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The problem

We want to solve a system of PDEs:

S(e,u,Du) =f

e near 5(0,0,0) =0,

o the linearized operator v — S, (¢, u, Du)v + Sp, (¢, u, Du) Dv has a
right-inverse L, (u) for (e, u, Du) small

o ||Le (u)|| — oo when e — 0
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The linear case

Consider on the 2-dimensional torus the linear differential operator

)
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where w := (w1, wy) satisfies the Diophantine condition:

dw = W1=— + Wr——
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Clearly 9., maps H* into H*~1, that is, it loses one derivative. It also has
an inverse:

u = Zunexp(w1n191+w2n292)
Jdpu = f<:>Vn€Zd, un:fn(w1n1+w2n2)_

Because of the Diophantine condition, |u,| < K~ 1wyt ||n]|*™ |f,]. So
8;1 sends H* into H*~1=% that is, it loses many derivatives
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The spaces

Typically, for PDEs, both the operator and its inverse lose derivatives, so
the inverse does not send you back into the initial space. For this reason
one must introduce a scale of Banach spaces (X, || - ||s),s0 < s < o

<< <S=[X;, CXy and |- |ls; < |- 5]

For instance, X; = H* (Q)) (Sobolev space) and C* = NsH*® with S = co.
So, in the preceding example, where Q) is the torus,

dp : H° — H*!
afl . Hs_>Hsflfzx
W
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Polynomials

We shall need an additional structure. Let Ey, N > 0 be an increasing
sequence of finite-dimensional spaces, the union being dense in all the X;

Xs - UnZO EN

The projection Iy : Xo — Ep is assumed to satisfy:
(Polynomial growth): for all nonnegative numbers s, d satisfying
s+d <S5, and all x € Ey, there is a constant Cs such that:

Ix[ls+a < CsN¥|Ix||s
(1= TIn)xls < CsN™[x]ssq

(Interpolation): for 0 <t < 1:

X[ty 11—ty < CslIxlg, Ix1ls,”
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Nonlinear operators

Nonlinear operators from C* into itself, such as S(u, Du) arise from maps
S:RYx R"™ — R™ through some basic operations. The behaviour of the
Sobolev norms H* is ruled by the so-called Hélder estimates:

o (Product) If u and v are in L* N H® then there is a constant ms
depending only on s such that:

luvlls < ms ([[ullgsup |v] +[|v]lssup[uf)

o (Composition) Let f : R — Rbe C®. If u € L* N H* then

f (u) € L* N H* and there is a constant {5 depending on s, f,and
sup |u| such that:

I (s = £s (LA [lull)
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Towards a statement

Let (Ys, || -]|2), 0 < s < S, be another scale of Hilbert spaces with the
same properties. We consider a map F from the unit ball By | nax(m.c}
into Yp, where s, m, £ are given. We normalize by setting F (0) = 0 and
we want to solve F (u) = v . Assume F is continuous and
Gateaux-differentiable.

Let m, m' [ ¢ be given. We assume that for any S and any s < S,
there are constants as and bs and a linear map L (x) : Y — X satisfying,
for all u with H”Hso+max{m,£} <1

!
|F" (u) hlly < as (lullsym + lullg, 1Al )
F'(uyL(u)k = k
IL(u)kll; < bs (Ilkllso "+ 11kl Nullyyr)
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A local surjection theorem

Suppose:

s > sop+ max{m,{}
d>s+ 0

and S is large enough. Then, there exists some r > 0 and some k > 0
such that, if ||v||; < r, the equation F (u) = v can be solved with

1

||u||so+max{m,€} <
lull, < Klvils

For any € > 0, we can solve F (u) = v with:

o veEYdforany d =sy+max{m{} +{ +¢
eue X withs=6—(0+¢)

The linearized operator yields e = 0, so the nonlinear operator does almost
as well
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Comparison with earlier results

There is a long history of results of this type, following the seminal papers
of Arnol’d, Nash and Moser, the sharpest results to date being due to
Hormander. Most of them use smoothing operators instead of projections.

@ We are not aware that any of these papers gets the optimal value for
0 (lowest regularity of the RHS)

@ Every single one of them require an additional tame estimate on the
second derivative:

I a ), < e (6l IVl + Nl 17s,)

62 1%l g1 py (18 171155 + el Dl )
They then use second-order expansion to get quadratic convergence:

1 1
[[xn+1 = Xnl| < EMK [[xn — Xn—1||2 = EMK [[x0 = Xn—1[| || Xn = xn—1]]
with ||F” (x)|| < K. This is Newton's method. However the range of

convergence is extremely small: MK | x, — x,—1]| <1, so
_1 . .

X A
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The Inverse Function Theorem in Banach spaces

Theorem (Newton-Kantorovitch)
Assume F is C? with F (0) = 0, and for ||x|| < R we have:

HF’ (X)_IH < M and ||F" (x)|| < K

For every y such that ||y|| < min {3

R
"M
F (x) =y in the ball ||x|| < min {4, R}

} there is unique solution to

Theorem ((Wazewski 1947, IE 2011))

Assume F is G-differentiable with F (0) = 0, and for ||x|| < R there is a
map L (x) such that

F'(x)L(x) =1y and ||S\l|J£R IL(x)|| <M

Then for every y with ||y|| < % there is a solution with ||x|| < R.
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First approach to singular perturbations

Suppose we want to solve F (¢, u) = v with F (¢,0) = 0 and for € and u
small enough:

HDUF(e, u)*1H e IM
D2, F (e u)|]] < K

IN

Then the two preceding theorems give the extimates:

2

€ €
ek 141=

eR
(WE) vl = 7 llul =R

(NK) vl

We gain one order of magnitude, but we lose uniqueness
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A singular perturbation result.

We have F (g, u) with F (g,0) = 0. We assume

IDF: (u) hlls < as (l[ullsp + lulls 1ol s)
DF. (u) L(u) k k

s = S€ s+é'// /50 s+/
[[L (u) k]| bse ¢ (|kllgwp "+ Ikl lNullssr)

A

Theorem

Suppose s > sy +max{m,{}, § > s+ g' > g, and S is large enough.
Then, for some r > 0 and k > 0, whenever ||v||; < re¢' there exists for
every € > 0 some u, such that:

Feu) = v

|| Ug Hso—l—max{m,ﬂ} < 1l

!
luell, < ke ® w3
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A singular perturbation problem

Rauch and Métivier (2010) and Texier and Zumbrun (2013) have studied
the following sysem of nonlinear coupled Schrédinger equations in
v=(u0)forj,k<Kand n<N

(Gen)o - Eaoiesoi]

n=1
v € C, )\jElR,j?éj :>)\j75)\j/

The coefficients bj’-: (v) and cj/; (v) must satisfy a growth condition near
the origin:

bk k
. — d Jn p—|a
Ip>2:Va= (a1, ,an) € N, |+ SCIa\|V|( lal) ¢
and we also need some nonresonance conditions:
Aj"i_)\J/ = 0:>CJ'J'/—CJ'/J~:O

Imb; = 0
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The initial condition

This system arises in optics, gives rise to several kinds of solutions,
according to the initial condition:

Ve (0,x) = €7 (a: (x), 3 (x))

There are two important classes of solutions:

ae (x)

a° (2) (concentration)

a(x) = a(x)exp <2x-go> (oscillation)

Here g will be an (explicit) function of o, p and d.Applying our result, we
can solve the problem for:

o> 1-0 + d i
pr1  2(p1)(p-1)
This is an improvement on earlier results.
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The results

We seek a solution on [0, T], where T is independent of e.
For o large enough, namely:

N - .
. 1+ 7 (osallat.mg case)
1 (concentrating case)

this is not a singular perturbation problem. Metivier and Rauch, using the
standard inverse function theorem in Banach spaces, prove that solutions
exist for all d and p.

The case when o is smaller than these bounds has been investigated by
Texier and Zumbrun using a Nash-Moser theorem. We will compare our
results to theirs
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Comparison: two space dimensions

@ Concentrating case
o TZ require p > 4 and 5 3ot )<(7<1

2p—1 )<0<1

e ES gives any p > 3, and W

@ Oscillating case
o TZ require p >3 and ;21 <0 <2

o ES gives any p > 2 and S3p—2

G- <7 <2
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Comparison: three space dimensions

@ Concentrating case
o TZ requnresp>4and 1<0’<1

p—1 )<0'<1

e ES gives any p > 3, and W

@ Oscillating case
o TZ gives any p > 2 and 5 ( )<U<2

o ES gives any p > 2 and <cT<2

2(p+1)(p 1)
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Proof of the Theorem

We introduce positive numbers & > 1, 8 < 1,0 < S and B with a8 < 0.
We choose an integer Ny > 2 and we define two infinite sequences of
integres N, and M, by N, = [N§"| and M, = | N{|, so that N, — oo
very fast and N,_1 C M, C N, with dim (M,) << dim (N,). We then
construct by induction a sequence u, € Ep, such that:

Ty, F(uy) =1I) vforn>1
< CNEP=TF ||y

so —

V> 1 |lup— uppall, < CNGP VI,

Vn =1 un— tpa ’

Since B — o /a < 0 the sequence x, is Cauchy in Hy,. So it converges to
some u € Hs, and by continuity F (u) = v. Using the interpolation
inequality, we see that u, will also converge in all norms s < o — «af3
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Initialization

Introduce a norm N on Ep, and E,’V :

Ni (2) = 2l + N = el
Set By := {z € En, | N1(z) < 1} and define a function f; : By — Ey,.

by:
fi (u) = Iy, F (u)

If(1—0)(c—9)>60m+max{( 600} +g/n, then Df (u) has a right
inverse Ly (u) and we have:

IL@)lly, < Ce& (M1 + 0

We then apply the local surjection theorem to solve fi (u1) = Iy, v,

provided:
' VAN

Iviis < ces (mf + )
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Introduce a norm N/, on En, :
Ni(2) = |lzlls, + N, 5 Iz,
Set B, := {z € En, | Na(z) < S*gN:EI‘HSO ||v||:5} and define a
function f, : B, — Ep, by:
fo (z) = Iy, (F (un—1+2) — F (Un-1))

Taking into account the induction assumption H;VHF (Up—1) =11, v,

this can be rewritten as:

n—2

fn(z) =en+ hy
hn = (H/Iwn—l - chrHZ) v E EI/V’n—l
en = (I—I’Mn_1 — H’M) F(up—1) € E,(ﬂn
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The induction

Lemma

Assume:

(1+a—6a)(c—s) > (xﬁ-l-zx(m-i—é)-i-é’—k%

1-0)(c—s) > m+9€'+%

Then Df, (z) has a right-inverse L, (z) on the ball
Ni(2) < e €N |||} and -

N,é-M N—a_—i-SO—i-Z’ ”
L <ege D Thi 4y
I @y, < €% ( F i+ M
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The induction

We have to solve f, (z) = e, + h, with N/, (z) < snggE?ﬂrso |v]l5 By
the local surjection theorem, this is possible provided

ILn (2)]

- o+
v, (lleally, + Il ) < €5 NEE7H vl

Lemma

Assume:

5>50+%((7—50—a/3+€”)
(x—1)B > (1—19)(a—so)+19m—|—€”+%
0" =max{(a—1)L+ 0 0}

Then the local surjection theorem obtains, and u, can be found

Ivar Ekeland and Eric Séré (Institute)  On singular perturbation problems for system:



Showing that the values of the parameters are compatible

a, B, ¥ and o must satisfy, with ¢" = max{(a — 1) £+ ¢, 80}

1
—-<?¥<«1
4

(1_19)(‘7—5)>19m—|—max{€,19£’}_|_%
,3>max{€,19€’}+g(g_5)
oc>af+s

(1—{-1)(—190()((7—50)>Dc‘[3+p¢(m+g)+£/+%

(1-19) (0 —s0) > m+ 8¢ t o

5> 50+ (05— apr )

9
(a—1) > (1—19)((7—50)+19m+€"+%
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Continuous sections

Theorem (Eric Séré)

Let X and Y be Banach spaces, B C X the unit ball, and F : B — Y
with F (0) = 0. Suppose F is continuous and Hadamard-differentiable on
X. Assume there are a map L: B — L (X,Y) and a constant a < 1 such
that, for every (x,v) € B X Y there exists some ¢ > 0 with:

|DF (x") o L(x) v —v|| < alv|

Assume moreover that sup {||L (x)|| | x € B} < M. Denote by B' C Y
the ball of radius (1 — a) rM~1. Then there exists a continuous map
G:B — Bsuchthat FoG = Iy

So, there is no uniqueness in solving F (¢, x) =y, but we can ask for
continuous dependence on the right-hand side. Our plan is to extend this
to the singular perturbation problem with loss of derivative and show
continuous dependence on v and &.
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THE INVERSE FUNCTION THEOREM
IN BANACH SPACES
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A variational principle

Theorem (Ekeland, 1972)
Let (X, d) be a complete metric space, and f : X — R U {400} be a

lower semi-continuous map, bounded from below:
{(x,a) | a>f(x)} isclosed in X x R
inff > —o0

Suppose f (xg) < oo. Then for every R > 0, there exists some x such that

The proof relies on the Baire theorem: if F,, n € N, is a sequence of
closed bounded subsets of a complete metrlc space, with F,+1 C F, and

diam in [fa¥a
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First-order version

Definition

We shall say that f is Gateaux-differentiable at x if there exists a
continous linear map Df (x) : X — X* such that

VEE X, lim e [f (x+ 1) — F ()] = (DF (). §)

In other words, the restriction of f to every line is differentiable (for
instance, partial derivatives exist). Note that a G-differentiable function
need not be continuous.

Theorem

Let (X, d) be a complete metric space, and f : X — R U {+oco} be a
lower semi-continuous map, bounded from below. Then for every xg € X
and R > 0, there exists some X such that:

0
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For simplicity, take xp = 0 and inf f = 0. Apply EVP to x = X 4 tu and
let v — 0. We get:

f(R+tu) > F () fg))tHuH V (¢, u)
()

Jim g (F () = £ () > =222 ful v
(DF (x),u) = —f(RO) lull Y, or ||DF (x)||" < f(RO)
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A non-smooth inverse function theorem

Theorem

Let X and Y be Banach spaces. Let F : X — Y be continuous and
Gateaux-differentiable, with F (0) = 0. Assume that the derivative DF (x)
has a right-inverse L (x), uniformly bounded in a neighbourhood of 0:
YveyY, DF(x)L(x)v=v
sup{ILCOIl | IIxl[ <R} <M

Then, for every y such that

7l < =
YI="m
there is some x such that:
1]l < M|y
F(x)=y
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Take any 7 with ||7|| < . Consider the function f : X — R defined by:
fF(x) = [IF(x) =7l

It is continuous and bounded from below, so that we can apply EVP. We
can find x with:

FR)<FO) =yl <2
% < M7 < R
¥x, £ 2R - T % = £ () -

| claim F (x) =y.
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Proof (ct'd)

Assume F (x) # y. The last equation can be rewritten:

f(x+tu)— f(x)
t

YVt >0, Vu € X,

IIUII

Simplify matters by assuming X is Hilbert. Then:
F(x)-y ) - 1
DF (x)u | = (Df (), u) = =5 || ul]
(IIF( )=y’ M

We now take u = —L (x) (F (x) —y), so that DF (x) u= — (F (x) — ).
We get a contradiction:
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