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The variational principle states that if a differentiable functional F' attains
its minimum at some point #, then F'(z) = 0; it has proved a valuable tool for
studying partial differential equations. This paper shows that if a differentiable
function F has a finite lower bound (although it need not attain it), then, for
every € > 0, there exists some point ue where || F'(ue)l* < ¢, i.e., its derivative
can be made arbitrarily small. Applications are given to Plateau’s problem, to
partial differential equations, to nonlinear eigenvalues, to geodesics on infi-
nite-dimensional manifolds, and to control theory.

1. A GeENErRAL REesuLT

Let V be a complete metric space, the distance of two points v, ve V'
being denoted by d(u, v). Let F: V — R U {+ oo} be a lower semicontinuous
function, not identically + co. In other words, + oo is allowed as a value for
F, but at some point v, , F(2,) is finite.

Suppose now F is bounded from below:

inf F > —oo. (1.1)

As no compacity assumptions are made, there need be no point where this
infimum is attained. But of course, for every e > 0, there is some point
u € V such that:

inf F < F(u) <infF + e. (1.2)

THeorREM 1.1. Let V be a complete metric space,and F: V— R U {+ oo}
a Ls.c. function, == -+ o0, bounded from below. For every pointu € V satisfying
(1.2) and every A > 0, there exists some point v € V such that

F(o) <F), (13)

d(u, v) <A, (1.4)

Yw £ 0, F(w) >F(v) — (¢/A) d(v, w). (1.5)
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The proof of this theorem is based on a device due to Bishop and Phelps [4].
Bronsted and Rockafellar [6] have used it to obtain subdifferentiability
properties for convex functions on Banach spaces, and Browder [7] has
applied it to nonconvex subsets of Banach spaces. Let « > 0 be given, and
define an ordering on V' X R by

(21, @) < (29, ap) iff: (@, — ay) + ad(vy , v5) <O. (1.6)

This relation is easily seen to be reflexive, antisymetric and transitive.
It is also seen to be continuous, in the sense that, for every (v;,4)) e V X R,
the set {{z, @) | (v, @) > (v;, @)} is closed in V' X R. We proceed to show
that every closed subset of ¥ x R has a maximal element, provided it is
“bounded from below.”

Lemma 1.2, Let S be a closed subset of V X R such that:
ImeR:(v,a)eS =>a>=m. (L.7)

Then, for every (vy,ay) €S, there exists for the ordering < an element
(7, @) € S which is maximal and greater than (v, , a,).

Proof. Let us define inductively a sequence (v, , a,) € S, n € N, starting
with (v, , ;). Suppose (v, , @,) is known. Denote

Sy ={(v, @) €S| (v, @) > (Vn, an)} (1.8)
m, =inflacR | (v, a) € S,}. (1.9)

Clearly, m, > m. Define now (v,4 , 4,,1) to be any point of .S, such that
ay — Apyy = Ha, — my). (1.10)

All the sets S, are closed nonempty, and S, ; C S, for every n. Moreover,
we get from (1.10)

gy — M | <Elap—my | <127 [ g —m]. (1.11)

Hence, for every (v, a) € S,,,, , we get, using (1.8):
ang —al <(1/2") | ay —m]| (1.12)
d(Vp11,v) <A2%) (V) @y —m | . (1.13)

Which proves that the diameter of S, goes to zeroas#n — 0. As V' x Ris
metric complete, the sets .S, have one point (7, @) in common:

{(9,a)} = 6 S, . (1.14)
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By definition, (4, @) > (v, , a,) for every =, in particular for n = 1. Sup-
pose now there exists some (9, @) € S greater than (g, @). By transitivity, one
gets (3, &) > (v, , a,) forevery n, i.e., (8, @) € ()., S, , hence (3, &) = (7, ).
This proves (7. @) is indeed maximal.!

We now proceed easily to prove Theorem 1.1. Take .S to be the epigraph
of F
S={(v,a)|veV,a=F(v) (1.15)

It is a closed subset of V' X R, as Fis Ls.c. Take « = ¢/, and (7, a,) to
be (4, F(u)). Apply Lemma 1.2 to obtain a maximal element (v, a) in S
satisfying:

(v, a) > (u, F(u)). (1.16)

As (v,a)€ S, we have also (v, F(v)) > (v, a). Since (v, @) is maximal,
a = F(v). The maximality can be written

(w,b) € S = (b — F@)) + (¢/A) d(w, v) > 0, (1.17)

unless w = v and b = F(v).
Taking b = F(w) yields (1.5). Now, going back to (1.16), we get

(F(@) — P@)) -+ () d(o, 4) < 0. (1.18)

Hence, of course, F(v) < F(u). Thanks to (1.2), we must have
F(v) = F(u) — . Writing it into (1.18), we get (e/A) d(v, u) < ¢, which is
(1.4) and ends the proof. We shall now apply Theorem 1.1 in different
settings.

2. GATEAUX-DIFFERENTIABLE FUNCTIONS ON BANACH SPACES

From now on V' will be a Banach space, V'* its topological dual. The
canonical bilinear form on V x V* will be denoted by brackets (-, -3,
the norm of V' by | ||, the dual norm of ¥* by || - |[*. Recall that a function
F:V—RU{+o0} is called Gdteaux-differentiable (respectively, Fréchet-
differentiable) if, at every point u, with F(u,) << - oo, there exists a continuous
linear functional F'(x,) € V'* such that, for every ve I:

(d]de) F(ug + t0)|i—p = {F'(uo), v) @1
(respectively,
F(uy + v) = Flug) + CF'(wo), v + (@) |l 21l
where ¢(¥) > 01in Vas| 2| —0).

1 'The author is indebted to J. M. Lasry for a helpful comment enabling him to get
rid of Zorn’s Lemma in this proof.



ON THE VARIATIONAL PRINCIPLE 327

Clearly, the Fréchet-differentiability of F' implies that F is Gateaux-dif-
ferentiable; moreover, the domain of F, i.e., the subset of V' where it is
finite, must be open. Here is an important case, where the converse is true.

DeriNiTiON 2.1. Let F be a Gateaux-differentiable function with open
domain, such that + F'(u) is a continuous mapping from the domain of F
into V*. Then F is also continuously Frechet-differentiable, and is called a
C! function.

Proof. Under our hypothesis, we have to prove that the Gateaux-
derivative F'(u) is in fact a Fréchet-derivative. Take any point %, in the
domain of F and some n > 0 such that the ball of radius » around #, is
contained in the domain of F. For every v € IV with || v || < #, there exists
some §€[0, 1] such that

Fluy + v) — F(uo) = (d/dt) F(uy + t0)]1 -
Using the Gateaux-differentiability

F(uy + v) — F(uy) = <F'(uy + 62), vy

2.2)
= {F'(uy), v) + {F'(uy + 0v) — F'(up), v).

For every € > 0, we can take y > 0 small enough so that || u — %[ <19
implies || F'(uy) — F'(u)]|* < e. Taking u, + 6v as u in formula (2.2), we get

| F(up + v) — Flug) — {F'(up), 03| < €l 2]

which indeed proves Fréchet-differentiability. |

In this setting, Theorem 1.1 becomes

THEOREM 2.2. Let V be a Banach space, and F: V — R U {+ o0} a Ls.c.
Junction, Géteaux-differentiable and such that

— oo < infF < + o0.

Then, for every € > 0, every u € V such that F(u) < infF + ¢, every A > 0,
there exists v € V such that:

F(v) < F(u), (2.3)
o —u| <A, (2.4)
| F'(@)ll* < ¢/ (2.5)
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Proof. 1t is a straightforward application of Theorem 1.1. Inequality (1.5)
gives us, for everyw e Vand every t > 0

F(o + tw) > F@@) — () 1] w], (26)
(F(o -+ tw) — F)/t = —(N) || . @7
Letting ¢ — 0, we obtain
(djdt) F(v + tw)lsmg = —(e/A) || w - (2.9)
Hence, through (2.1)
F), wy = — ()] 2.9

The inequality (2.9), holding for every w € V, means that
[ F'@)* < €A ]
CoroLLARY 2.3. For every € > 0, there exists some point v, such that
F(v,) — infF < € (2.10)
F(@l* <e @1n
Proof. Just take €2 instead of € and e instead of A in the preceding theo-

rem. |

We can view the preceding corollary as telling us that the equation
F'(v) = 0, although it need have no solution, alway has “approximate
solutions,” i.e., there exists a sequence u,, such that | F'(x,)||* — 0 as n — co.
The cluster points of such sequences have been studied elsewhere [13], [14].
Let us just draw some easy consequences of Corollary 2.3.

COROLLARY 2.4. Suppose further that there exist constants k >0 and ¢
such that:
YoeV, Fl)=klv|-+ec (2.12)

Then, the range F'(V') is dense in kB*, where B* is the closed unit ball of V*.

Proof. Take u* e V* with || u* || < k. It suffices to prove that, for every
€ > 0, there exists %, € V" such that || F'(u,) — ™ ||* <e.
Consider the function G on ¥ defined by

G(v) = F(v) — <o, u*>. (2.13)
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Clearly, G is Gateaux-differentiable, with G'(v) = F'(v) — «*, and ls.c.
Moreover

inf G = inf{F(v) — <v, u*)}
= inflk| o] — <o, u)} +¢
ve (2.14)
= inf{(k — X %) | o[} + ¢
= ¢ > —oo.

Hence G satisfies all assumptions of Corollary 2.3, and there must exist
some point #, € V such that || G'(»)||* <X e. This means

1 F(ue) — w*[I* <e. 1 @15
CoroLLARY 2.5. Suppose further that there exists some continuous function
D:R, > RU {4 oo}
such that ®(t){t — co as t — oo, and
YoeV, F(v) = (| vl). (2.16)
Then, the range F'(V') is dense in V*.

Proof. Indeed, for every k > 0 there exists some ceR such that F
satisfies (2.12). Hence F'(V') is dense in every closed ball of V*. ]

3. OpTiMIZATION PROBLEMS WITH REGULAR CONSTRAINTS

We now take J to be a Banach space, F: V' — R a Fréchet-differentiable
function, G;: V—R, 1 <7< m, m continuously Fréchet-differentiable
functions, i.e., Cl-functions. We single out the first p of the G/’s, and we
consider the constrained optimization problem

inf F(v)
C)=0 1<i<p (3.1)
G{v) =0 p+1<Kig<m.

We will denote by € the feasible set

€ ={veV|Gv) =0Vie{l,p}, G(v) > 0Vie{p+ I,m}}, (3.2)
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and by I(v) the set of saturated constraints at a feasible point ve €
iel(®)< Gyv) =0. (3.3)

We can now state our regularity assumption, which is of quite a standard
type:

Vv e €, the {G;(v) | i € I(v)} are linearly independent. (3.4

It is clear that problem (3.1) is highly nonlinear, and as such can dream
of no solution in a Banach space. Nevertheless, we can find points which are
“almost” optimal and which ‘“‘almost” satisfy the necessary conditions for
optimality.

THEOREM 3.1. Suppose F is Fréchet-differentiable, and the G;'s are C'-

Junctions satisfying regularity assumption (3.4). Suppose moreover F is bounded
below on the feasible set

irel(gF(v) > —oo. (3.5
Then, for every € > 0, there exists some point v, such that
9. €€ and F(v) < :}Ielé F(v) + €, (3.6)
there exists real numbers Xy ,..., A, such that:

)\z>0 Vze{p_l_]’m}’
A=0 if Gyv)#0,

3.7
m *
|Fe) — 3 A6/ 0| <.
i-1
Define a function F: V> R U {-+ y} by
F(v) = + oo if v¢¥
) (3.8)

F(v) = F(v) if wve%.
It is Is.c. and bounded from below. Applying Theorem 1.1 we get a
point v, such that
F(v) <infF 4 & (3.9)
VYo #v, Fw)>Fv) —¢ljv—w]. (3.10)
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Hence, using (3.8),
v, € € and F(v,) < Ll‘el(g F(v) 4+ €.
Vwe¥, Fw)=F@)—c¢|u—o]. (3.12)
The rest of the proof proceeds by two steps.

Lemma 3.2. Let h be a vector in V such that

{G/(ve), by =0, Vie{l,..., p} (3.13)
{G{(v), k> =0, Vie{p + 1,..,m N I(v,). (3.14)

Then
(F'@), k) = —ellh]. (3.15)

Proof. Let h be a vector in V satisfying (3.13) and (3.14). By a standard
argument using assumption (3.4) and the implicit function theorem, there
exists some C-curve u: [0, 7] — % such that

w0) =9, and  (du/dt)(0) =h. (3.16)
From (3.12) we get
Ve[, 7],  Fu(t) — Fu(0) > — e u(t) — uO)l.  (3.17)
Dividing by ¢ and letting ¢ go to zero, we obtain, using (3.16) again
F(0), By > —e || B INEAL)

Lemma 3.3, Let u;*, 1| <i < p, v;%, 1 <j < q, and w* be linear func-
tionals V such that:

By =0 for ] <i<p,
@y >0 forl<j<g
imply
By > —el| k). (3.19)

Then there exist p real numbers A;, 1 <1 << p, and q nonnegative numbers,
i, 1 <j < g, such that

.
‘ <e (3.20)

D q
* * *
H wr — Z A — Z | ]
i=1 =1
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Proof. Ttisavariant of the celebrated Farkas—-Minkowski lemma. Consider
in F* the convex cone I'

il aq
F=1% Au* 4+ po*
j=1

i=1

NeER,u; > og (3.21)

and the convex set £2:
Q =T 1+ eB* (3.22)

Where B* denote the unit ball of V*, It is well-known that I" is closed and
B* compact in the weak-* topology o(V*, V). Hence 2 is closed in that

topology.

Suppose now (3.20) is not true. This means that the set £2 does not contain
w*. As it is convex closed in the weak-* topology, we may use the Hahn-
Banach separation theorem to get some vector A€ V' and some number

« € R such that
{w* by <o (3.23)
le¥, By = o,  Vx*el (3.24)
Write (3.24) in another way
{y*¥, by + 2%, By 2o, VYy*el, Vz*eB* (3.25)

¥y, By > a+te sup_ (=¥, —hy, Vy*el. (3.26)
z¥eB

This supremum is known to be || 2{| . Hence,
¥ by Za+ellk|l, Vy*el. (3.27)

We now use the fact that I" is made of lines or half-lines. Take y* = #u,*,
where 1 <{7 <{ p and ¢ is any real number; we get

tu* by > +ellk|, VteR. (3.28)

Hence,
w*, by =0, 1<i<p. (3.29)

Now take y* = #v,;*, where 1 <{j < ¢ and ¢ is any nonnegative number;
we get
Ky* by Z o+ €|l k], VE=0. (3.30)
Hence,
(o, h) 20, 1<j<q (3.31)
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At last, take y* = 0. We get from (3.27)
a< —ellk]. (3.32)
Formula (3.23) then yields
{w*, by < —€||h|. (3.33)

Put now together formulas (3.29), (3.31), and (3.33). They show the
vector % to be a counter-example to the assumptions of the lemma. In other
words, if the conclusion (3.20) is false, then so is the hypothesis. This proves
the lemma. 1

Theorem 3.1 now follows by putting together Lemmata 3.2 and 3.3. As a
simple corollary (case of one constraint) we get a nonlinear eigenvalue
theorem.

CoroLLARY 3.4. Let F be a Fréchet-differentiable function and G a C'-
Sunction such that

Glv) =0=>G'(v) #0. (3.34)

Suppose moreover that
ImeR: G(v) =0 = F(v) 2 m. (3.35)
Then, for every € > 0, there exist some point v, and some A € R such that:
Gv) =0 (3.36)
[F(2e) = AG @III* < e (3.37)

If V is a Hilbert space, we can identify ¥ and V* in the usual way, and
(3.37) then means that the distance of the gradient of F at o, to the one-
dimensional subspace generated by the gradient of G at v, is not greater
than e.

4. EXAMPLES

A.  Minimal Hypersurfaces (Plateaw’s Problem)

Let 2 be an open bounded subset of R, with regular boundary. As usual
we denote by W-1(2) the Sobolev space of L-functions whose first derivatives
are also L1, and by W3(Q) the closure of 2(£2) in this space. We inter-
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pret Wy-'(2) as the set of W'1-functions vanishing on the boundary, and
we state a weak form of Plateau’s problem

inf | (1 + | grad v(x)]? dx)"”?
? @.1)
v — vy € W)

It is well known that this problem has no solution in general, except if £2
is convex, which we do not assume. An explanation is to be found in the fact
that W-1(£) is not reflexive, and hence its unit ball is not weakly compact.
We now proceed to prove that we can perturb the problem as little as we
want to get an optimal solution.

Problem (4.1) can be stated differently:

inf f (1 + | grad u(x) + grad vy(x)|2 dx)t/?
o

42)
ue Wy¥Q).
Denote by F the function to be minimized on W;(£):
Fa) = [ (1 + | grad u(x) + grad oy(x)? dw) 2. 4.3)
o

It is well known that this function is convex, continuous, Gateaux-
differentiable with derivative

0 grad u 4 grad o,
v, 4.4

Fu) = _ZZ:l ox; (1 + | grad u + grad o, [2)1/%°

all derivatives on the right-hand side to be taken in the sense of distributions.
Of course F'(x) € W-1-2(£2), which is both the dual of W3(£2) and the Sobolev
space of distributions which can be obtained from L®-functions by first order
differentiation.

Moreover, for every u € Wi(£2), we have

f (1 + | grad u(x) + grad vy(x)}2 dx) />
@ 4.5)
= f | grad u(x)| dx — f | grad v,(x)| dx.

The Poincaré inequality yields some & > 0 such that

Vae WpH@), [ | gradu(o)] ds = kijullyns. 46)
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Hence, (4.5) becomes
F(u) = k| u||—const. 4.7)

We may now apply Corollary 2.3. There exists in £B*, where B* is the unit
ball of W~1-=(£2), a dense subset S such that, for every T € S, the equation
F'(u) = T has some solution u in WL-Y(Q). For every T € WY(), define the
perturbed function F:

Fr(u) =F(u) — <T, u). (4.8)
Then, for every T € S, there is some point u; where
Fr'(up) = 0. (4.9)

But F; is convex and even strictly convex. Hence (4.9) is a necessary and
sufficient condition for optimality: the point u; is the unique minimum of F;.
on Wit Let us state our results together.

ProposITION 4.1.  There exists in Wy (2) a neighbourhood of the origin,
and a dense subset I in this neighbourhood, such that, for every T € T, the
perturbed minimal hypersurface equation

2 @ grad v .
L% (T T gdo R~ L
(4.10)
v — v, Wil(Q)
and the perturbed Plateaw’s problem
inff (1 + | grad v | dx)'/2 — (T, o>
2
@.11)

ve v, + WiYQ)

both have a unique solution.

B. Partial Differential Equations

Let £2 be a bounded open subset of R", and p €]1, +oo[ a given constant.
Denote by Wy?(2) the corresponding Sobolev space (i.e., the Banach space
of L?-functions with L?-first derivatives and zero trace on the boundary}.
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Consider a borelian function f: 2 X R* — R such that, for almost every
xef

fx & =0, VEeRy (4.12)
& f(x, £) is a Cl-function, (4.13)
[fi@x &l <a+blE7Y,  VéEeRy, (4.14)

where a and b are given constants.
Make one more easy assumption

o, € WH(Q): j f(x, grad v,(x)) dx < +00. (4.15)

We now define a nontrivial function F on Wj?(R2) by
Yoe We?(R), F(v)= f S (%, grad o(x)) dx. 4.16)
2

LemMma 4.2. F is a Cl-function on W39(Q), finite everywhere.

Proof. We first prove that F is Giteaux-differentiable. Take any point #,
where F(u) is finite. For every v e Wj?(R2), consider the function

t—>F(uy + tv) = f f(x, grad uy(x) + ¢ grad o(x)) dx. 4.17)
o
For 0 < £ < 1, formula (4.14) yields

((@/1) £ (x, grad ug(x) +  grad o(®))
= {grad v(x), f;'(x, grad uy(x) -+ ¢ grad v(x))) (4.18)
< | grad o(x)| (a + b | grad u,(x) + ¢ grad o(x)|?-1).

Suppose first 1 < p < 2. Then (p + o)P~! < pP-L + 67! for every non-
negative real numbers p and o, and (4.18) yields

|(¢/et) f (=, grad uy(x) + t grad ov(x))|

4.19)
< | grad o(x)| (@ + b | grad uy(x)|?* + b | grad o(x)|*1).

Suppose now p = 2. Then (p + o)1 < 2972 (p?~! + o) for every
non-negative real numbers p and o, and (4.18) yields
1(9/0t) f (x, grad uy(x) -+ t grad o(x))|

4.20
< | grad o(x)| (@ 4 27-%b | grad uy(x)|*! 4 27-2b | grad o(x)|?~1). ( )
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In both cases, we get an estimate

|(8/0¢) f(x, grad ug(x) + # grad o(x))| < g(x) 4.21)

where g e LY(£).
It is well known that condition (4.21) enables us to differentiate (4.17), to
get
F(uy + tv) <+, Vte[0,1], (4.22)

%F (uy + tv) o fg {grad o(x), f'(x, grad uy(x))> dx. (4.23)

For any ue Wy?(Q), taking u, = v, and tv = u — u, in (4.22) yields

F(u) << 4 ; hence F is finite everywhere. The right-hand side of (4.23)
shows the distribution:

2 o [ f (v, grad u(x))] € W-14(2). (4.24)

(1/p + 1/g = 1) operating on v € W3'?(£2). Hence F is Giteaux-differentiable,
with derivative

F'(uy) = 2 [ f (x, grad uo(x))] (4.25)

It remains to prove the continuity of the mapping u# — F'(u). A theorem
of Krasnoselski [17, Chapt. I, Theorem 2.1] states that, under hypothesis
(4.14), the mapping

u— (9ffe€;) (-, grad (")) (4.26)
is continuous from L?(2) into LY(2) (1/p -+ 1/g = 1). Moreover, the mapping
h+—> Oh|ox; 4.27)

is continuous from L(£2) into W-1-9(Q2). Hence (4.25), which arises through
combining (4.26) and (4.27) and summing over 7, must be continuous from
Wy?(2) into WL). |

We now have a straightforward application of Corollary 2.3. We can also
apply Corollary 3.4, defining G by

Voe WIQ),  G(v) — % | g (4.28)

409/47/2-8
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where o is a positive constant. Indeed, it follows from Lemma 4.2. that G
is a Cl-function with derivative

L p—2
Cw=—-3% 5%( & —%’—) : (4.29)
Voe WD),  <(G'(o), w> — Z f | Ha—”i’ﬁd (4.30)

Taking » = v in (4.30), we see that G'(z) = 0 implies all first derivatives
0v/dx, are zero in L?(), and since v € Wy'?(©2) (is null on the boundary), v
must be zero in Wy *(Q), hence G(v) = —a % 0. This proves Assumption
(3.34) and shows Corollary 3.4 is applicable. We get

ProPOSITION 4.3. Let there be given pe]l, +oof and f: 2 x R*—> R
a borelian function satisfying Assumption (4.12), (4.13), (4.14). Then

(a) for every € > 0, there exists some function u. e Wy*(Q) such that

s & T (-, grad u (") H 4.31)

w149

(b) for every € > 0 and o > 0, there exist some real number A and some
function v, € WP(Q) such that:

-2
oy, [P72 oo,

ox;
n
[
2 4=1

5. C! FuncrioNs oN CoMPLETE RIEMANIANN MANIFOLDS

Y s 7 (v Emad u) -

<e¢ (432

w-l,¢

(4.33)

Let M be a complete riemannian manifold. The finite-dimensional case
is common knowledge, and we refer the reader to Lang [18], Eells [12],
Ebin [9] for treatment of the infinite-dimensional case. Let us just review
the essential features. M is a smooth (C*) manifold modelled on some Hilbert
space H, and for every p € M, we are given on the tangent space TM, ~ H
a positive definite symmetric bilinear form (-, ->,, depending smoothly
on p, and such that | - ||, is equivalent to the norm of H. We shall denote by V
the Levi-Civita connection on M, i.e., the unique bilinear mapping

V: Co(TM) x C=(TM)— C~(TM),
(X, Y)— V,Y,
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such that
VexgY = fI(X - 8) Y + £VxY],
Z KX, Y)=(VX,Y) + (X, VY,
ViY — VX =[X, Y],

for any vector fields X, Y, Z in C=(TM} and any real functions on M, f, g
in C°(M, R).

Recall that the riemannian structure defines on M a metric d which is
compatible with its manifold topology; namely, given any two points p, ¢
in the same component of M, define their distance as

o, = inf {[" 160 dt | ¢ € C=(0, 11 M), o0) = pr (1) =]

The manifold M is assumed to be complete for this metric. This implies in
particular that any geodesic, i.e., any C* path ¢ such that V. = 0, can be
extended indefinitely, and is in fact a C* mapping from [0, + co[ into M.
Hence, for every point p € M, we can define the exponential mapping exp,, :
TM, — M by exp, x = ¢(1), where ¢ is the unique geodesic such that ¢(0) = p
and ¢(0) = x. The Hopf-Rinow theorem states that, if M is finite-dimen-
sional, any two points p and ¢ of M can be joined by a geodesic of minimum
Iength. This still holds in certain cases where 3 is a Sobolev manifold of
fibre bundle sections (see [8] and [26]). But it is easily seen not to hold any
more when M is an infinite-dimensional ellipsoid in Hilbert space and p
and ¢ are axis points (see [16] and [19]). The related question, whether the
exponential mapping is surjective in general, is still unanswered.

We now state the main result of this section, an easy consequence of
Theorem 1.1, before applying it in the next section to manifolds of fiber
bundle sections.

ProposITION 5.1. Let F be a C* function on a complete riemannian manifold
M. If F is bounded from below, then, for every e > O there exists some point
P €M such that

F(p) <infF - & (5.1)
|| grad F(p)l,, < e (5.2)

Proof. Using Theorem 1.1, we see there exists a point p, € M satisfying
(5.1) and

VpeM, F(p)=F(p) — <d(p, p.) (5.3)
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Recall the exponential mapping exp,_induces a2 C~-diffeomorphism from
some open subset #30 of TM,_ onto some open subset ¥"3p, of M.
Furthermore:

T exp, (0) = Identity in TM,,, (5.4)
Vee¥, d(p.,expy x) =%y - (5.5)

Now (5 3) implies
Vxe¥, Foexp, x>Foexp, 0—e¢lx],,, (5.6)

Vee#, Vt>0, (Foexp, tx —Foexp, 0)t=—e|x]|,, . 5.7
Letting ¢ — 0, we obtain
Ve ¥, T(F o exp,) (0) x = —e| x,, - (5.8)

As % is an open subset around 0, we get

| T(F o exp,,) (0)“2: <Le (5.9)
But
T(F o expy,) (0) = TF(exp,, 0) = TF(p.),

due to (5 4), so that (5 9) becomes
| TF(p N7, < e (5.10)

Hence, identifying as usual the Hilbert space TM,,_with its dual through
<.’ .>p€ b

[l grad F(p.)ll,, < e. ] 1)

This proposition sheds a new light on the celebrated condition (C) that

R. Palais and S. Smale introduced in their work on generalized Morse theory
{see [23], [27], [22]). Recall this condition

(C) if S is a subset of M on which | F | is bounded but on which | grad F ||
is not bounded away from zero, then there is a critical point of F in the closure of S

We now get, as a corollary of Proposition 5.1, the

Parars-SmaLE Ex1sTENCE THEOREM. Assume M is a complete riemannian

manifold, and F is a C' function on M satisfying condition (C) If F is bounded
from below on M, then F assumes its greatest lower bound on M
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Proof. Proposition 5.1 tells us there is a sequence (p,;)nen in M such that

F(p,)—> infF (5.12)
| grad F(py)ll,, — 0. (5-13)

Applying condition (C) to the subset S = {J,en{pn} We see there is a
critical point p of F in the closure of S. This just means that the sequence
(pn)nen has a cluster point p such that F'(p) =0 As Fis C?, we get

F(p) = lim F(p,) = inf F. I 14

6. GroDEsics?

As before, we shall denote by M a connected complete riemannian mani-
fold, by p and ¢ two points of M., Several equivalent definitions of the Sobolev
manifold L,%([0, 1]; M) have been given; see {20, 21] and [9]. Let us proceed
in the following way. If ¢: [0, 1] — M is a continuous path, find in [0, 1] a
finite number of partition points @, =0, a4, ,..., @, , @, = 1, such that for
1 < i < n, the image of the #th subinterval ¢([a;_; , 4;]) is contained in the
domain ¥; of some chart g;: ¥; — H. Then ¢ belongs to L,%([0, 1], M) if and
only if (d/dt) ¢; o c e L¥([a;_, , a;]; H) for 1 < i < n. Moreover, we may define
a neighbourhood of ¢ in L,%([0, 1], M) as the set of continuons paths ¢’ such
that ¢'([a;_; , a;]) C¥; for 1 <7< nand

g

sup || @ioc(t) —gioc(t)y + Zn: U

1<isn =1 Va1
a; 1Si<a;

d n2 1,2
ZPioC d,q>,°c| dt]

< e 6.1)

We endow L,%([0, 1]; M) with the topology defined by all such neighbour-
hoods, for € > 0, and we state a preliminary lemma:

Lemma 6.1.  C= paths are dense among L\® paths starting at p and ending
at q.

Proof. Let c e L3([0, 1]; M) such that ¢(0) = p and ¢(1) = ¢. The lemma
states that, for every ¢ > 0, there exists a C* path ¢’ such that ¢'(0) = p
and ¢'(1) = ¢ which verifies (6.1).

1 The author wishes to thank J. P. Penot for a stimulating conversation and for
communication of his unpublished work.



342 1. EKELAND
For every subinterval [a;_, , ;] and every k€N, define:
Ny =la; 1,81+ 1RV [a, — 1}k, a].
We have

| &gt at—0 a5 ko, (62)

ka”%qo,. Zdt—»O as k- oo. (6.3)

Define a function 0:[a; 4, a;] > H by 0(a;_,) = ¢, o c(a;_,), and

d .

S0 =0 if teN,

d d 1 d .

77 0t) =y pooclt) + mka g Poc)d it tEN.
(6.4)

Itis clear from (6.2) and (6.3) that (d/dt) 6, — (d}dt) p; o cinL¥([a;_y , a;]; H)
as k— 00. Moreover,

a; d
ula) = bu(aws) + [ 7 0ute)

;—I/k

0u(a) = @io (i) + | weocdt+ [ % gredd,(69)

L2 1+1/k
O:(a;) = @; ° c(a;).

It follows from the usual Sobolev inequalities, or even from the Ascoli
theorem, that @, is continuous and converges uniformly to ¢, 0 ¢ as & — oo
We choose % large enough so that,

2 a12
t] <S.
§4 \271

(6.6)

L2

d d

dt‘Pi"c"'Eak

sup
a,_ 1 St<ay

o) —pioct)| +

‘111

We now smooth down 6, by convolution. Extend 6, by #,(a,_,) to the left
and 0,(a;) to the right. Using distribution theory, we can find a nonnegative
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C= function p: R — R, which is zero outside [—1/2k, 1/2k], and satisfies:

fR pdt =1, (6.7)
sup | p* 0u(t) — Ou(t)ln < 5= (6.8)
[Pt 4n
d d .
” FPrh— b < & i DNao,al B (69)

Thanks to (6.7), we have

px0(t) =@;ocla;,_,)  for ay <t<apy+1/2k,  (6.10)
p* 0:(2) = @; 0 c(a;) fora; — 12k <t < a;. (6.11)

Adding (6.6), (6.8), and (6.9), we obtain

sup 1% O(t) — g o et + | f

a; St<a;

2 q1/2
dt] <=,
H

* 0 d °oc
P k dt P n

(6.12)

We now set ¢ = g; o (p * 6,). The path ¢’: [0, 1] — M is well defined,
and is C* on every subinterval [, , 4,], | <X 7 <{ n. The pieces fit together
because ¢’ is locally constant at the partition points ; ((6.10) and (6.11)). It
only remains to add the z inequalities (6.12) for 1 <7 < n to obtain (6.1). |

Convergence in L,%([0, 1]; M) implies uniform convergence in C%([0, 1]; M).
Recall that there is a C*-manifold structure, and even a riemannian structure,
on L,¥[0, 1]; M) compatible with its topology [28, 15, 25, 26]. For every
c € L,¥([0, 1]; M), the tangent space TL,¥([0, 1]; M), is canonically isomorphic
to L %(TM,), so that a tangent vector to L,%([0, 1]; M) at ¢ is an L2 path £ in
TM over c:

E1r>£t) where  £t)e TM,, . (6.13)

The riemannian inner product of two tangent vectors ¢ and ¢’ in L,%(TM,)
is given by:

CE = f "8, E o dt + f L Va0l Vool (D0 At (6.14)

The associated riemannian metric will be denoted by 8, and L,([0, 1]; M)
can be shown to be complete as a metric space. From now on, we shall
always consider L,%([0, 1]; M) as a complete riemannian manifold.
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Lemma 6.2, Set
V ={ceL¥[0, 1]; M) | c(0) = p, (1) =¢}
Then V is a closed C* submanifold of L ([0, 1]; M).
Proof. Consider the evaluation mapping:
ev: ¢ > (c(0), e(1))
ev: L%([0,1); M)— M X M.

It is clearly C=, the tangent map at ¢ being £~ (£(0), £(1)) from L,X(TM,)
into TM, () X TM,.q . It is easily seen to be surjective, and its kernel
splits. This proves that the evaluation mapping is transversal to (p, ¢), and
hence that V' = ev™Y(p, ¢) is a closed C* submanifold of L,([0, 1]; M) [5, 1]).
We can even express the tangent space TV,

TV, ={€eLATM,) | é0) =0,£1) =0} K (6.16)
We define the riemannian inner product of two vectors £ and £’ in TV, by:

&= (Va0 b(t), Vi (et dt, 6.17)

and we denote by 8° the associated riemannian metric.
We easily check that, for £ TV,

16O = [ 35 <O €D s

t
= [ 2Ta8), et (6.18)
K20 €NV £l
Integrating over [0, 1], we get

€N <20 el V€l 2
or

1€l <20 V€l
Comparing (6.14) and (6.17), we get, for every £ € TV :

HENe <N €l <30 €Il (6.19)
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Hence, of course, for every paths c and ¢’ in V,
8%, ¢y < 8(c, ) < 38%c, ). 6.20)

As V is closed in L,X([0, 1]; M), it is 8-complete, and from (6.20), we see
that it also is 8°-complete. Hence ¥V, endowed with the riemannian structure
defined by (6.17), is a complete riemannian manifold.

Consider now the energy function. F: V- R defined by

F&) = [ 11 (0o . (6.16)

This function has been extensively studied by several authors [20, 22,
15]. Itis C=, and its minima, whenever they exist, are the geodesics of minimal
length joining p and g. We state the main result of this section:

THEOREM 6.3. For every € > 0, there exists a C* path ¢, joining p and q
and a vector x, € TM, such that

[Clekite e <inf [ NdE0d+e (617
0 1}

f ekt — &R dt < e, (6.18)

where X (t) is obtained from x. by parallel translation along c. .

Proof. Let n >0 be given. From Proposition 5.1, we can find a path
¢’ e Li([0, 1]; M) joining p and ¢ such that

F(¢) < infF(c) + 7, (6.19)

VEe TV,  Kgrad F(), & <n €l (6.20)

Using Lemma 6.1, we can find a C* path ¢ joining p and g, near enough ¢’
for

| F(c) — F(c')] < n*and | || grad F(¢') [l — | grad F(e) . |

to hold. Hence we get

F(e) <infF + 272, (6.21)

VEeTV,,  KKgradF(c), & <2l £k (6.22)
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Let us first take care of condition (6.22). For any £ € TV, , define exp, £ € V
by

Vie[0,1],  (€xp, £) (t) = expoy &(2)- (6.23)

This is clearly a C* map, the derivative of which at zero is the identity
in TV, , so that

VEe TV,,  KKgrad(F o exp,) (0), & < 2n £1L. (6.24)

For every £e€TV,, ie., every £eL,)(TM,) such that £0) =0 and
£(1) = 0, the left-hand side can be expressed in another way:

(grad(F o exp,) (0), &>

- % Fo&p(ad) (6.25)

a=(

oty o %,
— 5= || (G b 280, 3 expun b))

a=0

The derivative 8/0x|| 9]0t exp,) «é(t)|%s is a continuous function of
both « and ¢, which vary in compact sets. Hence,

a 1y 2 2 1 bl a 2
- jo 57 XPuto (D) dt = fo = H a7 P oGOt (6.26)
Using the Levi-Civita connection, for every ¢ € [0, 1]:
0 /0 7
P <E" exp,(p) *€(t), Fr €XPe(e) ag(t)>c(t) md
= £(t) - (1), é(t)),
®) <().()m 627)
= 2<Vg(t)é(t)’ e
= 2<[E(t)’ é(t)] + Vc'(t)g(t)’ é(t)>c(t)
= 2 Vaé(2), é(esy -
Let us now state (6.24) again
1
VECTV,, 2| (Vanf(®) ét)e dt
° (6.28)

1 1/2
<2 [[ Ve VeotlDeww ] -

Consider the mapping Der: £ V£, which sends L,(TM,) into L3(TM,).
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We seek a characterization of Der(TV,). It is easy to check that, whenever
w € LY TM,), the solution £, of the linear differential equation V ., £(2) = «(2)
such that £,(0) = 0 belongs to L,%(TM,). It remains to get £,(1) = 0.

For any x e TM,, denote by %(t) € TM,, the vector obtained from x by
parallel translation along ¢, i.e., the solution of the differential equation
V%) = 0 such that #0) = «. It follows from the definition that, for any
wel¥TM,),

J| <ot 30w e = <1, 50 (629)

The mapping x> &(1) from TM,, to TM, is easily seen to be surjective, so
that £,(1) = 0 if and only if (6.29) vanishes for all x € TM,, . In other words,
w € Der(TV,) if and only if

Vxe TM,, f: Cor(t), #()Den dt = 0. (6.30)

Denote by E the vector space of paths %: f — &(t) for all x € TM,, . It is a
closed subspace of L¥TM,), so we can state (6.28) in the following way:

weEr = {w, ¢y <7llwl inLl¥TM,). (6.31)

Now ¢ can be written as & + {, where #€ E and { € E*, so that (6.31)
becomes || || < 5. In other words, there exists some vector x € TM,, such
that the associated path & € C°(TM,) satisfies

lé—#|<n inLXTM,), (632)
) et — #)Re dt < (6.33)

Taking % small enough for 272 to be less than ¢, we obtain (6.17) and (6.18)
from (6.32) and (6.33). |

Theorem 6.3 states that any two points p and g of M can be joined by a C*
path whose length is “almost” minimum and which is “‘almost” a geodesic.
Indeed, condition (6.18) states that the velocity along this path is “almost”
constant, i.e., that it can “almost’ be obtained by parallel translation of a fixed
vector of TM,. When M is finite dimensional, it is well-known that F
satisfies condition (C) of Palais—Smale, which yields the Hopf-Rinow theorem
again. In the general case, it seems (although this author has not been able to
prove it) that the endpoint ¢, of the geodesic starting at p, with velocity x,
should converge towards the endpoint ¢ of ¢, as e — 0.



348 I. EKELAND
7. THE PONTRYAGIN MAXIMUM PRINCIPLE

Let us now switch over to control theory to give one last application of
Theorem 1.1. We refer the reader back to the treatise of Pallu de la Barriére
[24] for classical results and notations.

Consider a system governed by the equation

Z—j (t) = f(x(t), u(t), t), ae.
(7.1)
2(0) = x5 R",

where x(¢) € R™ describes the state of the system, #(¢) is the control at time ¢,
and belongs to some compact metrizable set K. We prescribe a time T > 0
and assume that:

(a) f and f, = (&f/ox,,..., Of|0x,) are continuous functions over
R* x K x [0, T]
(b) <w, f(t, x,u)y < e(1 + | %}?) for some constant c.

Let a measurable control u: [0, T]— K be given. Condition (a) ensures
that there exists a unique solution X of the differential Equation (7.1) on a
time interval [0, r] small enough. Through use of Gronwall’s inequality,
condition (b) becomes

%) < (1 % | -+ 2eT) e, (7.2)

and hence ensures existence of the solution on the whole time interval
[0, T]. Moreover, (7.2) yields

|| de(t)fdt | < max{f(t, %, u)|(t, s w)e[0, TI X BX K}, (1.3)

where B denotes the ball of radius (|| x 2 + 2¢T)/% e°T. Applying Ascoli’s
theorem, we see that the family of all trajectories X of the control system
(7.1) is equicontinuous and bounded, and hence relatively compact in the

uniform topology.
We are given a C* function g: R" — R, and we seek some measurable

control u such that the corresponding trajectory x minimizes g(x(T")) among
all solutions of (7.1).

Turorem 7.1. For every ¢ >0, there exists a measurable control u,,
the corresponding trajectory being x., such that

£(x{T)) < inf g(#(T)) + ¢ (7.4)
PGk, ude), 0, pAD> < mind flt) w,2), 240 X & e, (1)
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where p, is the solution of the linear differential equation

dpdt)jdt = —'f,(x(2), ult), £) - p(2)
P(T) =g'(x{T)).

Whenever we can take ¢ = 0 in (7.4), we can also take e = 0 in (7.5).
In other words, whenever there exists an optimal control, it satisfies the
Pontryagin maximum principle. However, our theorem holds even when
there is no optimal solution. We prove it in several steps.

First, we denote by % the set of measurable controls u: [0, T]— K,
endowed with the following metric

(7.6)

8(uy , u,) = meas{t € [0, T] | u,(2) 5 uy(2)}. (7.7)

LemMa 7.2, U is a complete metric space.

Proof. Let us first check that 8 is a distance. Take any w; , u, , u; in #:

{t1uy(t) 7 uy(0)} C {t | m(2) = ug(0)} U {2 | g(2) # we(2)},  (7.8)

meas{t | u)(t) 7 uy(t)} < meas{t | u)(2) 7 ug(t)} + meas{t | uy(t) # uy(2)},
(7.9)
Sy » t5) << Oy, ug) + O(uig , ). (7.10)

Let (#,)zen be a Cauchy sequence in %. We can extract a subsequence
(unk)keN such that 8(u,,’c , u,,kﬂ) < 1/2%, and we will show that this subse-
quence converges. Indeed, set

Ay = ) {t]un(t) # u,, (O (7.11)
P>k
We have
| 1
meas Ay = ) oo =57, and A DAy,
a2 2
Define i € % by

Vi¢ Ay, a(t) = up,(t). (7.12)

By definition, the subsequence (u, );en converges to #. As the sequence
(#,)nen 1s Cauchy, it converges to # as a whole. |

Lemma 7.3.  The mapping F: ur—~ g(x(T)), where ue¥, x is the corre-

sponding solution of (7.1), is continuous over U.



350 1. EKELAND

Proof. Let (#,),en be a sequence converging towards # in %. The sequence
of trajectories (¥, )y is relatively compact, hence there exists a subsequence
x which converges uniformly to &. It remains to prove that ¥ is the trajectory
associated with #.

For that, write Eq. (7.1) differently

2 (t) = % + fotf (%4(5), wils), d)) ds. (7.13)

Now, as & — o0, x; — % uniformly, 4, — # a.e., and the integrand remains
bounded by (7.3). We can apply the Lebesgue convergence theorem, which
yields

#(t) = 0 + fot FE(s), @ls), 3) ds. I (7.14)

We now are in a position to apply Theorem 1.1. We get a measurable
control u#, € % such that

F(u) <infF + &, (7.15)
Yued, F(u)>=F(u)— (u,u,), (7.16)

the corresponding trajectory being x, given by

O =SB u ) ae

x0) = x, .

(1.17)

Take #,€]0, T[ where the equality holds, #,€ K, and define v, e % for
every 7 2> 0 in the following way:

v,(t) = u, if  tef0, TN ]ty — 7, tyf,
(7.18)
v {t) = ut) if  t¢[0, TN ]ty — 7, 1.

Clearly, 8(v, , u,) = 7, when 7 is small enough. Denoting by «x, the cor-
responding trajectory, we shall prove in Lemma 7.4, that

;;g(M(T)) T S xdlto), o s ta) — fldto), uto) to) pdto)>-  (7.19)

But (7.16) yields

2(x(T)) — g(x(T)) = —er forr = 0. (7.20)
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Putting (7.19) and (7.20) together, we get
(S (@dlto), w5 to) — f(*elto)s uelto)s Lo)s 2lte)) = — e,

351

(7.21)

which ends the proof, because #, is any point of K and ¢, is any point of

10, T'[ where equality holds in (7.17).

LemMa 7.4.

4 1)

7=0

= (f(®lto), uo > to) — f(xe(2o)s ul2o)s to), Pelt0)-

Proof. This is a classical result, which can be found, for instance, in [24].

We sketch the proof here for the reader’s convenience. Write
to
5t =xlte =) + | fwls) w0, 9) ds
0—T

= %) — {dx/dt) (t,) + 7f (%{to)s %o » L) + O()
= x{to) — T(f(xlto)s ulte) 2a) — f(*elto)s thy 5 1)) + O(7),
which yields
(d[dr) xto)lrmo = f(xlto); U » o) — f(*elt0); elto), Lo)-
Hence,
(d]dr) 2(T)l,—o = R(T, 1) [ (xf0)s ttg , to) — f(%(to), u(to), 1)),
where R(T, T,) is the resolvent of the linearized equation
(d€/dt) (2) = f'(x(2), ul2), 2} - (2).
We now have:
(d/dr) g(*T))lro
= {g'xLT)), (ddr) #(T)\r—0?
= {g'@{T)), R(T, to) [ f(%elto)s to » to) — f(xlte)s uelto); ta)]>

= CR(T, 1) g'(xLT)), [f (xto), w05 t0) — fxlte)s ulte)s L0)1D-

(1.22)

(7.23)

(7.24)

(7.25)

(1.26)

But 'R(T, Ty) g'(x{T)) is just p(t,), where p. is the solution of (7.6).

Hence the result.
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8. CoNcCLUSION

In some respects the results of Section 2 are to be compared with papers of
Asplund [2] and Edelstein [10, 11]; see also Baranger [3]. These authors
exhibit a class of nonconvex optimization problems which acquire solutions
for a dense set of linear perturbations. The method applied here is quite
different, and uses much weaker assumptions on V.,

In his book [17], Krasnoselski has proved a result similar to Corollary 3.4;
namely, every completely continuous operator acting in an infinite-dimen-
sional Banach space has approximate eigenvectors (Chap. 4, Sect. 1).
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