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What we are looking for

In Eugenio and Brian’s presentation we have heard about storers
(Deaton-Laroque) and processors (Scheinkman-Schechtman) trading
a commodity on a spot market

Everyone is risk-neutral

What happens if one introduces a financial market alongside the
physical market ?

What happens if speculators (money managers) are allowed into that
new market ?

What happens if agents are risk-averse ?
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The markets

One commodity to be traded between dates t and t + 1.
There is a physical market and a futures market open at each date.

The physical market is a spot market:

corn trades at price pt for immediate delivery
all positions are long

The futures market is a financial market

each contract is bought at price ft , and sold at price pt+1

short positions are allowed

Interest rate is r ≥ 0

Ivar Ekeland, Delphine Lautier, Bertrand Villeneuve (Université Paris-Dauphine)Storers, processors and speculators
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Information structure

Let zt be the physical quantity available for trading at time t (once
contracts from period t − 1 have been settled)
At time t,

zt , pt , ft are common knowledge

agents make their decisions conditional on zt , pt , ft

denote Et [Xt+1] = Et [Xt+1| zt , pt , ft ] and similarly for Vart [Xt+1]
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Market participants

At time t

Storers buy quantity xt at time t (at price pt) and sell it at time t + 1
(at price pt+1).

Processors commit to buy yt on the spot market at time t + 1,
process it and sell the finished product at price Q

Storers, processors and speculators buy quantities qIt , qPt and qSt of
contracts at price ft
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Demand

Market demand:

Storers, processors and speculators are all mean-variance.

Type i maximises Et [Xt+1]− αiVart [Xt+1] where Xt+1 is the profit
and i = I ,P, S

Residual demand:

There are other uses for the commodity, and traders coming from
other markets will want to buy it. There is also free disposal, and if a
threshold price at which there is an unlimited supply of a substitute
commodity. We have z = D (p), with:

D (p) =


[M, ∞) if p = 0
M −mp if 0 ≤ p ≤ Mm−1

(−∞, 0] if p = Mm−1
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Individual behaviour

Speculators

q?S ,t = (1 + r)
Et [pt+1]− (1 + r) ft

αSVart [pt+1]

Storers (cost of storage is
β
2x

2)

x?t =
1

β
max{ft − pt , 0}, q?I ,t = (1 + r)

Et [pt+1]− (1 + r) ft
αIVart [pt+1]

− x?t

Processors (cost of production is δ
2y

2)

y ∗t =
1

δ
max{Q − ft , 0}, q?P,t = (1 + r)

Et [pt+1]− (1 + r) ft
αPVart [pt+1]

+ y ∗t

Note that the physical position is fully hedged, and does not reflect the
risk aversion ! Already noted by Anderson-Danthime
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Spot market

Only storers and residual traders are active. We get, with nI := NI δ
−1

zt = nI max{ft − pt , 0}+M −mpt if 0 ≤ pt ≤ Mm−1

zt ≥ nI max{ft − pt , 0}+M if pt = 0

zt ≤ nI max{ft − pt , 0} if pt = Mm−1

Note that nI is also the elasticity of total demand wrt ft , which opens the
way to callibration
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Futures market

Storers, processors and speculators are active. The hedging pressure is,
with nP := (βQ)−1:

ht := nI max{ft − pt , 0} − nP max{Q − ft , 0}

It turns out that the bias (1 + r)−1 Et [pt+1]− ft is proportional to the
hedging pressure:

Et [pt+1]

1 + r
− ft =

αVart [pt+1]

(1 + r)2
ht

α :=
(
nI
αI

+
nP
αP

+
nS
αS

)−1

(nP − nI ) is the elasticity of the hedging pressure wrt ft and −nI its
elasticity wrt pt ,

the presence of risk aversion creates a bias : Et [pt+1] 6= (1 + r) ft
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Two dates
t = 1, 2
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Closing the model

There are three markets: spot at t = 1, spot at t = 2, and futures
At t = 1, the only input is the crop z1 = ω1. The equilibrium equation
becomes:

ω1 = nI max{f − p1, 0}+M −mp1 (1)

At t = 2, we have z2 = ω̃2 + nI x1. and storers no longer are in operation.
The equilibrium equation becomes:

ω̃2 + nI max{f − p1, 0} = M −mp̃2 (2)

In the futures market (take r = 0), the equilibrium equation is:

E[p̃2]− f

αVar[p̃2]
= nI max{f − p1, 0} − nP max{Q − f , 0} (3)

Three equations for p1, f and p̃2
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Reducing the system

We can derive E[p2] and Var[p2] from the second equation. The other two
become:

mp1 − nI max{f − p1, 0} = M −ω1

mf + γ (nI max{f − p1, 0} − nP max{Q − f , 0}) = M − E[ω̃2]

with

γ = 1 +
1

m

Var[ω̃2]
nP
αP

+ nI
αI
+ nS

αS

We have two (nonlinear) equations for two unknown scalars p1 and f
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The four regions

The right-hand side is always the same:

M −ω1

M − E[ω̃2]

The left-hand side is a piecewise linear function:

The plane (p1, f ) is devided into four regions

f − p1 ≥ 0 f − p1 ≤ 0
Q − f ≥ 0 (1) (3)
Q − f ≤ 0 (2) (4)

In each of the region, the left-hand side is linear. In region 1 for
instance, it is the linear map(

p1

f

)
→
(

mp1 − nI (f − p1)
mf + γ (nI (f − p1)− nP (Q − f ))

)
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Figure 2: Physical and financial decisions in space (P1, F ): the four regions.
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Figure 4: Proposition 2’s existence conditions in space (›1, ›2): zoom on Region 1.
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Summer School, Villa Finaly, July 2015 15

/ 45



  

P
1

1U

45°

Z

O

M

2 3

n I
X

* −n P
Y

* <0
n I

X
* −n P

Y
* >0

1L

4

Δ

F

A

Figure 5: Physical and financial decisions in space (P1, F ) (zoom on Region 1).
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Figure 6: Physical and financial decisions in space (›1, ›2) (zoom on Region 1).

2 P1 < F F < E[P̃2] F > Z

Xı > 0 fS > 0 Y ı = 0
1U P1 < F F < E[P̃2] F < Z

Xı > 0 fS > 0 Y ı > 0
� P1 < F F = E[P̃2] F < Z

Xı > 0 fS = 0 Y ı > 0
1L P1 < F F > E[P̃2] F < Z

Xı > 0 fS < 0 Y ı > 0
4 P1 > F F > E[P̃2] F < Z

Xı = 0 fS < 0 Y ı > 0
3 P1 > F F = E[P̃2] F > Z

Xı = 0 fS = 0 Y ı = 0
Table 1: Relations between prices and physical and financial positions. In reference to figures,
regions are listed counter-clockwise.
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P̃1). Logically, the e�ect is a lower price in period 2 due to the extra units drawn from the
inventories (see column P̃2).

Next are the variances.

• The decrease in the hedging cost enables storers to be more reactive to first-period prices,
so that overall, their opportunistic purchases attenuate even more production or demand
shocks on prices: the covariance of the inventories and the price is negative, and it increases
in absolute value with the speculation. This increase explains the lower variance in P̃1 (see
column Var[P̃1]).

• The consequence of the previous e�ect is that there is more variance in the quantity of the
commodity delivered in period 2. This increased variance adds noise to the current shocks
and thus the variance in P̃2 increases (see column Var[P̃2].)

• The F̃ and P̃2 get closer as the speculation increases (see columns F̃ and P̃2). This convergence
means that their variances have the same type of variation with respect to speculation (see
columns Var[F̃ ] and Var[P̃2]).

Whenever E[P̃2] < F̃ , for Region 4 and Subregion 1L, the e�ects are similar but reverse. Proces-
sors are the agents who need more speculation, and they increase their position as the speculation
increases. Storers in contrast lose the rent they draw from being structural contrarians.

|E[P̃2] ≠ F̃ | F̃ X̃ı Ỹ ı P̃1 P̃2 Var[F̃ ] Var[P̃1] Var[P̃2]

2 √ ¬ ¬ 0 ¬ √ √ √ ¬
J

E[P̃2] ≠ F̃ > 0
1U √ ¬ ¬ √ ¬ √ √ √ ¬
1L √ √ √ ¬ √ ¬ √ √ ¬

J
F̃ ≠ E[P̃2] > 0

4 √ √ 0 ¬ Ωæ ¬ Ωæ Ωæ Ωæ
3 Ωæ Ωæ 0 0 Ωæ Ωæ Ωæ Ωæ Ωæ F̃ = E[P̃2]

Table 2: Impact of speculators on prices and quantities. Legend: ¬ variable increases; √ variable
decreases; 0 variable is null; Ωæ no impact on variable.

Speculation, prices, and quantities in summary. Table 2 shows that Regions 2 and 4 can be
viewed as subcases of subregions 1U and 1L. For example, P̃1 decreases in Subregion 1L, whereas it
is constant in Region 4. This is due to the fact that the storers are active in Subregion 1L but not in
Region 4. Inventories indeed appear as the transmission channel for shocks in “space” (between the
financial and the physical markets) and in time (between dates 1 and 2). Thus, a shock appearing
in the financial market (i.e. the rise of speculation) impacts the level and variances of the physical
quantities and the prices.

21
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Particular cases

if one or more of the participants is risk-neutral , so that αi = 0 for
some i , then γ = 1

if there is no storage cost , so that δ = 0 and nI = ∞, then γ = 1

if there is no production cost , so that γ = 0 and nP = ∞, then γ = 1

if there is no financial market , the physical positions become:

x?NF =
(

δ + αI
Var[ω̃2]

m2

)−1
max{E[p̃2]− p1, 0}

y ?NF =
(

βQ + αP
Var[ω̃2]

m2

)−1
max{Q − E[p̃2], 0}.

Contrary to what happens in the presence of a financial market, the
physical positions now reflect the risk aversion of the participants

nevertheless, in all the preceding cases we still get the four regions
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3. ÏNF(A) has a higher abscissa and a lower ordinate than Ï(A), leading also to more restrictive
conditions in scenario NF.

The three properties are pictured in Figure 9.

  

2

3

4

ϕ ' (O)

ξ
2

ϕ(M )

ϕ(A)

ξ
1

ϕ
NF

' (O )

ϕ
NF

(A)

Figure 9: Existence conditions: comparison between with and without futures market.

The four regions of the NF scenario are included in those of the basic scenario. Region 1
diminishes. Region 2 grows at the expense of basic Region 1, and it is cut on its left border. Region
3 does not change. Region 4 grows at the expense of basic Region 1, and it is cut on its bottom
border. These results are consistent with the previous conclusion about the optimal positions on
the physical market.

Prices and volatility. The absence of a futures market also impacts price levels and volatilities.
For instance, Equations (7) and (8) suggest that lower values for inventories and production lead
to lower levels of the spot price at date 1 and also possibly at date 2.

In order to analyze the variances, we consider ›1 as random, as we did in Section 7. All things
being equal, having futures or not can change the region where the equilibrium is. Yet, for simplicity
we compare the variances region by region, as if the equilibrium was in the same region whatever
the scenario.

Prices in the NF scenario can be retrieved directly, or with Table 5 and the equations of Appendix

39
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Figure 7: Map of commodity markets, according to Kang et al. (2014) and to our analysis.

gives precious indications. For example, the level of the average short hedging pressure is 1.8% for
natural gas. However, this measure is positive at 58.8%. So in more than 40% of the cases, natural
gas will be in the Subregion 1L.

Finally, according to the measures obtained by Kang et al. (2014), six markets over twenty-six
can be found in the upper right-hand side of Figure 7, a region that does not exist in our setting.
These exceptions call for further investigations. At least two directions can be examined. The
seasonality of the prices might play a critical role for certain commodities. The same might be true
for the embedded option associated to inventories, often referred to as the convenience yield. A
structural three-period model, taking into account this variable could be of interest.

7 The impact of speculation

The impact of speculation can be studied in two ways: first, by examining the di�erence between
having and not having speculators; and second, by examining the e�ect of “increasing speculation.”

The first approach in particular is taken by Newbery (1987). He shows, in a model without
storage, that speculators facilitate hedging by producers by encouraging them to take more risk and
thus having a more volatile production. This situation can increase the price variance. We propose
related results in Appendix F (No Futures), but storage brings a di�erent perspective. Speculation
decreases the price variance when storers store (period 1 in this model): storage stabilize prices

19

Ivar Ekeland, Delphine Lautier, Bertrand Villeneuve (Université Paris-Dauphine)Storers, processors and speculators
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Extension 1 (M. Isleimeyyeh)

Two physical markets connected by a financial market.

there is a complete (physical+financial) market for commodity a and
a complete market for commodity b, with specialized storers,
processors and speculators.

speculators become unspecialized: they trades futures on both
commodities

Speculator’s optimal position becomes:

f a∗S =

(
1(

1− corr2
(
P̃a

2 , P̃b
2

))) [f a∗SELV − corr
(
P̃a

2 , P̃b
2

) σb
2

σa
2

f b∗SELV

]
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Summer School, Villa Finaly, July 2015 22

/ 45



Extension 2: (with E.Jaeck)

HIgh Frequency Trading The financial market opens at the intermediate
time t = 1.5, and everyone can access it

If the all agents share the same horizon, i.e. they want to optimize
their profit at time t = 2, then no trade occurs at the intermediate
time and the prices at time t = 1 are unaffected by the new possibility

If the speculators have a shorter horizon, i.e. if the speculators
present at t = 1 leave at t = 1.5 and are replaced by new ones, who
will leave at t = 2, then physical positions and spot prices are
unaffected, but financial positions and futures prices are affected
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Extension 3 (with M. Isleimeyyeh)

Speculators are hedgers too.
The futures contracts speculators hold are part of a larger portfolio. Their
total profit from investing k in a financial index and f in the commodity
futures is:

k (V2 − V1) + f (P2 − P1)

The optimal position of the speculator on the futures market becomes:

f ∗S =
E (P̃2)− F

αSσ2
P

(
1

1− ρ2

)
− ρ

E (Ṽ2)− V1

σPσV αS (1− ρ2)
(4)
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Markov strategies
t = 1, 2, ...

(with E. JAECK)
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Operating indefinitely

The markets are open for all t ≥ 1, so that available quantity is:

zt = ωt + ht−1

and the operators optimize their short-term profit (from t to t + 1). The
equations are:

zt = nI max{ft − pt , 0}+M −mpt

Et [pt+1]− ft
αVart [pt+1]

= nI max{ft − pt , 0} − nP max{Q − ft , 0}

Note the presence of the expectations Et [pt+1] and Vart [pt+1]. Agents
have short-term objectives but are sophisticated: they have to factor in
their own behaviour at time t + 1. To decide what to do today I need to
know what I will do tomorrow
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Equilibrium equations

Replace Et [pt+1] by e and Vart [pt+1] ≥ 0. Replace also ft by f and pt by
p. The equations become:

z = nI max{f − p, 0}+M −mpt

e − f = αv [nI max{f − p, 0} − nP max{Q − f , 0}]

There is a single solution for p and f , given in terms of the coefficients
(z , e, v) by functions P and F which can be computed explicitly. The
hedging pressure can be computed from P and F :

p = P (z , e, v) , f = F (z , e, v)

h = nI max{f − p, 0} − nP max{Q − f , 0} = H (z , e, v)

By definition, we have:

pt = P (zt , E [pt+1] , Var [pt+1])

Price today is a (known) function of the (unknown) anticipations
Ivar Ekeland, Delphine Lautier, Bertrand Villeneuve (Université Paris-Dauphine)Storers, processors and speculators
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Finding the functions P and H

As in the two-dates case, we find there are four regions

They are separated by four half-lines emanating from the point(
M −mQ
(1 + r)Q

)
slope direction

D12
αv

1+r
nI

m+nI
N-E

D23 − 1+r
m N-W

D34 0 W
D41 − 1

m

(
1 + r + αv

1+r nP
)

S-E

Two more regions are added to take into account the constraints
P ≥ 0 and P ≤ Mm−1
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z

e

Φ(M)

Φ(C )

Φ(B)

Mm−1

Q

R4

R2

R3 R1R6 R5

M −m∆Q
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M + nI ∆Q

M
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Finding the functions P and H

In Region 1, where everyone is active, we have:

P(z , e, v) =

[
1 + (nI + nP)

αv

(1+r )2

]
(M − z) + nI

[
e

1+r +
αv

(1+r )2 nPQ
]

m+ nI +
αv

(1+r )2 (mnI + nInP +mnP)

H (z , e, v) =
(mnI +mnP + nInP)

e
1+r − nP (m+ nI )Q − nI (M − z)

(m+ nI ) +
αv

(1+r )2 (nPm+ nPnI + nIm)
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Particular cases

If one of the participants is risk-neutral, if there is no cost of storage or if
there is no cost of production, then α = 0 and the equations simplify:

H (z , e, v) P (z , e, v)

R1
(mnI+mnP+nInP )

e
1+r −nP (m+nI )Q−nI (M−z)
m+nI

(M−z)+nI
e

1+r

m+nI

R2
znI+

e
1+r mnI−MnI
m+nI

(M−z)+nI
e

1+r

m+nI
R3 0 M−z

m

R4 nP
(

e
1+r −Q

)
M−z
m
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Rational anticipations

We are interested in solving

pt = P (zt , E [pt+1] , Var [pt+1])

zt+1 = ωt+1 +H (zt , E [pt+1] , Var [pt+1])

To do that, we will seek the anticipations as Markovian functions of the
available supply

E [pt+1] = E (zt) and Var [pt+1] = V (zt)

Note that we then get a Markovian strategy for pt :

pt = P (zt ,E (zt) ,V (zt)) = σ (zt)
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Rational expectations

We need the expectations to be coherent with the strategy:

E (z) = E
[
P
(
z ′,E

(
z ′
)

,V
(
z ′
))]

V (z) = Var
[
P
(
z ′,E

(
z ′
)

,V
(
z ′
))]

z ′ = H (z ,E (z) ,V (z)) + ω

This defines the functions E (z) and V (z) as the solutions of a fixed-point
problem
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Theoretical results

For every r ≥ 0 there is a fixed point with E (z) and V (z)
measurable and bounded

For r ≥ 0 small enough, there is a unique fixed point with E (z) and
V (z) continuous and bounded

Numerically, we have yet to find a case when E (z) and V (z) are not
continuous
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Numerical results

The algorithm is as follows:

En+1 (z) = E
[
P
(
z ′,En

(
z ′
)

,Vn

(
z ′
))]

Vn+1 (z) = Var
[
P
(
z ′,En

(
z ′
)

,Vn

(
z ′
))]

z ′ = H (z ,En (z) ,Vn (z)) + ω

The law of ω is Gaussian. The law of z ′ is then a translate of the law of
ω, and the expectation and variance of the random variable
P (z ′,En (z ′) ,Vn (z ′)) is easily computed. The algorithm turns out to be
very stable and to converge for all r ≥ 0
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Demand for consumption and for storage
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Functions at the equilibrium

0 20 40 60 80 100 120 140
30

35

40

45

50

55

60

E(
z)

Approximation of E

E
F

0 20 40 60 80 100 120 140
70

75

80

85

90

V(
z)

Approximation of V

0 20 40 60 80 100 120 140
z

0

20

40

60

80

100

120

140

P 
et

 F

Function P et F

P
F

0 20 40 60 80 100 120 140
z

0.1

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

h

Function h

M=75, m=0.5, r=0.01, Q=60, alph_p=2, alph_i=2, alph_s=2, N_p=1, N_i=1, N_s=2, tol=0.2, NbMc=500000, N(50,50)
Zones: [7 4 1 6]

Ivar Ekeland, Delphine Lautier, Bertrand Villeneuve (Université Paris-Dauphine)Storers, processors and speculators
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One simulated path
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One simulated path: Prices
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One simulated path: Basis
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One simulated path: Risk premium
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One simulated path: Ratio of volatilities
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Conclusion

We have a simple model which reproduces certain stylised facts

the Samuelson effect: futures prices are less volatile than spot prices
the presence of stocks dampens price movements

It leads to certain conclusions:

there is a bias ft − E [pt+1] which is proportional to the hedging
pressure
in the presence of a financial market, the physical positions do not
reflect the risk aversion of participants
the presence of speculators is beneficial to the dominant positions in
the physical markets and detrimental to the others

It contains as a particular case the Deaton-Laroque,
Scheinkman-Schechtman and de Roon models

It is versatile enough to accomodate more complex situations, where
markets influence each other

It is open to calibration
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