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I. INTRODUCTION

This paper deals with the following problem. Let H (x, p) be a family of
functions on R" X R", depending on the parameter ¢ € R, For small ¢, we
seek periodic solutions to Hamilton’s equations,

dx; 0

—==——H s )s

&~ o X, p) - ,
p 2 1<ign )
b _— ¢

dt - ax' Hg(x,p),

14

and we wish to relate them to the periodic solutions of the unperturbed
system:

dx; a
'—_l—:”'—H “Vy >
1<ign. (#3)
P =t
dr  ox, 0Pk

i

For this problem to have any practical interest, the unperturbed
Hamiltonian system (-%5) must be completely integrable. We then find
ourselves dealing with the fundamental problem of perturbation theory.
which has given rise to a considerable amount of mathematical developments
for more than two centuries, the most recent being the Kolmogorov—Ar-
nold—Moser theorem on invariant tori (see [9] for a survey). In applying this

*Part of this paper was written while the author was visiting the University of Chicago
(April 1981).
407
0022-0396/83 $3.00

Copyright © 1983 by Academic Press, Inc.
Al rights of reproduction in any form reserved.



408 I. EKELAND

result to linear systems, it must be borne in mind that the n closed trajec-

tories corresponding to the normal modes are degenerate rational tori. For

this reason, it is often best to treat separately the case when (-#;) is linear.
Roughly speaking, the two salient facts which emerge are the following:

(a) Closed trajectories for (-#;) which are isolated on their energy
level give rise to closed trajectories for the perturbed problems (#).
Asymptotic expansions for these can be found by some variant of the
Lindstedt—Poincare method, i.e., by killing off secular terms in the kth-order
terms by ad hoc conditions on the (k — 1)th-order terms.

(b) Closed trajectories for (-#;) which belong to a continuous family
within the same energy level (a rational invariant torus, for instance) will in
general be destroyed by small perturbations. Only a few will give rise to
closed trajectories for (-#), with ¢ # 0, and it is part of the problem to find
those that do.

This paper gives a unified approach to all these problems, based on a
single mathematical result (Theorem 8). It is a purely functional-analytic
approach, by repeated use of the implicit function theorem, and makes no
reference to such classical tools as the Poincare map. It provides us with a
complete and detailed justification of the above (a), (b) picture. Moreover,
we get some by-products:

(i) In the case of isolated closed trajectories, the asymptotic
expansions for closed trajectories of (-#7) have different form when (£5) is
linear and when (-#;) is nonlinear (see Section III, A and B).

(ii) The (usually divergent) asymptotic expansions are understood as
Taylor series. The reason why there should be no secular terms is given.
Moreover the procedure described does not need computation of the
(k + Dth terms to completely determine the kth terms (Section III, A and B).

(iii) A simple necessary condition for bifurcation from a continuous
family of closed trajectories at u, is given (Section IV), namely, that the d
functionals

y= [ L0, ). o)

be linearly dependent on the space of all functions y such that

¥(t) = cH, (0, uy(1)) ¥(t)
¥(0) =y(T},)

[ o, 50 dr =0,
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(iv) A new proof is given of the classical theorem by Weinstein on the
existence of n distinct closed trajectories near an equilibrium (Section V).

We rely on a global method developed by Clarke [3.4] and Ekeland
[5.6,8] to find periodic solutions of Hamiltonian systems. It requires the
unperturbed Hamiltonian H,, to be convex in both variables (x, p), at least in
a neighbourhood of the unperturbed orbit under study.

Section II of this paper benefited from the collaboration of J. Blot [2],
whom we thank for his help.

II. THE ABSTRACT RESULT

Denote by u=(x,p) the points in R*”»=F"XR" and by ¢ the
symplectic 2n X 2n matrix
(5 4]
S\ 0/

Note that 6* = — ¢ = ¢ ~'. Equation (#)) can be written as follows:
i=cH!(&, u). #)

Here we denote by H(g, u), instead of H (u), the Hamiltonian, by H] and
H] the vectors with components 0H/¢u; and 0H/de;, by H,, and H], the
matrices with coefficients 8*°H/(0u;6u;) and 8°H/(0¢;6u,), and so on.

Throughout this paper, we shall assume that:

H:RI'XR™ 5 Ris C® (HI)
e > 0: (v, HY (0, u) v) > e(v, v) all v and u. (H2

In other words, the unperturbed Hamiltonian H(0, -) is strictly convex.

We are interested in local results only, i.e., in what happens near a
compact trajectory u,, or a compact manifold of trajectories, for small &.
For any bounded set K, it will follow from (H2) that the perturbed
Hamiltonian H(e, -) will also be strictly convex over K, for small enough &.
So there is no loss of generality in strengthening (H2) to:

dc > 0: (v, H, (e, u} v) = c(v. v) all ¢, v, and u. (H2)Y

This second condition obviously implies that for any ¢ &€ R4, the map
u — H(g, u) is strictly convex, and has quadratic growth at infinity. It follows
that, for any v € R?", there is a single point u(e, v) such that

(v, u(e, v)) — H(e, u(e, v)) = Ng‘in {(v, ) — H(g, u)}h
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We readily identify u(e, v) as the solution to the equation H (¢, u) = v. By
the implicit function theorem, it is a C® function of (g v), and
u, = H} (¢, u)”'. Plugging it back into the preceding equation, we get a C®
function G(g, v) defined by

G(E,v):muin{(v, u) — H(e, u)}. (D)

Differentiating once, we get

Gi(e, v)=u(e, v)+ [v—H.(c, u)| ul(e, v)

=u(e, v).
Differentiating twice, we get

G, (& v) = uyle, v)
= H" (&, u(e,v))~".

We have proved:

PrOPOSITION 1. Formula (1) defines a C® function G(g,v), the
Legendre transform of H(e, v). It is convex with respect to v. The following
three conditions are equivalent:

(a) G(e,v)+ H(g, u)= (v, u),
(b) v=H,(e u)
() u=Glev).

If they hold at (u, v), we have
@) Gylev)Hilew)=1 1

Assumption (H2), combined with condition (d), gives
0 < (G(e, ) w, w) < e H[wll? )

so that v - G(g, v) also is a convex function. Using the fact that the problem
of minimizing (v,u)— G(g,v) in v always has precisely one solution,
namely, v = H' (g, u), it can be shown that G actually is strictly convex.

We now use G to construct a problem in the calculus of variations, the
solutions of which will give us periodic projections of (-#7). This method is
due to Clarke and Ekeland (see [5]), following an idea of Clarke (see [3]). It
can be understood as a dual version of the least action principle.
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We first define the ad hoc function space E:

¥

E= gw e C'(SH; R™) J‘l w(s) ds -——02 .

Here S'=R/7. Equivalently, E is the space of all C" functions on [0, 1]
such that d*w/d*(0) = d*w/dr*(1) for 0 < k < r and [} w(s)ds =0.

If w € E, its primitives are l-periodic. We denote by w the one which has
mean value zero:

~f A1 -5
(w)(e) = [ wie) de — | ([ w(t) dt) ds.
0 0 \0
We will consider IT as a compact linear operator of E into itself. Note that
oll is self-adjoint; indeed, integrating by parts, with ITw(1) = Iw(0) for all w
in E, yields

a1

JO (wy, aIlw,) ds — ’01 (w,, 6llw,) ds = (IIs, Ilw,) = 0.
We then define a function @ on (0, w0) X R? X E by

B(T, &, w) = fol ((w, olTw)T/2 — G(e, —ow)) ds.
PrROPOSITION 2. The function @ is C*; we have:

-1
(T, &, w) = JO Sov,0llw)ds € &

~1

DT, &, w)= —J Gi(e, —ow)ds € B¢
0

D (T,e.w)w, = J. [T{w,, cllw) — (G (e, —aw), w,)| ds

1

0
<1

DL AT, e, w)w, :J (wl’ ollw)ds € R
0

AL

DT, &, w) W, = ( (—oG (e, —ow), w,)ds € E?
~0

Al
(Do AT, e, wywy, w,)= s [T(wy, oflw,) + (G (e, —ow) ow,. w)]ds. B
“0

The proof is left to the reader. We note for future use that if an L?
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function ¢ is such that [ gpwds=0 for all w € E, then [} gwds =0 for all
w € L? such that | wds =0, so that ¢ must be constant in R?". Tt follows
that @;, and @/, can be identified with elements of E,

D! (T, e, w) = Tollw — cPG/(g, —ow)
@7 (T, e, w)=ollw,

®" with an element of E¥,

ew

DT, &, w) = — aPG/,(¢, —ow),

ww

and @ with a linear operator of E into itself,

o) (T, e,w)w, =Tollw, + PoG"

ww LA

(e, —ow) ow,.

Here P is defined as the projection of C" onto E associated with the
natural splitting C" = E @ R*". In other words,

(Pw)(s) = w(s) — f w(s) ds.

ProposITION 3. The following statements are equivalent:

(a) @,(T,e,w)=0,ie., wis a critical point of ®(T, ¢, -);
(b) there is some EER™ such that u(t)=THw(t/T)+¢& is a T-
periodic solution of (#)).

Moreover, we have the relation
u(t) = Gi(e, —ow(tT™"), all ¢
w(t) = oH| (¢, u(sT)), all s. 1

Progf. The equation ®/(T,e w)=0 means that, for some constant
& € R, we have

Tollw(s) — oG,(e, —aow(s))=¢’, all s.
Using the equivalence (b) < (c) in Proposition 1 transforms this into
H(e, TIIw(s) — 0¢') = —ow(s)
IIw(T) = Iw(0).
The result follows by setting u(t) = THw(/T) —o&'T. 1B

From now on it shall be assumed that some T,-periodic solution u,(¢) of
(-#,) has been found, corresponding to some solution w, of @/ (T, 0, w)=0.
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We wish to investigate the situation around (7,0, w,) by applying the
inverse function theorem. For this, we need to know more about the
derivative of @/:

L=(®L, " &")Ye LR XRYXE,E).

Ew? ww

PropOSITION 4. L(T, ¢, w) is a Fredholm map of index d+ 1. 1§
Progf. L has been computed in Proposition 2, and can be written as the
sum of the map
L. (T, e, w)—ollwl, —oPGl(g, —ow) e, + Tollw,
which is compact, and the map

L,:(T,, &, w)— PGl (e, —ow) ow,.

v

We claim that the map Lj: w, —» oPG,.(g, —6w) ow, is an isomorphism of
E onto itself. Indeed, the equation Liw, = w, can be written as

oG (e, —ow(s)) ow,(s) = w,(s) +¢  with E€ R
and inverted pointwise:
w,(s) = —oH, (e, u(s))(—ow,(s) — o), with u(s) = G.(g, —ow(s)).

It follows that w, is just as smooth as w,. For w, to belong to E, all we
need to do is to adjust & in R? so that

N 1 ol
‘ wy(s) = [ oH} (e, u)ow,ds + o (l H (e, u) ds) o¢=0.
-0 -0 “0

By assumption, H, (e, u(s)) is positive definite for all s, and so is the
integral |} H (e, u(s)) ds. The equation thus determines & uniquely, and L
turns out to be invertible.

It follows that L, has range F and kernel R“*', It thus is Fredholm of

index d+1,and sois L. §

The following proposition implies that L(7,, 0. w,) cannot be onto. The
ultimate reason for this lies in the fact that the function @ is invariant by the
S'-action which sends w(¢) into w(s + @), and this induces degeneracies in
the derivatives,

ProrosiTiON 5. Adssume @/ (T, e, wy=0 with w+ 0. Then w belongs to
E but lies outside the range of L(T, g, w). More precisely,

~1
| (4T, + ®Le, + Olw,, w)ds =0, all (T,,e,.w)ERXR!XE &
B
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Proof. By Proposition 3, if ®/(T,¢e,w)=0, then Tlw(t/T)+¢ is a
solution of (#), and hence C®. So w really is C%, with

w(1) — w(0) = [} wdt =0, and ow belongs to E.
Computing each term separately, we get

1 -1 1
f (D7, W) ds =J (clIw, w)ds = — [ (w,ow)ds =0
0 0 Y0
-1 .1
J (D1, W)ds=— J (6G (e, —ow), w) ds
0 0
A1
=— | d/dt[Gie,~ow(s))] ds =0
0
<l 1
J (@r,w,, w)ds :j [T(w,, alIw) + (G (¢, —ow) ow,, W)] ds
0 0

= JOI (w,, Tow + oG/ (e, —ow) oW) ds.
Now, since @.(T, ¢, w) =0, we have
Tollw(s) — oG/ (¢, —ow(s)) = constant.
Differentiating with respect to time, we get
Tow(s) + 0G.(e, —ow(s)) ow(s) =0, all s.

Substituting in the above, we get the desired resuit. [
More generally, we have the following result:
PROPOSITION 6. Assume @.(T,,0,w,)=0, and denote by u, the

corresponding solution of (#,). Let F be a first integral of equation (7).
Define a function v by

Ty v(s) = oF " (ue(sTo))-

Then v belongs to E, so does ¢, and

1
f(ds;'wrlms" w.0)ds=0 all (T,,w)ERXE.
0

ww

Proof. Denote by ¢, the flow associated with the differential equation
u=0F!(u). It is certainly well defined in some neighbourhood of the
compact curve u,(f), provided #€ R is small enough. Since it is
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Hamiltonian, it will preserve the integral of the 1-form (ou. du) along closed
curves:

-l:()%(oqu’ olt), = ¢e (r)) dt = constant. )

Moreover, since F is a first integral of (#;), the Hamiltonian flows
associated with H, and F commute, which implies Polig(t) is still a T-
periodic solution of (#). Proposition 3 associates with gou, a function
wg € E,

wols) = ¢o”0(ST ) (**)

which satisfies the equation
! (T,,0,we)=0,  allf.

Differentiating with respect to # at 6=0, we get
" d
(D" W(To .0, WO) ‘a—e‘ W= 0.

Computing this derivative from Eq. (**), we get

1 o
60“’9(5) T 895 ¢9 o(sTy) = T 75 p9¢s uy(sTy)
1 ¢
:}—E_UF'(”()(STO))
= 0(s).

So we get
~1
f (D), w,,0)ds = { (DL,6,w,)ds =0, all w, EE.
Y0

To get the remaining equation, we differentiate Eq. (*) with respect to £ at
d=0. We get

0:% j: [(~F (ug), GHL(0, ug)) + (ouo(t) We ( ;)) ] dr.

505/50:3-8
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The first term is the Poisson bracket of F and H,, which is zero since F is
a first integral of (-#;). The second term, with /00 w, = 0, gives

0=+ " (ouy(0) 6/7)) i
= T/2 [ (ouy(sTy), ) ds

=1 [ (aTTwifs), 5(5)) ds

0

1 @) i) ds.

Note that © may still be in the range of L(T,,0, w,) because we are
missing the last d equations @, = 0.

For the sake of completeness, let us give a few more relations, valid when
Fis still a first integral of (-#7) for small ¢.

PROPOSITION 6 bis. Assume that F is a first integral of (%) for small €.
We then have

(oF’ o Gl(e,v),0)=0 all veR™
(6F' o GI(0,v), v)=0 all veER™,

Proof. The Poisson bracket of F with H has to vanish:
(oF'(u), H(e,u))=0 all ueR™,

Setting v = H|(s, u), we get u= G/{¢,v), and the first equation. The
second follows by differentiation in &. [l

We can try another way to estimate the codimension of L(7,, 0, w,), by
relating @/ to the linearized equation of (-#;) around u,. This is done in the

following:

PROPOSITION 7. The following statements are equivalent:
(a) @/ (T,,0,wy) w=T,cllw + PoG/ (0, —ow,) ow =0,

ww

(b) there is some EER™ such that y(t) = Ty IIw(t/T,) + ¢ is a Ty
periodic solution of the linearized equations

¥ = GHy, (0, uy(1)) 7.
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Proof. Follows immediately from Proposition 3, which we apply to the
quadratic, time-dependent Hamiltonian

H(t, u) = 3(H,, (0. uy(1)) u, )
with Legendre transform

G(t, v) = LG/ (0, —ow(i Ty 1)) v, v).

The linearized equations can be written as the (non-autonomous)
Hamiltonian system u = oH (¢, u), and T,-periodic solutions correspond to
critical points of the quadratic functional:

D(w) = “1 (To/2 (w, alIw) — G(sT,, —ow)) ds.

The proof of Proposition 3 carries over to the non-autonomous case. and
shows the equation @/, = 0 to be equivalent to conditions (a) or (b). §

As we have seen when proving Proposition 4, the map
w— oPG) (e, —ov) w, denoted by L}, is an isomorphism of E onto itself. The
map D) (T, 0, wy) =L+ 0T I is a compact perturbation of L}, and so is
Fredholm of index zero. We have

[ = codim @/

wi

(Ty, 0, wy) E =dim Ker @ (T,.0, wy).

W

By Proposition 7,/ is the number of linearly independent T -periodic
solutions of the linearized equations

¥ =0oH (0, uy(1)) y.

We know that y = 4, is such a solution, so [ > 1.

Floquet theory tells us that /< m, where m is the multiplicity of zero
(mod 277} as a characteristic exponent along the closed trajectory u,. This
multiplicity is at least two, one because the system (#;) is autonomous and
one because it has H as a first integral. It must be an even number, because
the system is Hamiltonian:

Ii<m with m even >2.

Any further integral of the motion raises m by one, provided it is
independent from the preceding ones along wu,. For instance, if
Hy(u) = 3(x] + p}) + w/2(x; + p3), with n=2 and w irrational, there are
two integrals of the motion, (x? + p?) and (x3 + p3), and one expects m > 3,
so m = 4. A closer look, however, shows that all closed trajectories lie in the
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plane x} 4+ p} =0, or in the plane x2 + p3 =0, so one of the integrals always
degenerates along u,, and m =2,
Let y, =u,,y, ...y be independent solutions of the linearized problem

=oH/ (0, u,(¢)) y, ¥(0) = y(T,).

Set z,(s) = Toy;(sT,) for 1 i< L By Proposition 7, the z; are a basis of
Ker @ (T,, 0, wy). Denote by V the linear subspace of E given by

-1
J (ollwy, v)ds =0 and
(T4 0, wy) ’
1
J (6GL (0, —ow,),v)ds =0

V={(_v&Ker @],
By Proposition 5, we have z, = w, € V, so that
1 <dim VL

By standard Sturm-Liouville theory, v belongs to the range of
D (Ty, 0, wy) in E if and only if [ (w, w)ds =0 for all w€ Ker @/, . B
Proposition 2, the range of L(T,, 0, w,) is generated by

ollw,, oPGJ/ (e, —ow,), D) (T, 0, wy) E.

The range of L(T,, 0, w,) is related to V" by

L(T,, 0, w,) E =

1
WEEU (0, w)ds=0YveE V.
0

We now state our main result:

THEOREM 8. There is some neighbourhood % of (T,,0,w,y) in
(0, 00) X R X E such that the set SN\ % defined by

={(T,e,w)| @ (T, e, w)E V}

is a (dim V + d + 1)-dimensional C* submanifold of (0, 0) X R X E.

Proof. Denote by R(L) and Ker(L) the range and the kernel of
L(T,,0,w,). Write (0, 0)X R?X E=Ker(L)®E,,and E=R({L)P V.
Denote by prg: (0, 0)X RYXE—~Ker (L) and prg:E—R(L) the
corresponding projection. Consider the map

¥: (0, 0) X R? X E— R(L) X Ker(L)
(T, &, w) = (prr P, (T, & W), pr(T, &, w)).
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By construction, ¥'(T,, 0, w,) is invertible, so that the inverse function
theorem applies around this point. The set S is just ¥~ ({0} X Ker(L)); by
the inverse function theorem, S§ M % must be a submanifold modelled on
Ker(L), which has dimension Index(L) + Codim R(L)=1+d +dim V. H&

There are now two cases to consider: dim V=1 and dim V' > 1.

III. AsymMPTOTIC EXPANSIONS

dim V= 1} This will always be the case when [ = 1. It will also be the

case when /= 2, provided

ollwy & @) (T,, 0, wo) E
or
oPG (0, —owy) & D7 (Ty, 0, wy) E.

More generally, we will have dim V=1 when /<d+2 and the
oPG, (0, —ow,), 1<i<d, allwy, w,, and @, (T,,0, w,) E span the space
E.

We then have a considerable simplification:

PROPOSITION 9. If dim V=1, there is some neighbourhood % of
(Ty,0.wy) in (0, 0) X R X E inside which

D (T,e,w)E V< D (T, &, w)=0.

Proof. V is spanned by z, =w,. The equation @/, € V means that, for
some (4, &) € R?¥1,

Tollw(t) — oG (e, —ow(t)) = Awy(1) + &, all 1.

Multiply both sides by w and integrate. We get
-1 1 -1
T [ (oITw, w)ds — [ (0Gi(e, —ow), W) ds = /lj (w, W) ds.
KN Yo 1]

The first term on the left we integrate by parts, and get zero. In the second
term we recognize the time derivative of G(g, —ow(r)), which integrates away
to zero. Finally, we get

1
A Qi) dr=0.
‘0
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If w is close to w, in C”, r > 0, the integral is strictly positive, and hence 1
must be zero. 1§

Let us apply Proposition 9 to the study of simple closed trajectories. We
say that the chosen periodic orbit u, is simple if m = 2, i.e., the characteristic
exponent O has the lowest possible multiplicity along u,. Since 1 <1< m,
either /=1 or /= 2. The latter occurs when the unperturbed system is linear
and non-resonant; by this we mean that Hy(u)=Y""_, w,/2(x? + p}), with
w; & Zw, for i+ 1, and uy(r) is 27w, '-periodic, and so lies in the plane
x;=p;=0 all i+ 1. The case /=1 occurs when the unperturbed system
(#7) 1s nonlinear. We treat both cases separately.

A. Case[=2

ProposITION 10.  Assume that | =2 and that:
(@) [Touy(r) exp(2imtTy ) dt # 0 in C*,
(b) [T (i, ouy) dt # 0,
(€) 3yy:¥,=0H (0, ug) y, and [§o (H.(0, uy), y,) dt # 0.

Then there are positive numbers a and 8, a neighbourhood % of 0 in R?, a
tubular neighbourhood 7~ of the path u, in R*', and C* maps
U:S' X% X (hy—a, hy+a)>R™ and 6:% X (hg—a, hy+a)— R such
that :

6(0,...,0,hy) =T,

U(Ty 1, 0,y 0, 1) = uy(2)
and for any €e E % and h with |h — hy| < a, the curve
UGT ™, €,y €4, B) = u(2)
with T=6(¢,,..., &4, h) is a T-periodic trajectory of the Hamiltonian system
(#,) with energy level h:
u(t)=oH) (e, u(t))
u(0) = u(T)
H(e, u(t))=nh, all .

Conversely, whenever u is a T-periodic solution of (#7) with energy level h,
provided e €%, |T —Ty| < f, |h — hy| < a, and u(t) € 7" for all t, then some
¢ € R can be found such that

T=0(, s 64, h)
u(t) = UQT ™" + @, &, yes €45 h)-
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Proof. It is known that @/ (T,,0, w,) is a Fredholm map of index zero.
Split E into Ker(®/,)® &/ (E); then @/, is an isomorphism of & (E)
onto itself.

@/ (E) has codimension /= 2. Condition (b) means that there is some

w € Ker @/, namely, w = w,, such that
-1 ~1
| (oITw,, w)ds={ 1/T, (ouy(sTy). tig(sT)) ds # O.
.’0 . 0

It follows that ¥ is one-dimensional and spanned by z, = i,.
On the other hand, by the Fredholm theory. we have ollw, & @/ (E). It
follows that the map

(T, w)— (6lwg) T+ @/ (T,, 0, wo) w

W

of R X @/ (E) into a supplementary subspace of V" must be an isomorphism.
By the implicit function theorem, the equation

D' (T.e,w)EV

determines 7" and the components of w in @ (E) in terms of the remaining

wu'
variables. These are {(g,,...,&,) and the components (&, #7) of w in
wo + Ker(@/ ). By this we mean

HW

w=wy+ &z, + 1z,

where z, = W, and z, are independent solutions of @ .z =0.

W
By Proposition 9, this means that the equation @, (7, ¢, w)=0 can be
solved as follows in a neighbourhood of (T, 0, w,):
T=T( .6 ER
w=W(e . ey, &) EE.
We now replace £ and # by more convenient variables # and . We first
define
1
h(e, w) = [ H(g, Gi(s, —aw(s))) ds.
-0

When @(T, ¢, w)=0, A(w) is the energy level of the solution of (%)
associated with w. We have

.1 L
| (R0, wo), w) dt = J (6G"(0, —ow,) H'(O, ug), w) dt.
-0 0
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For any s€S8', set w'@)=w(s+1). If O (T,e,w)=0, we have
@,(7T, &, w') =0 also. We thus have an S'-action which leaves our equations
invariant, and we wish to find a coordinate system adapted to this group-
invariance.
~To do so, we use assumption (a). Say the first component of
I wo(s) exp(2ins) ds is non-zero. For w near w, in E, the complex number

(fol wo(s) exp(2ins) ds )1 (’01 w(s) exp(—2ins) ds)

has a well-defined argument ¢(w), called the phase of w with respect to w,. It
will be checked that ¢(w*) = d(w) + 27s.

I now claim that we can use (g,,..., £;, A, ¢) as a local coordinate system
for R X {w, + Ker(®/,)} near (0, w,). Computing the jacobian at this point
gives

D(e,yr €y, B, 8) _ D(h, ¢)
D(g ey, &)y DE 1)
_ (R0, wo)y z,)i (8'(Wo), 2\ )¢
(B0, W), z,)p (8"(Wy), 2, '

But z, =, so that

(h/(oa Wo)s z;)=0
(@' (wo), z,) = d/ds §(w*) = d/ds(¢(w) + 2ns) = 2.

So the jacobian is —2n(h'(0,w,), z,), which does not vanish by
assumption (c).
The equations now become

T= 9(61 seees E gy ha ¢)

W= W(E e, E4> M, §).

Using Proposition 3 to translate in terms of u and u, the results and the
assumptions we have just stated in terms of w and w,, we get the desired
result. J

We can also consider U as a C® map from R?x R into the space
C’(§'; R*"). Tt will then have a (possibly divergent) Taylor expansion, the
coefficients of which are periodic functions of time. We thus have a
theoretical basis for the Lindstedt~Poincaré expansions:
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T= S 6‘1’1 . d (h ho) 9 ...... P40

u(ty=> ebr-- e (h—hy)? Uy ,,d‘Q(tT_l)

......

Loees Pd,Q(S) =Up ... Pd.Q(S + 1) all s.

The last condition (periodicity in s) means that there are no “secular,” i.e.,
non-periodic, terms in the expansion for u(¢). Set U(s)=u(sT). The coef-
ficients 6, . .o and the functions U, . , o, can be computed by

...........

substitution into the defining equations
U(s) = TH;(&, U(s))

,‘I H(s,U(s))ds=h

and formal identification. Indeed, we have just seen that they define U as a
smooth function of (¢, &, ¢) with values in C*(S'; R*") (recall that u(f) s
really C® by bootstrapping), so that they must determine its Taylor
expansion. The parameter ¢ is the phase, and its determination is a matter of
convention; one more condition, added to the defining equations, will fix the
phase and completely determine the asymptotic expansion.

As an example, let us figure out 8,4, 6,, and Uy, U,,, taking d =1 for
simplicity. Differentiating the defining equations at ¢ =0, h = k,, gives

& . clU
— U= 0, T,0H, (0, U T,oH! (0, U ——
% 2 20, Ug) + TyoH,( o) + TooH ( 0) Ze H
¢ . or Y ou
&—hU——aTGH 0, Uy) + TyoH,) (0, Uy) —- = (2)
Ll
0= (0.0 + (0,00 5) ) as G)
o
: U
1:¥| (H’(O Uy, ﬁh) s. {4
We have
oT er
ge o and Er o1
ou cuU
—-=U, and oh Uy,
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Hence two linear, non-homogeneous differential equations for U, ,(s) and
Usi(8):

d
[a =+ ToH(0, UO)J Uyo=—~0,0H;(0, Uy) — T H/(0, Uy)  (5)

d
|5 + T, U0 | Vo =60 H,0. 0. (6)

Here U,, and U,, have to be I-periodic functions. The operator
[odjds + T H. (0, Uy)] with these boundary conditions is self-adjoint, and
its inverse is Fredholm of index zero. The assumption /= 2, together with
Proposition 7, means that its kernel is two-dimensional. By assumption (c) of
Proposition 10, the vector H,(0, U,) is not orthogonal to the kernel of this
operator, and so cannot belong to its range. Equation (6) then yields

6,,=0
Uy () =& (sT) + ny,(sT)

where y, =1, and p, are linearly independent solutions of the linearized
equations y = oH,',(0, u,) y.

Similarly, Eq. (5) determines &,, by the condition that the right-hand side
should be orthogonal to the kernel of the operator,

0=0,y [ (B0, Upls)) y(sT)) ds
P, [ (HUO, U, palsT)) ds

and U,, is thus determined up to two constants & and #':

Uio(s) = (710(5) + &y (sT) + 7'y, (sT).

Relations (3) and (4) now give
[ L0, U + (30, Up), D) ds =1’ [ (10, Up), 3,(6T)) ds
=1 [ (10,0 o5T) s

This determines # and #’. As for & and &', they can be chosen arbitrarily,
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different choices leading to phase differences in the reference solution U(s).
We can for instance, take

=0 and &=0

and the first-order terms 6,,, 6y, Uy, (5), U,o(s) are now fully determined.

Note that higher-order approximations have not been used in computing
the first-order terms; the calculations can be carried out fully within the first-
order terms.

B. Case I=1

ProprosiTiON 11. Assume that [ =1 and that
[OT“ uo(t) exp(2int/Ty)dt 0 in T
Then there is a positive number 3, a neighbourhood % of 0 in R a
tubular neighbourhood 7~ of the path u, in R*", and a C* map
U:S' X% X (Ty—B. Ty + )~ R
such that
U(tTy ', 0,.... 0, Ty) = uy(1)
and for any (e, ,...,e,) € # and T such that |T — T,| < j, the curve
UGT ', gy 64, T) = u(t)
is a T-periodic trajectory of the Hamiltonian system
(t) = oHl e, u(z)). )

Conversely, whenever u is a T-periodic solution of (H#), with
e€%,|T—Ty| <P, and u(t) remaining in 7~ for all t, then some ¢ € R can
be found such that

u®)=UQT ' + 0,8,y by, T)

The proof is similar to that of Corollary 1, with obvious modifications.
The range of @/, (T,,0,w,) now has codimension one, and is by itself a
supplementary subspace to V. The remaining variables now are (&,,.., £,), T’
and the one component of w in Ker{®!,), namely, & which we interpret as
before.

Here again, we may regard U as a C* map from R? X R into the space
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C’(S'; R*") and write its (possibly divergent) Taylor expansion at (0, T}).
We thus get the asymptotic expansion:

u(t) ZZ 7' gg? (T —T,)° Up,... Pd.Q([T_I)

N Pd,Q(S) = UP, ..... Pd,Q(S + 1), all s.

The last condition expresses the absence of secular terms. Setting
U(s) = u(sT), the functions U, ., can be computed by substitution into
the defining equations

.....

U(s) = ToH!(e, U(s))

and formal identification.
As an example, let us figure out U,, and U,,, taking 4 = 1 for simplicity.
Differentiating the defining equations at ¢ =0, T = T, gives

8 oU
52 U= ToaH10, Uy) + Ty 0H,(0, Up) 2~ ()
P ou
7 U=0Hi(& Uo) + TooH, (0, Uy) 7 (2)
We rewrite this as
d . "
[O’ % + T()Hziu(Os UO)] UlO = —TUHME(O’ UO) (1)
d
[" ot ToHA(, Uo>] Uy = —H(0, Uy). @)

We know that the kernel of the self-adjoint operator
[odfds + TyH!" (0, U,)| on l-periodic functions is one-dimensional and

spanned by U,, which is orthogonal to the right-hand sides of Egs. (1) and
(2). So we can solve them up to a constant:

The constants ¢ and ¢ can be chosen freely, different choices
corresponding to phase differences in U. Taking {=¢' =0, for instance,
fully determines U,, and Uy,.
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C. General Case

Let us first win some intuition about the two preceding cases by looking at
the simple situation where d = 0: the system (5%;) is not perturbed at all.

Propositions 10 (if /= 2) and 11 (if / = 1) both assert that the closed orbit
u, wili belong to a one-parameter family of closed orbits. But there are
essential differences.

When /=2, the period and the orbit are functions of the energy level 4.
and oT/ch(hy) =0. This is typical of linear systems, which feature vector
spaces of closed trajectories with the same period.

When /= 1, the orbit is given directly as a function of the period. This is
typical of nonlinear systems, which can vibrate with any frequency. the
frequency of the vibration then being related to its amplitude.

In the case when [ > 2, with d > 0 again, we may still have dim V=1 if
the @, =—oPGy, (0, —aw;) make up for the increase in the codimension of
@) . So Propositions 8 and 9 will still apply, but Propositions 10 and 11
will not.

In order words, if the perturbations are significant enough, there will still
be in R*XR x C"(S*;R*) a (d+ 2)-dimensional family of periodic
solutions, but it will not be possible to take (g,...,¢,) as independent
variables.

IV. BIFURCATION

dim¥V > 1 This is sure to happen when the multiplicity of zero as a

characteristic exponent along u, is />3 and the number of parameters is
d<1—-13.

In contrast to the preceding situation, we cannot assert that the points of
the (dim ¥ + 1 + d)-dimensional manifold defined by the equations
@' (T, e, w) € V all correspond to periodic solutions. What we have done is
to reduce the problem to a finite-dimensional one:

PROPOSITION 12.  Assume [Fou,(¢) expRintTy ') dt # 0. Then
u=oH,(e,u),  u(0)=u(T) #)

with (T, &, u(sT)) near (T, 0, uy(sT,)) in R X R x C°(S'; R*") reduces 1o a
system of (dim V — 1) equations in (dim V + d) unknows near a singular
point.
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Proof. By Proposition 3, problem (-#) is equivalent to the equation
D.(T,e,w)=0. Let z, =1, z5,..., z, generate V, so that k=dim ¥. The
equation @/ = 0 then can be split in two parts:

DT, e, w) =4z + - + A4z
A’I: “ae :AA:O

The first part has been studied in Proposition 8, and we have shown that it
defines near (T, 0, w,) a manifold of dimension (k + & + 1), which means
that 7, & and w can be expressed in terms of (k+d+ 1) independent
variables. One of these is the phase, and can be eliminated as we saw in
Proposition 10, so that we are left with (k + d) significant variables.

Finally, we muitiply both sides of the equation by w and we integrate, as
in Proposition 9. We get

-1

~1
O=Ay| (hz)ds+ -+ /lkJO (W, z,) ds.

0

Note that z, = Ww,, so that the first coefficient [} (W, w,) ds will not vanish
for w close to W, in C", r > 1. It follows that the (k — 1) equations

Jy=-=2,=0

will imply the last one 4, =0. We have reduced the problem to (k—1)
equations in (d + k) unknowns (&, ,..., &, ). Since the range of L(7T,, 0, w,)
intersects ¥ at O only, all the 9A,/6¢; must vanish at w,. |

One must be careful in interpreting this result. Situations where dim ¥ > 1
will usually arise when there are many integrals of the motion (d + 1 or
more when (%) is nonlinear, d or more when (#) is linear). But this is
precisely the situation when the periodic solutions to (-#;) come in families
depending on iwo or more parameters, so that the condition dim V > 1 will
hold for every trajectory of this family, and it is hard to see how every such
trajectory could be somehow “singular,” as Proposition 12 seems to suggest.
So a closer look is required.

PrOPOSITION 13. Assume u, belongs to an I-dimensional family of
periodic solutions for (#,). In other words, there is a neighbourhood % of the
origin in R' and smooth maps U:% — C"(S', R*) and 8: Z —~ R such that

U(0) = u,, 8(0)=T,
U'(0) has rank 1
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WEX, L U(Es)= 0 oH' (0, UG )
Ve,  UEO@)=UEDO).

Denote by Y the space of solutions to the linearized equations
F=0H} (0, us()y, y(0)=p(T,). Assume that

(@) Y,=1{y€Y|[I(0dy,y)dt=0} has dimension | — 1,

(b) the linear functionals y — [ (0G0, —ouy), y) dt are independent
onY,.

Then there is a neighbourhood .#~ of the origin in RY a tubular
neighbourhood 7~ of u, in R*", and some B >0 such that, for e €.+,
|T—T,| < B and &+ 0, the problem

u=cH(g, u), u(0)=u(T) )

has no solution inside 7°. |

Let us explain this result before we prove it. What it says is that if &
trajectory belongs to an /-dimensional family of closed trajectories for the
unperturbed system (%), with [ > d + 2, it will in general not give rise to a
periodic solution of the perturbed system (#7).' This phenomenon we
already mentioned in the introduction.

Note that we count the phase as one parameter so that u,(¢) belongs to the
one-dimensional family u,(t + ¢), ¢ € R/T,Z. It is a well-known fact (found,
for instance, in {11]) that in a continuous family of closed trajectories, as
described in Proposition 13, the period 7= #() depends only on the energy
level k= H(0, U(; t)). In other words, two trajectories of this family with
the same energy have the same period.

We will now give two important cases when condition (a) of Proposition
13 is met.

LEMMA 14. Adssume the equations (#;) are linear:
H(O, u) = (Au, u) with A = A* positive definite

and let | be the number of linearly independent T yperiodic solutions of ().
Then u, belongs to an I-dimensional family of periodic solutions of (#,), and
condition (a} holds.

' Note that there are d linear functionals which are supposed to be independent on a space
of dimension [ 1.
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Proof. Since the equations are linear, (#;) coincides with the linearized
problem:
U = cAu, u(0) =u(T,).

So Y has dimension /. Moreover u, € Y, so that
Ty Ty
f (o, u(,)dt=f (—Au,, uy) dt # 0.
0 0

It follows that ou, is not orthogonal to Y, and
dmY,=dmY—-1=/-1. 1

The second case we will deal with is the case when the equations are
genuinely non-linear, but completely integrable. Recall (from [1], for
instance) that this means that the energy levels are compact, and that there
are n first integrals F,(u)= H(0, u), F,(u),.., F,(u). The phase space R*"
then is partitioned into n-dimensional invariant tori, on which the motion is
quasi-periodic.

To be more precise, there are new variables (/,,...,/[,)€R" and
(@5 8,) € (S*)" such that the equations for the motion become

L=0, ¢, =w(,..1,), 1<ign.

For a Tjperiodic trajectory u, to exist on the torus defined by
I,=1,.,1,=1I, in short I =1° all the w,(/°) must be multiples of T 7' .

LEMMA 15. Assume the system (#,) is completely integrable, all the
w,(I°) are multiples of Ty ', and the matrix ((6w,/0I(I°))) has rank n. Then
u, belongs to an (n + 1)-dimensional family of periodic solutions to (#,) and
condition (a) holds with [=n + 1.

Proof. Say wfI°)=k,T;' for 1<ig<n, the k; being appropriate
integers. Let L be the straight line in R” spanned by the vector (k,..., k,,).
By the inverse function theorem, the map w(l) = (w,(I),..., w,(I)) is locally
invertible near I,. Since w(/,) € L, there is a neighbourhood 7" of [, in R"
such that 7 M ™ '(L) is a one-dimensional submanifold.

Let s be a local coordinate on @ ~*(L) near I,. We have

w;({(s))/k; = constant for 1 ign

Call this constant T(s)~'. The equation of motion on the torus defined by
I=I(s)& R" are

1;=0, ¢.i=wi(l(s))=kiT(S)_l

so that all solutions are 7(s)-periodic.
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We have found a 1-parameter family of tori, each of these being
partitioned into an n-parameter family of periodic solutions. The result is
indeed an {n + 1)-dimensional family of closed trajectories.

Now for condition (a). We first write the linearized equations near u,:

vdw

o;=0, &¢,= d (1“) oI,

where d¢,(¢) belongs to the tangent space to S' at ¢,(¢), which is R, So we
have here a system of ordinary differential equations in R, which has the
obvious periodic solutions 6I(r) =0, dp,(t) = c,, and none other under our
nondegeneracy assumption. Hence

dim Y =n.

1 now claim that

Ty
‘0 (0t y)dt=0, allyey

so that Y=Y and dim Y, =dim Y =n=1[— 1, as announced.

This is easily checked. It is clear from the above that y(¢) belongs ar any
time  to the tangent space to the invariant torus at u,(¢), which is spanned
by the vectors a/(u,(t)). We then have

(@ia(0), 0) = (GUol0), Y & oL ug(0)))

i=1

= V‘ it (), Iiug(1)))

i= 1
. d
= X g L)

which vanishes because the /; are first integrals. |§
We now can proceed to the:

Proof of Proposition 13. By Proposition 8, there is some neighbourhood
7 of (Ty,0,wy) in R X R? X E such that the set § N%" defined by

={(T, e, w)|Pi(T, &, w)E V}

is a (dim ¥ + d + 1)-dimensional submanifold.
By the definition of V" and Proposition 7, we have: z € V if and only if

505/50/3-9
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z(s) = Ty J(sT,), with y € ¥, and ;> (6G/(0, —atiy), ¥)dt =0 in R% Since
there are no constant functions in ¥, we get from (a) and (b)

dim V=dim ¥, —d
=l—-1—d
So § M7 has dimension L
On the other hand, S must contain the set of solutions of @ (T, e, w)=0.
But we have assumed that u; belongs to an /-dimensional family of periodic

solutions for (-#;). Going back to what we mean by this, we see that the
maps U and @ satisfy

DLB(E), 0,067 UE) =0, all €.

Since U’(0) has rank [/, the image of % by the map
&= (0(8),0,0(6)" 1 UC)) is an I-dimensional submanifold of R x R" X E
which is contained in SM7". Since the latter also is an /-dimensional
submanifold, they must coincide in a neighbourhood of (7}, 0, w,). In other
words, there is no solution to @(T, 0, w) =0 except those which belong to
the /-parameter family we started with. 1

Let us say that u, is a bifurcating trajectory if there are sequences ¢, — 0
(with ¢, 0 for all n), T,,— T, and U, - U, in C"(S"; IR*") such that

u,=T,0H.(e,,u,), all n.
Proposition 13 may be put as follows:

COROLLARY 16. Assume u, belongs to an I-dimensional family of
periodic solutions for (#;) satisfying condition (a). If u, is a bifurcating
trajectory, then the functionals

~T
y=| " (0G0, ~atiy), y) dt
0

are linearly dependent on Y,. |

For the sake of simplicity, let us confine ourselves to the case when d = 1,
so the necessary condition for a bifurcating trajectory becomes

T
(c) JO (0G0, —oily), ¥) dt =0, all y € ¥,

Now the bifurcating trajectory u, has to be sought in an /-dimensional
family of periodic solutions. On the other hand, dim Y, =17— 1, so u, has to
satisfy a system of [/— 1 equations. The first of these equations,
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corresponding to y =y, =1,, is identically zero, so we are left with /—2
equations only. Under appropriate transversality conditions, we see that the
set of bifurcating trajectories will be a two-dimensional subfamily of the
original [-dimensional family (phase accounts for one dimension).

We will now show that, if a transversality conditien is satisfied, condition
(c) is also sufficient for u, to be a bifurcating trajectory.

We know u, belongs to an /-dimensional family of periodic solutions to
(#;). As in Proposition 13, we use &= (¢,.... &) € # as a local coordinate
system for this family near (T, u,), with T=6(&) and u(t) = U(&tT™1)
From now on, we will assume the last coordinate £, is the phase, so that

T=6(&n &) which we denote by 7,
ut) = U s &_ s 0+ ET ), denoted by u,(f).

Assume condition (a) is satisfied at u,, together with condition (c). We
then have

= 6Tyl re Yyl

so that dim V'=1[— 1. Let y, = #,, ;... ¥,_, span Y.
By Proposition 12, solving the equation

i~1
O (T, e,w)=> Fz;  with z/(s) = T,¥{sT,) (&)

j=

will give the F;, 1<j< {1, as smooth functions of (/+ 1) unknowns
which can be chosen to be (¢, ,..., ¢,) and a new variable (. After the phase &,
has been eliminated as a meaningful variable, we are left with (/ — 2}
equations in the / independent variables {£,,..., & _,. ()

7

Fi&ips§ioq, =0, 2jgi—-1

(the equation F, =0 being a consequence of the others), with the set of
trivial solutions

Fié &1, 0)=0, all (€% and j
and the degeneracy conditions
oF/8{(0....,0,0) =0, 21

PrOPOSITION 17. Assume u, belongs to an I-dimensional family of
periodic selutions to (#5), and satisfies conditions (a) and (c), with d = 1.
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Assume that

o,

VE£O 3j: T

€1 &_1,0)#0

2

the matrix < ( :é_gfé ©, 0)) ) has rank (I —2).

Then u, belongs to a three-dimensional family of closed trajectories which
intersects the original I-dimensional family along a two-dimensional family of
bifurcating trajectories (phase included in the dimension count).

Proof. We follow the pattern of Crandall and Rabinowitz (see [7], for
instance). Set F = (F,,..., F,_,) and define (¢, ..., &,_,,{) by

oF/0L(L, 0) if (=0
FE D) if {#0.

For {+ 0, taking into account the fact that 6F/0((0,0) =0, we can also
write (&, ..., &_, () as
o°F
—— (0,0 “IR(E Q).
s 00+ CTRED
The remainder R(¢, ) satisfies R(0,0) = R(0,0) =0 and R/{(0,0)=0. It
follows that

2

OF .
wi(0,0) = 7z (0, 0): RIZT LRI

This is onto by assumption. But then one of the (/ — 2} X (/ — 2) matrices
obtained from 8°F/(6&2¢)(0, 0) by deleting one column must be invertible.
Say, for instance, the following is:

((:;?&‘0’0)))» 2<ij<I-1.

Then, by the implicit function theorem, the equation
(& &5, &1, £) =0 can be uniquely solved near (0,...,0) with &,_| and
{ as independent variables, (&, ,..., £,_,) being smooth functions of £, _, and &
But w(& {) =0 means that {0 (unless £=0 also) and F( ) =0. The
result follows. §

For practical purposes, it is best to choose ¢ as the new variable. The
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variables (&,,..., &) describe the [-dimensional family u, belongs to. The
functions F;(£, ..., &, €) are found by solving the equation

-1
O (T, e, w)= > F;z,. (&)

j=1
Arguing as in Proposition 3, we transform this successively into

[—1
Tollw — oGl (e, —ow)=c¢ + S Fiz;
f=1
. -1
Hi(e, THw—oc—0 N F;z;)=—ow.

f=1
Calling U(s) the second argument of Hj, and replacing z,(s) by T, ¥,(sT),
we finally get

[—1
U(s) = ToH (&, U(s)) —0 > T4 F;F{sTy)

i=1

o
M
p—

U(0) = U(1).

Here y, =i, and we do not need to compute F,.

If we are in the non-degeneracy situation of Proposition 17, we will be
able to compute the Taylor expansion for the non-trivial branch in terms of
(&1, €). We thus get an asymptotic expansion of the type

T=2Xe"( — 6‘1’)‘30,,(_,
ut) =Ze" (& — ENCU, o(tT ™)
Up, o(s)=Up o(s + 1).

Setting ¢ =0 and £{=1¢9, we get T=T, and u(f)=u,(t). Any solution
close to (T, uy) will be written (T, u(t + ¢)), where T and u(f) are given
above.

Finally, note that the method will require the computation of
G0, —oiy{r)). This can be done by differentiating with respect to & the
identity

Gile. Hife.u)) = u
G0, Hi0, u) + GLu(0, HiO, u)) HL(0, u) = 0.

But, by differentiating the same equation with respect to u. we get
H; (0, u) GZ (0, H!(0, u)) = I, and hence

G, (0, H (0, u}) =—H, (0, uy H (0, u).

u
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So, using the equation 1, = cH,(0, u,):

G0, —0tio(1)) = —H,, (0, uo(£)) ™" Hy (0, uo(1)).

/4

The necessary condition for bifurcation now reads (remembering that
V=Hy(0, uy(t)) y): the

Tq

¥ | GO, u0), ()

are linearly dependent on Y,.
To illustrate the relevance of these results, we might mention
synchronization theory. Let d=n + 1, and

H(w,gu)= 3 3lxi + (1 + w;) pi] + eh(x, p).
i=1

The perturbation parameters are (w, ..., ®,, €) and the unperturbed system
is just n uncoupled linear oscillators with the same frequency:

H(O,0,1)= Y. 3[x} +p}l.
i=1
If u, is a bifurcating trajectory, there will exist near u, closed trajectories
of the perturbed system with period close to 27. The physical meaning of this
is that the non-linear coupling ei(x, p) succeeds in synchronizing the n
oscillators, which would by themselves by out of tune with each other, their
natural pulsations (1 + w,), I <7< n, being distinct.
To reduce this to the case d = 1, it is usually done by writing w; = k;e, the
coefficients %,,..., k, being fixed. The equations then become

(ST

Hie,u)= 3] Hx2 + (1 + kye) p2] + eh(x, p)

i=

and we are in the setting of Proposition 17.

Unfortunately, it will happen in some cases that all closed trajectories in
the given T,-periodic family satisfy condition (c), which becomes useless to
find bifurcating trajectories. This happens, for instance, when k; = 0 all / and
h(x, p) is a homogeneous polynomial of degree 3. To treat these cases, more
refined methods are required. They will be described in the next section.

V. WEINSTEIN’S THEOREM

We will now prove an existence theorem which is due to Weinstein [13].
This we do by reducing the problem of finding periodic solutions to finding
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critical points of a function on a finite-dimensional manifold. This is Moser’s
approach (see [11] and [12]).

THEOREM 8. Assume d =1 and the equations (#) are linear:
H(O, u) = $(Au, u) with A == A* positive definite.

Let [ be the number of linearly independent T-periodic solutions of (#,).
Then, for all & small enough, and for all h > 0, the system (A7) has at least
I/2 closed trajectories, with periods close to T,, such that H(e,u(t))=h. B

Note that two periodic solutions differing only by the phase give rise to
the same closed trajectory. Note also that [ is even, so that //2 is an integer.
We only sketch the proof, since the main ideas have been discussed at
length in the preceding sections.
Let Y be the /-dimensional vector space of solutions to (#7). Let Z, < ¥
be the subset of solutions with energy A:

Zo={u € Y|5(Au(), u(t)) = h.
Zy is an ([ — 1)-dimensional sphere, invariant by the S'-action. The map
yiu— (Ty, 0,u(sT,))

imbeds X, into R X R X E.
Let us consider a tubular neighbourhood #Z of £, in R X R X E, and an
adapted coordinate system W — (r,(W), 7,(W)) for W= (T, &, w)E #,

(W) E X,
T, (WEF with FORI"'=RXPRXE
ue Xy=>n,y(u)=u and 7 y(u) =0.

We want to solve the equation @/(1w) =0 with w= (T, ¢, w) € #. This we
cannot do directly because the tangent map is not onto. So instead we try to
solve the equation

D1,() € Z(ny(7)). (1)
If ye ¥, we define

Z(u)= 3 $(sT,)| y € Y and ]T (Au,y) dt = 0}.

The transversality conditions are now fulfilled, and Eq. (1) defines a
submanifold § of Z (not exactly the S of Theorem 8) which:
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(a) has dimension /+ 1, because Z has dimension /— 1 and @/ is
Fredholm with index 2;

(b) contains y(X), the set of trivial solutions to @/ (w)=0;
(c) is S'-invariant.

For w= (T, &, w) set
~1
p(%) = | H(e. Gife, ~ow(s))) ds
0

= JOI [ (—ow(s), Gl(e, —ow(s))) — G(e, ~ow(s))) ds.

If @/ (w)=0, then G/(e, —ow(s)) = u(sT), where u is a solution of (%),
and p(w) = H(e, u(sT)) is the energy of this solution.
Consider the map

¥ (T, e, w)— (& p(¥), (W)

of S into R X R X Z,. The tangent map is easily seen to be injective, and
since both sides have dimension (/+ 1), it is invertible. It follows (by
suitably restricting %) that ¥ is a diffeomorphism of S onto
(—a,a) X (h—B,h+ B) X X,, with a and f suitably small.

Set

I=9"@chZ%,)

Then T, is diffeomorphic to X,. Moreover, it is invariant by the S'-action.
We have I'y=¢(Z,).
We now go back to our original problem, which was to solve the equation

@ (#) =0. )

Let us consider the restriction of @ to I',: we call it ¢,. Let WE S be a
critical point of ¢, ; by definition, we have

D (WyeNW; T) (3)

where N(Ww;I,) is the space of all continuous linear functionals on
F X R x E which vanish on the tangent space to I', at w.

This tangent space is easily identified when & =0. Indeed, the tangent
space to X, at u, is the set of y € ¥ such that [7° (Au,, y) dr =0. It follows
that the tangent space to y(&,) =1, at w, = y(u,) is

T(wy, I'y) = {0} X {0} X Z(u).
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We now go back to w, a critical point of ¢, on S. Since 1 belongs to §,
Eq. (1) holds, and tells us in effect that @/, (/) can be represented by a vector
Zin T(my(Ww), I'y):

-1
(PP, 1) = | (2(s), W,(s)) ds.
-0

By continuity, T(w, I',) is close to T(n,(#), I';); so no linear functional
represented by a non-zero vector in the second space can vanish identically
on the first one. Since @ (W) € N(w; I',), we must have @/ (w)=0. In other
words, Egs. (1) and (3) together imply equation (2).

The problem is now reduced to finding critical points of ¢, on I',. Any
such critical point W solves @/ (W) =0, and y~'(+%) is a periodic solution of
(#,) with energy h.

But I, is (diffeomorphic to) an (/— 1)-sphere, with the natural S'-action
(Hopf fibration; note [ is even), and ¢, is a smooth S '-invariant function. By
a well-known result. which apparently was first proved by Krasnoselski in
[10]. such a function has at least //2 distinct critical orbits. This concludes
the proof of the theorem. |

Weinstein’s theorem on periodic orbits near an equilibrium follows
immediately:

COROLLARY 19. Assume H:R"XR" R is C?, with H(u)=0,
H,(0)=0, and H(0) positive definite. For all h > 0 sufficiently small, the
Hamiltonian system 1 € oH/(u) has at least n distinct periodic orbits with
energy h. |

This problem reduces to the preceding one by blowing up the situation at
the origin. We set

H(e,u)=¢ *H(e,u) for €>0
HO0, u) =3(H"(0) u, u).

The solutions to 4 =0H(0, u) split into & families with periods T,...., T,
and dimensions n,,...,n,. We have [, + .- + /[, =2n. Care is taken in
separating the families, so that two distinct families have no common period.

Theorem 18 then applies separately to each of these families, giving rise to
{,/2 + --- +1,/2 = n trajectories at least. These are distinct within the same
family, by Theorem 18, and from one family to another, because they have
no common period (by continuity). Hence the result.
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