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Abstract

A longstanding belief has been that the semimajor axes, in the Newtonian planetary problem, are
stable. In the course of the XIX century, Laplace, Lagrange and others gave stronger and stronger
arguments in this direction, thus culminating in what has commonly been referred to as the first Laplace-
Lagrange stability theorem. In the problem with 3 planets, we prove the existence of orbits along which
the semimajor axis of the outer planet undergoes large random variations thus disproving the conclusion
of the Laplace-Lagrange theorem. The time of instability varies as a negative power of the masses of
the planets. The orbits we have found fall outside the scope of the theory of Nekhoroshev-Niederman
because they are not confined by the conservation of angular momentum and because the Hamiltonian
is not (uniformly) convex with respect to the Keplerian actions.
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1 Introduction

1.1 On the stability of semimajor axes

Consider the 4-body problem, namely the motion of 4 bodies, numbered from 0 to 3, moving in the 3-
dimensional space and subject to the Newtonian universal attraction:
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where z; € R3 is the position and m; > 0 the mass of body j. Of particular interest is the planetary
problem, where the masses of bodies 1,2,3 (planets) are small with respect to body 0 (Sun), and where
each planet revolves around the Sun along an approximate, slowly deforming Keplerian ellipse. In the first
approximation, the problem consists of three uncoupled Kepler problems whose ellipses are fixed in space,
together with their geometric elements determining the shape of the ellipses and their position in space.
The question is to determine the long term influence of the mutual attraction of planets on the elliptical
positions and elements. In this article, we will also consider the hierarchical problem, where masses are fixed
(or within some compact set of (0,00)) and successive semimajor axes’ ratios a;/a;j;1 are small.

Euler and Lagrange had failed to prove the stability of semimajor axes of planets in the Solar System.
In 1776, in a commendable tour de force Laplace was able to overcome the difficulties his predecessors had
met. He wrote [46]:

J’ai trouvé [que 'inégalité séculaire des demi grands axes est] absolument nulle; d’ou je conclus
que laltération du mouvement moyen de Jupiter, si elle existe, n’est point due & ’action de
Saturne.!

Here Laplace is neglecting second order terms in the masses of the planets, as well as third order terms in
the eccentricities and inclinations of planets.

Lagrange later proved that this result holds for arbitrary eccentricities and inclinations. This is the “first
stability theorem of Laplace and Lagrange” [3, Example 6.16]. About the 1808 Mémoire of Lagrange [45],
Arago commented: “Le 17 aott 1808, [Lagrange| lit au Bureau des longitudes, et le lundi suivant 22, a
I’Académie des sciences, un des plus admirables Mémoires qu’ait jamais tracés la plume d’un mathématicien”
(F. Arago, (Buvres complétes, 1854, p. 654).2

Poisson later proved that the conclusion of the theorem holds at the second order in the masses of the
planets [54]. His proof is a cornerstone of Hamiltonian perturbation theory, but is lengthy and complicated.
Lagrange simplified it substantially (see his (Euvres, t. VI, p. 735), but to the point where Lagrange’s
argument is flawed, as his editor M. Serret mentions. The later correction made in [44] is not satisfactory
either, as Mathieu noticed [48]... (see [47, 29] and references therein).

Nowadays the first stability theorem of Laplace-Lagrange is a simple consequence of the existence of
the Delaunay coordinates for the two-body problem. In these symplectic coordinates, the variable which

In modern English: I have found that the variations of the semimajor axis of Jupiter, under the influence of Saturn, have
ZEero average.

20n 17 August 1808, and on the following Monday 22, at the Académie des sciences, [Lagrange| reads one of the most
magnificient memoirs ever written by a mathematician. This work was entitled: Memoir on the theory of the variations of
planets’ elements, and in particular of the variations of semimajor axes of their orbits.



is conjugate to the fast Keplerian angle (mean anomaly) is a function of the semimajor axis. So, outside
Keplerian resonances, for the (first order) secular system obtained by averaging out the mean anomalies,
semimajor axes are first integrals.

In order to explain the irregularities of Jupiter and Saturn, Laplace called on comets. Comets had
unknown masses, so it was a convenient argument (which actually was a fortunate motivation for Laplace to
get interested in probabilities). Yet, there is an intricate interplay between small parameters in the parameter
space (masses of the planets, distance to mean motion resonances, distance to circular motions, etc.). It is a
mistake to infer the stability of the semimajor axes from the low order analysis that had been carried out.
First, there is an issue with the confusion between normal forms and the full vector field. Second, averaging
out the outer mean anomalies becomes irrelevant when the mean motion of outer planets is slower than the
secular dynamics of inner planets.

Poincaré is perfectly aware of the first issue, for example when he writes “Ce résultat aurait été envisagé
par Laplace ou Lagrange comme établissant complétement la stabilité du systéme solaire. Nous sommes plus
difficiles aujourd’hui parce que la convergence des développements n’est pas démontrée™ [53, Vol. 2, Chap.
10, Paragraph 132]. But he seems less aware of the second issue, when he writes “Il est clair que tout ce qui
précéde s’applique, sans qu’on ait rien & y changer, au cas ott I'on aurait plus de trois corps’ (ibid.).

More recently, after the proof of Arnold’s theorem on the existence of a set of positive Lebesgue measure
of invariant tori in the planetary problem [1, 26], Herman has speculated that “in some respect Lagrange
and Laplace, against Newton, are correct in the sense of measure theory and that in the sense of topology,
the above question [on the stability], in some respect, could show Newton is correct” [41].

It is the purpose of the present article to disprove the belief in the conclusion of the Laplace-Lagrange
stability of the semimajor axis, as well as Herman’s conjectural dichotomy: random instability does occur
on a set of positive Lebesgue measure of the 4-body problem in the planetary regime, in a time which is
an inverse power of the masses of the planets. More precisely, we exhibit some dynamical behavior which
is inconsistent with the averaged dynamics, in that one semimajor axis, as well as other quantities, display
large, random variations. A further step would be to estimate the local probability of instability in some
given time (in the light of the theory of adiabatic invariants [3, Section 6.4], or else).

1.2 Main results

Consider 4 bodies whose motion is governed by Newton’s equation (1). We will assume that mg # m;.5 For
the sake of simplicity, let us first focus on the “hierarchical regime”; it is the asymptotic regime where masses
are fixed, while body 2 revolves around and far away from bodies 0 and 1, and body 3 revolves around and
even farther away from bodies 0, 1 and 2. (We will make some more precise hypotheses below.) Each body
thus primarily undergoes the attraction of one other body: bodies 0 and 1 are close to being isolated, body
2 primarily undergoes the attraction of a fictitious body located at the center of mass of 0 and 1, and body
3 primarily undergoes the attraction of a fictitious body located at the center of mass of 0, 1 and 2. We
think of body 0 as the Sun and of the three other bodies as planets. The Jacobi coordinates are well suited
for this regime, but we defer their definition to a later stage. Assuming that the center of mass is fixed, the
small displacements of the Sun may be recovered from the positions of the planets.

Some notation: let a1, as and a3 be the semimajor axes of the planets, e1, es and ez be their eccentricities,
and C1, Cs and C5 their angular momenta. In the hierarchical regime, for eccentricities bounded away from
1, a1 < ag < az. Even further (and unlike in [13]), we will consider a strongly hierarchical regime, where not
only the semimajor axes ratios «; = a;/a;41 are small, but even the ratios of the ratios a;/a;41 are small,
in the following quantitative manner:

a1 = 0(1) < ay < ay/®. (2)

Here is the rough description of the scales of times:

3This result would have been considered by Laplace or Lagrange as proving the stability of the solar system. We are more
careful today because the convergence of expansions has not been proved.

41t is clear that the above proof applies, with nothing to be changed, to the case of more than three bodies

SIf the four masses are not equal to each other, this condition is always satisfied up to renumbering the masses, i.e. up to
switching the roles of bodies.



e The fastest frequencies are the mean motions (Keplerian frequencies) of the two inner planets. Since
a1 < a9, these inner mean motions do not interfere, which allows us to average out the mean anomalies,
without resonances.

e The next frequencies are the secular frequencies of the two inner planets. They govern the rotation
of the plane of the ellipses around their angular momentum vector Cy + Cs, and the rotation of
the ellipses in their plane, as well as the quasiperiodic oscillations of the corresponding inclinations
and eccentricities. The dynamics of the truncated relevant normal form (“quadrupolar dynamics” of
planets 1 and 2) is still integrable, as noticed by Harrington [40], due to the fact that the quadrupolar
Hamiltonian does not depend on the argument of the outer pericenter gs.

e In the strongly hierarchical regime, the outer semimajor axis is so large that the mean motion of planet
3 is slower than secular frequencies of the two inner planets.

e Then come the secular frequencies of the (outer) planet 3, approximately determined by the quadrupo-
lar Hamiltonian of planets 2 and 3. The conservation of the total angular momentum vector C =
C1 + Cs + C3 ~ (5 prevents significant changes in the plane of the outer ellipse, or of the product
azy/1 — €3. On the other hand, it does not prevent major (joint) changes in a3 or es.

Similarly to the regime studied in [13], along the orbits we will prove the existence of the two inner planets
will be close to the hyperbolic secular singularity of the quadrupolar Hamiltonian or to the associated stable
and unstable manifolds. In particular, their mutual inclination will be large.

We will pay special attention to two quantities:

e the semimajor axis az of the outer planet

e the normalized angular momentum Cy € B3 of planet 2, defined as the vector orthogonal to the plane
of its ellipse and whose norm is ||Ca|| = /1 — €2.

Theorem 1 (Main theorem). Consider the 4-body problem with masses mj > 0, j = 0,1, 2,3 with mg # m.
For every finite itinerary C3,...,C¥ € B3, ad,...,ak € [1,4+00) and every § > 0, there exists an open set of
initial conditions whose trajectories realise the prescribed itinerary up to precision §.

This theorem is a consequence of Theorems 2 and 3 below, which contain a more detailed description of
the diffusing orbits.
Let us make some comments on Theorem 1.

e The drifting time needed to follow the prescribed itinerary in the theorem satisfies

N
0<T<C(m0,m1,mg,m3)67, (3)
where C' is a constant depending only on the masses and the exponent £ > 0 does not depend on N nor
on the itinerary. To be more precise, call o; = a;/a;4+1, i = 1,2, the semimajor axis ratios. As § tends
to zero, the a;’s will be chosen polynomially smaller, and the drifting time itself depends polynomially
on the q;’s.

e As stated, Theorem 1 assumes small semimajor axis ratios, for fixed masses. In Section 8.1, we provide
asymptotic estimates when we let the masses of the planets tend to 0, i.e. in the planetary regime
where m; = pm; for j =1,2,3 with p > 0 small. Then, one possibility is to let the semimajor axes of
planets 1 and 2 tend to 0 as p — 0. In that case, the drifting time satisfies

N

0 < T < C(mo, M, 1z, 1s) 5.
p

(4)
Another possibility is to place planets 1 and 2 at a uniform distance (with respect to p) from the Sun
and place planet 3 very far away, so that as ~ p~2/3. That is the setting considered in Theorem 3
below, where we provide the concrete exponent v = 35/3.

Note that the instability time is polynomial with respect to the masses of the planets. See Section 1.3
below for the comparison of the regime of Theorem 1 with those regimes where Nekhoroshev Theory
can be applied to prove exponential stability of the semimajor axes.



e The novelty of the unstable behavior presented in this paper compared to that of [13] is the evolution
of the semimajor axis az of the third planet. Indeed, in the moderately hierarchical regime considered
in [13], a3 is stable, whereas in the strongly hierarchical regime it can follow any prescribed itinerary
(see Section 1.4 below for a comparison between the two regimes).

On the contrary, the changes in the normalized angular momentum of the second planet are the same
in both regimes. Let us briefly describe what the changes in Cy imply in terms of the orbital elements
of the second planet. Indeed, fixing a prescribed itinerary (33, e (Z*gV € B? is equivalent to prescribing
any itinerary in: the eccentricity e, the mutual inclination 65; between planets 2 and 3, and the
longitude h% of the node of planet 2, for k = 0...N. Then, we can construct an orbit and times
to <ty < --- <ty such that the osculating orbital elements satisfy

lea(tr) — ek <6, |03 (t1) — 055] <6, |ho(tr) — hE| <8 for k=0,1,...,N.

As already mentioned, the angular momentum of the third body is almost constant and therefore, the
evolution of ez is determined by the evolution of as.

Finally, the evolution of the eccentricity e; of the first planet, and the mutual inclination 615 between
planets 1 and 2, cannot be controled since they are prescribed by the diffusion mechanism. Let us
briefly mention that:

— The eccentricity e; does change but it can start arbitrarily close to 0. That is, the initial config-
uration can have all planets performing close to circular motion.

— The mutual inclination i1, always stays above 55 degrees.
One can see [13] for a more detailed description of the evolution of e; and i15.

e In our Solar System, semimajor axes seem very stable. There are some exceptions. Notably, the
semimajor axis of the Moon is drifting. But this is due to non-Hamiltonian, tidal effects [24]. Also, at
the early stages of our Solar System, planets migrated towards the exterior of the Solar System. But this
migration too is a non-conservative phenomenon, explained by the interaction with the planetesimal
disk [37].

Orbits described in theorem 1 show wild variations of elliptical elements, and, plausibly, subsequent
collisions of neighboring planets and their accretion. We may conjecture that only the observation of
many extra-solar systems might exhibit one day such transient behavior.

1.3 Remark on Nekhoroshev theory and weak convexity

Due to the proper degeneracy of the Keplerian approximation, standard Nekhoroshev theory does not apply
in a straightforward way to the planetary problem. Yet it has been successfully extended to the planetary
problem [50, 51] (see also [3][6.3.4]). In particular, Niederman proved the following conditional result regard-
ing a Hamiltonian perturbation of a properly degenerate integrable system: provided that the actions in the
degenerate (i.e. secular) directions remain in some bounded region, the actions conjugate to the fast angles
are stable over an exponentially long time. He then showed that this model can be applied to the planetary
problem. In the neighborhood of coplanar and circular ellipses (the maximum of the angular momentum),
the conservation of the angular momentum prevents the degenerate actions (encoding eccentricities and in-
clinations) to undergo any substantial instability, so the actions conjugate to the fast angles (encoding the
semimajor axes) are indeed stable over an exponentially long time.

The regimes of the 4-body problem studied in the present paper differ from Niederman’s work in two
respects:

e In the planetary regime, the conservation of the angular momentum does not prevent secular variables
from drifting because of the high inclination of the two inner planets.

e In the hierarchical problem, the convexity of the fast, Keplerian part is weak, because of the large
outer semimajor axes.



Hence neither Nekhoroshev theory nor Niederman’s adaptation applies. (Incidentally, a proof ad absurdum
is that the conclusion of Theorem 1 would contradict Nekhoroshev theory.)

Regarding the weak convexity (for a numerical investigation, see [39]), let us mention the following open
question. Consider the toy Hamiltonian

H(0,r) =17 + 13 +€*r3 + € f(6,7),

where € < 1 and 0 < a < 1. H is Nekhoroshev-stable for « = 0 and, trivially, unstable for & = 1. But, more
precisely, how does the radius of confinement of r deteriorate as a grows from 0 to 1?7 The classical proof as
well as more recent examples should provide a precise answer to this question.

1.4 Main ideas of the proof of Theorem 1 and moderately versus strongly hi-
erarchical regimes

The orbits constructed in Theorem 1 rely on an Arnold diffusion mechanism [2]. Progress in the under-
standing of Arnold diffusion in nearly-integrable Hamiltonian systems in these last decades has been re-
markable, especially for two and a half degrees of freedom (see [4, 6, 10, 16, 17, 18, 21, 35, 43, 49, 55], or
[5, 9, 15, 20, 33, 34, 36, 56] for results in higher dimension). However, most of these results deal with generic
nearly-integrable Hamiltonian systems in C" or C*° regularity whereas results in the analytic category, in-
cluding results in Celestial Mechanics, are rather scarce. See the discussion in Section 1.1 of [13] for more
details.

Indeed, even if Arnold in his seminal paper conjectured that his diffusion mechanism should be present
in the 3-body problem, as far as the authors know, the only complete analytical proofs of Arnold diffusion in
celestial mechanics are [13, 22, 38]. Other works in the field rely on computer-assisted computations [8, 28|,
on computer-assisted proofs [7], or on the assumption of a plausible transversality hypothesis [57].

In order to prove Theorem 1 we adapt what are usually referred to as the geometric and topological
methods of Arnold diffusion. Although some of the geometric ideas could now be considered classical, others
are contemporary (in particular a topological shadowing result proven recently by the same authors in [14]).
While explaining the overview of the proof, we will compare the moderately hierarchical regime considered
in [13] with the strongly hierarchical regime considered in the present paper.

The classical geometric approach used to prove Arnold diffusion both in the present paper and in [13]
can be broken down into the following steps.

e Prove the existence of a normally hyperbolic invariant cylinder (See Appendix C for the definition).
The “vertical” components of the cylinder are the actions in which we want to drift.

e Prove that the invariant manifolds of the cylinder intersect transversely along homoclinic channels.
Orbits in the channel are heteroclinic orbits between different orbits in the cylinder. This is encoded in
a scattering map [19]. One can obtain an asymptotic formula for it through Poincaré-Melnikov Theory.

e Construct an iterated function system consisting of the inner dynamics and the scattering map, and
show that its orbits (called pseudo-orbits) display a drift in the action variables.

e Use a shadowing argument to obtain orbits which follow closely these pseudo-orbits.

To carry out these steps in the 4 body problem, both in [13] and in the present paper we consider the
hierarchical regime which makes the 4-body problem nearly integrable. In [13] we consider what we call the
moderately hierarchical regime, where we assume

a1 = 0(1) < ap < a8/ < ay®M! (5)
whereas in the present paper we consider the strongly hierarchical regime (2). Both regimes lead to a nearly
integrable setting. However, they lead to different hierarchies of time scales, and to different first-order
effective models. Let us describe them. To this end, we express the 4-body problem in a good set of
coordinates, which reduces the dimension of the model by eliminating its first integrals. First, we consider
Jacobi coordinates to eliminate the translation invariance and then we use the Deprit coordinates to perform
the symplectic reduction by rotational symmetry (see [12]). After this reduction, the 4-body problem becomes



a Hamiltonian system with seven degrees of freedom. In Section 2 we state the main results of this paper in
Deprit coordinates.

The two faster frequencies of the 4-body problem in Deprit coordinates are, in both the strongly and
moderately hierarchical regimes, the mean anomalies of the first two planets. Moreover, they evolve at
different time scales to one another. This implies that they can be averaged out up to arbitrarily high order
in ay L If one ignores the higher order terms, one can reduce the dimension by 2 and end up with a five
degree of freedom Hamiltonian depending on a; and as, which can be treated as parameters.

In the moderately hierachical regime (5), the third fastest frequency is the mean anomaly of the third
planet. Proceeding analogously, in that regime it too can be averaged out up to high order which leads to a
4 degree of freedom Hamiltonian. This Hamiltonian is usually called the secular Hamiltonian since it models
the slow evolution of the osculating ellipses.

On the contrary, in the strongly hierachical regime, since the third planet is placed much further away,
the third mean anomaly becomes slower and it cannot be averaged out. For this reason, in the present paper
we analyse the 5 degree of freedom Hamiltonian which, by an abuse of language, we also call the secular
Hamiltonian. It models the slow evolution of the osculating ellipses of the three planets plus the motion of
the third planet on its osculating ellipse.

In both regimes, the next step is to expand the secular Hamiltonian in powers of 1/ay and as/a3 using the
Legendre polynomials. This is done in Section 3. The first term in the expansion is the so-called quadrupolar
Hamiltonian of the first two planets, which is integrable, and the second term is the so-called octupolar
Hamiltonian which captures the next order of interaction between planets 1 and 2. The subsequent orders
in the expansion involve the interaction between planets 2 and 3. It is at these orders where the analysis of
the moderately and strongly hierarchical regimes differs considerably. In [13] we need both the quadrupolar
and octupolar Hamiltonians associated to planets 2 and 3 whereas in the present paper the approximate
dynamics does not depend on the octupolar term. The reason is that, since we do not average the mean
anomaly /3, the quadrupolar term adds “more non-integrability” to the model. Indeed, the quadrupolar
Hamiltonian depends on all the secular variables which was not the case in [13].

Next, we analyse the normally hyperbolic cylinder and its invariant manifolds for the secular Hamiltonian.
The first appropriate approximation is that of the quadrupolar Hamiltonian of planets 1 and 2 (see Section
4). Tt is well known that it posesses a hyperbolic singularity, which appears when the mutual inclination
between planets 1 and 2 is larger than around 40 degrees. This hyperbolic singularity corresponds to a
normally hyperbolic invariant cylinder in the full phase space. Moreover, the integrability implies that its
stable and unstable manifolds coincide along a homoclinic manifold.

Fenichel Theory [30, 31, 32| implies that the normally hyperbolic invariant cylinder is persistent. In
Section 5, we analyse the induced dynamics of the secular Hamiltonian on the cylinder, usually called the
inner dynamics. We prove that it is integrable up to an arbitrarily high order and that it has torsion,
provided that the mutual inclination of planets 1 and 2 is larger than 55 degrees. Note that the cylinder
in the present paper has two dimensions more than the cylinder considered in [13], as the mean anomaly of
planet 3 and the semimajor axis ag provide additional inner variables.

The results in [27] combined with classical perturbation techniques imply that the stable and unstable
invariant manifolds of the cylinder of the secular Hamiltonian intersect transversely along two homoclinic
channels. Orbits in these channels are heteroclinic orbits which “connect” different points in the cylinder.
Such connections are encoded in the scattering maps (see [19] and Appendix C for the definition). Section
6 is devoted to the computation of the first order of these maps by means of Poincaré-Melnikov Theory.

Once the inner dynamics and the outer dynamics (i.e. the scattering maps) have been analysed, the
last step is to combine them to achieve drift in the actions. This is done in Section 7. First, we construct
pseudo-orbits (i.e. orbits of the iterated function system consisting of a Poincaré map induced by the inner
dynamics and the two scattering maps) that follow any prescribed itinerary in the actions such that the
scattering maps map “approximately invariant tori” of the inner dynamics transversely across other such
tori. Then, referring to an argument contained in a previous paper by the authors [14] which provides rather
flexible shadowing results, we show that there are orbits of both the secular Hamiltonian and the four-body
problem Hamiltonian which follow closely the pseudo-orbits. Moreover, the shadowing methods in [14] allow
us also to obtain time estimates.

Finally, in Section 8.1 we explain how to deal with the planetary regime where the masses of the three
planets are arbitrarily small.



2 Main results in Deprit coordinates

The first step towards a proof of Theorem 1 is to find a suitable set of coordinates in which we can analyse the
problem. In particular, as is well-known, the 4-body problem has many symmetries which can be exploited
to reduce the dimension of the phase space. To this end, in Section 2.1 we explain how to express the 4-body
problem in Jacobi coordinates, thus reducing by translational symmetry, and then pass to Deprit coordinates
to reduce by rotational symmetry. In Section 2.2 we state a more detailed version of Theorem 1 in Deprit
coordinates.

2.1 The Jacobi and Deprit coordinates

The 4-body problem is a Hamiltonian system with respect to the Hamiltonian

2
Yj my;m;
H= 3 g 3 (6
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and the symplectic form Q = dg A dp where z; € R? is the position of body j and y; € R? its conjugate
linear momentum.
The Jacobi coordinates (g;,p;) € R® x R3, j =0,1,2,3, are defined as

do = To Po=Yo+y1+yY2+y3

Q1 =T1 — o P1=Y1+011Y2+011Yy3

Q2 = T2 — 091 Ty — 011 X1 P2 =Y2 +022Y3

g3 = T3 — 00220 —012X1 — 022T2 P3 = Ys.

where .
J
m;
045 = Mj and Mj = Zoml (7)

=

A direct computation implies that this transformation is symplectic, in the sense that dg A dp = dz Ady. The
Hamiltonian (6) expressed in these coordinates does not depend on ¢g, and therefore pg is a first integral.
Without loss of generality, we may restrict to pg = 0 and consider the reduced phase space with coordinates
(¢j,pj)j=1,2,3- Then, the Hamiltonian (6) becomes

H:FKep+Fper (8)

where
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with the reduced masses j1; defined, for each j = 1,2, 3, by

—1 —1 1
By = Mj—l +m; .

The next step is to pass to Deprit coordinates, which are well suited to the symmetry of rotations. These
coordinates were discovered originally by Deprit [23], but their efficacy in the N-body problem was noticed
only recently by Chierchia and Pinzari [11]. Let us denote by

Cj=4q; xp;



the angular momentum of the j* fictitious body and let
C=C1+Cy+C4

be the total angular momentum vector. Let k; be the j* element of the standard orthonormal basis of R3
and define the nodes v; by

V1:Z/2261X02, V3:(Cl+02)><03, 1/4:k3XC.

For a non-zero vector z € R? and two non-zero vectors u,v lying in the plane orthogonal to z, denote by
a(u,v) the oriented angle between u,v, with orientation defined by the right hand rule with respect to z.
Denote by II; the pericenter of ¢; on its Keplerian ellipse. The Deprit variables (€5, L;j,v;, T, ¥, ¥;)j=1,2.3
are defined as follows:

e /; is the mean anomaly of g; on its Keplerian ellipse;
Lj = pj/Mjay;
Vi = ac, (v, 1)

o I = [ICsll;

® U1 = Qo 1+0y)(V3,12), Y2 = ac(va, v3), Y3 = ag,(k1,v4);
° \Ifl = HCI +02H, \112 = ||01 +CQ +03|| = ||CHa \I/3 == Ck‘g

The Deprit variables are analytic and symplectic over the open subset D in which the 3 terms of Fip are
negative, the eccentricities of the Keplerian ellipses belong to (0, 1) and the nodes v; are nonzero (see [11, 23]
or [13, Appendix A]). Actions U5 and W5 are commuting first integrals.

The orbital elements can be expressed in terms of Deprit cordinates:

e The osculating eccentricities are defined by
ej=4/1— =% j=1,23. (11)

e The mutual inclination 7152 between planets 1 and 2, measured as the oriented angle between C7 and
Cs, is defined via its cosine by
vP-rf-—T3

12
2T I'y (12)

COSi1o =

e The mutual inclination is3 between planet 3 and the inner two planets, measured as the oriented angle
between S = C; 4+ C5 and Cj, is defined via its cosine by

W3- T3 02

1
oV, (13)

COS 193 =

2.2 Arnold diffusion in Deprit coordinates

In this section we give a precise reformulation of Theorem 1 in terms of the Deprit coordinates. To this end,
let us recall that we assume the masses mg, m1,mo, mg > 0 are fixed and satisfy mg # mi. We consider a
regime of increasingly separated bodies. In terms of the semimajor axes, we assume that

1/3

a K az K ag (14)
which, in terms of Deprit, reads
L1 < Ly < LY°. (15)



We assume that the eccentricities of the bodies are uniformly bounded away from 0 and 1, and therefore the
other Deprit actions I';, j = 1,2,3, and ¥;, j = 1,2, have significantly different sizes. Indeed they satisfy

I'j~L; for i=1,2,3 and W, ~ T4 for i=1,2.

Let us explain which actions may drift under these assumptions. The semimajor axes L; and Ly are
almost constant due to the fact that the conjugate angles £1, £ evolve faster than all other variables, and
on different time scales to one another. As a result, ¢1, {5 can be averaged out of the Hamiltonian up
to arbitrarily high order and any splitting of separatrices in the L, Lo directions is exponentially small.
Moreover, recall that W5 is the total angular momentum, which is a first integral. Since I'1, 'y < I's this
implies that I's ~ Wy is almost constant. However in this case, as in [13], relatively small proportions of
angular momentum can transfer from I's to I's to create a significant change in the orbital elements of the
second planet. Indeed, I's can drift from

FgN\IIQ—\Ifl to F3N\I’2—|—\I/1.

This corresponds to having C3 and C7 + C5 close to parallel and either with the same sign or with opposite
sign. That is, this evolution in I's implies a large drift in the inclination i3 (see (13)), or equivalently in 653
(as defined in Section 1.2).

Since I'y « T's, this transfer of angular momentum between bodies can cause dramatic changes in
Iy € (0, Ly). Indeed, we are able to show that it drifts from

FQ ~ L2 to Fg ~ 0.

Equivalently, the orbital ellipse of the second planet can swing from being near-circular (es ~ 0) to being
highly eccentric (eg ~ 1).

Finally, note that L3 must satisfy Ls > I's ~ Ws. Moreover, by taking L3 — 400 while U5 is fixed (recall
that it is a first integral) one has that e3 — 1. Since we are considering a hierarchical regime, where the
orbits of the bodies are increasingly (and uniformly) separated, one has to constrain the possible growth of
Ls. If one fixes 0 < kK < 1, then one can consider L3 transitioning from

L3 ~ (1 + KJ)\IJQ to L3 ~ —. (16)
K

Since I's is almost constant, this is equivalent to changing at the same time the semimajor axis as above (i.e.

2
transitioning from az ~ (1 + x)?¥3 to az ~ %) and the eccentricity e3 as

e3 ~ VK to es ~ /1 — k2.

The next theorem shows that such transitions are possible and that one can freely vary I's, I's and L3
within their “allowed” ranges.

Theorem 2. Fix masses mg, mi, mg, mg > 0 such that
mo 7é mi. (17)

There exists & with 0 < £ < 1 and aq,aq, 8 > 0 such that the following is satisfied.
Fiz N > 1 any {v*}_, C (0,1), {n*}_, C (=1,1), {¢*}, C (1,+c) and constants LY, LY and W3
satisfying

LO
Vel —¢1+¢], LY < LY (L9)? < 0§ and |\I/(1)—VOL8|§—;+§.

7

Then, there exists an orbit of the Hamiltonian H in (8) expressed in Deprit coordinates and times {t;}h_,
satisfying
to=0  and |ty < (L) (THT, k>1

10



such that
Do (tr) — i L] < (L9)~

B
W5 — Ta(tr) — me W (tr)] < (L3)~7
|La(ty) — G¥5| < (L) 7.
Moreover,

Ty (tk) — LY| < (L9) 77, | W1 (te) — Da(ty) — M| < (L9) ™7

where My, € (O, % + 5) is determined by

M M .
(L3 —Ty(tr))32 (L9 —T9)3/2 and My =19 —

whereas for all t € [0,tx],
IT3(t) —T9| < 2L, and  |Lj(t)— LY < (L))" for j=1,2.

Theorem 2 is proved in Sections 3-7. It pertains to fixed values of the masses, in the sense that the
increasing separation of the semimajor axes depend on the mass choices. We now want to obtain an analogous
statement in the planetary regime, namely when bodies 1, 2, and 3 are assumed to have small mass. More
concretely, mg ~ 1 and m; = pm,; fort =1,2,3 with m; ~1 and 0 < p < 1.

To deal with the planetary regime we consider scaled Deprit coordinates. Indeed, for fixed semimajor
axes, the Deprit actions all have size p. Then, to be able to capture their drift along the diffusing orbits, it
is convenient to perform the conformally symplectic scaling

L=pL, T =pl', U=),¥, (18)

Theorem 3. Fix mg, m1, Mo, M3z > 0 and consider the Hamiltonian H in (8) expressed in Deprit coordinates
with masses mo,m; = pm; with j = 1,2,3. Then, there exists 0 < k < 1, a1,a2,8 > 0, such that the
following is satisfied.

Fiz N > 1 any {v*}N_, C (0,1), {n*}_, C (-1,1), {¢*}, C (1,+0c) and constants LY, LY and V3
satisfying

. 1 - . -« - .
LY e [2,2} . <Ly, WY p VP and WY — LY < k.
Then, there exists an orbit of the Hamiltonian H in (8) expressed in scaled Deprit coordinates and times

{te}_, satisfying
to=0  and |ty < C(LYp~/3 k>1,

where C(LY) is a constant depending on LY but independent of p, such that
Ta(t) — v Lg] < (L9)~°
|05 — Ta(tr) — ¥ (t)] < (L9)™7
|Ls(te) — e W3] < (L)~

Moreover,

Ty (te) — Li] < (L3) 77, Wy (te) — Ta(te) — Mi| < (L)™7
where My, € (0, k) is determined by
L S
(L = Ta(tx))?/? (L5 —T9)%/2

whereas for all t € [0,tn],

[Fa(t) ~TY <209, and  [Ly(t)~ L < (L7 for j=1.2

11



3 Computation of the secular Hamiltonian

In this section we compute the secular Hamiltonian in three steps: first, we expand the perturbing function
(10) using the Legendre polynomials; next, we observe that the mean anomalies ¢1, {o are faster than the
other variables, and we use this fact to perform a near-identity symplectic coordinate transformation that
averages the angles £y, ¢ out of the perturbing function up to arbitrarily high order; finally, we make a
further symplectic coordinate transformation so that the new action variables are all of order 1, and we use
these variables to expand the Taylor series of the secular Hamiltonian.

This section has strong similarities with the computation of the secular Hamiltonian in [13]. We do
include it for the convenience of the reader and because terms describing the motion of planet 3 differ
significantly.

3.1 Expansion of the perturbing function in Legendre polynomials

Since ||g;]| = O(a;) = O(L3), the assumption (14) implies that [|¢1]] < [lg2|| < [|g3||. Denote by ¢; the angles
between ¢; and g;4;1 for j = 1,2, and denote by P, the Legendre polynomial of degree n. Observe that we
can write the perturbing function Fje,, defined by (10), as

1
12 23
chr - Fper Fper +0 <a3> (19)
where
Mo mo mo mi mo H1m2 llqa |l "
Flgr e — &1.nPn(cos(y 20
b = ol Tetonal To-onal ol Z '\l 20)

is the perturbing function of the inner 3-body problem, and where

n
m
Fper B /J2 3 202 o C05<2) (HZQH>
3

llgsl|

describes the interactions between bodies 2 and 3, with
Tin =00 4 (1)1, Gon = (002 +012)" T+ (=1) 055 1,

and o;; are defined in (7).

3.2 Averaging of the mean anomalies /; and /5

In Deprit coordinates the Kepler Hamiltonian Fkep, defined by (9), is given by

3 172
_ #i M;
Fiep = — Z TR (21)
J=1 7
. 3 M2
From Hamilton’s equations of motion we see that the first order of ¢; is ag?p = % Since the first
i i

order term in Fpe, is of order Hg;“i =0 (L;G), it follows that the angles ¢;, ¢> are faster than all other
variables. Therefore standard averaging arguments imply that we can perform a near-identity coordinate
transformation so that, in the new coordinates, the Hamiltonian does not depend on the angles /1, {5 up
to arbitrarily (but finitely) high order terms. Effecting the coordinate transformation, the Hamiltonian
H = Fyep + Fper becomes

1 1
= FKep + Fsec + Llo R ngQa (22)

where Fxkep is given by (21), the Hamiltonian Flec is defined by

1
Foe=F2+F2 +0 ( Lﬁ) (23)

12



with

1 s Il
Fi2 = / FI2 dty dty = / (cosr) ( dty dey o4
@) Je o Tl Z laz] @9
1 1 g ezl
FbQGSC iy / Flezrdg n/Pn COos < dﬁ . 25
2r Jr P T T gl Z 72 562) g ) 92 (25)

Moreover the remainder term R; depends only on the variables on which Fggr depends.

Remark 4. We use the following terminology and notation.

1. Using the usual terminology from the literature, we refer to the terms in the expansion of FX2 obtained
by setting n = 2,3 in (24) as the quadrupolar, octupolar (respectively) Hamiltonians of the interaction

between bodies 1 and 2, and we write F(}Ead, F12 (respectively) to denote these Hamiltonians.

2. In addition, we refer to the n = 2 term in the expansion (25) of FZ as the quadrupolar Hamiltonian
of the interaction between bodies 2 and 3, and we write F23 quad to denote this Hamiltonian. Note that
this terminology is generally reserved in the literature for the term obtained by averaging both {5 and
U3 (see for example [13]); however, in this paper, the angle {3 is slower than, for example v (see
Proposition 7 below), and so it cannot be averaged from the perturbing function. We therefore consider
this terminology and notation to be appropriate in this instance.

In this paper we require only the Hamiltonians F (ﬁad, F2 F (ifad Expanding the first two terms of (24)

and (25) and using the notation of Remark 4 we obtain

af a}
Fsle%:: e (Fuad+013Foct+O< ))7 -FsQezi:_'uQTn3 (Fuad+0< ))7
(27T) 2 271' ag

where

2 3
Faia = / P (cos (1) ||q1||3 dly dis, Fc}czt*/ P (cos 1) quH4 dly dty
g2 T2 a2

qua.d /Pg COSCQ ||Q2HZ CMQ
lgs |

since 652 = 1 for j = 1,2. In the following Lemma (proved in [13]), we compute F.2 auad and F12 explicitly
in terms of Deprit coordinates; we could perform similar computatlons to compute F23 quad> but the resulting

expression would be very long. Instead, we compute F?23 quad I Section 3.3 via a Taylor expansion, after
making a suitable linear symplectic coordinate transformatlon

Lemma 5. The quadrupolar and octupolar Hamiltonians of bodies 1 and 2 are given by

2
a . .
Fc}t?ad = m ((15 €7 COS Y1 — 12 6% — 3) Sll’l2 112 + 36% + 2) (26)
2 2

and

12 1507 erer

64 a% (1 _ 6%)%

I3 ]
—5 (5 sin?i12 (6 — Tcos?y1) — 3)
cosv; cosyg | L7 (27)
—35 sin® vy sin® i1 + 7_

2

5sin’iip (4 — 7 cos® y1) — 3)

. A
+siny; sinvyy cosiyo | L]

—35sin? T sin? 112 + 7_

13



respectively, where the eccentricity e; of the ™ Keplerian ellipse is defined by (11), and where i1o is the

mutual inclination of Keplerian bodies 1 and 2, defined by
W _T-12
COS 119 = 72 Fl FQ

3.3 Taylor expansion of the secular Hamiltonian

In order to perform the subsequent analysis, we divide the phase space into strips where the actions live in
some bounded region. In each strip we perform an affine coordinate transformation so that the new actions
have order 1, thus allowing us to perform a further Taylor expansion of the secular Hamiltonian.

Recall we assume that the semimajor axes satisfy (14), which in Deprit coordinates corresponds to the
assumption (15) (if the masses are assumed to be fixed). Now, the variables 'y, ¥; are of order Lo, while
I's, Wy are of order L. Fix some large positive value L} of Ls. The total angular momentum ¥y is conserved,
So we write

Wy =42 L3 (28)
for some fixed d > 0. We make the symplectic change of variables:
L3 = L} + Ls, Iy =1t3
‘?12‘1/1—511?2, 7{11:77/114-72 (29)
[y =W, — Ty, Y2 =72

T3 =W, —T5—05Ly, Fs=—73

where 91, d3 > 0 are constant with respect to the Hamiltonian Flec. Note that this symplectic transformation
does not modify the variables v;,T'; (or indeed £3). We assume that L3 is chosen so that Lz = O(1).
Moreover, we assume that ~
'y >0 (30)

as the case where Iy is negative can be treated analogously. Furthermore, we assume that the new actions
I'1,I, '3, ¥y live in a compact set away from the origin which is independent of Ly and Lj.

Remark 6. We make the following remarks regarding this coordinate transformation and notation.

1. By choosing different values of the constants 61, 92,03 (and adjusting L} so that (28) still holds) we can
focus on any relevant region of the phase space, in order to make the coordinate transformation (29).
This fact will be of importance in Section 7.3, where we construct trajectories that drift through many
of these different regions.

2. Observe that we could equally have used the total angular momentum Vo as a parameter instead of da,

as Wq, L% are constant, and (28) implies that 02 = % The reason that we have used the notation 6o
3
instead is to maintain consistency with [13]; indeed, we use several results from [18] and it is easier to

compare the formulas if the notation is the same.

Using the coordinates (29), the Keplerian Hamiltonian Fk.p, takes the form

- 1 ~ 1 3 ~ 1
Fch = Fch + —= aKep L3 — —— 75 %Kep L?; + 0 <> (31)
(L3)° (L3)" 2 (L3)°
where )
3 2 3 2
Frep=—) =25 — %5, aep = 43 M. (32)

2 2
j=1 2Lj 2 (LS)

Since the angle {5 evolves slower than some of the secular angles (i.e. Y1 Y25 1;1; see Proposition 7 below) we
must consider it as a secular variable. Therefore, we include Fkcp — Fkep in the secular Hamiltonian Fiec,
which we define by

Fue = Fyoe + (Fch — Fch> (33)
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where FlL.. is defined by (23).

In the following proposition, we identify the first appearance of each of the secular variables in the secular
Hamiltonian Fge.. In addition, we identify the first appearance of products of trigonometric functions of 1,
3, {5 with functions of Y1, I'1, 72; this is of significance as these are the terms that will contribute to the
Poincaré-Melnikov computation in Section 6.

Proposition 7. The secular Hamiltonian Fye., defined by (33), can be expanded in the form

oo
Foee =c+ Z Ei,quij
i,j=0

where € = L%, W= %, and where the terms in the expansion satisfy the following properties.

1. The first two nontrivial terms in the expansion are Fgo = ob? H}%, Fro = al? H{? where aj? are

nontrivial constants, and where the Hamiltonians H3%, H{% are defined by (34) and (35) respectively,
are integrable, and do not depend on the masses. The Hamiltonians H}?, H{? are the first order terms
from F(ﬁad (see (26)). The variables v1,T'1,Ta appear in HY?, and the action V1 first appears in H{2.

2. The angle o first appears in Hi?, which is contained in Fgo. The Hamiltonian H3? is defined by (36),
and is the first order term in the expansion of F12 (see (27)), up to a multiplicative constant.

3. The action Ls first appears in F3 3, specifically in the term of order (Lg‘)f3 in the expansion of Fxep —
Fxep (see (31), (32), and (33)).

4. Each of the angles ir,7s, U5 first appears in the Hamiltonian HE3 (see (39)) which is contained in F .
5. The action T first appears in the Hamiltonian T3Hs (see (37) and (38)) which is contained in F3g.

6. The Hamiltonian H®, contained in F3 ¢, presents the first products of functions of each of the angles
Y1, 73, €3 with functions of v1,T'1, 2.

Proof. The proposition follows from Lemmas 10, 11, and 12 below, upon comparing the orders of the coeffi-
cients of each Hamiltonian using the assumptions (15). O

Notation 8. Throughout this paper, in order to simplify notation, we use ellipsis to mean the following.
Fix some sufficiently large integer r € N. The notation F = €' 7 G + --- means that there are n, no € Ny,
not both 0, and a positive constant C' such that

|F =€ Gl < Cerm

Moreover, we use the expression nontrivial constant to mean a constant depending only on the masses and
the parameters 0; that is nonzero for all mgy, m1, ma, ms > 0 satisfying (17), all 61, 2 € (0,1), and all
03 € (—1, 1)

Remark 9. Although the secular Hamiltonian depends on the mean anomaly 05, the most natural way to
compute such Hamiltonians is by using the true anomaly, denoted by v3. Throughout this paper, we will write
the dependence of the Hamiltonian on the variable {5 (and indeed later on similar variables 0%, 05 obtained
via near-identity coordinate transformations); however the dependence of the Hamiltonian on this variable
will be seen only implicitly through the Hamiltonian’s dependence on the true anomaly vs. When we need to

9K _ 9K Ov g

differentiate such a Hamiltonian, say K, with respect to the mean anomaly €~3, we obtain S0 = Dos o
3 3

we notice that, due to Kepler’s second law, we have

Ovs  Ovs 3 2 Lo
=== (1-e2) (1 =03 (14 4/1 - a2 (o) =
o, 0l ( 83) (14 e3cosvs) 5 + 5 cosvz | + )

where we have expanded the eccentricity ez using (11) and (29).
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The quadrupolar and octupolar Hamiltonians F12 qiaa and F!2 of bodies 1 and 2 take the same form as in
[13], as described in the following two lemmas (see [13] for the proofs).

Lemma 10. The Hamiltonian F, 2ad can be written in the variables (29) a

1 1 .
F q = ~12 4 12 H12 12 H12 ONé H2 4.
qua Co L6 Qp 0 L? 1 Lg
where
r? I3 I3
12 2\ 2 2
H, :(1_LQ) l2—5<1—1?>51n Y +f% (34)
12 12 - 5 Borrl2 - - I3l
H12 = (3H? (71,00, ) = 1) 0y — Do H3? (71,11, ) + 8T — 5L (35)
1
- - - rf - -
iy = (3H3 (1,70, 15) — 1) 3 (6 8H3? (11,T1,T2 ) — 2L2) 0,
1
I , 50t 2101373 205T% 20513
+ g s vy (5F1 — T% + L% - L% + F%
r{ 660773 4173
LN g I
L3 L3 L3
and 4 03,6 43,6 4 27s3 6
a12_3L1M2 Ha a12__3L1M2 Ha g = 3L My py
- ) 1 — ’ .
¢ 8MP&Tut 8 M7 ot i} 4 M7 67 pf
Moreover F1? quad 1S integrable.
Lemma 11. The Hamiltonian F}2 can be written in the rescaled variables (29) a
Fl2 — 1 a2 iz g
oct — L8 2 2
2
where
r? I? ) 1
f% (5 (1_I‘2 (6—7008 'yl) -3
COS Y1 COS 72 -
1'\2
—35sin*y [1—-—2|+7
12 F% F - 36
H _ -1
2 L? 2 2 7 (36)
' By 171; (4—7cos’y) -3
I b I
+—— sin-y; SIn7ys B
Fl 1"2
—35sin? v, (1 - r2> +7
and
al2 — 15 LS My /1 — &7
STV
The quadrupolar Hamiltonian F 25’&(1 of bodies 2 and 3 is expanded in the following lemma.
Lemma 12. We can write the Hamiltonian F*3 quad 05
L3 L3
F2a=—"ca Ko+ —c o’ Ky +- (37)
! (L3) (L3)
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where the Hamiltonians Ky, K1 are themselves defined via the expansions

o/ - 1= = /. - S
Ko = H§? (73,1/11,1)3) + I, {Fs H; (’7377/)1,113) + Hy (V371/J1vv3,‘111>} +-ee

} - (38)
Kl = H123 (:)/37/#}171]3711171—‘2) 4 )
and we have
3 ~ ~ ~
HZ = (1 +14/1—62 cosv3> [Ao (93, v3) cos® by + By (33, v3) coshy sinahy + Cp (&3,1}3)},
3 _ ] ] (39)
H123 — (1—|—1/1—5§ COSU3> \/F% —F% {Al (:}/3,1#1,1}3) COSﬁ/Q—i-Bl (’3/3,1#1,1}3) Sin:}/z]
where the trigonometric polynomials Ay, By, Cy are given by
~ s 03 2 .2 ~ 2
Ao (33,v3) = 15 | | 03 — 52 (1—467) ) sin® (v3 — 73) + (1 —07) (40)
By (43,v3) = 30 —= ( ) cos (v3 — 73) sin (v3 — 73) (41)

2
Co (73, v3) = <15§2 — 1262 — 352) sin? (v3 — 43) + 667 — 5

and the trigonometric polynomials Ay, By, Hs are given by
Ay (%,1;1, 113) = 0103 cos ¢y sin® (v3 — F3) — 07 sintly cos (vs — F3) sin (vs — ¥3)

_ - Y\ . - . _ ~ L _
By (73,7/)1,1}3) = (4 0163 —5 (51) sineby sin® (v — 3) + (487 — 5) cos iy cos (v — ) sin (v3 — 73)

3
. ~ 1 03
H; (‘yg,wl,vg,) = (1 +4/1—62 cosv3> [ (3053 (1 — 52) cos wl + 30 52 — 2455) sin (v3 —3)

1

1 - -
+30 5 (1 —0%) costpy sinthy cos (vs — F3) sin (vz — 13)} .
1

Proof. By definition, we have
&

llgo
F3 /P cos dls. 42
auaa = [ P2 (c08G) g s 42

Denote by Ri(6), R3(0) the rotation matrix by an angle 0 around the x,z-axis respectively, and let
= Rs(m). Write ¢; = ||¢j||7* ¢j, and Q; = (cos(v; + v;),sin(y; + v;),0) where v; is the true anomaly
corresponding to the mean anomaly ¢;. By Proposition 4.1 of [52], we have

%@ = Rs(¥3) R1(i) R3(1h2) Ra(iz) Ra(1) Is Ru(iz) Q2
33 = Ra(v3) R1(i) Ra(1h2) Is Ra(i3) Qs

where

. U, ~ U2+ v? 12 . r3+wv?-12 . 2+ v - u?
cosi = —, CoSiy = —— 2 COSiy = ————— = cosiy = ——=———=
0, 2 20, U, 2 20, Ty 3 20, T;
Since the last 3 rotations performed in each expression ¢2,@3 are the same, they can be ignored in the
computation of cos (s = G2 - G3.
First, we focus on the rotations by the angles is,i3. Observe that, in our rescaled variables,

2_~2 F2_f‘2
217 F2+O(LQ_3), ‘s V-1 24_0([1—2)7

25% sinig = Lq 5 5

costpg =1— L5
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) L L. L
cosiz =14+ 0 (Lg) , siniz =0 <L§> .
L
Ri(is) =1d+Ly'M; + 0 (L3?), Ri(iz) =1d+O0 (2)

Ly
00 0N T
Mi=|0 0 -=-b with b = ——+—.
0

by 0 01

Therefore we can write
where

We thus obtain the expression

1 Ly, 1
S = (0o * (Ja = —_ O —_
cosCe=q2-q3 = Wo + T Wy + (Lg’ L%)

where

Wo = R (iz) R3(¢1) Is Q2 - I3 Qs,
W1 = Ri(ia) Rs(v1) Is M1 Q2 - I3 Qs.

Recall the Legendre polynomial of degree 2 is Pa(z) = % (3 % — 1). Thus
1 Ly
PQ(COSCQ):PQ(W0)+37WOW1+O = | - (43)
Lo L%
In what follows, we integrate the two terms on the right-hand side of (43) separately using the technique
introduced in Appendix C of [25]. We have
g2l = az pa,  p2=1—ez cosuy
1
lgsll = as (1 — €3) o3, o =1+ e3 cosvs
3
where us is the eccentric anomaly of body 2 and wvs is the true anomaly of body 3. By differentiating the
Kepler equation ¢ = ug — ey sinug we obtain dfy = ps dus. Combining these formulas with (42) we see that

a3

1 Ly 1
FB =2 (g 4+ 3Kk, +0(2, =
a%(l—e§>3( PTG I
where
Ko=Q§3/P2(Wo) p3 dus, K1=Q§3/W0W1P§du2-
T T

P2 COSVg = COSUg — €2, P2 Sinvy = 4/1 — e% sin us,

we can eliminate the angle vy from the integrands of Ky and K;. The result is a trigonometric polynomial
which can be computed by quadrature and combined with the expansions

Using the expressions

1 S L
3= (1-0) + 20 (T2 —¥1) +0(L%). eg—lagm(Lz),

3
and
- 65 1 603 — 830, Ly 1 o- 62 1 203 6,03 — 630, Ly 1
S = —_— _—— O —_—— = 1 —_—— _— O _——
sk =s Tt e Y\mrz) v 2) e o2 o\
to complete the proof of the lemma. O
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4 First-order integrable dynamics

The purpose of this section is to establish the existence of a normally hyperbolic invariant manifold for the
first-order term Hj?2, defined by (34), in the expansion of the secular Hamiltonian.

This section is similar to the corresponding section in [13]. We include it for the sake of completeness.

The Deprit coordinates conveniently produce in the four-body problem the same Hamiltonian Fqlgad (see
(26)) as the quadrupolar Hamiltonian of the three-body problem, expressed in Delaunay coordinates (see for
example [27]; see also Section 4 of [13]). Therefore we can use the analysis and results of [27] (up to some
errata; see Appendix F of [13]). In summary, we will show that H}? has a hyperbolic periodic orbit with
a homoclinic connection (in some system of coordinates); since H}? is integrable (notice that it does not
depend on 42), this homoclinic connection is a separatrix, lying in the non-transverse homoclinic intersection
of the stable and unstable manifolds.

The Hamiltonian vector field of Hi? in the ~;, I'y directions, obtained by differentiating (34), is

OHM? 2T I3 ) ( r%) 3 .,
Y| = =—|5[1— =] sin -2 —-10(1—- = ) = sin
Y1 arl L% 1—‘% et L% 1—\% et

. 8H12 ( F2 f2
n=--9-5 1—1> 1— =2 sin2v;.
T o i I3 "

This vector field has (among others) two equilibria whenever I'y = Ly and

. 3
I'y <y \/; (45)

Indeed, whenever (45) holds there are two solutions v € (0,7) and {8 = 7 — 421 to the equation

2
_E)'
5 (1- 3

Therefore (y1,T1) = (7™™™, L;) are equilibria of the Hamiltonian vector field (44). Moreover, these

equilibria are hyperbolic; this can be seen clearly below when we pass to Poincaré variables (47). The
~ ~ 12 =
Hamiltonian H{? also depends on I'y; indeed, we have dd% = agé; = QLI%?.

to the full phase space of H}? by including the variables o, 2, we obtain the periodic orbits

(44)

sin? vy, =

Therefore, lifting the equilibria

Zglin,max (tv :Y;)) = (’Yiﬂimmaxv Lla :Yg + ;?21 (t)a f2> (46)
where 49 € T is the initial condition, and where
2T,
=2t
Lt

Remark 13. The assumptions we have discussed in the introduction regarding inclination are seen math-
ematically in (45) (see also Remark 25 below for a refinement of this remark). Indeed, from (12) and the

change of coordinates (29), we see that cosiig = % +0 (Lgl). Therefore on the circular ellipse {T'y = L1},

the assumptions (30) and (45) imply that |cosiie] < \/g—i— O (L3"). This implies that i15 is more than
roughly 40°.

Suppose (45) holds, and recall moreover we have assumed in (30) that Ty > 0. Define the positive

constants
2T, 1 6 /2 512
i o A= 5 1= 222
X \/;L1 ; U Vi 312

r
L

‘[\J[\J

wlut
=)

The proof of the following result is identical to the proof of Lemma 3.1 in [27] (see also Appendix F of [13]).
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Lemma 14. There is a heteroclinic orbit of H3? joining Z2.. and ZO. backward and forward in time
respectively. It is defined by the equation

f2
<1 — 1“2> sin?y; = =

where 1 € (M, 408X) < (0, 7), and its time parametrisation is given by

AR CHORMORACH

where

\/> sinh(Ay t)

cosy (t ,
\/X + (1 + x2) sinh?(Ay t)
2 .
r \/3\/ * 3; sinh®(Az t)
V3 cosh(Axt) ’

and

Fa(t) =30 +A4(0) +3(8),  with  A3(t) = arctan (" tanh(4s 1))

Even though the Hamiltonian function H}? is analytic near {I'; = L;}, the Deprit coordinates, as is the
case with Delaunay coordinates, are singular on this hypersurface (what is the perihelion of a circle?). We
therefore introduce the Poincaré variables

E=+/2(L1 —T1) cosyr, n=—+2(L;—T)siny. (47)

This is a symplectic change of variables, in the sense that dé A dyn = dI'; A dv;. In these variables, the
Hamiltonian H}? becomes
fZ
2¢2 - |3-5-2
( I

and the entire hypersurface {I'; = L1} becomes a single hyperbolic periodic orbit

7P e

7 +F—+02(52+n) (48)
1

L2

(67777;?271:‘2) = (05 07’?3 + ’?21(t>7f‘2) .

Moreover, the heteroclinic connection established in Lemma 14 becomes a homoclinic connection to this
hyperbolic periodic orbit.

2
On the hyperbolic periodic orbit and the separatrix, the energy is given by % It follows that we have a
1

hyperbolic periodic orbit and a homoclinic connection for each positive value of I satisfying (45). In other
words, the Hamiltonian H}? has a normally hyperbolic invariant manifold given by

Bo = {(&m 5 T2) (€)= (0.0).% € T.T2 € [G1,G2] |

where (1, (o satisfy

O<C1<C2<L1\/§. (49)

Moreover the stable and unstable manifolds of Ag coincide.
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5 Analysis of the inner dynamics

We can lift the normally hyperbolic invariant manifold Ag to the full secular phase space by increasing its
dimension to include the remaining secular variables 1, Uy, 35, '3, f3, L3, in order to obtain

Ao = {(f,ﬂﬁz»f‘zﬂ/?l,‘@175’3,f‘3,537l~/3> 1€ =n=0,%,%1,93, 03 € T, T2 € [(1,C), ¥1,T3, L3 € [-1, 1}}

It is clear that this set remains a normally hyperbolic invariant manifold for H}?: the variables
1/)1, \111,73,F3,€3,L3 are constant with respect to H}? so invariance follows; and the hyperbolicity in the

normal directions &, 7 is preserved. In addition, the variables (vg,Fg,wl,\Ifl,’yg,Fg,Eg,Lg) define coordi-

nates on Ao. _
In a neighbourhood of the normally hyperbolic cylinder Ay the symplectic form is

Q = dE Adn+ dly A dis + dTs A ds 4+ d0y A dipy + dLs A dls,
and so the restriction to Ao of Q is

Qo = Qlz, = dls Adis + dls A dys + d¥y A diy + dLg A dls. (50)
The following theorem is the main result of this section.

Theorem 15. For any r > 2 there is L > 0 such that for any Ly > L% and L3 > L3 we have the following.

1. The flow of the secular Hamiltonian Fgse. has a normally hyperbolic invariant manifold A that is O (i) -

close to Mg in the C” topology. The restriction to A of the symplectic form § is closed and nondegen-
erate. The variables (ﬁg,fg,iﬁl, \i'l,&g,fg,gg,ig) define coordinates on A, with respect to which Q|

is not necessarily in Darboux form.

2. Choose k1,ks € N. There is a coordinate transformation
P (Wzyfzﬂzh‘i’h%,f‘&g&ig) — ('3/27]?‘27"2]17\]}17'3/37]?‘37‘@37i/3>
on A that is O (53)-close to the identity in the C” topology such that
Q|p = dly A dAy 4 dBy A diy + dDUs A dis + dLs A dis,
and the restriction to A of the secular Hamiltonian Fye. is
F=F, (fzy\i’l,fs,ﬁ?);&u) + ek By (’72,f2,7$1,‘I’l’%,f&é&i%&/ﬁ)

where ]:"0 =eb¢ f‘% +eT iL() (fg, \ill,f‘37 ﬁg;&ﬂ), where € = L%, uw= %, and where F'j are uniformly
3

bounded in the C" topology as e, 4 — 0 for j =0,1.

The rest of the section is dedicated to the proof of Theorem 15. Fenichel theory guarantees the persistence
of the normally hyperbolic manifold Ag for Fec [30, 31, 32]. In particular, the existence is guaranteed of a
function p : Ag — R? that is O (L;l) small in the C" topology such that the set

A = graph(p) = { (p(), @) : @ € Ao} (51)

is a normally hyperbolic invariant manifold for Fg... The following lemma provides us with information
regarding the order at which each secular variable appears in the Taylor expansion of p.
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Lemma 16. The function p admits a Taylor expansion of the form

with

1 N 1 N LY N L N Lo
P = =00 T2 P1 6 P2 6 P3 T
L2 (Lg) (Lg) (L3)

- L P4

Po

Il
=
S
=
N
N———

(

pPL= pP1 (

p2 = p2 (Wzafzvﬁl,\i’lﬂsa@)
(
(

p3 = p2 %71;271/31,‘1’1,%,%,23)

P4 = P2 ’?27f271;1a\1117’?3af3ag3;i3)

where each p; is uniformly bounded in the C" topology as Lo, Ly — oo (with Ly > L3).

Proof. The proof is analogous to the proof of Lemma 21 in [13], and we do not repeat it here.

Lemma 17. There is a coordinate transformation

oM (’727f‘2,5’3,f3,1/;17@1,23,E3> — (79, T, v5, T3, 01, WY, 05, L)

on A that is O (L%) close to the identity satisfying

such that

. 1 [
Iy= Ta+ ﬁpé (727F27737F37¢1,‘1’1753,L3)
3
r_ T Lg '~ ™ o~ T F T
U= Y+ 7(L*)6 Py (¥2,12,93, 3,91, %1, 03, L3
3
/*~7L8P’~~~~N~é~f4
F3* F3+(L*)6 2 ’72,F2,’Y3»F37¢17‘I’1, 3,43
3
r_ 7 Lg '~ B o~ T F T
L= L3+WP3 Y2, 2,93, '3, 91, ¥y, €3, L3
3

Q| = dTly Advy + dT5 A dol + dUY A dy + dL5 A des.

(52)

Proof. Denote by U C R? the domain of the Poincaré variables (£,7), and by V' C R* the domain of the

actions (f‘g, ¥, T3, ll;) Define the inclusion map P : T* x V = U x (T* x V) by P(z) = (p(z), z) where

p is the function that parametrises the normally hyperbolic cylinder A via (51). Then ; = P*Q is the
pullback to A of €2 in the coordinates (29).
The Liouville 1-form X is given by A\ = £dn + [y d32 4+ T3 dis + U1 dipy + Ls dls, and we have = d\.
Define A\; = P*). Then §; is exact, because dA\; = d (P*)\) = P*d\ = P*Q = Q.
Denote by p¢, p, the £, components of p respectively, and by pj ¢, pj ., the §,7 components of p; respec-
tively for each j = 0,1,2,3,4. Using (50) we see that

with

Ry

Ry = dpe Ndpy, — Ry

T3

QlZP*Qdeg/\dpn-‘rQo:Qo-i-Rl-f—Rz

22

1 1 1 1
dpog + 7—dp1g | A dpoy + 7 dpiy | = 75 |dpog Adpiy +dpre Adpoy + 7 dpie Ndpiy |,
L2 LQ L2 L2



1
iz

where we have used the fact that py depends only on ['5. Then R; is of order and depends only on

39,2, W1, whereas R, is of order Lig)g (i.e. the order of ps times the order of p;) and depends on all of the

(L5
secular variables. In what follows, we construct the coordinate transformation (52) in two steps: the first
one eliminates Ry from €2y, and the second eliminates Rs.

Suppose there is a coordinate transformation
ho : (’727f271/~)1,‘iflﬁaja,g&i?}) — (7§,F§,¢f,‘1’1,’73,I~‘3,l73,i3) (53)
that changes only the 7s, Ty, z/~11 variables, such that
hy Q' =y where Q =Qq+ Ry. (54)

We use Moser’s trick from his proof of Darboux’s theorem: suppose hy = ¢ where ¢; is the time-t map of
some nonautonomous vector field X; and where € = L 3. Upon differentiating (54) with respect to € and
using Cartan’s magic formula we get

d

0= —
dé

d d

(0] = ¢f | = + Lx. Y| = ¢F | = +ix.dY +dix.Q
dé c dé c :

where Lx, is the Lie derivative with respect to X, and ¢x. is the contraction operator of X;. By the same

argument as for 1 above, Q' = d) is exact, and so, since d€)’ = 0, we obtain

d d d
- I _ O - I __ o/
dix, Q) = éQ = éd)\ = d( é)\>'

Observe that this equation is satisfied by vector fields X; for which

d
ix. Q) =——\.
xe dé
By inverting Q' this can be solved explicitly for X;. Its flow exists at least for a time &, and its time-£ map
gives the required map ho as in (53). Indeed, the argument in Appendix A implies that this coordinate
transformation does not affect ¥y, because pg, p1 do not depepd on 1. R R
In the new coordinates, the symplectic form 2y becomes ©; = Q¢ + Ry where Ry = h§ Ry. Since Ry is
9 9
of order ﬁ, we may repeat the above procedure with & = (LL—?)O to complete the proof of the lemma. [
3 3

Lemma 18. Choose k1,ke € N. There is a symplectic coordinate transformation
®(2) : (7&7 F/27 7§a Fé’,a wia \I/g_a 37 LE’,) — (’3/27 IA—‘27 &37 f?)? ’([}17 li/17 237 I:3>

on A that is O (53) close to the identity, such that the restriction F= Fiec|p of the secular Hamiltonian to
A becomes L R S

F=F (Fz,FS, ‘1’17L3;57M) +eMpk 1y (’AYQ,F27%7F3,1/117‘111,53,L3;€7H>
and where the C2? norm of F is

where F’O = €6cof‘§ + 57% (fg,fg,\ifl,ﬁg;s,u), where € = L%, w = %’

uniformly bounded in €, for j = 0,1. Moreover we can approximate the transformations of the actions at
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first order by

=Ty +0 (1> (55)
L2

R 3
rgzrg+0< L22>
(L3)

3
. L1123 (1 +/1—62 cosvé) _
V=V % [Ao (7, v5) cos 204 + Bo (v, v5) sin 2] + - (56)
3 ! 2 <32 — 1>
L3

) L4 23 3
Ly=L5— (L*2)3 OZS ((1 +1/1— 63 cos v§> [,30 sin? (v — %) + 51] — 63 (ﬂ; + ﬂ1)> 4o (57)
3 ep

where the trigonometric polynomials Ay, By are defined by (40), (41), the constants B; are defined by

1 53 1
50=2(95%—95§+155§—15), 51=§(5—355), (58)
1
and where vy is the true anomaly corresponding to the mean anomaly (5.

To prove this lemma, we need the following estimate on the average of the secular Hamiltonian with
respect to its fastest angles.

Lemma 19. Consider the Hamiltonian Fi. defined in (33). Its average (Fsec>(1;1 S2.0s) with respect to the
angles 1[)1,'72,63 does not depend on 73 until the term of order O (LL—%)
3

The proof of this lemma is postponed to Appendix B.

Proof of Lemma 18. Since the frequencies of the angles all have different size the averaging procedure is
rather standard, since there are no small divisors. We explicitly compute the first order of the symplectic
coordinate transformation ®(2) in the actions W/, L} and approximate the order of the transformation in I'}.
In order to do this we search for a Hamiltonian J such that ¢* = ®2) where ¢' is the Hamiltonian flow of J.
In this case 2 is necessarily symplectic. First of all, notice that since F (}Ead does not depend on 5, and
since the restriction to A of F12 vanishes at first order, the first order term that could contain 4 is the term
of order €°. Since the first order term in the expansion of F&fad is ¢ (1"2)'2 times a nontrivial constant, we
can easily find a Hamiltonian Jy of order €3 whose time-1 map gives a symplectic coordinate transformation
that averages 74 from the term of order £, hence (55).

Recall the first order terms containing Ty, 1217 respectively, are H{?, H33. Moreover the coefficients of
H{12, HZ3 respectively in the expansion of the secular Hamiltonian are e”ai?, e2u%a?3. Notice that, up to
higher-order terms (and a multiplicative constant equal to L7 in the case of h}?), the restrictions H}?, H{?,
respectively, are equal to h$?, hi? where

)?
hi? = (T5)?, hi2=H2|, = (3(52) - 1) W'+ 2T%.
1

Moreover the restriction to A of HZ* is equal to H3®, up to higher order terms. Let ¢g = L7 %a3% and define

the Hamiltonian Hy = 5600h62 + 570&2%2 + 52u6a33H§37 a truncated version of Fie.|r. We now search

23 A
for a Hamiltonian J; = E‘ﬂﬁ%h such that, denoting by ¢! the Hamiltonian flow of Ji, the coordinate
1

transformation ¢1 eliminates ¢} from H23. Assuming J; does not depend on ~4, we have
Hyo (bfl = aﬁcohéz o qﬁfl + 670&2%2 o (bfl + 52M6a33H33 o ¢;1
=e%ohi? +"oq® (M — {hi?, h}) + epladPH® + - -
= Scohi? 4+ eTal?hi? 4 2 pbad? (HgS - {h%Q, jl}) + - (59)
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Integrating (39), we see that
23 1 23 2 / ° 1 o ro
<Ho >w1 % Hy® dyy = + /1 — 03 cosus §AO(’Y3a vg) + Co(7s,v5) | - (60)
We would like J; to satisfy

. 1 3
{h%2, Jl} = H2» - <Hg3>¢i =3 (1 +4/1— 62 cosvé) [Ao (75, v5) cos 2407 + Bo(vs, v5)sin2¢7] . (61)

Choose

7\2 -1 3
J = i (3 (222) — 1) <1 +14/1—62 COS’Ué) [Ao (75, vh) sin 2] — Bo(v4, vh) cos 297 ] .
1

Since J; does not depend on ~4, neither does Ji, and so (59) is satisfied; moreover, it can easily be checked
that this choice of J; solves (61). Hamilton’s equations of motion imply that

0J1 b L%l a(]3 3J1

U, =0, — -
TN 9y b(L)® ed? 0y

Upon differentiating .J; with respect to 1}, we thus obtain (56).
The next step of the proof comprises the construction of a Hamiltonian .Jo such that the time-1 map
of its flow ¢} averages the angle ¢4 from the secular Hamiltonian at first order by adjusting L}. The first

appearance of L} in the secular Hamiltonian is the term (L3)_3 aKepig where the constant axep is defined by

(32), whereas ¢4 first appears via v} in the term e?,°ag’® (Hg?) . defined by (60). The average of (H§?) ,
1 1

with respect to 5 is
1
(H3?) o= 9 / <H33>¢, dlly = 7/ (1 +14/1—62 cosv3) [Bo sin®(v — %) + B1] dvl +
=03 (ﬂo + 51)

where the constants 3; are defined by (58), and where we have used the formula

TP —2
dlly = dls+ --- = (1 + e5 cosvs) 2<Li) dvs = 63 (1—&—\/1—55 cosvg) dv3+O<L*>, (62)

which comes from Kepler’s second law. Therefore, writing Jy = (L§) and assuming that .Js

does not depend on v4, by similar reasoning to (59), we search for a function J2 satlsfylng
8j2 7 23 23
a6 = (Lo} = (HE) = ()

3
= (1 +1/1 — 02 cosvé) [Bo sin? (vh — %) + B1] — 53 (50 +51>

We could find J, explicitly by integration; however, since we only need to know

aJQ ’ L4 0403 8J2

Ly=1L}— +oo=1L
T 5 (Lg)® akep 00

we have already established the approximation (57).
Finally, we estimate the order of the coordinate transformation in I'j, by averaging 74 from the Hamil-
tonian. Suppose we have first averaged out the angles +4, ¢, ¢5. Observe that the Hamiltonian of this
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4
coordinate transformation itself depends on ~4, and so produces a transformation in I'; that is order THE LLf)g
3

close to the identity (as in the derivation of (57)). After making this coordinate transformation, the resulting

Hamiltonian F{. still depends on v3. By Lemma 19, (Ficc)(y, 5, ¢, does not depend on 5 until terms of

3
%, the coordinate transformation that averages 4

(£3)

order O ( L*g) Since the frequency of ~4 is of order

3
from (Fec)(j, 5,.05) is therefore (LL%)Z close to the identity, as is the transformation that averages +4 from
2, :
4 3 3
F!... Tt follows that the coordinate transformation in I'j is therefore max { T LLE)B, (LL*Z‘)Q } = ( LLf)Z close to
3 3 3

the identity, which completes the proof of the lemma.
O

6 Computation of the scattering map

Now that we have analysed the inner dynamics on the normally hyperbolic invariant cylinder A, we must
analyse its invariant manifolds, their transverse intersections and the corresponding dynamics. The next
theorem, which describes the so-called outer dynamics associated to A and its invariant manifolds, is the
main result of this section.

Theorem 20. The stable and unstable invariant manifolds of the normally hyperbolic invariant manifold A
intersect transversely along two homoclinic channels, giving rise to two scattering maps S+ : A — A such
that o S

Se+ (92, T2, 50, D, a0, B, L) v (35,15,43, 05,01, 04, 5, 13)

with ) ) 19 ) o
Ui= ¥+ ﬁsf (¢17’73,43,T2> +
iy = f3+(L) S5 ($1,90, 63,12 +
3= Ls+ (IZE)G Sy (@h%ﬁ&fz) +
where

St (&1/?3,@3,@) =Fai® <1 + m costz | kK <A2 L2> 1/11’%753) 0400402422%1 \/;1;2
- — (63)
- 513 (1 + /T2 cos US) [ (73,53) sin 241 — Bo (%,&) cos 21/31]

L <3~1>
St (i a) =7 (1015 costs) <A2 2
St (o Fa) =3 (14 S eomty) (ﬂ) [y sy
B () + (144103 cost) 92 (4.3, | (63)

’y 7/)1a 43, 53) (64)

where the function k is defined by

=28 [ 2] 2

and the trigonometric polynomials Ay, By, By were introduced in Lemma 12.
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In Section 4 we established the existence of two hyperbolic periodic orbits 22, . Z9%  for the Hamilto-
nian H}? (see (46)); moreover we found that the stable and unstable manifolds of these saddles coincide
along a heteroclinic trajectory Z° introduced in Lemma 14. Furthermore, in the Poincaré variables &, 7
(see (47)), the two saddles are reduced to a single hyperbolic periodic orbit, which we denote by Z?, and
the heteroclinic connection becomes a homoclinic connection to Z%; for convenience we denote by Z° this
homoclinic connectlon Recall in Section 4 we considered the phase space of H}? to be of dimension 4, as
the Hamiltonian Hi? depends only on the variables v;,T1, I (or equivalently on &,n, Fg) However we can
lift the dynamics to the full secular phase space in the obvious natural way, by setting all remaining secular
variables (i.e. 1, ¥1,53,13,03, L3) to be constant with respect to Hi2. Considering Z°, Z° as functions
of all variables in this way, we obtain a parametrisation of the normally hyperbolic invariant manifold A
defined at the beginning of Section 5, and a parametrisation of the separatrix as in Lemma 14.

Write F12 g = LSF!2 .. Then, the integrable Hamiltonian E 121(1 possesses a hyperbolic periodic orbit

qua quad*
Z3" that is O(Ly ') close to Z%; moreover there is a homoclinic orbit Z4%d to Z3%4 that is O(L;")
close to Z°. Since F head 18 mteg‘rable (see Lemma 10), the homoclinic trajectory Z9%4d corresponds to a

non-transverse klOHlOChnlC intersection of the stable and unstable manifolds of Zf“ad.
Denote by H = L§Fye. — F12 q the Hamiltonian of the perturbation, and define the Poincaré-Melnikov

qua
potential by
L (’?Zad;h;?i% f?; i]17]-:\37‘537 -Z/S) = /

— 00

— 1 (239 (1,32, 0n, 55, T2, 01, T, By, L) ) | .

[FI (unad (t,%,@l,%vf%q’l’f3’g3’ig)) (67)

As with H itself, the Poincaré-Melnikov potential £ can be expanded in ratios of powers of Ly and L3. The
following result gives an expression for the first-order term at which each angle 75, 1/)1, 73,63 appears in the
expansion of L.

Proposition 21. The expansion of the Poincaré-Melnikov potential L satisfies the following properties,
where the notation oy, H}: s as in Proposition 7.

L 12552 where

1. The first nontrivial term in the expansion of L is tz0;
2

(oo}
Ly’ (:}’271—‘2) = / (H212 (ZO (@’3’2#/117?3,5371—‘27\1’17F37L3) )
—o0
— H,” (ZE (t,%ﬂ;h%,g&fz, ‘i’1,f3,i3>> ) dt
= 552 (fg) sin ;)'/2
and where 552 is an analytic function of Ty that is nonvanishing for T's € [C1, o).

L3
5 a13£23 where

(Ls)

/ (H123 (ZO <t7’~72,751,%,g3,f‘2,¢’17f37f/3)>

— 00

2. The angles 1[)1,473,573 all appear for the first time in the expansion of L in the term

P ('727151,’?3,53,f2>
- 13’123 (ZS (ta &2712)17:)/37537f27\ijlaf33£3)) ) dt
3 -
7TF2
<1+ \/1— 62 cosv3> K <A2L%>

X {A1 (%,1;1,113) cos Y2 + By (?371;1,?13) Sin%}

where the function k is defined by (66).
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Proof. Part 1 of the proposition was proved in [27] (see also Proposition 27 and Appendix F of [13]). As for
part 2, observe that, since 11,73, ¢3 are constant with respect to H}?, we can write

£ (’72,1/31,’?37573,1;2) = (1 +14/1—63 COSU3)3 [A1 (’73,1/:1,113) Ly (’?2,1;2) + B (’?3%%&3) Lo (’NYzjz)}
(68)

where

L; (’72af2) = / (fj A (tﬁz,l/;l,’?s,g:s,f%‘i’hf?nis) FjoZdin ( ,’7271/:1,%7573,1;2,‘i’l,fS,fi?))) dt+
0

0
+/ (fj 02° <t7'72a¢17’737£3;1—‘2; \1’17F37L3) —Fj0Z0 (tﬂzﬂl)lﬁaygsarz, ‘1’1»F3,L3)) dt,

— 00

and where the functions
Fi =\/T? —T% cosAa, Fo=1/T7 T3 sinA,

do not depend on %1, 43. It was shown in Section 6.2 of [13] that we have

o ﬂ'f‘2 ~ ~ T 7Tf2 .
L (7Q,F2) =K <142.[/%> cosya, Lo (72,F2) =K (AgL%) sin o
where & is the function defined by (66). Combining these formulas with (68) completes the proof of the

proposition. O

Lemma 22. The secular Hamiltonian has two homoclinic channels corresponding to the normally hyperbolic
invariant manifold A, and there are two scattering maps defined globally on A by

Svi : (’3/271’;27"3/3711‘3712;17@1’23,E3) — (i;af;7:}/§7f§7/&rv(I/Taggaig>

with 1
~ % ~ + (1~ . Tx T + (1~ .
72:72+A0 (F27"'>7 ¢1_w1+f%A1 (F25"')a
R LS i/ & - o= 7oz 5 o= S L3
% =8+ g A (72, T2, 43, Ts, b1, Wi, bs, Ly ), 05 = ls + —25 A5 (92, T2, 73, T's, 001, W1, £, Lg
Gl ) 7 ( )
O 2 _ I
F2:F2+f§@o (727P2773,F3,1/11,‘I’17€3,L3), 4 \Ill+(L*) (1/11,7376375, )
3
- - L2 - S - - 12 . I
I3 =T5+—2:0F (¥1,79s,03, 05+ ), L3=Ls+ —2:0% (1,73, 03, ;-
(L3)° ( ) (L3)° ( )

where the ellipsis after the semicolon denotes dependence on the remaining variables at higher order, and

where
- ~ L 5F2
A(jf<1ﬂ2;~-):Zarctanx_l—i—---7 Af(Fg;- 1\/7 121"21/ 3L2+

AQi (”5/27f‘27’3/37f‘37’(/‘}1,@1,237213) = 0(1)7 A (72)1—‘2’737F37w17lelaE?HLB) =
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and

oF (’7271;275’3,1;3,1/;17@1,23,E3

@1i (1/;1,’?3753,f2; e :Foz%3 (1 + m cosvp,)gn (ij%> ggi (1[;175/3’[73) 4.

= Faoi® (1 + \/@ COSU3>SI€ (ZQ%%> ?9];1 (1[)1,%723) e

= :Faf3§2—3 <1+ MCOSU3>4 K (Zjé) {—3\/@511”,3
X By (7/;1,’?3,573) + (1 + m COSUg) g—f; (1[)1’&37[73>} 4.

Proof. Denote by (wp,ws,ws,ws) the frequency vector of the angles (%,1;1,’73,!73) on a torus on A corre-

@2i (1;1”?3753’1;2; e

@E‘% (1;1’;5/37@3an; e

sponding to fixed values of the actions [5, U, T3, Ly for the Hamiltonian F = L§ (F;fad + Fxep — ﬁ‘Kep>.

The computations of Section 3 therefore imply that

r 1 1 LS LS
=222 +0(— =0(— =0 = 2 akep + O | 24 .
wo 0{0 L% + L2 9 w1 L2 ) w2 9 w3 (L§)3 aK 39) + <L§)4

Consider the function

T'—>£(72—w07'71;1 —w17'773—w27723—w377f27‘i’17f‘3,1i3) (69)

where L is the Poincaré-Melnikov potential defined by (67). Results of [18] imply that nondegenerate critical
points of (69) correspond to transverse homoclinic intersections of the stable and unstable manifolds of A.
Equation (67), Proposition 7, and Proposition 21 imply that

1
= L—%a%2£%2+

L
The function 7+ £32 (’yg —wo T, fQ) has nondegenerate critical points 7+ where wor+ =32 £ . It follows
that there are functions

Sl e e 1/
T4 (72,¢1,73,€3,F2,‘1’17F37Ls) = (72 + 5) + e
0

such that
d

dr

ﬁ(%—onﬂ;l —W17'7’~Y3—w27',g3—w37',f2,‘i’1,f‘3,[~13) =0.

T=T}

We now introduce the reduced Poincaré-Melnikov potentials
Ly (‘Yzﬂ/;h’%,gs,f‘z,‘i/l,fs,i:s) =L (% —woTi, 1 —w1Ti,ds —wa T, ls —ws Tl,fz,‘i’1,f3,i3> :

Now, following again [18], the changes in the actions coming from the scattering maps S, are defined using
the functions £} via

oL} ~ ~ oL} - - oL} ~ ~ oL}
:‘:_i_’ \I}’{:\I/1+ ~:|:+, F§:F3+ Zt_i_’ L§:L3+ ~:|:+

5 =T+ — -
2702 55, 0y 03 ol

Note that the cylinder frequencies in the model in [18] all have the same time scale and moreover the first
order of the perturbation depends on all the angles. On the contrary, in our model there are multiple time
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scales and the angles 1/317 73, and 0y appear only at higher order terms (see Proposition 7). Still, one can
easily check that the statements in [18] are still valid in the present setting. The only difference is that
the first order of the scattering maps in the actions ¥y, I's, Ly come from higher orders of the Melnikov
potential.

By part 2 of Proposition 21, the ﬁrst term in the expansion of the Poincaré-Melnikov potential depending

on any of the angles 1/;1,%,!73 is (L )6041 3£% and in fact all three of those angles appear in this term. It
3

follows that the first term in the expansion of the reduced Poincaré-Melnikov potentials depending on the
angles 151,'73,@ is (LL)Gal (£2‘3) where

23 23 . ; =
(ﬁ) =L7 (Q_WOTi 1 — wlTL“Ys—szl,fz—mTLE)

=L <—§a1/~)1ﬂ37g3, fz) +

5 -
I .=
=F (1—1—,/1—(55 COS’Ug) K (AQI?%) By (7371/117£3) +

It follows that

oLy _ 1§ 590 13 ( I ) 7y \ 0B -
= = o - 4o =F a? [144/1—=062cosvs | K = J 3,03 )+
o (L3)° ' o () Feosn ) n(417) o, (Pind)
OLL Lg 23 9 (£%3)1 Lg 23 ( )3 sz 0By (-~ . >
= = - 4+ = 14+4/1—62 — 3,03 ) 4
9 (L3)° aj 975 jF(L§)6 Qg \/ 2 cosug ) w4 2 ) 5 (wl 73 3)
and
oLy L3 o3 0 (£8°) 4= L a? 39 (£27)z oy
ols (151 ol (L3)" v Ovs Ol

Lg 23 ¢—3 ( )4 7TI~12
= F at?65° [ 144/1 =063 cosvs | k
(Lg)ﬁ ? ’ Ay L?
- - By /- _
X [—3\/1 — 62 sinws By (w 3,0 ) (1 +14/1—62 COS’Ug) % (1#1,&3753)} +
3

where we have used (62).

For the angles 7o, wl,’yg,ﬁg, the first-order term under application of the scattering map is a so-called
phase shift. This is a change in the angle that comes from the integrable part of the Hamiltonian along
the separatrix, and does not necessarily depend on the functions £} at first order. The phase shifts in the
angles s, 1/11 come from F'2 quad» and are therefore the same as in [13] (see Lemma 30 and Appendix D). For
the angles 43 and 63, we simply estimate the order of the phase shift. Notice that the phase shift comes
from the first appearance of the symplectic conjugate action in the Hamiltonian multiplying by functions
of T'1, Y1, 72, as these are the variables that behave differently on the separatrix and on A. Since I's first

3
appears in the secular Hamiltonian in the term of order ﬁ, and since this term does not provide a phase

shift in 43, the highest-order term that can potentially produce a phase shift has an additional factor of
%- Since we normalise the entire secular Hamiltonian by LS, we see that the phase shift in 73 is of order

0 ((L 2)(, le L6) =0 <(LL%6> As for /3, the phase shift comes from H23 upon expanding its coefficient
3 3

-’ N SN
6 - 6 ) *
B (+k) G @)

7L3+

in powers of % Upon scaling this by LS, we see that the first term that can provide a phase shift is of order
3

O ((LLEY) as required. O

3
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Lemma 23. In the ‘hat’ coordinates, the scattering maps S+ : A — A', introduced in Lemma 22, are given

by
Si : (&QanafAyi’nf?n,(Z)h\iJlaé37lA’3) (’72aF;vﬁygafg)quailiag;aﬁ§>
with
I
Ui = \I/1+W81 <¢1773,€37F2) +
3
. . L L[ PN
B = Do+ 2585 (dn o) +
3
. . LYy /- PO
L3y = L3+(L7*)683 (1/)1,’737537F2) +
3

where SfE are given by (63), (64), and (65) respectively.
Proof. Recall we denote by ® the coordinate transformation on A from ‘tilde’ coordinates to ‘hat’ coordinates
constructed in Theorem 15. Moreover, by Lemma 18, we can write

11 X L4
q)Z Y3, 637 Ld L3 +——=
(Ls) ( ) (L)’

Uy =0+ (i*) @1(¢1,73,537F2, ), [3=T5+—25 7 P3 (73,43, )

with

) 7T 1+\/ﬁcosv
=

Ly

B 23 3
(I)3 (5/3763;...) = — &0 ((1+ \/1 —(5% COS@3> [B() SiIl2 (1~)3 —’?3) -l-Bl} —53 (50 +61>>

OKep

[Ao (33, U3) cos 241 + By (3, 73) sin 21/;1} +

and some function ¥ (13, lg;- - ), where the constants ; are defined by (58). Therefore, using the notation

of Lemma 22, we have
. - Lit -
Ul =0+ 0 (91,5, 6, T )
(L3)

- Lg £f(5 . 5 =
:\Ijl+ﬁ61 (1/)1’737€37F2;"')

Lll - 1 L (= 1
+(L§6‘I>1<¢1+L§A1 <F27 ) 3+O<(L ) ( >I‘2+O<L§>,...>

)
s B o (i) 0 () 8 (5 )]
3
=0, + (II::)) [@i <¢1,73,€3,F2,“'> + 0, %1 (1&17%,@373;'“) < )} o (70)
3
F —F3+ ([ig) (73,€3,--->
=f3+(£§2))692i (1/;1,%723,1;2;“'>+(L[g‘13 (’%H‘O((LLBS) > 534‘0((;9)7);"')
f3+(£§)6®2i (1/31,’?3,é3,f2;"') +eee (71)
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and

. ~ L
L =[x+ 22 ( J,...)
3 3 (L* V3,43

L) L4 L8 LQ
_L3 = 1 376371—‘27"' 72@ 3 O éd O .
iyt (0 )+ Gy (” " <<L3>> * ((L;f) )

—L3+(L) ?(1&17?3,@71%2;“')4"“ (72)

Combining (71) and (72) with the formulas given for @;t and 93i in Lemma 22 already gives the expressions
(64) and (65). From (70), the formula for ©F given in Lemma 22 and the formula above for ®; we find that

81i (1/317’73,é3,f2) 291i (1&1,’737523,1%2) + 812,1@1 ('([}17’3/3,é3,f2) Ali (f‘Q)
e (1) (22) 8 ) L
1_§1;2 (1—1—\/750051)3)

3L7 (S(r;) 3 1)

which completes the proof of the lemma. O

[Ao (’7375%) sin 2¢; — By (%j:a) cos 21&1} ;

7 Shadowing in a Poincaré Section

In this section we prove Theorem 2 by proving the existence of suitable transition chains of almost invariant
tori, and applying the shadowing results of [14] (which are summarised in Appendix D) to obtain orbits of
the full four-body problem that visit arbitrarily small neighbourhoods of these tori in the prescribed order.
As the shadowing results of [14] are proved for mappings, we first choose a suitable Poincaré section, and
analyse the corresponding first return map; this is done is Section 7.1. In Section 7.2 we prove that we
can find pseudo-orbits (that is orbits of the iterated function system consisting of the Poincaré map and
the scattering maps) that connect (up to small errors) any given sequence of almost invariant tori on the
normally hyperbolic cylinder. Finally in Section 7.3 we apply the results of [14] to complete the proof of
Theorem 2.

7.1 Reduction to a Poincaré Map

Denote by D the region of the phase space where the coordinates (f,n,’yg,fg,z/;l, ﬁll,’yg,fg,gg,f/g) take

the following values: &,n live in the open ball in R? centred at the origin of radius v/2L;; the angles
2,101,793, 03 € T; and the actions satisfy T'y € [¢1, 2] and Uy, T3, Ly € [—1,1], where the constants (1, (o
were defined in (49). We now make the following further refinement to these constants:

0<C1<C2<% (73)

This refinement guarantees that our inner map satisfies a twist condition; see Lemma 26 below. By slightly
shrinking the region D if necessary, we obtain a region D in which there is a (not necessarily symplectic)
near-identity coordinate transformation

T: (Ea777:)/251:‘251;17\1’175/351:‘3523717/3> — <§7na’?27f271ﬁ17\ijlafy37f‘37g3aﬁ3>

where (%, f‘g, 1/31, \i/l, s, f‘g,l%, f/g) are the coordinates provided by Theorem 15. We consider the range of
energies & = {Fyee(2) : 2 € D} C R.
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Theorem 24. Choose Ey € £ and consider the Poincaré section M = {42 = 0} N{Fyee = Eo} ND. We have
the following.

1. The flow of Fyee gives rise to a well-defined Poincaré map F : M — M, and the set A = ANM is a
normally hyperbolic invariant manifold for F.

2. The variables (1&1, ’3’3,@3, Uy, Ty, Eg) define coordinates on A and the inner map [ = F|j is of the form

( Aikv’%:vé;) = (1&17'3’37&%) +9 (\ijla f3’ ‘ES) +0 (Ek1_6lu‘k2) (74)
(91,05, L5) = (1,0, Lg) + O (5 0ut)

where € = L%, w= é—;, where ki,ky come from part 2 of Theorem 15, and where

det Dg (\i/l, fg, Iig) % 0.
Moreover the bottom eigenvalue of Dg (\ifl,fg, I:3) is of order ’;—2

8. There are two scattering maps Sy : A — A where A is an open cylinder in T x R containing A.
Moreover with (},a;,é;,@;,fg,i;) N (ﬁl,ﬁg,ég,\i/l,f&ig) we have

. . L A~ A A

‘IIT: qjl"’ﬁsli (¢1,73,€37F2)+"'
3

- - A ). T

F;Z Fg'i‘WSQ <¢1»'737€37F2)+"'
3

N N L3 A s s

L= L3+(L7*2)63§[ (T/J17’Y3,£37F2)+"'
3

where Sf are given by (63), (64), and (65) respectively.

Remark 25. The inequality (73) gives us the true range of values of the mutual inclination i15 along the
diffusive orbits we have found (see also Remark 13). Indeed, the computation cosiis = % +0 (L;l) that
we made in Remark 13 combined with the fact that T's € [(1, (2] where (1, (o satisfy (73) implies that, on the
circular ellipse {T'y = L1}, we have | cosiia| < \/ng o (L2—1)’ which means that i12 s more than roughly
55°.

The proof of parts 1 and 3 of Theorem 24 is equivalent to the proof of Lemmas 33 and 36 of [13], so we

do not repeat it here. The proof of part 2 of the theorem is contained in Lemma 26 below.

Lemma 26. The inner map f = F|; has the form

(AT7:Y;7E§) = (12)1?’3/37£3> +g (®17f37£3) + 0] (616176/1]62)

fes,. o (75)
(@;,F;,L;;) - (\Ifl,rg,Lg) +0 (eh170 k)
where € = %2’ W= %, where k1, ko come from part 2 of Theorem 15, and where
det Dg (\ifl,fg,ig) £0 (76)

as long as

Iy ¢ {o, \L/lg} (77)

Moreover the bottom eigenvalue of Dg (\ill, f‘g, f/g) is of order ‘s‘—j
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Proof. The first order term of the normalised Hamiltonian LSF is cof‘g by Theorem 15, so the frequency
of 45 is 2¢ol'y + O(e) = O(1). Tt follows that the return time to the Poincaré section {43 = 0} of the flow
of the Hamiltonian function Lgﬁ’ is of order 1. Since we have averaged the angles on the cylinder from the
Hamiltonian LSF up to terms of order O (eF17=6472) (see Theorem 15), the Poincaré map f has the form

(75).
Now, define K
OF,
i (Py, P) =
wz( 05 ) GPZ

for i = 0,1,2,3 where Py = I'y, Py = Uy, Py =T'5, Py = L3, and P = (Py, P», P3). Restricting to an energy
level {Fy = Ep} with Ey € &£, the implicit function theorem implies that we can write Py = «(P) where

dor &, (P)

2 p) =
an( ) Wo(P)

where we have defined @;(P) = w;(a(P),P). It is not hard to see that g;(P) = @o(P) " '@;(P). In the

following computation, borrowed from Lemma 34 of [13], we suppress dependence of all functions on P and

Py = a(P) for convenience of notation:

300 ., (&ui Oa awi> o (&uo Oa &uo)

— Wo W;

~3 N
D Pp— = R — A ap ap ap.
o (Dg)y; wOan “o\ 3R, oP; +6Pj OPy OF; ~ OP;
- 5 d)-%—i—dﬂ%ﬁ-@'@'%—@ @.%
) ) S SR T 2

=~ 9P, oP, 9R0P,

~ A~ ~ ~ 2 N N ~ ~ A~ ~ N
OFy 0Fy °Fy | (0F\ Ry | 0Fy0F 9°Fy  0F,0Fy 0°Fy
dP, | 9P,0P, " 0P, OP; 0P} ~ 0P, 0P, 0P;0P,

Inserting the formulas for the derivatives of Fy given in Appendix E into this formula, we see that

oy (Dg)y, = e A, &y (Dg) 1 = ' Ava, @5 (Dg)yy = e'%p® Ao,
W5 (Dg)gy = €01 Az, &g (Dg)yy = €'°p’ A, @5 (Dg)gs = €'°p" Ags,
&5 (Dg)gy = £'%4® Ag, wg (Dg)3y = €'°n" Ag, Wi (Dg)ss = 't As

where A;; = O(1) for each i, j, and where

54 (LZ{ —3F§) (L% +r§)

Ay =3 +--
12 L? 5%1
A 3613 (1207 - 20)
Agy = — C}, Cag
12 L3603
. 10813
Ags = — 0122 aKepW

Noticing that &3 = O (818), we define A;; = 5180363Aij. We thus obtain

6 3
2 L
e“An /;21412 %Aw
6 6 7
Dg = %Azl %Am ’;TA23
3 7 4
By Az LAz L5 Asg

We must find a condition under which the determinant of Dg is nonzero, and in addition we must estimate
the order of its bottom eigenvalue. We compute

10
det Dg = 572141114221433 +--
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where we have used (15). It is not hard to see that the first-order approximations of the three eigenvalues
of Dg are therefore given by the entries on the diagonal. Comparing their respective sizes using assumption
(15), we thus see that the bottom eigenvalue is indeed of order £5. In addition we see that the nondegeneracy
condition (76) is satisfied as long as

FON r4 . .
0% Ay Agy Ass = 209952 C%, Cos arrcep W (L’;’ _ 3F§) (L§ i rg) (1262 — 20) +

which yields (77). O

7.2 Transition chains of almost invariant tori

We define a foliation of the normally hyperbolic manifold A via the leaves

L (@T,fz,fiz) = {(11317’3’3,5237@1,1%3@3) ey =07, Ty =13, Ly = L}';} (78)
for each (\il’{, Iz, ffg) € [-1,1]3. Observe that each leaf £ (\I/}‘, Iz, i;) is almost invariant under the inner
map f, as it takes the form (74). A transition chain is a sequence {L;} of such leaves such that for each j
there is 8; € {+,—} and z € £; such that S'gj(z) € L1 and

T

Sp; (Z)A Ty

S/-; (Z (Sﬁ] (ﬁ )> GBTSﬁ (Z)£J+1

This is an essential condition of the shadowing theorems of [14] (see Appendix D).
Recall that the first order terms SllL7 SQi, 83i of the images of the actions of a point (1[)1, 3, 23, \ill, fg, ﬁg)

under the scattering maps Si : A — A’ are given by (63), (64), (65) respectively as a result of Theorem 24.
Let z = (vle, A3, 53) € T2. In what follows we fix some values of the actions, and suppress the dependence

of the functions Si°, S5, S5 on these actions for convenience of notation. Define the matrices A*(z) by

9; Si(z) 05, ST (2) 9; Si(z)
At (z) = a si(z) 05, S5 (2) a si(z) . (79)
8 Si(z) 93,55 (2) 8 Si(z)

Lemma 27. There are constants v; > 0 and C > 0 for j = 1,2, 3 such that for sufficiently large Ly < L§ and
any leaf L* = L (@?7 1Y, ﬁg) of the foliation of A, there is o € {4+, —} and there are open sets UjCLr~T3
for 5 =1,...,8 such that

det A"|U—j #0 (80)

where the matrices A* are defined by (79), p Uj) > C where i is the Lebesque measure on T3 and moreover:

1. For all z € Uy we have 87(z) > vy, 8§ (z) > va, and S(z) > vs.

(
5 (
For all z € Uy we have 8§ (z) > v1, 8§ () > v2, and S5 (z) < —vs.
(
(

)
)
—vy, and 8§ (z
(
(

(2) )
2 (=) )
3. For all z € Us we have 87 (z) > 11, 83 (z) < ) > vs.
4. For all z € Uy we have 87 (z) > v1, 8(z) < —va, and 8§ (z) < —vs.
5. For all z € Us we have 87 (z) < —v1, 8(z) > va, and S§(z) > vs.
6. For all z € Us we have 87 (z) < —v1, 8(z) > va, and 8 (z) < —vs.
7. For all z € Uz we have 87 (z) < —v1, 8§(2) < —va, and S3(z) > vs.
8. For all z € Ug we have 87 (z) < —v1, 8(2) < —va, and 8§ (z) < —vs.
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Proof. Fix any leaf L* = L (@?,f‘g,ﬁg) of the foliation of A, and for z = (1/;17%,(?3) € T3, consider the
map ST : T3 — R? given by S*(2) = (Sli(z),SQi(z),Ssi(z))

We prove Lemma 27 in two steps. The first step is to prove that, for each (o1,02,03) € {+,—}3, there
exist points z € L£* such that for j = 1,2,3, Sji(z) is non zero and of sign o;. By continuity the same
happens for open sets V;, ¢ = 1...8 containing these points. Then, the second step is to prove that there
exist open subsets U; C V; where (80) is satisfied.

Step 1: We choose 43 = 0 and /5 such that o5 € =% :tgf}, so that cos? 93 = sin® 05. Then, we obtain

St = Cfl cos 1 + CfQ sin ¢ cos ¥3 sin U3 + Cljf:)) sin(241) + Cli cos(21)1) cos Ug sin g
SF = C’i1 sin 11 cos U3 sin U3
S = C’3 1 SlIl?/)l sin 03 + 03 5 COS 1/11 cos U3 + C3 3 s1nz/11 cos U3 sin U3,

where C for (i,7) # (1,3) are non zero bounded functions whose sign does not depend on ¢ and 5 and

which are far from zero uniformly in 1[)1 and 93 chosen as above. The function Cf3 is bounded but can be
Z€ro. . .

We study these expressions when 1; — 0% or 7%, and then sin); is close to zero and of either sign. We
have

Si = 01 L CO8 Py +Cl4COSU3Sln’Ug +h.o.t
St = C2i sin wl cos U3 sin 03 + +h.o.t

SE= C’3i72 cos i cos b3 4 +h.o.t.

Then, we can chose the sign of cos 1[11 so that Cljt1 cos 1[11 is of sign o;. Then, we can chose the sign of SSi,
that is o3, by choosing the sign of cosvs. After that, we chose the sign of sindz to make sure that the
second term in Si has also sign ;. Finally, we can choose the sign of Si by choosing the sign of sin z/Jl,
which completes Step 1.

Step 2: In the second step, we prove that det A* is non zero almost everywhere in £* and, therefore, the
sets U; C Vj introduced in Lemma 27 are nonempty . For fixed values of the actions, det AT is an analytic
function of the angles. Then, we just have to check that it is not zero for a particular choice of the angles.

To this end, we prove that the Fourier cofficient of the harmonic in %1 of the function det A* (seen as
a function of 43, 03) is non zero almost everywhere. To this end, it is enough to find a point (%3, ¥5) on which
this Fourier coefficient is non zero. We prove this for points with 93 = 0. Indeed, with this restriction, one
can easily check that the wanted coefficient (which now only depends on 43) is equal to a nonzero function
of the actions times the Fourier coefficient associated to e**¥1 of the determinant of the matrix

2A0 COS 2’1[)1 + 2B0 sin 21[)1 8% A() sin 2’(/;1 - 8:)/3 B() COos 2’1[)1 0

928, 3251 0
311121 093 ‘?‘,’73

Q By Q By Bl
011003 843003

Therefore, it is enough to find a value of 45 where the Fourier coefficient of the harmonic ei4¥1 of the function

0%B; A ~ . 0%°B;
0y, Ag sin 2901 — 03, By cos 2y ) ———
552 —( 0 1 — 05, Bq 1/J1)a¢1(%3

is non zero. One can check that this harmonic is equal to

[(ZAO cos 200, + 2By sin 21/)1)

. 1 01 L
h(%3) = [—%ﬁ sin® 43 + 25ﬁ Cos A3 sin 3

<A0 n BO) (@(cosQ s — sin® 35) — 297 cosy Sin’%)
(3 3

1503
01

— (_7) cos A3 sin A3 —
i

1)
(1 —67)(sin® 45 — cos® ‘73)) <—5 cos 43 sin 43 + %(SiHQ 43 — cos® ’?3)) ]
3
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where 5
8= 5;1' (5-403) >0 and 5 =157 (1 —62) (62 +63) > 0.

When 43 — 0, we have
156
4163

which is non zero for 43 # small enough. This completes the proof of Step 2.

h(%3) ~ (1-067)8%% + 0 (%) .

O

Lemma 28. Suppose z € LoNU; and z* = S,(z) € L1 where 0 € {+,—} and the open sets U; were found
in Lemma 27, and where Lo, L1 are leaves of the foliation of A. Then Sy maps Lo transversely across L1
at the point z* = S, (%) in the sense that

T..A =T, (Sg (co)) & T Ly

9
Moreover the order of transversality (in the sense of Definition 39 in Appendiz D) is (LL%)G
3
Proof. Suppose z € U; for some j = 1,...,8. The tangent space T..A is a real vector space of dimension 6,

and its elements are of the form v = (Q, P) where Q € R3 represents tangents in the (}ﬁh ’}3,@3) directions,
and P € R? represents tangents in the (¥q,I'3, L3) directions. The scattering map S, is smooth, and so

D.S, (T.Lo) = Toe 8, (Lo). With z = (1&1,&3,5?3, xifl,fg,ﬁg) and z* = (A;,@g,e?;;, @;,f;,ﬁg) we can write

& A1 AQ
@&_Qgh)

where
Aﬁaﬁmwg,@—a@ﬂﬁﬁ,@—dﬁﬂ@@,&—”%@?@
3( 1,93, 03 3(‘1’1, 3,L3) 3(7111,@3,53) 3(‘1’17F37L3>
Therefore
1 0 0
Ar=10 1 0]+ Ay =A% (A, ls) + -
0 0 1
where the matrices A* are defined by (79).

Let vg € T.Ly and v; € T.+Lq. Since the leaves are defined as tori with constant actions, we have
v; = (Q;,0) with Q; € R3 for j = 0,1. Therefore we have

A\ . & B Qo+ Q1
(P) = D:Salvo) +v1 = (AU (1/;17%723) Qo) T

By Lemma 27, the matrix A” (1])1, 3, @3) is nonsingular. Thus by varying vy € T,Ly and v, € T« L1 we can

obtain any tangent vector in T,«A, which is precisely the transversality we want to prove. The fact that the

9
order of transversality is (LL—2)6 follows from the fact that the order of the jumps in the scattering maps in
3
9
the direction of each of the actions is —2 O

(£5)"
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7.3 Orbits of the four-body problem shadowing the transition chains

In this section we apply the shadowing theorems of [14] (see also Appendix D) to the secular Hamiltonian
and to the Hamiltonian of the full four-body problem in order to complete the proof of Theorem 2. In fact,
our first observation is that we have already proved that the Poincaré map F : M — M constructed in
Theorem 24 satisfies assumptions [A1-3] of Theorem 40. Indeed, Theorem 24 implies that F has a normally
hyperbolic invariant manifold A ~ T3 x [0,1]3, integrable twist

8
ﬁ as per Definitions 37 and 38. In addition the
3
stable and unstable manifolds of A have a transverse homoclinic intersection along (at least) two homoclinic
1

channels, and the order of the transversality of the invariant manifolds is 5. These homoclinic channels
2

give rise to two scattering maps S : A — A’ due to Theorems 20 and 24. In Section 7.2 we constructed
a foliation of A’, the leaves of which are given by constant values of the actions, and are almost invariant
under the inner map. In addition Lemmas 27 and 28 imply that, by iterating one of the scattering maps in
appropriate neighbourhoods in the leaves of the foliation, we may move in any direction, connecting leaves

map satisfying a non-uniform twist condition of order

9
that are O (LLf)()») apart, and mapping leaves transversely across leaves.
3

In Section 3.3 (see Remark 6 in particular) we made a symplectic change of coordinates (29) to the ‘tilde’
variables, which were the basis for all further analysis in the paper. However this coordinate transformation
is local, whereas the drift in eccentricity, inclination, and the semimajor axis described in Theorem 1 is
global. In order to define these coordinates we introduced constants L3 and d; for j = 1,2, 3. Here 07 is the
coefficient of total angular momentum, and is therefore fixed for the secular system. The constants L3, 1, d3
on the other hand are allowed to vary, and by varying them we simply obtain a different system of ‘tilde’
coordinates. It is not hard to see that the subsequent analysis of this paper holds equally for any value of
the constants L} > L3, 6; € (0,1), and d3 € (—1,1). Denote by CN’LE,(;M;S the system of ‘tilde’ coordinates
corresponding to the values L3, d1,63. Then the results of Section 4 apply in C’L§151753 coordinates for each
relevant value of L3, 1, d3, so we have a normally hyperbolic invariant manifold Ay 5, 5, in each such system
of coordinates. Moreover, since the cylinder depends smoothly on the parameters L3, 61, ds, this construction
allows us to obtain one large normally hyperbolic invariant cylinder A*.

Observe that the contents of Sections 7.1 and 7.2 apply equally in each system of coordinates C’L§751753.
Furthermore, since the 42 variable does not depend on L3, d1,d3, the Poincaré section is global, and so we
obtain a large 6-dimensional cylinder A* for the return map to the Poincaré section. We now fix a global
transition chain on the cylinder A* such that the actions \111, F3, L3 drift by an amount of order L3 along the
chain (note that the values of L3 that we choose belong to some bounded set, as in (16)), and choose some
sequence {C’ Lok sk, 6§}k=17---a x so that we have an appropriate system of coordinates to apply the analysis

of the earlier sections near each torus in the chain. The analysis of Sections 7.1 and 7.2 applies in each
coordinate system éLg,k’ 5tk Note that the shadowing results of [14] apply equally well using the many
different coordinate systems, as the coordinates used in that paper are purely local. Thus the assumptions
of Theorem 40 apply to the global transition chain on the cylinder A*.

Denoting by {£;} the global transition chain, Theorem 40 implies that, for any n > 0 and sufficiently
large Lo, L3, there is a sequence {z;},en, in the secular phase space and times t; > 0 such that

Zjp1 = 0dc(z)),  d(z,L5) <

for each ] € N where ¢L,. is the flow of the secular Hamiltonian. Moreover, the time to move a distance of
order L3 in the L3 variable and a distance of order Ls in the Wy, I3 directions is of order

L12 L6 LG L25
L BE_IE 1)
L2 L2 L2 L2

This follows from formula (92) and the following facts: we move a distance of order Lz in the actions ¥,
1"3, L37 the return times to the Poincaré section are themselves of order L§ as this is the reciprocal of the
order of the frequency of 45; the order of the splitting is L2’ the size of the jumps in the scattering map are
8

of order LG’ and the order of the twist condition is %
3
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Now, consider the Hamiltonian F' of the full four-body problem after averaging the mean anomalies
(1,0, defined by (22). Fix some Lf, L¥ € R with 0 < LT < LT < Ly < Lj, so that if (L9, L3) €
[L7, L] x [Ly, L3] then there exist initial conditions LY € R such that (L, L3, L9) satisfies our assumption
(15). Let ¥ = T? x [Ly, L] x [Ly,L3], and recall from the beginning of Section 7.1 the definition of
the subset D of the secular phase space. We consider the values of energy of the full four-body problem
belonging to the set Eqp = {F(2,41,02,L1,L2) : 2 € D, ({1,02,L1,Ls) € X}. Fix E; € Egp,p, and denote by
¥ the Poincaré map of the flow of F' to the section M = (D x YX)N {42 =0} N {F = E;}. Continuing to
denote by z a point in D, we write (z,01, 0o, L1, Ly) = W(z,01,0s, L1, Ly) with 2 = G(z,¢1,0s, L1, Ly) and
(€1,05,L1, L) = gb(z 01,09, Ly, Ls). Since the Hamiltonian F' is obtained by averaging the mean anomalies
{1, 05, there are k’l,kg € i\l such that the variables ¢1, ¢y do not appear in F until terms of order e*1;/*?

1 2

where ¢ = =1 and p = = and moreover we can choose kl,k'g to be as large as we like. Therefore the

map G takes the form G(z,01,0s, L1, Ls) = G(z; Li,Ly)+ O (ekl_GMIW) where the higher-order terms are
uniformly bounded in the C" topology for any r € N, and where for any fixed values of Ly, L2, the map
z + G(z; L1, Lo) is a Poincaré map of the type constructed in Theorem 24, and thus satisfies the assumptions
[A1-3] of Theorem 40. Consequently the map ¥ satisfies assumption [B1] of Theorem 41. In addition, if we
write QS(Z, 61,42, Ll, Lg) = (¢1 (27 61, 62, L17 LQ), ¢2(2, 81762, Ll, Lg)) so that (é_l, ZQ) = ¢1(Z, 61, EQ, Ll7 L2) and
(L1, Ls) = ¢a(2, 61, ba, Ly, Ly) then we have ¢o(z, 61, b, Ly, Ln) = (L1, Ly) + O (»s’%f%’%z) with the higher-

order terms uniformly C"-bounded, and so assumption [B2] of Theorem 41 is also satisfied. As explained in
Appendix D, a consequence of results of [19] is that the map ¥ has a normally hyperbolic locally invariant
manifold A that is close to A x . Therefore we can use the variables (w, ly1,405, Ly, Ly) as coordinates on A
where w are coordinates on A, and construct a foliation of A by the leaves

(01,05 L5, L5, 13) = {(w. 00,6, Ly, o) s w e £ (95,0, 13) L = L, Lo = L5}

where £ (\i/’l", f‘§, Iij'g) is the leaf of the foliation of A defined by (78). Fix n > 0 and K1, K5 € N, and choose
some initial values L}, L} of the variables L, Ly so that (¢1, s, L1, L}) € Int X for any ({1, () € T?. Choose
N < e =2 and values P!, ..., PN of the actions \111, fg, L; such that the leaves £ (Pﬁ) of the foliation

of A are connected by one of the scattering maps of the secular Hamiltonian with L; = L}, Ly = L} in the
sense of Lemma 27. Then by Theorem 41, there are (L}, L3),..., (LY, LY) € [L7,L{] x [L3, L3] such that,
with £; = £ (Pf, L, Lé), there are points (2%, 03,03, L1, LY), ..., (2N, 6N, 05 LY, LY) in the phase space of
the full four-body problem and times ¢7 > 0 such that

(Zi+1v€§+17€;+1aL§+17Lé+1) = (ﬁﬁ)p(zi,éi,ﬁé,Li,L%), d ((Zivﬂiae;LiaLé)vii) <n

where ¢4b is the flow of the full four-body problem. Moreover the time estimate (81) also holds in this case
as the order of the time required to move a distance of order L3 in the L3 variable and a distance of order
Lo in the \Ill, I 3 directions. This completes the proof of Theorem 2.

8 Proof of Theorems 1 and 3

In Section 7 the proof of Theorem 2 was completed; the purpose of this section is to show that the analysis
of Sections 3 - 7 extends to a complete proof of Theorems 1 and 3.

8.1 The planetary regime: Proof of Theorem 3

We consider now the planetary regime where the masses of bodies 1,2, and 3 are small with respect to body
0. However, in order to make this work we will see that the semimajor axis a3 depends on the small mass
parameter.
Up to now we have investigated what we have called the strongly hierarchical regime, where the semimajor
axes satisfy
O1)=a1 € az — © and as < as
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(’strong’ meaning that the ratio between as and a3 has to be rather large).
Now we assume that
mi, Mg, mg ~ p — 0.

That is, three masses are small and of comparable size. We scale the Deprit actions via
L=pL, T=pl, T=p¥
where L = (.[/1,.[/2,.[/3)7 I'= (Fl,FQ,Fg), and ¥ = (\Ijl, \IIQ)

Proposition 29. The instability mechanism which we have shown to exist in the hierarchical regime in
Sections 3-7 continues in the planetary regime (i.e. as p tends to 0) as long as the scaled total angular

momentum o satisfies
q’g z p71/3.

Moreover, the instability time is of the order of p~31/3.
Proof. Write m; = pm;, j =1,2,3, so that, when p < 1,
M;~1, o09;~1, o5~p and p;j~p (i,j=1,2,3).
Consider the Keplerian Hamiltonian of the third planet (see (21)),
pi M3
203

Fch,3 = -

If we express it in term of the scaled actions (18), we obtain

Fiep. ~ %. and  f3 ~ = (82)

3 3

Proceeding analogously for the perturbing function, one can see that it scales differently in p. Indeed,
consider for instance the part of the perturbing function F}2 regarding planets 1 and 2 (first introduced in

per
equation (20)), written in terms of Legendre polynomials. that is
H1m2 gl " 21711
r =1 S ency (21 < o1
L PA Z nfn gzl LS

where
~ n—1 n_n—1
G1n =001 +(=1)"0f  ~ 1

Note that if one considers ||g1]|, ||g2|| independent of p, this Hamiltonian has size of order p?. One obtains

the same behavior for F25.

Now, for Ls independent of p: if one lets p — 0, the frequency of {5 becomes much faster than the other
secular variables. This alters the hierarchy of time scales considered in the proof of Theorem 2.

To keep the hierarchy it is enough to choose Wy ~ Lg large enough depending on p. Indeed, note that in
Theorem 2, the only condition on ¥, is a lower bound and therefore one can take 1 ~ LY < L9 independent
of p and ¥y > p~1/3, where the exponent of —% comes from (82). Scaling time by a factor p? and applying
the change of coordinates (29), one obtains a secular Hamiltonian whose associated Keplerian (for planet
3), quadrupolar, octupolar Hamiltonians have first orders independent of p. Then, the proof of Theorem 2
applies. For this scaled model, the estimate (81) implies the innstability time is

. i
TS, 3 < L 25 729/3

Scaling back time by the factor p?, one obtains
T ~ p=35/3
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8.2 Proof of Theorem 1

Theorem 1 and the comments stated after it are a direct consequence of the proof of Theorems 2 and 3.
Indeed, to prove Theorem 1 it is enough to deduce the evolution of the orbital elements and the normalised
angular momentum vector from that of the Deprit variables in Theorem 2 and their definitions in Section
2.1 (see, in particular (11), (12) and (13)). The normalised angular momentum vector Cs is determined by
the eccentricity es, the mutual inclination 33 of bodies 2 and 3, and the longitude ho of the node of planet
2. It can easily be checked that Theorems 2 and 3 imply that we can vary the eccentricity es, and the
mutual inclination 63 in any way we like up to some small error term by varying I'y, I's (see (11) and (13)).
The angle hy is determined by angles on the normally hyperbolic cylinder. Although not stated explicitly
in Theorems 2 and 3 or in Section 7, it is clear that the shadowing methods of [14] also allow us to shadow
values of the angles on the cylinder by time shifts of the flow, and so we can control hy in the same way that
we control the actions. See Section 9 of [13] for an elaboration of this discussion. The time estimates in (3)
are also provided by Theorem 2. Finally the analysis of the planetary regime and the time estimates in (4)
are a consequence of Theorem 3.

A A refinement of Moser’s trick

In Section 5 (see Lemma 17), we prove that there is a near-identity coordinate transformation that straightens
the restriction to the normally hyperbolic invariant manifold of the symplectic form. If we were to proceed
with this proof, for example, as in Lemma 23 of [13], we would see that the coordinate transformation in
the action ¥; would dominate the transformation coming from the averaging (i.e. Lemma 18). This would
be problematic, as the computation of the coordinate transformation that straightens the symplectic form
is significantly more complicated than that of the coordinate transformation that averages the inner angles.
Instead, we notice that the first two terms in the Taylor expansion of the parametrisation of the normally
hyperbolic manifold do not depend on the angle ¥; (see Lemma 16); from a symplectic point of view, it
seems natural therefore that the coordinate transformation straightening the symplectic form should not
alter its symplectic conjugate ;. However, this coordinate transformation (provided by Moser’s trick from
his proof of Darboux’s theorem) is obviously not symplectic, and so it is not clear a priori that this is the
case. Below we provide a proof of this fact.

Denote by M a symplectic manifold of dimension 6, and by (qo, g1, g2, Po, 1, p2) coordinates on M such
that the symplectic form is

2 2

Q:d)\:qui/\dpi where )\:—Zpidqi.

=0 =0

Write ¢ = (¢1,¢2), p = (p1,p2), and suppose A C M is a submanifold of M that can be written as the graph
of a function p = (pg, pp) in the sense that

A = {(q0,9,p0,p) € M : q0 = pg(q,p), po = pp(q,p), (¢,p) €U}

for some domain U. Suppose moreover that p = O(e) does not depend on ¢o; this can be expressed as
p =¢p'(q1,p), where p’ = (pj, p,). Let é = €2, and write

V= Q|, =édp, Adpl, +Q, N = Ny =—£p,dpl, + Xo

where
2

2
Qo = Zd% ANdp;, Ao = *sz' dg;.
i—1

i=1
The goal is to find a coordinate transformation & on A that is O(é)-close to the identity such that h*Q' = Q.

Moser’s trick (see the proof of Lemma 17 for the precise construction) is to construct h as the time-€ map
of a nonautonomous vector field X; satisfying

d
ix. Y = ——N\.
1X; dé)\ (83)
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Lemma 30. Denote by h the time-¢€ map of the vector field X; defined by (83). Then h has the form
@i= q+¢filq,p)
2= q2+E€ falq,p)
1= pi+Efs(a,p)
D2 = pa.
Proof. Notice we can write
dpy N dpl, = Arzdqr Adpy + Aradgr A dpa + Azadpi A dps

where , , , ,
Agg = aqlpq 8P1pp - athpp 6p1pq

Ay = 8’11p; 8p2p;7 - athp;; 8P2p;
Azq = 3191 p:I 3P2p1/3 - 8171 p;/n 8P2p$1'
Writing ©’ in matrix form, we have

L (0 T (10
Q' =Qp+EéA where QO<—I 0), I(O 1)
and
0 0 Az Ay
0 0 0 0
—Aiy 0 —As O

On the other hand we can write
p; dp; = a1 dq + azdpy + asdp2

where . ,
ar = p, 0Py
az = PO Py
as = Py, P}
so we can write )\’ in vector form as
b1 aq
N 0
N =X +éa where Ng=— 2], a=—
0 as
0 (47}

Now, let Xz = (¢,p). Then from (84) and (85), we see that the left-hand side of (83) is

—p1 —A13p1 — A14 D2
i,V =XTQo+eXTA=| P2 | 4¢ . .
Xe 0 . 1 A13G1 — Azg P2
P Arg g1 + Asapr
Meanwhile (86) implies that the right-hand side of (83) is
a1 + €0za,q
4y 0
dé” | as + éd:zas
aq + EDzay
Combining (87) and (88) yields
a1 az + €0za3 — € (A1341 — Asap2)
G2 _ | aat €0saq — € (A1a ¢ + Azapr)
D1 —ay — €0za1 + € (A13p1 + A1aD2)
D2 0

which completes the proof of the lemma.
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B The dependence on 73: Proof of Lemma 19

The first step to prove Lemma 19 is to analyse more carefully the error terms in the expansion of the
Hamiltonian Fj,e; (see (10)) given in (19).
To this end, recall that Fj,e, can be written as Fye, = F12 + R with

per
Fl2 _ p2 Mo _ momsa _ myms
P lga]| llgz +onqill g2 — oo1aal]
n_ p3Ms moms3 _ mims _ mams3
lasll  llas + 02202 + onnanll  llgs + 02202 + (011 — Daul|  [lgs + (022 — Daa|]

e J . L My -1 _ -1 —1
where M; =70 m;, 045 = A and p; - = M; " +m; .

Lemma 31. The Hamiltonian R can be written as R = F23 + F13 with

pcr per
F23 _ _ H2ms3 ZJQ COSC)<||Q2|>H
- n
e llgsl| lgsl|
F13 pams 203 (cos(a(gs + oa2g2, q1))) (|q1||>n
per HCI3 +U22Q2H " ’ a3 + 022q2|

where P, is the Legendre polynomial of degree n, a(x,y) denotes the angle between the vectors x and y,
Gon = (002 + 012)" L 4+ (=1)"0%5t and 63, = ofy t + ()"0t

The proof of this lemma is just a direct consequence of expanding the terms in R using the Legendre
polynomials and taking advantage of certain cancellations in the first order terms.
After averaging the angles ¢; and ¢, we have that the Hamiltonian Fi.. in (23) can be written as

Foe = F12 + F2 + F13 where F12 and F23 are the functions introduced in (24) and (25) respectively and
1
Fi = / F3.diyde
sec (27‘_)2 per 1 2-

Recall that we have
Fsee = (FKep_FKep)+Fsec = (FKep_FKep)‘FF:ch"'Ffei'i'F:e?::

Now we analyse the §3-dependence of each of these terms.
The terms in Fi. depending on 73 are F22 and F13. We conclude the proof of Lemma 19 using the two
following lemmas.

Lemma 32. The angle 73 does not appear in < SCC>

(1 5 ls) until the term of order O (L*8>

sec

Proof. Recall that F23 = —#272 (F S O) ( )) = 2 (F%?ad +0 (L*8)>’ and we already know (see

Proposition 7) that <F2‘3

quad>w ) does not depend on 43, which completes the proof. O
2,3

Lemma 33. The angle 73 does not appear in < bec> ) until the term of order O (L;)

(@A

Proof. Keeping just the first order term in the expression of F13, we obtain

sec?

2 1
P2 =— M1m3/P2 cos(a(gs + 022q2, 1 w €1+0( )
ar Jy Paleos(ed s+ omaal TN

Expanding the integrand in powers of HZiH, we have

Rl = IS EL 0 ( g2l ) ,




where | |2

dly.

Fiha = [ Polcostatas. ) la
A E

2
As O ( 2||‘4> =0 (%), we just need to prove that 73 does not appear in <F13
3

las quad before order

>(w1,’vz l3)
0 (%) to conclude.
3
We first expand cos(a(gs, ¢1)). Following the notation of Section 3.3, we have
cos(a(gs, q1)) = @1-G3 = Ra(i2) Rz (1) R (1) Q1 LRy (i3) Q3.

) and siniz = AL"’ + O (L*Z)’ where A, of which we do not need the

We know that cosiz = 1+ O (L*2

explicit expression, is a function of some actions. Therefore, we can write R, (i3) = I + L"’I + 0 ( L*2)

where
0 0 0
L =({0 0 -4
0 A 0
Then, we obtain cos(a(gs,q1)) = Wy + W1 + 0 (LLEQ ), where
3

We then obtain

Lo 12 L L2
Py(cos(algs,q1))) = Po | Wo + le +0 = Py (Wp) + PQ(WO)Wl +0 2
3 3 Ly

Lo L3
= Py (Wp) + 3W0W1 +0 (L*2>

and therefore

2 2 2
13 _ [lgu || Lo llqa | Ly
Fquad / (WO)H HBCM +F 3W0W1Hq3||3d£1+0 L;S .
Thus, to conclude, we just need to prove that the two integrals in the expression above, averaged with respect
to 11,72, 3 do not depend on 73. We compute their average using the explicit expression of each term and
integrating over the angle u; when averaging with respect to ¢; and over the angle vs when averaging with
respect to £3. Then, it is easy to check that these explicit expressions do not depend on 73, which completes
the proof. O

C The scattering map of a normally hyperbolic invariant manifold

In this section we denote by M a C" smooth manifold, and by ¢! : M — M a smooth flow Wlth =0 ot =
where X € C"(M,TM). Let A C M be a compact gbt invariant submanifold, possibly with boundary By
¢t-invariant we mean that X is tangent to A, but that orbits can escape through the boundary (a concept
sometimes referred to as local invariance).

Definition 34. We call A a normally hyperbolic invariant manifold for ¢! if there is0 < A < pu~*

constant C' and an invariant splitting of the tangent bundle

, a positive

TAM = TA @ E* @ B*

such that:
ID¢t| gs]| < CAE for all t > 0,

| Dét|gul < CAXTE for all t <0,
| Do | 7all < Cull for all t € R.
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W(A)

Figure 1: The scattering map S takes a point z_ € A, follows the unique leaf of the strong unstable foliation
passing through z_ to the point = in the homoclinic channel I'; and from there follows the unique leaf of the
strong stable foliation passing through x to the point z on A.

Moreover, A is called an r-normally hyperbolic invariant manifold if it is C™ smooth, and
O<A<pu"<1 (89)
forr > 1. This is called a large spectral gap condition.

This definition guarantees the existence of stable and unstable invariant manifolds W#*(A) C M defined
as follows. The local stable manifold W (A) is the set of points in a small neighbourhood of A whose
forward orbits never leave the neighbourhood, and tend exponentially to A. The local unstable manifold
Wk (A) is the set of points in the neighbourhood whose backward orbits stay in the neighbourhood and
tend exponentially to A. We then define

W A) = o7 (W(n), WHA) = ¢" (WE(A)).

t>0 t>0

On the stable and unstable manifolds we have the strong stable and strong unstable foliations, the leaves
of which we denote by W (z) for x € A. For each z € A, the leaf W*(z) of the strong stable foliation is
tangent at x to E2, and the leaf W*(x) of the strong unstable foliation is tangent at x to E¥. Moreover
the foliations are invariant in the sense that ¢* (W*(x)) = W¢ (¢! (z)) and ¢¢ (W4 (z)) = W (¢!(z)) for each
z € A and t € R. We thus define the holonomy maps 7% : W**(A) — A to be projections along leaves of
the strong stable and strong unstable foliations. That is to say, if € W#(A) then there is a unique =4 € A
such that z € W*(z4), and so 7°(x) = 4. Similarly, if z € W*(A) then there is a unique z_ € A such that
x € W¥(z_), in which case 7%(z) = z_.

Now, suppose that z € (W*(A) m W*(A)) \ A is a transverse homoclinic point such that z € W*(zy) N

W (z_). We say that the homoclinic intersection at x is strongly transverse if
TW?(xy) & T (W2 (M) NWH(A)) = T,W*(A), (90)
T.W*z_)® T, W (A)NW*(A)) =T, W*(A).

In this case we can take a sufficiently small neighbourhood T" of z in W*(A) N W*(A) so that (90) holds at
each point of I, and the restrictions to I' of the holonomy maps are bijections onto their images. We call I'
a homoclinic channel (see Figure 1). We can then define the scattering map as follows [19].

Definition 35. Let y_ € 7% (), let y = (71'“|F)_1 (y—), and let y» = 7w°(y). The scattering map S :
7*(T) — 7%(T) is defined by
S=no(@) "y — y4.
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Suppose now that the smoothness r of M and X is at least 2, suppose the normally hyperbolic invariant
manifold A is a C" submanifold of M, and suppose the large spectral gap condition (89) holds. This implies
C"~! regularity of the strong stable and strong unstable foliations [42], which in turn implies that the
scattering map S is C™~1 [19].

In general, the scattering map may be defined only locally, as the transverse homoclinic intersection of
stable and unstable manifolds can be very complicated; however in the setting of the present paper, the
scattering maps we study turn out to be globally defined.

D A general shadowing argument

We follow the notation and exposition of [14]. Let M be a C" manifold of dimension d = 2(m + n) where
r > 4. Let F e Diff*(M), and assume F depends smoothly on a small parameter e, with uniformly
bounded derivatives. Suppose F' has a normally hyperbolic invariant (or locally invariant) manifold A C M
of dimension 2n satisfying the large spectral gap condition (89); suppose moreover that A is diffeomorphic
to T™ x [0,1]™. Furthermore, we assume that dim W*(A) = dim W*(A) = m + 2n. In order to state the
remaining assumptions and the shadowing theorems, we must consider some definitions.

Suppose the scattering map S is defined relative to a homoclinic channel I for all sufficiently small € > 0.
We allow for the possibility that the angle between W**(A) along the homoclinic channel I" goes to 0 as
e — 0. Denote by «a(vi,v2) the angle between two vectors vy, vy in the direction that yields the smallest
result (i.e. a(vy,vs) € [0,7]). For x € T, let

ar(z) = inf a(vy,v_)
where the infimum is over all vy € T,W*(A)* and v_ € T,W*(A)* such that ||vs| = 1.

Definition 36. For ¢ > 0, we say that the angle of the splitting along I' is of order €7 if there is a positive
constant C' (independent of €) such that

ar(z) > Ce? forall xel.

Recall we have assumed that the normally hyperbolic invariant manifold A is diffeomorphic to T™ x [0, 1]™,
and denote by (¢,p) € T™ x [0,1]™ smooth coordinates on A. Define f := F|5, which also depends on the
small parameter e.

Definition 37. We say that f : A — A is a near-integrable twist map if there is some k € N such that

Ja=q+9p) +0()
|\ p=p+0()
where

det Dg(p) # 0

for all p € [0,1]", and where the higher order terms are uniformly bounded in the C1 topology. If the higher
order terms are 0 then f is an integrable twist map.

It follows from the definition that if f : A — A is a near-integrable twist map, then there exist twist
parameters 7y > T_ > 0 such that
T_|vll < [ Dg(p)vll < Tl

for all p € [0,1]™ and all v € R™. We can always choose T+ to be independent of e. Our formulation of
the problem allows the parameter T_ to depend on e: there is 7 € Ny and a strictly positive constant T_
(independent of €) such that T_ = €™ T_.

Definition 38. Suppose f : A — A is a near-integrable twist map. Denote by Ty > T =€eT_ >0 the
twist parameters. We say that f satisfies:

e A uniform twist condition if 7 = 0;
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e A non-uniform twist condition (of order €) if 7 > 0, and the order € of the error terms in the
definition of the near-integrable twist map f is such that k > 1.

In the coordinates (g, p), we may define a foliation of A, the leaves of which are given by
Al(p*) ={(a.p) eA:p=p"}. (91)

If f: A — A is a near-integrable twist map in the sense of Definition 37, then each leaf of the foliation
is almost invariant under f, up to terms of order €*. Denote by U C A the domain of definition of the
scattering map S.

Definition 39. We say that the scattering map S is transverse to leaves along leaves, and that the angle of
transversality is of order €V (with respect to the leaves (91) of the foliation of A) if there are ¢, C > 0 such
that for all p§ € [0,1]™ and all p* € [0,1]™ satisfying ||p* — p§l| < ce¥ we have

S (A(py) NU)  A(p) # 0
and there is x € S (A(py) NU) th A(p*) such that
inf a(vg,v) > Ce”
where the infimum is taken over all vo € T,,S (A(p§) NU) and v € T, A(p*) such that ||vo]| = ||v]| = 1.

Using these definitions, we may now state the main assumptions of the first shadowing theorem, which will
be applied to the secular Hamiltonian (33) to prove the existence of drifting orbits in the secular subsystem.

[A1] The stable and unstable manifolds W#*(A) have a strongly transverse homoclinic intersection along a
homoclinic channel I', and so we have an open set U C A and a scattering map S : U — A. The angle
of the splitting along I' is of order €.

[A2] The inner map f = F| is a near-integrable twist map with error terms of order €* satisfying a non-
uniform (or uniform) twist condition of order €.

[A3] The scattering map S is transverse to leaves along leaves (with respect to the leaves (91) of the foliation
of A), and the angle of transversality is of order €.

Theorem 40. Fiz n > 0, let ¢ > 0 be sufficiently small, and suppose k > 2(p+7) + 1 where
p = max{20,2v,7}. Choose {pj}32; C [0,1]" such that
S(A;NU)N A #0,

and S (A; NU) is transverse to Aji1, where Aj = A(p}). Suppose the distance between A; and Aji1 is of
order €V for each j. Then there are {z;}5°, C M and n; € N such that z;41 = F™(z;) and

d(Zi7 Az) <n.
Moreover, the time to move a distance of order 1 in the p-direction is bounded from above by a term of order
6—/}—7’—’[). (92)

Observe that Theorem 40 cannot be applied to (22). Indeed, a crucial assumption in Theorem 40 is
that the scattering map S is transverse to leaves along leaves. For (22), we have no information about
the behaviour of the scattering map in the L; directions, and so we cannot check assumption [A3] for the
Hamiltonian (22). Theorem 41 below generalises Theorem 40 to settings where transversality is only known
in some directions, and thus allows us to complete the proof of Theorem 2.

To state Theorem 41 we consider, as before, a C” manifold M of dimension 2(m + n) where r > 4 and
m,n € N. Let & = T* x [0,1]%2 for some /1, ¢> € Ny, and denote by (8,&) € T% x [0, 1]* coordinates on X.

Write M = M x X. Suppose ¥ € Diff* (M) such that

U(z,0,8) = (G(2,0,€),6(2,0,€))
where z € M, G € C* (M, M), and ¢ € C* (ZT], E). Suppose ¥ depends on a small parameter e. We make

the following assumptions on W.
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[B1] There is some L € N such that
G(2,0,6) = G(%:6) + O (")
where the higher order terms are uniformly bounded in the C* topology, and for each ¢ € [0,1]%* the

map

G(:&):zeM— G(z€) e M
satisfies the assumptions [A1-3] of Theorem 40.

[B2] Moreover, the map ¢ has the form

g: ¢2(’2797£) = g + @ (GL)
where the higher order terms are uniformly bounded in the C* topology.

Results from [19] imply that ¥ has a normally hyperbolic invariant manifold A that is O (eL ) close in
the C* topology to A x ¥ where A C M is the normally hyperbohc invariant manifold of G( £). Moreover
there is an open set UcAanda scattering map S : U — A such that the z- component of S(z 0,¢) is ( L)
close in the C? topology to S (z;¢) where S (:€) : U — A is the scattering map corresponding to G(~, £).

We use the coordinates (g, p, 6, &) on A where (g, p) are the coordinates on A and (6, £) are the coordinates
on Y. Notice that the sets

Ap*, &%) = {(q,p,ﬁ,é) eA:ip=p"¢ =§*} = A(p*) x T x {¢"}

for p* € [0,1]™ and &* € [0, 1]*2 define the leaves of a foliation of A, where A(p*) are the leaves of the foliation
of A defined by (91).

Theorem 41. Fizn >0 and K € N and let € > 0 be sufficiently small. Choose N € N satisfying

N< L

K
& € Int ([0,1]2) so that G(+ &) satisfies assumptions [A1-8], and p%,...,p% € [0,1]" as in Theorem 40
such that
S(A;NUE) NAj41 #0
and S (A; NU;EY) ds transverse to Ajy1, where Aj = A(p}). Suppose the distance between A; and Ajiq is
of order € for each j, and L > 0 is sufficiently large, dependmg on K. Then there are &,...,&xn € [0, 1]
such that, with A =A (p],g*) there are wy,...,wN € M and n; € N such that the & component of wy is

51;

wigp1 = ¥ (w;),
and _
d (wl, A; ) <n
where p, o, T are as in the statement of Theorem 40. Moreover, the time to move a distance of order 1 in the

p-direction is of order e P77V,

Note that the transition chain obtained in Theorem 41 is only of finite length, while the one obtained in
Theorem 40 may be infinite.
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E Derivatives of the inner Hamiltonian

Recall the definition of the integrable part Fy of the inner secular Hamiltonian, after straightening the
symplectic form and averaging the inner angles, as constructed in Theorem 15. In order to prove in Lemma 26
that the Poincaré map satisfies a twist condition, we need to compute the first and second partial derivatives
of Fy with respect to the inner actions, or in some cases simply estimate the order. This information is
provided in the following lemma.

Lemma 42. The first and second-order partial derivatives of Fy with respect to the actions I, \ill, I's, and
L3 are as follows:

gsz :56012;22%—#---7 2\1;? :357012[€IJ_%?+~-~,
8621?%():560121;%6&13+--~, &:_57012%+...7
$:54M6023§f§§+..., ?92\12):1258012%
(3\(;191?};%3:_54M6023;1§§§+"" 8821%0:54M6023205_%g6%+'”’
§£0=—364u4aKep+"~, (%?222220(64;17),
82;?&11 =0 (e* "), ai?fg =0 (e*p"),
where € = L%, W= f—z, where Ch2, Cas are nonzero constants independent of Ly and Li coming from Fé&ad,

Fcfsad respectively, and where the nonzero constant akep is defined by (32).

Proof. Observe that F(}fad N and Fgg’ad N are the same, after we average the inner angles, as the analogous

objects in [13] up to higher order terms depending also on Ls. Therefore all of the derivatives taken with
respect to the variables 'y, Wy, I's are given at first order by Lemma 25 of [13].
From (31), (32), and (33), we see that

0F, OF 1 *Fy  0*H 1
=0 ¥8p+"':73aKep+"'7 A2O: AK;p“F"':_?)ﬁaKep"‘r"'.
OLs 0Ls (L%) oLs oLs (L%)

As for the mixed second partial derivatives with respect to L3 and the other actions, we estimate the order
as follows. Products of L3 and the other actions come, at first order, in the expansion of F23 .. We can find

quad*
these by normalising F(i::’ad to obtain
=0 L [ R iy i
quad L% (2 7_‘_)4 - quad )
expanding the coefficient
L} i i Li - i
Ly _ 2 -2 6 2_T.4+0 2 1, (93)
I AR NG (L)
P (L5 La) 5 5 3
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and noticing that the first appearance of the actions [y, ¥y, and T3 in the expansion of F(fgad can be
estimated by
OF2 1
M o (1) o9
0 (F27\I]17F3> L2
because the first order term in the expansion of Fs,; (see Hg?, defined by (39)) does not depend on any of

the actions. Combining (93) and (94), and defining <F§§’ad> = ﬁ—%ﬁggad yields
3

o (F22,) O( 13 >:O(4 :

“\@r) o)

dL3 0 (fz,\bl,fg)

o2 ( F23
< Cluad> =O< L% >20(64M7) (95)

040 (fz, ., fg) (L3)"

and so

since the transformation from the ‘tilde’ to the ‘hat’ coordinates is close to the identity in C". To see that
this implies the estimates given in the statement of the lemma, it only remains to check that restricting Fyec
to the cylinder A and then taking derivatives does not spoil the estimates. Indeed, recall the first order of the
Hamiltonian that depends on the Poincaré variables &, 7 is of order % (i.e. the first order term Hg? in the
2
expansion of the secular Hamiltonian, defined by (48)). Moreover the first order term of the graph p defining
L3’
(z3)"

¢ and 7 (see (48)), the term H{2 is the lowest-order term that could contain products of the form Ls P for

A that depends on the variable L is of order (see Lemma (16)). Since Hi? depends quadratically on

~ ~ ~ 10
P € {I'3, ¥y, T'3}; since the coefficient of Hi? is of order %, the order of such terms is % (52)7 =ty
2 2 3
Therefore the estimates (95) imply the estimates on the mixed partial derivatives of Fyy with respect to L3
and I's, ¥y, I's as required. O
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