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KAM theory is the perturbative theory, initiated by Kolmogorov, Arnold and Moser in
the 1950’s, of quasiperiodic motions in conservative dynamical systems. These notes are
a short introduction to the subject.

References of particular value are the book M] on Hamiltonian systems, the papers
@, @] on KAM theory, and the book ﬂa] for applications in celestial mechanics. More
detailed accounts with various viewpoints can be found in ﬂ, E, , |1_J.|, |E, @, @, @, @,
31, 133] and references therein.

1. HAMILTONIAN SYSTEMS

Let H be a smooth function on an open set M of T" x R" = {(0,r)}, with T" = R"/Z".
The Hamiltonian vector field of H is

. J0i=0nH
T \# = —0g,H, j=1,.n.

Date: February 2011 (first version) and July 2013 (second version).
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M is called the phase space for reasons coming from thermodynamics, which almost
everybody has forgotten. Hamiltonian vector fields have been introduced and studied
by Lagrange [25], Cauchy [9] and Hamilton [21, [22].

The projection of X on each plane of conjugate coordinates (6;,7;) is orthogonal to the
projection (0g, H,0,; H) of the Euclidean gradient VH. While the Euclidean gradient
points towards the direction of steepest ascent of H, X is tangent to the energy levels
of H, or, equivalently, H is a first integral of Xy:

OH . OH
H - Xp=—0+—7=0.
=90 " o
Example 1 (Pendulum) The Hamiltonian equations of
2

H,r)= % —cos

are equivalent to the classical equation § = —sin@ of a frictionless pendulum, as given
by the theorem of the angular momentum. Jacobi introduced the transcendant elliptic
functions in order to solve those equations. However, since the integrale curves of Xy
are contained in level sets of H, one recovers the behavior of the pendulum (up to the
time-parametrization) by an algebraic computation. Of course, in higher dimension the
conservation of energy is not sufficiant anymore to find the integral curves.

Example 2 (Particle in a potential) Consider a particle of position x moving in a force
potential U(x) in R3. Newton’s equation
i =-VU(x)
is equivalent to Hamilton’s equations associated with the Hamiltonian
T

H(z,%) = 5 +U(x)
(here the phase space is rather R? x R?).
Example 3 (Hamilton-Jacobi equations) Consider a general first-order scalar partial
differential equation, i.e. a relation

H(O,4 (0),u(0)) =0,
where 6 is the space variable (in T" as well as in any other manifold of dimension n,
say N), u is the unknown function, v’ is the derivative of u, and H is a function over
M =TV xR = {(0,r,u)}. Let V be some submanifold of M of dimension n — 1.

The theory of characteristics (see [3]) tells us that the 1-graph of a local solution can be
obtained by flowing V' along the integral curves of the vector field

0=0,H
= —0pH — rd,H
u=r-0.H,

provided that V satisfies some adequate transversality property. An important case is
when H does not depend on the value u of the unknown, i.e. H is defined T*V. Then
the above vector field descends to the Hamiltonian vector field of H. So, solving the
above PDE reduces locally to integrating X .
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On the other hand, we will see that KAM theory yields (very particular) solutions to
the Hamilton-Jacobi equation associated with a Hamiltonian.

Failing to have other first integrals than the Hamiltonian itself, generic Hamiltonian
systems have some more subtle invariants. For example, they conserve the volume in

phase space:
00;  or; 0’H  0°H
div Xy = L4 1) = — =0
v AH Z<89j+arj> Z(aajarj arjaaj>

J J

(the volume can actually be seen as a first integral of the variational equation associated
with Xfr). We see that not only is the divergence equal zero, but each of the n terms
separately are equal to zero. This is the sign that Hamiltonian vector fields have a
stronger invariance property —namely they preserve a “symplectic form”—, which we
will describe later.

2. QUASIPERIODIC MOTIONS

An important and simple class of Hamiltonians is that of integrable Hamiltonians, which
do not depend on the angle 6. In such cases, the vector field becomes
. OH
0 = W(T) =cst, =0,
and the flow 5
H
or(0,1) = <9 —|—tﬁ(r),r> .

The phase space is foliated in invariant tori r = cst, in restriction to which the flow is
quasiperiodic (=linear), of frequency vector %—f(r).

A vector r being fixed, let o := %—Ij(r) € R™ and consider the flow

o T T, 03 0+ ta

Lemma 1. The frequency vector « is a topological conjugacy invariant up to the action
of the discrete group GLy,(Z) : if two linear flows 6 + taw and 0 +t3, with o, 5 € R™, are
topologically conjugate, there exists A € GLy(Z) such that B = Aa (and, if the conjugacy
preserves the orientation, A € SLy,(Z)).

Proof. Assume two linear flows 6 + ta and 6 + t83, with «, 5 € R", are topologically
conjugate: there exists a homeomorphism h of T™ such that h(6 + ta) = h(6) + t5. At
the expense of substituting h(6) — h(0) for h(#), we may assume that ~(0) = 0.

Let H : R"™ — R” be the unique lift of h such that H(0) = 0. Now, the equality
H(0+ ta) = H(A) 4 tB holds for § = ¢t = 0 and, by continuity, for # € R" and ¢t € R.

Moreover, there exists a matrix A € GL,,(Z) such that H(0 + k) = H(0) + Ak for all
6 € R™ and k € Z"; A is invertible because H is. Hence V := A~'H —id : R® — R" is a
Z"-periodic vector field. In terms of V', the conjugacy hypothesis at § = 0 asserts that

L(ta+ V(ta)) = LV(0) +t5  (Vt € R),
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i.e.
L(V(ta) = V(0)) =t(8 — La).
Since the left hand side is bounded, necessarily 5 = La. O

The action of GL,,(Z) is closely related to the arithmetic properties of frequency vectors ;
see 34, 2.2.3] for n = 2.

Proposition 1. The following properties are equivalent :

(1) The vector v is non resonant: k-« # 0 for all k € Z™ \ {0}

(2) The flow () of the constant vector field « is ergodic: invariant continuous
functions (f(0 4+ ta) = f(0) for allt € R and 0 € T™) are constant

(3) For every continuous function f on T™, the time average of f exists, is constant
and equals the space average of f:

17
Tlﬂlwf/o F(O+ta) dt = Tnf(@)d@.

(4) Every trajectory of () is dense on T™.

More general classes of functions than continuous ones can be considered, but we lazily
stick here to the most convenient setting for our purpose. See [6, [20, 23] for further
results on ergodicity.

Proof. (1) = (2) Suppose that « is non resonant and let f € C°(T!) be invariant:
f = fop for all t. The k-th Fourier coefficient of f o ¢, is

Fomlk) = / 27K £(0 4 10 db.
The change of variable §’ = 6 + ta shows that

Fopulk) = ™ot (k).

By uniqueness, for all k € Z™ \ {0} we see that f(k) = 0. Hence f is constant.

(2) = (1) Conversely, suppose that k-« = 0 for some k € Z"\ {0}. Then f(#) = ™"
is invariant and not constant, hence the flow is not ergodic.

(1) = (3) Call f the space-average of f. We will show the conclusion by taking more
and more general functions.

— If f is constant, f(0) = f trivially. If f(8) = ™% for some k € Z" \ {0}, direct
integration shows that

2rk-aT __ 1
———— 7T+ 0= f

e 1 ionk0€

The expression k - « in the denominator is the first occurence of the so-called small
denominators, which are the source of many difficulties in perturbation theory.

—If f is a trigonometric polynomial, the same conclusion holds by linearity.
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— Let now f be continuous. Let ¢ > 0. By the theorem of Weierstrass, there is a
trigonometric polynomial P such that

max |f () — P(0) <.

For such a P, we have shown that there is a time Ty such that if T > Ty,

1 (T _
‘—/ P(6+ta)d0—P‘§e.
T Jo

Using the two latter inequalities, we see that

‘%/OTf(eer)dt—f'

T

1 I .
§? |f(9—i—toz)—P(9—i—toz)|dt—|—‘f/ P(9+ta)dt—P'+|P—f|§3e.
0 0

So, again 7 fOT f(6 + ta) df tends to 0.

(3) = (1) Suppose « is resonant: k-a = 0 for some k € Z"\ {0}, and let f(6) = €27+,
The space average of f equals 0, while

1 [T . .
- 6227rk-(0+04t) dt = 6127rk~0.
T Jo

So there exists a non constant continuous function whose time and space averages do
not match.

(1) = (4) Suppose that one trajectory is not dense: there exist a point § € T" and
an open ball B C T™ such that the curve t — 0 + ta will never visit B. Let f be a
continuous function whose support lies inside B and whose integral is > 0. The space
average of f is > 0, while its time average is 0. Hence « is resonant.

(4) = (1) Suppose « is resonant: k-« = 0 for some k € Z" \ {0}. We will show that
there is a small ball B centered at 6° := k/2 (mod Z") which the trajectory t — t«a
never visits. Indeed, let 6 be in such a ball B of small radius. Does there exist t € R
such that ta = 0 in T"? Equivalently, does there exist ¢ € R and £ € Z" such that
a = 60 + (7 Taking the dot product of the equation with k yields 0 = k-0 4+ k- ¢. But
k-t € Z, while k - 0 €]0, 1] provided the radius of B is small enough (depending on k).
This shows that there is no such ¢t € R. O

If we think for instance to two planets revlioving around the Sun with frequencies a; and
ag, that the frequency vector a = (a1, a2) be resonant means that the two planets will
regularly find themselves in the same relative position. Hence, their mutual attraction,
which is small due to their small masses compared to the mass of the Sun, instead of
averaging out, will pile up. This is all the more true that the order |k| := |k1|+- - -+ |kn]
of the resonance is small. As a general rule, perturbation theory rather studies what
happens away from resonances, and at some distance away from them in the phase space
(all the farther that they have low order).
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3. A MORE GEOMETRIC VIEWPOINT

In the study of differential equations, Poincaré has shifted the interest of mathemati-
cians from particular solutions to geometric properties of the phase flow, considering
all solutions simultaneously. Technically, the latter strategy often consists in computing
normal forms, i.e. simple expressions of the vector field in well chosen coordinates.

One of the primary interests of the Hamiltonian formalism is that all the information
on a Hamiltonian vector field is contained in a function. It is easier to compute changes
of coordinates for functions than for vector fields. But in order to preserve the simple
relation between the Hamiltonian function and its vector field, only some special changes
of coordinates should be used, namely those diffeomorphisms ¢ : M — M such that the
direct image by ¢ of the Hamiltonian vector field of H o ¢ equals the Hamiltonian vector

field of H:
¢« XHop = XH.

In dimension 2, we have seen that X preserves the area. So, certainly ¢ should preserve
the area form w = df A dr.

Let us introduce a coordinate-free definition of Xpg. Let
w = Z d@j A d?“j.
1<j<n

This geometric structure is called the symplectic form of the phase space M. It is
the field of 2-forms (antisymmetric bilinear forms) which maps two velocities (6,7) and
(0, R) (tangent vectors of M at some point (0,7)) to

(0.9, 0) = 3 det (730,
1<j<n
i.e. to the sum of the oriented areas of the projections on planes of conjugate coordinates

(0j,75), of the parallelogram generated by the two velocity vectors. An excellent and
straightforward introduction to differential forms can be found in Arnold’s book [4].

If X = (6,7) is a vector field,
w(X,) =Y (6;dr; —v;dby),
1<j<n
so the Hamiltonian vector field can be defined by the following equation.

Lemma 2. The Hamiltonian vector field of H is characterized by the implicit equation
w(XH, ) =dH.

Hence the only eligible transformations ¢ are be the ones which preserve w, in the sense
that

w= ¢ w,
where ¢*w(X,Y) := w(¢'- X, ¢’ - Y) for all pairs of tangent vectors X and Y at a point.
Such transformations are called symplectic or canonical.
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A fundamental operation on differential forms is the exterior derivative. It extends the
usual differential of functions to differential forms of any degree p:

d Z Pi1,...,ip(6)d6i1 VANRIERIVAY d@ip = Z dpih_,w,‘p(é?) A d@il VANEEIVAN d@ip.
1< <p i< <p

It can be defined intrinsically (and implicitely) by the Stokes formula

/dp—/ 2
oV

where V' is an oriented manifold with boundary of dimension degp + 1, and 0 is the
boundary oparator. That 0> = 0, entails that d is a cohomology operator: d?> = 0
Again, see 4] for a self-contained introduction to differential forms.

Remark 4 Using the exterior derivative, Maxwell’s first two equations of electromag-
netism boil down to

dF =0,
where F' is the electro-magnetic 2-form in the 4-dimensional space-time [19].
Example 5 Let p =), pi(f) d0; be a closed 1-form on T", closed meaning dp = 0.

(If n = 3 and p is identified to a vector field, dp is an intrinsic version of the curl of p.)
The diffeomorphism

¢:(0,r)— (0,7 + p(0))
satisfies

¢P*w—w= Y db; Adpi(0) = —dp =0,

1<i<n

and thus is symplectic.
Example 6 Let ¢ be a diffeomorphism of T". Define its lift to T x R™ by
¢ (0,1) = (p(80),7- ¢ ()7).
This diffeomorphism preserves the 1-form A\ = r - d6:
PA=r-¢'(0)"-(0)-db = ),
hence the symplectic form w = —dA\ also:
P*w=—¢"d\ = —dp*\ = —d\ = w.

Proposition 2. If (¢;) is the flow of a Hamiltonian vector field X, ¢jw = w for all
t € R (wherever the flow is defined).

This property is an essential feature of Hamiltonian flows. It implies the the volume df; A

- Adlp, ANdrq A+ - Adr, (= the n-th exterior power of w, up to a multiplicative constant)
is preserved. Yet it is only in the 1980’s that Gromov’s celebrated non-squeezing theorem
pointed out some specifically symplectic properties [18, 126].

We will use proposition [2] in order to build symplectic diffeomorphisms close to the
identity.
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Proof. The proof is straightforward with the standard toolbox of exterior calculus:

t
d
djw—w = / d—((b:w) ds by the fundamental formula of calculus
0 S
t
= ¢i(Lxyw)ds by definition of the Lie derivative Lx.
0

The Cartan homotopy formula says that Lx,w = dix,w+ix,dw, where ixw = w(X,-).
Since w has constant coefficients, dw = 0. Since ix,w = dH and d*> = 0, dix,w = d*> = 0.
Hence ¢fw = w. U

We have seen some of the ergodic properties of quasiperiodic flows with a non resonant
frequency vector. Let us mention here an important property of invariant tori carrying
ergodic quasiperiodic flows. This property says how such tori are embedded in the phase
space with respect to the symplectic structure.

Proposition 3 (Herman). Let T' be an invariant embedded torus in M, carrying an
ergodic quasiperiodic flow. Then T is isotropic, i.e. the 2-form induced on T vanishes.

Proof. Let j : T" < M be a parametrization of T' = j(T™) such that the induced flow
on T" is ¢(0) = 0 + tor, a € R™ non resonant. Let Q be the induced 2-form on T™:

0= j*w = Z le(é?) dfi. N do;.
1<k<i<n

We want to show that @ = 0. Since (¢;) is a translation,

$rU0) =D (6 + ter) dby, A db.
Since all trajectories are dense and ¢; €2 = €2 for all ¢ € R, the functions 2j; are constant
on T".

But w has a primitive, and so has Q: Q = dA, whith A := —5*(>_, ri dfy). Integrate €2
on 2-tori Tj; C T™ obtained by fixing all coordinates 6,,, m = 1,...,n, but 0 and 6;:

/ Q:/ Qb do, = Q. (Y, 1).
T T2

On the other hand, by Stokes formula, this integral equals 0. So €2 = 0. O

If in addition T is a perturbation of T™ x {0}, it is the graph of a 1-form p over T™ (up
to the identification of the cotangent bundle of T™ to T™ x R™). The proposition then
asserts that p is closed.

Exercise 7 Let T' be an isotropic submanifold of dimension n in T™ x R™ (7" is then
said Lagrangian). Show that it is invariant by the flow of a Hamiltonian H if and only
if it lies in a level of H.
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4. PERTURBATION SERIES AND THE AVERAGING PRINCIPLE

Consider a Hamiltonian H(6,r) on a neighborhood of T" x {0} in T" x R". We will
assume that H depends formally on some parameter € and that, when ¢ = 0, H does
not depend on the angles:

H(0,7) = Hy(r) + eH (0,7) + €Hy(0,7) + - - - .

Can we eliminate the dependance of H; on 6 by a change of coordinates e-close to the
identity, and can we then similarly deal with higher order terms?

In order to try to do so, let us consider some auxiliary Hamiltonian ¢F', with flow ¢;.
We would like to choose F' so that ¢7H = H o ¢ does not depend on 6, up to second
order terms in e.

Recall that

d .
= GiH=H'Xp=Xp H,
t=0

where X is seen as a derivation operator, and that more generally
CotH = L gr H = 6i(Xp - H)
dt t - ds a0 t+s - Yt F .

By Taylor’s formula (applied to the function ¢ — ¢y H between ¢t = 0 and t = 1),

1
¢*{H:H+6XF-H+62/ (1—t)p; (X% - H)dt.
0

Expanding H in powers of € yields
YH = Ho(r) + e (Hy + Xp - Ho) + O(€?).
Split H; into

H(0,7) = H(r)+ Hy(0,r), H = H(O,r)ds.
’]TTL
We would like to find F' so that

Hy+ Xp-Hy =0,
or, equivalently, since Xp = 0, F - 09 — OpF - Oy,
d,.Hy - 0pF = H;.
In general Hi(r) is not equal to 0. This means that the frequency vector on the torus

T" x {r} is modified by terms of order 1 in e. Since it is a conjugacy invariant, it is
hopeless to try to eliminate H; (and, indeed, X - Hy has zero average).

Among the partial derivatives of the unknown F', the above equation involves only the
derivatives with respect to . So r can be considered as a fixed parameter. The equation
then becomes a first order linear partial differential equation with constant coefficients.
Let o« = 0,Ho(r) € R". Let L, be the Lie derivative operator in the direction of the
constant vector field « :

d
Lo:frLaf=a-0gf = > aja%,
J

1<j<n
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defined for functions f on T" of various possible classes of regularity.

Let F be the set of formal Fourier series on T™ with no constant term.

Lemma 3. If a is non resonant and g € F, there is a unique f € F such that Lo f = g.

Proof. By asumption ¢ is a formal series of the form
i2mk-0
g= > g
kezZm\{0}

and we look for a series f of the same form, satisfying
Z 2k - afkei%rk-@ _ ngei2ﬂ'k'€.
k k

The unique solution is given by the coefficients

fr= =2 (vkez\{0})

- 27k - o

For s > 0, let

Ty :={0 € C"/Z", max [Im#6,;| < s}
1<j<n

be the complex extension of T" of width s. Let A(T%) be the set of real holomorphic
functions from (a neighborhood of) T? to C. Endowed with the supremum norm

|fls := sup [f(0)],
0eT?

it is a Banach space [15, 6.3].

In order for the operator £, to send analytic function to analytic functions, one needs
some quantitative arithmetic condition preventing « from being too close to any low
order resonance —how close depending of the order.

Definition 8 For v,7 > 0, o € R" is (v, 7)-Diophantine if

i
k|7
Let D, - be the set of all such vectors, and D; = U,~¢D- .

Vk e Z"\ {0} |k-a| > T —" )

The following facts hold:

e Dirichlet’s theorem: D, # () & 7 >n — 1.

e If 7 = n—1, D, is locally uncountable, has Hausdorf dimension n, but has
n-dimensional Lebesgue measure zero.

o If 7 >n—1, R™\ D; has n-dimensional Lebesgue measure zero. So, the measure
of D, ; tends to the full measure as v tends to 0. On the other hand, the trace
of D, on the unit sphere is a Cantor set.

See [2, 129,130, 134] and references therein for proofs and additional facts.
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Proposition 4. Assume that o € D, ; and let 0 < s <s+o. If g € A(T},,), there is
a unique function f € A(T?) such that L,f = g. Besides,

Ifls < 0’7710'7n7T|g|s+0,

where the number C' depends only on the dimension n and the exponent 7.

This estimate calls for a comment. We have already mentionned Cauchy’s Mémoire
presented to the Accademia delle Scienze di Torino on October 11, 1831, where he
introduced and studied the so-called equations of Hamilton [9]. In the same Mémoire in
Celestial Mechanics |10] (!), Cauchy proved the remarkable formula

1) =5 [ £ ac

where f is a holomorphic function in some complex domain containing a disc centered at z
and bounded by the circle C. This formula plays an essential role here. By differentiating

with respect to z, we get
oy 1 f(Q)
f(z)_zm‘/@—z) “

It follows that if f € A(T},,), then

‘f/’8 < U_l‘f‘s—ka-

More generally, any differential operator of the first order will satisfy a similar kind of
estimate. In particular,

‘ﬁaf’s < C’a‘a_llf’s-i-aa with ’O“ = 1213‘)( ‘O‘]‘
<ji<n

The operator L, is typical of KAM theory in that both £, and its inverse behave like
differential operators, due to small denominators.

Proof. Let g(0) = Zkezn\{o} g €%% be the Fourier expansion of g. The unique formal
solution to the equation L, f = g is given by f(0) = ZkeZ"\{O} Ik gih-0

ik-a

Since g is analytic, its Fourier coefficients decay exponentially: we find

—ik- do —|k|(s+o
[ a0 G2 < e

by shifting the torus of integration to a torus Im6; = —sign(k;)(s + o).

lgk| =

Using this estimate and replacing the small denominators k - a by the estimate defining
the Diophantine property of «, we get

’f’s < ’g‘s—I—a Z‘k’fre—vﬂa
Y
k

2n‘g’8+0 l4+n—1 —¢ 4" ‘g’s-i-a 4n—1 —¢
< T g < T n g
< 5 ;>1 , e (-1 E (L+n— e "7,
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where the latter sum is bounded by

/ (6 +n— 1)T+n—1e—(€—1)a dl = O,—T—nena/ £T+n_1€_€ dr
1 .

g

o9
< g TTneno / gr—f—n—le—é e
0

= o 7" T(1 +n).

Hence f belongs to A(T%) and satisfies the wanted estimate. O

So, we may define F(0,r) := £, H;(#,r) for a fixed value of r chosen so that a =
O0Hy/0r(r) € D, r. As well, we may define partial derivatives of F' with respect to r at
any order, so as to define not only the trace of a function F on T" x {r}, but the whole
infinite jet of a function along this torus; for instance at the first order, we may set

o o,
E(T) =L, o @0,7).

Borel’s lemma asserts that such an infinite jet along T™ x {r} extends to a smooth
function. Better, one can show using Whitney’s extension theorem that all such jets
taken together with r varying among values for which the frequency is (v, 7)-Diophantine:

0H,
W(T) € D7,

extend to a smooth function F. We have thus eliminated the dependence of H; on 6
along all (y, 7)-Diophantine tori.

By repeating the procedure, we may do so at any finite order in €. The theorem of
Kolmogorov consists in showing the existence of a similar analyic normalization at the
infinite order, under some non-degeneracy asumption, as we will now see.

5. STATEMENT OF THE INVARIANT TORUS THEOREM OF KOLMOGOROV

Let H be the space of germs along T{ := T™ x {0} of real analytic Hamiltonians in
T xR™ ={(0,r)} (T™ =R"/Z"), endowed with the usual, inductive limit topology (see
section [6]). The vector field associated with H € H is

H: 6=0,H, 7=—-0yH.
For oo € R, let K be the affine subspace of Hamiltonians K € H such that K|rn is
constant (i.e. T% is invariant) and K ITn = o
K*={KeM, IceR, K@,r)=c+a-r+0?}, a-r=ayr+- -+ apr,
where O(r?) are terms of the second ordrer in r, which depend on 6.

Let also G be the space of germs along T of real analytic symplectomorphisms G in
T™ x R™ of the following form:

G(0,7) = (¢(0), (r + p(0)) - &' (0)™1),



A SHORT INTRODUCTION TO KAM THEORY 13

where ¢ is an isomorphism of T™ fixing the origin (meant to straighten the flow on an
invariant torus), and p is a closed 1-form on T™ (meant to straighten an invariant torus).

In the whole paper we fix & € R™ Diophantine (0 < 7 < 1 < 7; see [29)):
k-al ZAlk[77 (VR e Z"\{0}), |k[ = [k + - + [kl
and
K°(B,r)=c+a-r+Q°0)-r*+0(r3) e K~

such that the average of the quadratic form valued function @Q° be non-degenerate:
det Q°(0)do # 0.
’]TTL

Theorem 9 (Kolmogorov |24, 13]). For every H € H close to K°, there exists a unique
(K,G) € K*xG close to (K°,id) such that H = K oG in some neighborhood of G=1(T%).

See [29,132] and references therein for background. The functional setting below is related
to |17].

6. THE ACTION OF A GROUP OF SYMPLECTOMORPHISMS

Deﬁn;a complex extensions T¢ = C"/Z" and T{ = T¢ x C", and neighborhoods (0 <
s<1

T = {0 € T¢, jmax Im0;| < s} and T, ={(0,7) € T¢, max max (|[Iméb;|,|r;|) < s}.
Sjsn 1<5<n

For complex extensions U and V' of real manifolds, denote by A(U, V') the Banach space
of real holomorphic maps from the interior of U to V', which extend continuously on U,

A(U) == A(U,C).

o Let H; = A(TY) with norm [H|s := supg yyern [H (6, 7)], such that H = UsH, be their
inductive limit.

Fix sg. There exist ¢y such that K° € H,, and, for all H € H, such that |H—K°|5, < €,

2 2 170
(1) det/ %H(H,O)de‘ 2% oK

det
2 o Or?

(6,0) da‘ £0.

Hereafter we assume that s is always > so. Set K¢ = {K € H, N K, |K — K°|5, < €0},
and let Ky = R @ O(r?) be the vector space directing K.
e Let Dy be the space of isomorphisms ¢ € A(T7, T¢) with ¢(0) = 0 and Z, be the space

of bounded real holomorphic closed 1-forms on T7. The semi-direct product G; = Z,xD;
acts faithfully and symplectically on the phase space by

(2) G:Ty =T, (0,1) = (9(0), (p(0) +7)-¢'(0)7), G =(p¢),
and, to the right, on Hs by Hs — A(G™H(T?)), K — K o G.

o Let 0, := {¢ € A(TY)", $(0) = 0} withnorm |p|s := maxger maxi<j<y |9;(0)], be the
space of vector fields on T} which vanish at 0. Similarly, let |p[; = maxgeTs maxi<j<n, |;(0)]
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on Z,. An element G = (p, @) of the Lie algebra g, = Z, @ 0, (with norm |(p, ¢)|s =
max(|p|s, |#]s)) identifies with the vector field

(3) G : T? - (C2n7 (0,7") = ((p(a)7p(6) -Tr: (pl(a))a

whose exponential is denoted by exp G. Tt acts infinitesimally on H, by H, — Hs,
K— K -G.

Constants ~;, 7;, ¢;, t; below do not depend on s or o.

Lemma 0. If G € sto and ‘G’S+g < v02, then expG € Gy and ]expG —idls <
COJ_1|G|8+U-

Proof. Let x5 = A(T%)?", with norm [|v||s = maxgerr max;<j<on [v;(6)]. Let G € goro
with |Glste < 7002, 70 := (36n)~!. Using definition (3) and Cauchy’s inequality, we see
that if 0 := /3,

|G ls126 = max (|¢]s0s, [+ 7 - @' (0)]s425) < 206 |G sy35 < 5/2.
Let Dy ={t € C, [t| < s}and F := {f € A(Ds x T?)*", V(t,0) € Dy x T2, |f(t,0)]s < 5}
By Cauchy’s inequality, the Lipschitz constant of the Picard operator

P:F—F [~ Pf, (Pf)(t,é?):/tG(H—l—f(s,G))ds
0

is < 1/2. Hence, P possesses a unique fixed point f € F', such that f(1,) = exp(G) —id
and |f(1’ )|S < HG||S+5 < COJ_1|G|s+oa Co = on.

Also, exp G € G, because at all times the curve exp(tG) is tangent to G, locally a closed
submanifold of A(T7,T¢) (the method of the variation of constants gives an alternative
proof). O

7. A PROPERTY OF INFINITESIMAL TRANSVERSALITY

We will show that locally 165 is tranverse to the infinitesimal action of gs on Hsyp.

Lemma 1. For all (K, H) € K&\, x Hgyo, there exists a unique (K,G) € Ks x gs such
that
K+ K -G=H and max(|K|s,|Gls) <cio™ (14 |Kl|sio) |H|sto-

Proof. We want to solve the linear equation K + K’ - G = H. Write

K@, r)=c+a-r+Q(0) r*+0(r3)

K(0,r) = ¢+ Ky(0,7), ¢eR, KyeO(r?)

GO,r)= (), R+ S"(0) —r-¢'(0), $pExs, ReER" SeAT).
Expanding the equation in powers of r yields

(4) (é+(R+S’) -a) 47 <—¢’-a+2Q-(R+S’)>+K2 = H =: Hy+H, -r+0(r?),

where the term O(r2) on the right hand side does not depend on K.
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Fourier series and Cauchy’s inequality show that if g € A(T7, ) has zero average, there
is a unique function f € A(T?) of zero average such that L,f := f'-«a = g, and

|fls < co™glsto [29]-

Equation () is triangular in the unknowns and successiveley yields:

(S = L;l <H0 — an HQ(@) d@)

B =3 (fpn QO)0) ™ [ (H1(6) ~20(0)- $'(6)) db
e = Lot ((9) - 2Q0) - (R+5'0))

¢ = [mHo0)d) — R«
KQ = O(’I“Q),
and, together with Cauchy’s inequality, the wanted estimate. O

8. THE LOCAL TRANSVERSALITY PROPERTY

Let us bound the discrepancy between the action of exp(—G) and the infinitesimal action

of —G.
Lemma 2. For all (K,H) € K2, , x Hsyo such that (1 + |K|si0)|H|sro < 72072, if

(K, G) € K x g, solves the equation K + K' o G = H (lemma ), then expG € G,
lexpG —id|s < o and

(K + H) 0 exp(=G) — (K + K)ls < e20 (1 + | Ks40) | H [ -

Proof. Set § = 0 /2. Lemmas[0 and [[lshow that, under the hypotheses for some constant
v2 and for 75 = t; + 1, we have |G|s1s < Y062 and |exp G —id |, < 4.

Let H = K + H. Taylor’s formula says
H,>Hoexp(—-G)=H - H' -G+ (/01(1 —t) H" o exp(—tQG) dt) - G?
or, using the fact that H = K + K + K' - G,
Hoexp(-GQ)— (K +K)=—(K+ K'-G) -G+ (/01(1 —t) H" o exp(—tQG) dt) G2

The wanted estimate thus follows from the estimate of lemma[Iland Cauchy’s inequality.
O

Let Bsy = {(K,H) € K& o x Hsto, |Kl|sto < €0y [Hlsso < (1+€0) 11207} (recall (T).

According to lemmas [IH2, the map ¢ : B, » — K x H,,
B(K, H) = (K + K, (K + H) o exp(~C) — (K + K),
satisfies, if (R',H) = ¢(K, H),

|f{ - K5 < C3U_t3|H|s+oa |H|s < C3J_t3|H|§+a-
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Theorem I applies and shows that if H — K° is small enough in H,.,, the sequence
(Kj,Hj) = ¢/(K°, H — K°), j > 0, converges towards some (K,0) in K& x Hs.

K
1 H
K'oG a )
H o exp(—G)
B
K K=K+K

Let us keep track of the Gj’s solving with the Kj’s the successive linear equations
K;+ K} - Gj = H; (lemmal[l). At the limit,
K:=K°+Ky+ K+ :Hoexp(—GO)oexp(—Gl)o--- .
Moreov.er, lemma [I] shoWS that |G| sip1 < 040],*154‘ H;| s;» hence the isomorphisms v; :=
exp(—Gyp) o - -+ 0 exp(—G;), which satisfy
"Yn - ld ’Sn+1 S ‘GO‘Sl +.ot ‘Gn‘8n+17

form a Cauchy sequence and have a limit v € Gs. At the expense of decreasing |H —
K°|s10, by the inverse function theorem, G := y~! exists in G,_s for some 0 < § < s, so
that H = K o G.

APPENDIX. A FIXED POINT THEOREM

Let (Es, |- |s)o<s<1 and (Fg, | |s)o<s<1 be two decreasing families of Banach spaces with
increasing norms. On Ey X Fg, set |(z,y)|s = max(|z|s, |y|s). Fix C,v,7,¢,t > 0.

Let
¢ Bs,a = {(3672/) € Fsio X Fsioq, ‘-ﬂs-{—a <C, ‘y’s-‘ra < ’YUT} — Es X F}

be a family of operators commuting with inclusions, such that if (X,Y") = ¢(z,y),

‘X - x’s < Ca_t’y‘s—ka and ‘Y‘S < CO'_t’yE_H,-

In the proof of theorem[, “|x|s4, < C” allows us to bound the determinant of [, Q(6)d¢

T

away from 0, while “|y|s4o < Y0 ensures that exp G is well defined.

Theorem 10. Given s < s+ o and (z,y) € By, such that |y|sio is small, the sequence

(¢ (z,y))j>0 exists and converges towards a fized point (£,0) in Bsy.

Proof. It is convenient to first assume that the sequence is defined and (xj,y;) :=
Fi(x,y) € B, 0, for s; := s + 2770 and 0; := s; — sj11. We may assume ¢ > 27t so
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that d; := co; © > 1. By induction, and using the fact that > 27% = ST k27F = 2,

’yj‘sj < j_llyj_l‘sj—l

<
k+1
< ’y‘3+0' H d2
0<k<j—1
g-k-1)? — 2
< (Wl TTE) = (o™ ylore)™
k>0

Given that > o p?" < 2p if 2u < 1, we now see by induction that if |(2,y)|sto is
small enough, (z;,y;) exists in By, ,, for all j > 0, y; converges to 0 in Fy and the
series T; = %o + Y o<p<j_1(Th+1 — T)) converges normally towards some § € E; with

€ < C. O

These lecture notes were written for the Ciclo di Lezioni organized by Vivina Barutello,
Susanna Terracini and Veronica Felli at the Universita di Bicocca in 2011, and for
the Jornades on interactions between dynamical systems and partial differential equa-
tions organized by Amadeu Delshams, Tere Seara and Xavier Cabre at the Universitat
Politécnica de Catalunya in 2013. Thank you to the organizers.
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