' (detx) det X,
dxk

by (5), and dety = 1 by (7). Consequently F' maps R" ? onto the set X = {rl
dety = 1}. On the other hand, formula (8) yields quite simply I7,(y) = 0. Hence:

Proposition 3 The Legendre transform of the function F : RV LR given by (10)
is the function FL : ¥ — R given by FL (y) = 0.
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3.3 Example 3

Take @ (1) = In|z|, so that:
F(x) =In|detx]. (1D
Set Q = {x| detx # 0}.

Proposition 4 The function F : £2 — R defined by (11) has a Legendre transform
FL: Q — R defined by:
FE(y) = N+1n|dety|.

The proof is left to the reader. It follows that the function G (x) = In|detx| +
N/2 is self-dual, i.e. Gt =aG.

4 The case of (N — 1)-cofactors

We shall work with N = K = 3. We presume that similar results hold in the general
case, but we have not been able to handle the notations.
Denote by xthe 3 x 3 matrix with coefﬁcientsx’n‘, withl <k<Kand1<n<N.

Denote by X* the cofactor of x* in x, and by AF its determinant. Set

X 1<k<K 9
A= (An) eR.
1<n<N

Let @ : R° — R be given. Consider the function:
F(x)=®(A). 12)

The formula for the Legendre transform then becomes:

L K L (9Ak
It(y)=42) =—(A)A, 13
Let us simplify this formula a little bit by setting:
P
D =—(4).
We then have:
0A]
2 = Y @=L (x (14)
! ax s 0%

because, if k = j or n = i, the variable xX does not appear in the cofactor X*. If
k # j, we shall denote by p (j,k) the number in {1,2,3} which is different from
both k and j. Similarly, if n # i, we shall denote by ¢ (i,n) the number in {1,2,3}
which is different from both n and i. If k # j and n # i, we have:

Al = (1" IR (i) ka0

1
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where: the exponent m (i, j,k,n)is 0if k > p (j,k) andn > g (i,n), orif k < p (j, k)
and n < ¢ (i,n), and m (i, j, k,n) = 0 otherwise. It follows that:
o4/
dxk

_ (_qymlijikn) p(jk)
=(=1) "Z(im

and hence: )
V= 2 (_1)(/#17(],/6))(" q(in) (D;XZ
i#n j#k
Let us now consider the 3 x 3 matrix y with coefficients y}, denote by V'
the cofactor of y;; and by D7 its determinants. Without loss of generality, we can
assume that n =k = 1, and we get:
D} =y3y: — i3
= (‘Dl]xg — @5xy — Dix; + <D3x1) (‘Dl X+ ‘szz + DPxt + ‘szl)
— (—<Dl]x% — @2)&'3 + (Dl xl =+ <152x1) ( (Dl .X'2 =+ (D3.X'2 (Dl xl =+ <D3x1)
1 2 1 3
((Dl ) (x3x2 .X'3.X'2) + ((Dl (Dz) (x3x2 .X'3.X'2) +
((Dll @1 ) (.Xg.x% X3x1) =+ ((Dl (Dz.X3.xl — @21 (Dlz.xéx?) +
(<D31 oY ) (— —xix3 +x3x2) + (—<D31 Dixlx? + D) dizx%x%) +
( @3 @2X3x1 +(D2(D3x3x1)+ (‘D?@]l) (—x1x2 +x1x3)+
( x1x2+(D2x1(D1x2)+(—(D1(D xlx1+¢2x1¢1x1)+
+ (D3x] @33 — DA Dix)) + (D3 x| D x) — Dix| D3xh) +
—l—(<D3x1<D]x1 <151x1<153x1)—|—(<153x1<152x1 @2)&'1@3)&'1)
Lemma 3 If the matrix @} has rank 1, then the D}, can be expressed in terms of
the Ak as follows:
= @} (DFA; + DAL + D3A;+
343 243 341 342 343 (15)
+DFA; + DIA; + DJA; + DA + D3A3) .
Proof 1f the matrix @] has rank 1, all its 2-cofactors vanish, so that <D,§'<D} =
<D;’ <D,i. The previous expression then simplifies:

2
D} = (@) Al + (@} <1>2)A1 + (o @}) A3+

and @/ factors out. O

If @ is homogeneous of degree «, the expression (15) simplifies by the Euler
identity:
P

W(A) (16)

Di=0®/® =0ad(A)

and the formula (13)for the Legendre transform I of F becomes:

nL0)={(2e-1)®(4)| D= ad(A)® (4)}.
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Proposition 5 Assume that the function F : R® — R is given by F (x) = @ (A),
where @ is homogeneous of degree o, and the matrix d® /dAF has rank 1 every-
where. Assume that X = F' (Rg) is a submanifold, and that:

[D] = OC‘D(A]) 04 (A]) and Dy = OC(D(AQ) 04 (Az)] — (D(Al) = (D(Az) .
Then F has a Legendre transform F* : X — R given by
F(y) =¥ (D) (17

where the D} are the determinants of the 2-cofactors of y, and ¥ (D) = (2o — 1)
@ (A) for any D such that D = o0 @ (A) @' (A).

4.1 Example 4

We consider functions F : R? — R of the following type:

Feo= (S (Zane Sadr) = o).
We have
0 = S =B (Tahe +(Tahe+ (24\3)"‘)“ (S abe!
JA; ~
so clearly the matrix @} has rank 1. The equations (16) become:

D} = apeio— (op) (Sah®+(Tad +(Tae)  (Zahe!

n
from which we get
D; = Di =D fork=1,2,3. (18)
In other words, the Legendre transform will live on the 3-dimensional sub-

space X of R° defined by the equations (18). Setting Di = Dy for every i, we
continue the computations:

2

o o (2B-1) g%
(D)™ = (0p) (<2A,1>“+ (T a2 + <2AS>“> (3 ahe,

Y (D)7 = (o) ((2AJ>“+<2A§>“+<2AS>“> .

n n
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Finally, the Legendre transform of F turns out to be the function:

Bla=1)

a 2ap—1
FE(v) = aB —1)(aB)” i (2(%)“)

k

restricted to the 3-dimensional subspace X C R° defined by the relations D} = Dy.
Here, D} denotes the cofactor of yj in the matrix Y.

Note that F is homogeneous of degree 2c¢3 and F* is homogeneous of degree
208/ (2af —1). Setting p =2af and g =203/ (2 — 1), we find that;

1
—+—-=1
P q

4.2 Example 5

Let (x1 ,xz) be a pair of vectors in R>. We consider functions F : R® — R of the
following type:

Xl 1.2 1.2
X7 X X5 X
F(x',x%) = det |[*171|,det|* 11|, det| 373
2 1.2 1.2
X3 X 3X3 X3 X3

where ¥ : R? — Ris a C! function. In the previous framework, this can be under-
stood as a function F (X), where X is a 3 x 3 matrix, which depends only on the
first three cofactors. Clearly the rank condition will hold, and the previous results
apply. It will be more convenient, however, to run through the computations again
in that particular case, with simplified notations.

SetA = (A3, Ar, A]) , with:

1.2 2.1
A3 = XXy — XX,

1.2 2.1
Az = X1X3 —X1X3,
A= x%x% —x%xé.

We have F (x!',x?) = @ (A). Set y; = dF /dxk and compute the cofactors. We
get:
o0\’ 0D I 0D I
DP 2 2 A A A
YW=\ G ) BT\ amaa ) T \amaas )

oD \? 0D 0D 0D 0D
2_ 13 13 _ (99 Rt -~ 7=
D™ = y1y2 =y (8 2) A2+<(9A3 aA2>A3+<8A28A1>A1’

A
oD\ ? 0D db 0D db
3 el vy v vy v

D' =iy —yi = (am) A1+<aA1 8A2>A2+<(9A1 (9A3>A3'

We summarize:

D" =

dD [ 0D P P
oA, [a—A]Al + 5 M+

—A =1,2,3. 19
8A2 8A3 3:|,I’l y <y ( )
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As a particular case, consider the function:
1/B
1 2 1.2 2.1\« 1.2 2 1\ 1.2 2.1\
F (x , X ) = [(xlxz—xlxz) + (x1x3 —x1x3) + (x2x3 —x2x3) ] . (20

When o = 1/ = 2, this gives the area of the triangle spanned by the vectors
x! and x>. We apply the preceding result, with:

@ (43, 40,A1) = (A1) + (42)“ + (4)°]
The system (19) becomes:

261 _
= (aB)” [(A1)° +(42)" +(49) )" (4"

and can easily be inverted (note that if o = 1/8 = 2, we get the identity). We get:
2B-1

Ay = (@B) T T [(DNFT 4 (D) 7T 4 (D) 7T] T (o)

Substituting into formula (17), and taking advantage of the fact that @ is homoge-
neous of degree o3, we get the Legendre transform:

FE (v1,y2) = (208 — 1) [(A1)* + (42) + (43)*]

:(206[3—1)(0([3)7220%—11170@1 [(Dl)%+(D2)a%+(D3)m:|2aﬁ 5B
20-1 of

= (o~ 1)(ap)
o—1
o . o 150578
o— o— o— zaﬁ 1
x [(y?yi—y%y?) T+ (v =) T + (013 — iy} '} :

Note that if ¢ = 1/ =2, we find F = FL: the function F is its own Legendre
transform. Note also that F is homogeneous of degree 2.8 and F homogeneous
of degree 2a:8/ (2o —1). Setting p = 2aff and g =23/ (2af — 1), we find
that
1 1
— 4 - = 1
P q

as before.

5 A variational problem

As a example of possible application of this kind of duality, let us consider the
following problem. Given a positive definite quadratic form (Ax,x) on RV ? anda
N x N-matrix f, we want to solve @' (x) =0, where::

()= 5 (Ax0) - et (£.5).

Such points are called critical points of @. Any critical point of F solves the
system:

Ax = |detx|P/N X 4 f
where X is the matrix of cofactors of x.
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Proposition 6 If p < 2, there is at least one critical point for ®.

Proof Since p < 2, the function @ is coercive: @ (x) — o when ||x|| — . So it
attains its minimum at some x, which has to be a critical point.

We now use duality theory to treat the case p > 2. We shall use an extension
of the Clarke duality formula (see [2]):

Proposition 7 Suppose F (x) has a Legendre transform F (y). Consider the func-
tions @ and ¥ defined by:

D(x)= %(Ax—f,x)—F(x)

1
W (y) =5 (Ay+ 1)~ F* (4y).
If y is a critical point of ¥, then x = y+A~ f is a critical point of ®.

Proof If y is a critical point of ¥, we have ¥’ (y) = 0, and hence Ay + f =
A (FL)/ (Ay). Since A is invertible, it follows that y + A~! f = (FL)/ (Ay). Since

-1
[(F)'] " = F. it follows that
Fly+a™lf) =ay=A(y+a"'f) —f
so that F’ (x) = Ax — f, as desired. ]

Proposition 8 If p > 2, there is at least one non-trivial critical point for ®.

Proof Consider the function:

1 N
W) =5 (A f) - ldeudy .

By proposition 6, the function ¥ has a critical point y # 0. By proposition 7 it is

also a critical point of @. O
Note that in this case inf @ = —oo, so that the critical point x cannot be a
minimizer.
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