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Abstract: We prove regularity up to the boundary of the solution of an
unusual variational problem arising in mathematical finance.

This paper is dedicated to Victor Yudovich on his 70th birthday.

1 The variational problem.

In this paper we consider a variational problem arising in mathematical finance
(see [1]). It concerns functions defined in the open positive cone R’} in R". The
problem is to minimize a positive definite quadratic form in derivatives up to
order n. The unusual feature here is that not all derivatives up to order n are
involved, only special ones. The principal result of the paper, Theorem 1, is a
proof of smoothness of the solution in the closure of R, including the origin.
We begin with notation For any multi-index a = (avy, ..., ), we denote:

D%u = 031 032...05"u
where 03¢ = 0% /0x;.

Set:
A, ={a=(a1,....,an) | Vi, a;=0 or 1}

We will consider only multi-indices « in A,,, and the corresponding deriva-
tives D%u. We shall set:

D= {D% | o € A,}
For instance, we have:
o forn =1, D'u = {u,du}.

o forn=2, D>u= {u, Ozu, Oyu, 0, 0yu} .



e forn =3, D3u= {u, Oz, Oyu, 0.u, 0,0 u, 030, u, Oyd,u, Dy0y0,u} .

The highest-order derivative in D™u is 8'92...9"u. Denote by D?_, the set
of all other derivatives:

Dl ju={D%|a€ A, a#(,.,1)}

Here is the problem coming from [1]. Given a symmetric, positive definite
(2" —1) x (2" — 1) matrix @, find a function u : R’} — R which minimizes:

J (u) :/// [(azlam...aznu)% (QDg_lu,D:;_lu)] dz1dzs...dz,
’ M

subject to:
u(0)=1
In the paper [1] it is proved that there is a unique solution. The proof
consists of introducing the quadratic form:

2
Hy(w) = D%l

acA

and the Hilbert space F, consisting of all functions u such that H, (u) < oo,
with the norm H, (u)1/2. The problem then becomes:

inf J(u)
(P) { u€ FEy,u(0)=1

It is easily seen that all functions in FE,, are continuous and go to zero at
infinity. In fact, the injection E,, — C° (Rﬁ) is continuous, so that the boundary
condition u (0) = 1 defines an affine linear subset of FE, with codimension 1.
Since J is a continuous, positive definite quadratic form on E, it attains its
minimum at a unique point, which is the only solution of the problem.

If w is that minimum, it must satisfy the usual optimality conditions, namely:

J

for all ¢ € E,, such that ¢ (0) = 0.
As an example, let us work out these conditions in the special case when
n = 2 and:

((92,000000,10) (D0, 0200, 0) + (@D Dy _yp) [ de =0 (2)

n
+

J (u) = // [uiy + au2 + 2bugu, + cuf/ + du®] dady (3)
R

Note that, since @ is positive definite, we must have d > 0.
We then get:

//1%2 [uxy%cy + augp, +0 (UxQDy + “y‘Pw) + cuypy + dup] drdy = 0 (4)
2



for all ¢ such that ¢ (0,0) = 0. Taking a function ¢ with compact support
contained in the interior of Ri, we get the Euler-Lagrange equation:

Ugzyy — QUgz — 2bu$y — Clyy + du =0 in R%F (5)

and any smooth solution w in the closure of R is subject to the boundary
conditions:

Ugyy — OUz —buy =0 onz =0, y>0
Uggy — by —cuy =0 on y=0, 2>0
u(0,0) =1

In the case n = 1, the solution is an exponential, u (z) = e~ for some
A > 0. In higher dimension, one no longer gets explicit solutions, except in very
particular cases. In the case n = 2, for instance, taking for J (u) the particular
form (4) with b = 0 and ac = d, the solution will be e"**~#¥_for \ = /¢ and

p=a

2 Regularity.

In this paper, we prove that the solution u of problem (P) is C* up to and
including the boundary. This is a somewhat surprising result, for the corre-
sponding Euler-Lagrange equation, such as (5), is not elliptic.

Theorem 1 Set R} = {x | x; >0 Vi}. For every multi-index o € N™, there
is a constant C (o) such that:

| <c@ )
RY

Corollary 2 The solution u of problem (P) is C*° up to and including the
boundary.

The result does not extend to other domains, such as the half-plane, as the
following counterexample shows. In the case n = 2, take for J (u) the particular
form (3) with b = 0 and ac = d. The solution of problem (P) then is ug (z,y) =
exp(—Az—py), for some A > 0 and p > 0, as we pointed out earlier. Consider the
problem of minimizing the integral (1) on the half-plane Q@ = {y > 0}, subject
to u(0,0) = 1. Call the functional J and denote its solution by . Define v
by v (x,y) = @ (—m,y). It is clear that J (v) = J (@) = minJ, and since J is
strictly convex, the minimizer is unique, and v = 4. So @ is even. Now set
@ (z,y) = exp(—A|x| — py) for y > 0. Denote by wu; the restriction of @ to the
positive cone. Since ug minimizes J on the positive cone, subject to u (0,0) = 1,
we have:

J (@) = 2J (u1) > 2J (ug) = J (w)



So w must be the minimizer, and by uniqueness again, & = w. But w is not
smooth, in fact it is not even C'. If, instead of the upper half-plane, we work
in an angle 0 < arg (z + iy) < «, with a > 7/2, we suspect that the minimizer
will not be smooth near the y-axis, but we have no proof of this.

The usual way to get estimates like (6) is to use the optimality condition
(2), taking ¢ = £DPu, where DPu is some suitable derivative of u and & (x)
some suitable cutoff function, and then integrating by parts. For this approach
to succeed, however, we need the problem to be elliptic, which is not the case.
We thereferore introduce an elliptic penalization.

For € > 0, consider the problem of minimizing the functional:

Je (u) = J (u) —l—E/n Z |8f+1u‘2

Yi=1

under the boundary condition u (0) = 1. The solution exists and is unique;
denote by u, its solution. By standard elliptic regularity results, we find that w.
is smooth in the closed orthant except possibly at the edges, where z; = x; =0
for i # j. Note that u. has to satisfy additional boundary conditions, namely
83"“116 =0 on z; = 0, which are independent of €.

The key to the proof is to take advantage of the special shape of the do-
main first by using cutoff functions which depend only on one of the variables
L1yeeey Ly

3 The proof in the case n = 2.

Notations quickly become overwhelming. For this reason, we will begin by giving
the proof in the case when n = 2 and J (u) has the special form (3), so that
there are no terms in u;u or uyu. The penalized functional then is:

J.(u)=J(u) +e // (u2,e + uly,) dudy
Ry

We shall denote by wu. its solution. Since the variational problem is uniformly
elliptic, ue is C'°*° up to the boundary, except possibly at the origin. Note that
J < J. < Jy, for 0 < e <7, so that:

J (o) < Je (ue) < Jy (un) (7)

where ug denotes the solution of problem (P). The optimality conditions are:

// [B (ue, @) + (0:0yue) (0:0y)] dedy + 5// [(92u) (82¢) + (aiu) (834,@)} dxdy =0
R R2

(8)
VQO € Fy:

where B stands for:

B (u,¢) = a(9xu) (Orp) + b[(0ru) (Oyp) + (Oyu) (Oxp)] + ¢ (Byu) ()

©(0)=0



We now introduce a special cutoff function. Let o : [0,00) — R be a C™
function. Assume ¢ is non-decreasing, vanishes in some neighbourhood of the
originand o (t) = 1 for t > 1. For s > 1, set:

& (t) = o (t/s)

Our proof involves (i) deriving preliminary estimates for u., (ii) showing
that these hold for u, and (iii) using these preliminary estimates to repeat the
argument, applied to u, in order to establish (6).

Proposition 3 For any integer m > 0 and any s > 0, there are constants
Cy (m, s) and Cy (m, s) such that the inequalities:

e mam 20, uc 7, + || m0m 2|}, < C1 (mys) +eCa(mys)  (9)
hold for every e > 0.

The proof will use the following result (Lemma 8.2, page 856, of [2]), with
&, as above.

Lemma 4 Let w: [0, co] — oo be such that:
/ 0Pw|? €2Pdt < 00 Vp € [0, m)]
0

Then for any 6 > 0, there is some A(s,d) such that:
S [Clowler<s [Cloruren A [
p<m 0 0 £#£0

The lemma is proved using integration by parts.

3.1 Proof of proposition 3

We take:
o(z,y) = ()" o [€57™ (2) 00 e (2, y)]

in condition (8), which is meaningful since u. is C* for x > 0. Integrating by
parts, we find:
M (ue) + Hi (ue,€) + Ha (ue,e) =0 (10)

where:

M (u) ://|3;n+2uy’2€f+2m+a//’agl+2u|2§§+2m
_b//(a;nﬂu) (0 Py §§+2m+b//(6;”+1uy) (Omt2y) gotam
o [orw @rru)rn—a [ [ @ e e



Hy (U,E) = 5// (6;n+4u) ai (£§+27rba;n+2u)
Hs (u,¢) =—a//(a;g”ba§u) (5;”+28§u) g8+am

Note that H; is the only term which involves derivatives of £&. From our
assumptions on &, it follows that there is a constant K, such that

|oh (82 ™)| < K, |82 F Vo >0, 1<k<3 (11)

Let us first estimate H;. Using (11), we have:

() == [ [ (0t [€8427 0 s 2 (07 0) 0, (€2727) + (9 2u) 2 (65727
> e || @) €
= oK |07 ) & o (105 0) €4 + 1 (05 20) €772 )

> £ @) e

2 2
— ek ([ (0 ) €+ || (02 2u) €42
where K. and K!' are constants depending only on s. Applying Lemma 4 to
the second term on the right-hand side, with suitable §, we find that there is a
constant K7 (s) such that:

Hy (u,2) > = |0+ Hu) €677 — <K (5) ull (12
Next, look at Hs and integrate by parts in . We find, using (11) again:
Hy (u,e) =€ / / o+ o3u|* €82 4 ¢ / / (07 03u) (9 0u) 0, (€572™)
2o [ [ lorapul® e ek (o) € 0o €.
> 5 @2 ) [, — KL | (9 95u) €
where K and K" are constants depending only on s. Applying Lemma 4 to
the second term on the right-hand side, with suitable §, we find that there is a

constant Ko (s) such that:

Hy (0,6) 2 | @5 3u) €47, — ek () [9ull. 09)



We now use equation (10). We have:

//|a§t+289“6|2§§+2m+a//|8;n+2“e‘2§§+2m+ﬂl (ue,€) + Ha (ue, €) =
[ [ by @r2ou) ~vertou) @) &2

// [c (0 ue) (95" 20yue) + d (9 ue) (97 2ue)] €72
< Cllem oy ue| o (([67 07 e[ o + (16570 e | 1)
+ Ollem o e | (l€ 0 e[ o + (165705 e | 1)
where C' > 0 is a suitable constant. It follows that:
1
5 ||£§+m8;n+2ayus”iz + g Hg;l+ma;n+2u6||i2 + H; (us,s) + Hy (Usae) <
0" (Jetm o +iucl + a2, + e mor+ia,u )
where C” is another constant. Using the estimates (12) and (13), this becomes:
et mar 2oy ue, + e oy e,
+ 2 (@) € [+ | @2+ 03us) €517 <
O (et o uel |y + e o uel . + 6 ar o7, )

2K (5) (el + |03 )

where K (s) depends on ¢ and s.

Because of (7), and the fact that @ is positive definite, ||u. H2L2 and € Hag’ua HQLQ
are bounded from above when € — 0. We therefore end up with the following
estimate:

letmar20,uc ;. + € 2uc|;. <

Con ([l 0 |7 + €870 e | + €502 0y |32 ) + e om (5) + Ron (5)
(14)

where K, (s) and R,, (s) depend on s, and of course m.

We now proceed to the proof of inequality (9). It will be done by induction
on m.

For m = 0, inequality (14) becomes:

ei020yucl |} + [|€i02uc ;.
< Co (|let0uuel |} + €l ue[22 + €200yl IS ) + <Ko (5) + Ro (s)

< Co (100te 17 + e 17 + 1020y ) + Ko () + Ro (5)



because 0 < & < 1. Using (7) again, we find that the first term stays bounded
when € — 0. Hence:

62020, uc||2, + |€20%uc| |2, < Co+ Ro (s) + Ko (s)

which is of the form (9) for m = 0.
Suppose now (9) has been proved for m < M — 1. This means that we have:

Hff:"'mag‘“ayuaH; + “§§+m8;"+2u8‘|i2 < Cy (m, 8) +eCs (m, s)
for m < M — 1. Then, using (14), we get, since 0 < ¢ < 1:
et 02 20, ue |, + |t 02 eI
< Cum (Héﬁ*Mf)fc‘“lueHiz + (| M oM e[, + ||§§+M5£“18yueHQLz)
+eKp(s) + Rar (s)
< O (Je 02 e, + e 1080, )

+ O || €M 20M |2, + eKuy (5) + Rag (5)
<Cuy [Cl (M—l,S)—i—ECg (M— 1,8)]+
Cp[Cr (M —2,58)+eCy (M —2,5)]+ K (s) + Rar ()

and the inequality has the desired form (9) for m = M. Proposition 3 is proved.

3.2 Interior regularity

We will now prove the following:

Proposition 5 Set R? = {x | z; > s Vi}. For every multi-index o € N2, and
every s > 0, there is a constant C («, s) such that:

| D <clas)
R?

Corollary 6 The solution u of problem (P) is C™ in the interior.

From Proposition 3, we have for any m > 0 and ¢ > 0,
// [(a;n-l—Qaqu)Q + (a;rL+2u€)2} < C(m,s)
xr>s
and in a similar way, by interchanging x and y,. we find:
J [ o+ @p+2u)?] < coms
y>s

We will first extend these inequalities to the function u. There is a sequence
€, — 0 such that u, := u., converges weakly in L? (R%) to some v, while



OzUn, Oyuy, and 0,0,u, converge weakly in L? (Ri) to 0,v,0yv and 0,0,v.
Similarly, from (9), we find that in > s > 0, the derivatives 9729, u. and
Om*2y, converge weakly to the corresponding derivatives of w. Similarly for
Oy t20,u. and 9" u. in y > s for any s > 0.

If ¢ is some C* function with compact support such that ¢ (0,0) = 1, we
have:

B // [(020y) tn + (02p) (Bytin) + (Dutin) (Byp) + (0uDyuun) ]

- / / (0:0,0) v + (01) (By0) + (020) (By) + (0:0y0) ]

— //aﬁy (pv) =v(0,0)

so v (0,0) = 1.
Consider now J (v). We have, since J is convex and continuous, hence weakly
lower semi-continuous and J < J; :

J (v) < liminf J (u,) < liminf J.  (u,) (15)

Let v be the minimizer of J. For any n > 0, there is a C*° function
with compact support u, such that J(u,) < J(u) +7n. We clearly have
lim. o Je (uy,) = J (uy), so that:

liminf J. (u,) <limJe, (u,) < J(u)+7n

and since this holds for any n > 0, we have liminf,, J;_ (u,) = J (u) = inf J.
Comparing with (15), we find that J (v) = infJ, so that v = wu, the unique
minimizer of J.

We now set € = ¢, in formula (15), and let n — co. We get:

//> [(6;"*283111)2 + (&THU)Q} dxdy < Cy (m, s) (16)

Similarly:
// [(8;’”’283511)2 + (8;”+2u)2} dzdy < C3(m, s) (17)
y=>s

So we have L? estimates in the domain z > s,y > s for all derivatives of the
form Oku, 8§u, 0kd,u and 6’;6111. There are still many derivatives missing. We
find them by using the Euler equation (5) satisfied by u in the interior:

8§8§u — ad2u — 2b0,0,u — c@ju +du=0



By themselves, (16) and (17) give us all the derivatives of order 3. Let us
look at the derivatives of order 4. We already have d;u, dyu, 030,u and 930, u
from (16) and (17). The only missing one is d202u. But it is provided by the
Euler equation. Now let us look at the derivatives of order 5. The only missing
ones are 8%83@& and 8§8§’u. Differentiating the Euler equation, we get:

aia;’ju = ad20,u + 2b8$8§u + c@i’u + doyu
8§8£u = adu + 2b020,u + c@,ﬁ;u + dozu
and so on, so interior regularity is proved. In fact, we have estimates (16) and

(17) up to parts of the boundary and these estimates will now be used. We call
these partial boundary estimates.

3.3 Regularity.

We now look at (1). In view of (16), we may now use as first test function:

e(,y) = (1) om [¢542™ (2) 0 2u (2, y))] (18)

We write the optimality condition for the (unpenalized) problem (P):
[ | 1B we)+ @00 0.0,0) dady =0 (19
2

for all ¢ € E5 such that ¢ (0) = 0. Here B stands for:

B (u,¢) = a(9su) (9xp) + b[(0ru) (Oyp) + (Oyu) (0xp)] + ¢ (Byu) (yp)

Plugging formula (18) into (19), and performing the same calculations as
before, we find:

e arcayul, + & fermapcul?, <

G (012, + e momal 2, + e mar+io,ull,) (20

For m = 0, we know that:

2 2 2 2 2 2
€200, + [[65ull 2 + (165020, ul| 2 < 10aullzs + llullze + 1020 ull7. < C(0)
since w minimizes J which is positive definite. Plugging into (20), we find that:

1 m 2 a m 2
St map o+ & et rarull < 0 0
where the right-hand side does not depend on s. Letting s — 0, we get:

1020, ul|2, + [|02ul|5. < C1C(0) == C (1)

10



Arguing by induction, we find that there for every m there is a constant C,,
such that: ) )
[0 2 0yul| . + (|07 2ul| . < C(m)

So that all the derivatives 0%9,u and 9¥u are bounded in L? (R%). Switching
the role of x and y in the right-hand side of formula (18), we get the derivatives
8§8Iu and OFu. The missing derivatives are provided by the Euler equation.
The regularity result is proved in the case n = 2.

Remark 7 The crucial point in this proof is that the cutoff function &5 is never
differentiated.

4 The proof in the general case.

It is long and rather tedious. There are two additional difficulties to face:

e the method gives some derivatives, but the other ones do not follow from
the Euler equation.

e the solution u. to the penalized problem need not be smooth at the edges

Nevertheless, we still consider the penalized functional:

s = [

and the associated problem:

inf J; (u)
(Pe) { we Epu(0) =1

Denote by u. the minimizer of (P.). The problem is elliptic so, of course,
ue is smooth except possibly near the E;;. However, there is some regularity
even there. Namely, for an elliptic problem with locally smooth (flattened)
boundary, one proves regularity near the boundary in some directions by taking
difference quotients of the equation in that direction, and then multiplying by
the corresponding difference quotients of the functions and integrating. In fact,
this method works just as well at nonsmooth boundary points provided, near
such a point, the domain is translation invariant in the chosen direction. This
idea was used, for example, in [3].

Applying this in our situation, we find that for every i, derivatives of the
form D”Ha;’l?us are square integrable in the region x; > s for any s > 0. The
same is true in general for:

[(amlamz...amnuf + (sz,lu,bz,lu)}n “/n f: sk

n .
+ + =1

n+1
D" 0y, O, ...3% Ug

11



in the regions where z;, > s >0, 1 <k <. Hence, in the optimality conditions
for (P.) we may insert test functions involving many derivatives in any one x;.

Because of the length of the formulas, we will carry out the proof only in
the case n = 3. The optimality condition for (P.) then takes the form:

L

€ /R [(9zue) (920) + (9yuc) (9z) + (92ue) (D)) =0 (21)

3
+

[(0.0,0.) (0.0,0.0) + (QDiuz. Do) | +

for all ¢ in E3 such that ¢ (0) = 0.

4.1 First test functions.

We start with:
p(2,y,2) = (1) 0k (1072 (2) 08 u.) (22)

for £ > 0. The exponent for £ comes from the application of Lemma 4. For
general n, it should be 2n + 4, yielding 8 for n = 2 and 10 for n = 3.
Writing (22) into (21), we get, as before, two terms which will be estimated
separately:
M (ue) +eH (u)

The first term M (u,) is a linear combination of the following (here, as before,
for simplification, we are ignoring certain product terms in (Qe, ), like u,u).

(0 [ @,0,0.0.)0.0,0. [0% (619704 +2u,)
(0 [ @u0yu.) 0.0, [0k (€020 u.)]
(0" [ (0u0.0) 2,0 0 (€200,
(0 [ @) 0 [0 (€208 720, )]

(0 [ @,0.00)0,0. (0% (1970t +2u,)
(" [ (@), [0k (€207 0k )

(0 [ @) [08 (1970t 2,

(_1)k+1/(u8) [OF (£10+2kgk+2y, )]

12



which, after integration by parts, turn out to be equivalent to the following:
/ €2+ 0k420,0, u. |
/ |§§+k8§+28y“6{2
[l oo
[1eak
- / €102k (9, 0., ) (920, 0.u,)
- [ o @) (05 0,u)
- / 102k (k9 u.) (9520, u.)
- [t @k (9442,
They can all be estimated in terms of ||¢>T#0%5+29,,0, u.
€7 0520 uc | oy [|€7F 052 ue| o, (|60 0y Oz e

€7+ D] .
We also have terms like:

EROFT20,uc|| .,
‘£5+k6§azugu

220l
55+k3§8y“5”

L27 L27 L2’

H(u:) = (-0 [ (0tu) 010k (€044 04+2u,)
which, after integration by parts, becomes:
H (u.) = / (0+5u.) 82 (£10+2kak+20,) 4 .

As in the case n = 2, we use lemma 4 to estimate H (u.) and then argue by
induction to obtain the analogue of Proposition 3, namely:

/€;O+2k [‘3f+25y8zu5]2 n |8’§+28yu6|2 n |8§+28zu5|2 n ]8’;+2u5|2} < C(k, s)
(23)
Then, as before, we may let € — 0 through a sequence; the limit of u. is our
function u, so that the preceding inequality holds for u.
We now repeat the process: we use the test function (22) in the original
problem, without ¢, and we find that the estimate holds for u, with a constant
C' (k) independent of s. Hence, letting s — 0, we find:

/ (|05 420,0.u]” + |0k 20,ul” + [0k H20.u)” + |0k 2ul’] < € (k)

13



Similarly, using y, and then z, in place of x, we obtain:
/ (o5 20.00u]” + [0 20.u]” + [0 20,ul* + |05 2ul*] < C (k)
/ (|05 20,0,u]” + |05 20,ul* + 05 20,uf” + 052l < C (k)

4.2 Second test functions.

We now take, for k,m > 0 and s > 0:
p(2,y,2) = (D)o (S0 (2) 0P (1) 050 Pue)  (24)

and insert this in (21). As before, we get an expression of the form M (u.) +
eH (uc) = 0. The first term is a linear combination of the following:

(0" [ (0.0,0.u0)0.0,0. [0k0 (€17 (2) €102 () 0520w )]
(1" [ (0,0, 0,0, [050 (€142 () €1042™ (3) 04205420, )

(—1)™* [ (0,0.u0) 0,0, [OLOT (€042 () €10+2m (y) Ph+2om+2y,)]
(=1)"™** [ (0y0:uc) 0,0 [0y (81042F (2) €1042™ (y) O 207 +2u, )]
(=)™ [ (9-u0) 0. [k (€077 () €07 (y) 920w )]
(=1 [ (9yus) 0, [050y" (62077 () €007 (y) 0520y . )]
(1) [ (Do) 0, (050" (€107 (2) €142 (y) O 20,20, )|

(=)™ [ e [050) (62772 (2) €072 (y) 520 e )|

— S —

14



which, after integration by parts, turn out to be equal to the following:
[l @ ok 2oy 0.
2
J1e @ ooyl
- [k @ e ) (08 oy 0.ur) (940 20.u)
/510+2k 10+2m (y) (al;a;n+2azug) (aichZa;nJrZazug)
[ ek @ g ) @hoyaar) (05420 2 0.ut)
/510+2k )510+2m ( ) (akaerl ) (ak+2am+2 )
_ /5510+2k (.’E) 5;0+2m (y) (a/;-l—la;nug) (alz€+2a;71+2ug)
[ @y eonm ) (akayur) (94420 )
The term H (u.), after integration by parts, is:
2 2 2
() /£1o+2k ) glotam ){|8§+56;”+1u5| + |6§+18;”+5u8| + |8§+18;1+183u8| }+
As usual, this term is handled by Lemma 4. For the terms in M (u.), we use

induction on m, starting with m = 0, which is a term controlled by (23). Thus
we find:

/§1o+2k ) glotam ){|5§+23;n+28zu5|2 I |8§+23;n+2u6|2} < C(k,m,s)

(25)

As before, using this information, we insert (24), with u. replaced by wu,

in the optimality condition for (P). Repeating the procedure, we find that the
preceding estimate holds for u with C' independent of s. Letting s — 0, we get:

/{‘8’;+26;”+28zu’2 + |6§+28;”+2u‘2} < C (k,m) (26)
Similarly, interchanging x,y, and z, we obtain also:

/ {}85*28?+26$u]2 + |6§+28§“+2u\2} < C (k,m) (27)

/ {\8§+28;n+23yu12 + ya§+26;”+2u\2} < C (k,m) (28)

4.3 Third test functions.
For k,m,p > 0 and s > 0, we now take as test function:

¢ (w,y,2) = (~1)FTPH gk gmar (g2ok+2om 2 grt 2y, ) (29)
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where:
9(x,y,2) = (@) €77 () €277 ()

Insert this ¢ into the optimality conditions (21). As before, we get an ex-
pression of the form M (u.)+ecH (u.) = 0. The first term is a linear combination
of the following:

(—1)frme / (020, 0-uz) 0,0,0: (050 OF (g208 20+ 2020, )]
(0 [ @00 0.0, [okoyor (#0820 0r )
(~p)Fre / (0x0:1uc) 0,0 [OF O OP (g20E 20200, ]
(—1yhmtpt / (8,0-u2) ,0. [OFam Y (4208 20m+20r+2,,)]
(0 [ 0,00, (oo or (0 20y 20r )]
(—1)Ftmrr / (Oyuc) 0, [OFO 0P (g2OF 20200 20, |
R 0o 0. ko an (408720 00+ )]
(ot [ [okopor (ot oy 20r )|
which, after integration by parts, turns out to be equal to the following:

/ |gal 2o +2op T2y, |

- [ @20y ona) k2 opor )

- [ @krayor ) @k oy o)

- / g2 (OFom+2gp+2u,) (+2omT2or+t2y,)

/ g° (05120 0%u.) (0520, 200 u.)

[ o @kop+2onuc) (ak+20y 20r+ )

[ o @hayorssu) (o 2oy 2ot )

— / 9% (050 0Pu.) (0520 2002, )

We don’t bother to write down the expression for H (u.) .Arguing as before,
we use Lemma 4 an induction on p, starting the induction with the aid of (25).
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We thus obtain estimates for 8’;“‘285”285“‘2%. Then we let ¢ — 0 and apply
the argument again to the original problem using the test function (29), with
ue replaced by u. Letting s — 0, we obtain finally the desired result:

/ ‘8§+28;”+28§+2u‘2 < C(k,m,p) form,k,p>0

5 Remarks.

Is u positive ? This is a natural question, and we don’t know the answer. It is
easy to see that in R, we have:

-l<u<l1

Namely, from the estimates we know that u — 0 as |z| — oo. It there was a
point xy € R’} where v = 1, then, denoting by I (z) the integrand in .J (u),
which is positive, we would have:

/ 1> > / I
zo+RY zo+RY

which is impossible. By considering —u, we find that v > —1.

One may ask whether the regularity result holds in case the quadratic form @
has variable coefficients. In case it is uniformly positive definite, with bounded
coefficients, and, for any m, all derivatives of the coefficients up to order m
are bounded by constants A (m), then the answer is yes. The proof we have
given works also in that case. During the integration by parts, derivatives of
the coeflicients will appear, but only in lower order terms, which are handled
using Lemma 4 and induction.

References

[1] B. Bouchard, I. Ekeland and N. Touzi, On the Malliavin approach to Monte
Carlo approximation of conditional expectations, Finance and Stochastics,
8, (2004), p.45-71.

[2] R. Kohn and L. Nirenberg, Degenerate elliptic-parabolic equations of second
order, Communications in Pure and Applied Mathematics 20 (1967), p. 787-
872

[3] Y.Y. Li and L. Nirenberg, Fstimates of elliptic systems from composite ma-
terial, Communications in Pure and Applied Mathematics 56 (2003), p. 892-
925

17



