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Evidence for dark matter in astrophysics

1 Oort [1932] noted that the sum of observed mass in the vicinity of
the Sun falls short of explaining the vertical motion of stars in
the Milky Way

2 Zwicky [1933] reported that the velocity dispersion of galaxies in
galaxy clusters is far too high for these objects to remain bound
for a substantial fraction of cosmic time

3 Ostriker & Peebles [1973] showed that to prevent the growth of
instabilities in cold self-gravitating disks like spiral galaxies, it is
necessary to embed the disk in the quasi-spherical potential of a
huge halo of dark matter

4 Bosma [1981] and Rubin [1982] established that the rotation curves
of galaxies are approximately flat, contrarily to the Newtonian
prediction based on ordinary baryonic matter

Luc Blanchet (IAP) Testing Modified Gravity Colloque Jacques Laskar 2 / 25



Evidence for dark matter in astrophysics

1 Oort [1932] noted that the sum of observed mass in the vicinity of
the Sun falls short of explaining the vertical motion of stars in
the Milky Way

2 Zwicky [1933] reported that the velocity dispersion of galaxies in
galaxy clusters is far too high for these objects to remain bound
for a substantial fraction of cosmic time

3 Ostriker & Peebles [1973] showed that to prevent the growth of
instabilities in cold self-gravitating disks like spiral galaxies, it is
necessary to embed the disk in the quasi-spherical potential of a
huge halo of dark matter

4 Bosma [1981] and Rubin [1982] established that the rotation curves
of galaxies are approximately flat, contrarily to the Newtonian
prediction based on ordinary baryonic matter

Luc Blanchet (IAP) Testing Modified Gravity Colloque Jacques Laskar 2 / 25



Rotation curves of galaxies are approximately flat

For a circular orbit we expect

v(r) =

√
GM(r)

r

The fact that v(r) is constant implies that beyond the optical disk

Mhalo(r) ' r ρhalo(r) ' 1

r2
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The cosmological concordance model Λ-CDM
2.3 Cosmological Parameters from Planck 33

FIG 2.8.—The left panel shows a realisation of the CMB power spectrum of the concordance ΛCDM model (red
line) after 4 years of WMAP observations. The right panel shows the same realisation observed with the sensitivity
and angular resolution of Planck.

since the fluctuations could not, according to this naive argument, have been in causal contact
at the time of recombination.

Inflation offers a solution to this apparent paradox. The usual Friedman equation for the
evolution of the cosmological scale factor a(t) is

H2 =

(
ȧ

a

)2

=
8πG

3
ρ − k

a2
, (2.5)

where dots denote differentiation with respect to time and the constant k is positive for a closed
universe, negative for an open universe and zero for a flat universe. Local energy conservation
requires that the mean density ρ and pressure p satisfy the equation

ρ̇ = −3

(
ȧ

a

)
(ρ + p). (2.6)

Evidently, if the early Universe went through a period in which the equation of state satisfied
p = −ρ, then according to Equation 2.6 ρ̇ = 0, and Equation 2.5 has the (attractor) solution

a(t) ∝ exp(Ht), H # constant. (2.7)

In other words, the Universe will expand nearly exponentially. This phase of rapid expansion
is known as inflation. During inflation, neighbouring points will expand at superluminal speeds
and regions which were once in causal contact can be inflated in scale by many orders of
magnitude. In fact, a region as small as the Planck scale, LPl ∼ 10−35 m, could be inflated
to an enormous size of 101012

m—many orders of magnitude larger than our present observable
Universe (∼ 1026 m)!

As pointed out forcefully by Guth (1981), an early period of inflation offers solutions to
many fundamental problems. In particular, inflation can explain why our Universe is so nearly
spatially flat without recourse to fine-tuning, since after many e-foldings of inflation the cur-
vature term (k/a2) in Equation 2.5 will be negligible. Furthermore, the fact that our entire
observable Universe might have arisen from a single causal patch offers an explanation of the
so-called horizon problem (e.g., why is the temperature of the CMB on opposite sides of the
sky so accurately the same if these regions were never in causal contact?). But perhaps more
importantly, inflation also offers an explanation for the origin of fluctuations.

This model brilliantly accounts for:

The mass discrepancy between the dynamical and luminous masses of
clusters of galaxies

The precise measurements of the anisotropies of the cosmic microwave
background (CMB)

The formation and growth of large scale structures as seen in deep redshift
and weak lensing surveys

The fainting of the light curves of distant supernovae
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Challenges with CDM at galactic scales

The CDM paradigm faces severe challenges when compared to observations at
galactic scales [McGaugh & Sanders 2004, Famaey & McGaugh 2012]

1 Unobserved predictions

Numerous but unseen satellites of large galaxies
Phase-space correlation of galaxy satellites
Generic formation of dark matter cusps in galaxies
Tidal dwarf galaxies dominated by dark matter

2 Unpredicted observations

Correlation between mass discrepancy and acceleration
Surface brightness of galaxies and the Freeman limit
Flat rotation curves of galaxies
Baryonic Tully-Fisher relation for spirals
Faber-Jackson relation for ellipticals
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All these challenges are mysteriously solved (sometimes with incredible success) by
the MOND empirical formula [Milgrom 1983]
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Mass discrepancy versus acceleration
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Baryonic Tully-Fisher relation [Tully & Fisher 1977, McGaugh 2011]

We have approximately Vf '
(
GMb a0

)1/4
where a0 ' 1.2× 10−10m/s2 is very

close (mysteriously enough) to typical cosmological values

a0 ' 1.3 aΛ with aΛ =
c2

2π

√
Λ

3
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MOND versus Λ-CDM
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Modified Poisson equation [Milgrom 1983, Bekenstein & Milgrom 1984]

MOND takes the form of a modified Poisson equation

∇ ·
[
µ

(
g

a0

)

︸ ︷︷ ︸
fonction MOND

g

]
= −4πGρbaryon avec g = ∇U

The Newtonian regime is recoved when g � a0

In the MOND regime g � a0 we have µ ' g/a0
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Modified gravity theories

1 Generalized Tensor-Scalar theory (RAQUAL) [Bekenstein & Sanders 1994]

2 Tensor-Vector-Scalar theory (TeVeS) [Bekenstein 2004, Sanders 2005]

3 Generalized Einstein-Æther theories [Zlosnik et al. 2007, Halle et al. 2008]

4 Khronometric theory [Blanchet & Marsat 2011, Sanders 2011, Barausse et al. 2015]

5 Bimetric theory (BIMOND) [Milgrom 2012]

These theories contain non-standard kinetic terms parametrized by an
arbitrary function which is linked in fine to the MOND function

In some cases they have stability problems associated with the fact that the
Hamiltonian is not bounded from below [Clayton 2001, Bruneton & Esposito-Farèse 2007]

Generically they have problems to recover the cosmological model Λ-CDM at
large scales and the spectrum of CMB anisotropies [Skordis, Mota et al. 2006]
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Dielectric analogy of MOND [Blanchet 2006]

In electrostratics the Gauss equation is modified by the polarization of the
dielectric (dipolar) material

∇ ·
[
(1 + χe)E︸ ︷︷ ︸

D field

]
=
ρe
ε0

⇐⇒ ∇ ·E =
ρe + ρpolar

e

ε0

Similarly MOND can be viewed as a modification of the Poisson equation by
the polarization of some dipolar medium

∇ ·
[
µ

(
g

a0

)
g

]
= −4πGρb ⇐⇒ ∇ · g = −4πG

(
ρb +ρpolar

︸ ︷︷ ︸
dark matter

)

The MOND function can be written µ = 1 + χ where χ appears as a
susceptibility coefficient of some dipolar DM medium
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Modified dark matter theories

1 Dipolar dark matter in standard GR [Blanchet & Le Tiec 2008, 2009]

2 Bimetric theories with two species of DM particles [Bernard & Blanchet 2014]

3 Massive bigravities with dark matter sector [Blanchet & Heisenberg 2015]

The phenomenology of MOND is nicely recovered by a mechanism of
gravitational polarization

These theories reproduce the cosmological model Λ-CDM and its successes
at cosmological scales

These theories typically suffer from fundamental problems (ghosts)
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What about the Solar System scale?

1 In spherical symmetry the MOND equation becomes

µ

(
g

a0

)
g = gN ≡

GM�
r2

2 Suppose MOND approaches the Newtonian regime like

µ

(
g

a0

)
= 1− k

(
a0

g

)q
when g →∞

3 With r0 =
√
GM�/a0 the MOND transition radius for the Sun

g = gN + k a0

(
r

r0

)2q−2

When q = 1 this gives a Pioneer-like anomaly

aP = k a0
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Solar System data and Pioneer anomaly [Fienga et al. 2009]

The data exclude a Pioneer-like anomaly at the level 5× 10−13m/s2
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The external field effect in MOND [Milgrom 1983]

1 Open star clusters in our Galaxy do not show evidence for dark matter
despite their typical low internal gravity gi � a0

2 In the presence of the external Galactic field ge the MOND equation which is
non-linear can be approximated by

µ

( |gi+ge|
a0

)
gi ≈ gNewtonian

i

When a0 . ge the sub-system exhibits Newtonian behaviour
When gi . ge . a0 the system is still Newtonian but with an effective
Newton’s constant G/µe

The EFE results from a violation of the strong version of the equivalence principle

The gravitational dynamics of a system is influenced by the external gravitational
field in which the system is embedded
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Deformation of the Sun’s field by the Galactic field

The external field effect is a prediction of the non-linear Poisson equation

∇ ·
[
µ

(
g

a0

)
∇U

]
= −4πGρb

g
e





r

The MOND field of the Sun, in the presence of
the external field of the Galaxy, is deformed
along the direction of the Galactic center

U = ge · x +
GM�/µe

r
√

1 + λe sin2 θ
+O

(
1

r2

)

This effect influences the motion of inner planets
of the Solar System
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Multipole expansion of the MOND field of the Sun

1 The Newtonian physicist measures from the motion of planets the internal
gravitational potential u = U − ge · x and detects the anomaly

δu = u− uN = G

∫
d3x′

|x− x′| ρpdm(x′, t)

2 Since the phantom dark matter vanishes in the strong-field regime near the
Sun δu is an harmonic function and admits the multipole expansion

δu =

+∞∑

l=0

(−)l

l!
xLQL

where QL are trace-free multipolar coefficients

3 This expansion is valid in the region inside the MOND transition radius

r0 =

√
GM�
a0

≈ 7100 AU
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Effect in the Solar System [Milgrom 2009, Blanchet & Novak 2011]

1 The effect is dominantly quadrupolar and grows with the distance squared

u =
GM�
r

+
1

2
xixjQij

2 The quadrupole moment is aligned in the direction of the Galactic center

Qij = Q2

(
eiej −

1

3
δij

)

3 The quadrupole moment is computed by solving numerically the MOND
equation in the presence of the external galactic field. We find

2.1× 10−27 s−2 . Q2 . 4.1× 10−26 s−2

depending on the MOND function in use
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Quadrupole moment as a function of distance
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Quadrupole moment as a function of distance
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Effect on the dynamics of Solar System planets

The quadrupole effect yields a suplementary precession of the semi-major axis of
planets of the Solar System [Blanchet & Novak 2011]

〈
de

dt

〉
=

5Q2e
√

1− e2

4n
sin(2ω̃)

〈
d`

dt

〉
= n− Q2

12n

[
7 + 3e2 + 15(1 + e2) cos(2ω̃)

]

〈
dω̃

dt

〉
=

Q2

√
1− e2

4n

[
1 + 5 cos(2ω̃)

]
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Jacques agrees with these results =⇒
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Jacques gives an exam to undergraduate students

J. Laskar February 15, 2011 examen-M2obs-2011.tex1

1 MOND et les mouvements planétaires

Dans un article très récent, Luc Blanchet et Jérome Novak (MNRAS, 2010,
sous presse, http ://arxiv.org/abs/1010.1349), étudient les conséquence de la théorie
MOND (Modified Newtonian Dynamics) à l’échelle du Système solaire. La théorie
prédit une rupture du principe d’équivalence dont une conséquence est d’induire dans
la dynamique des corps du Système solaire une composante quadrupolaire dans la
direction du centre galactique. Le but du problème est de calculer l’effet séculaire
de cette correction sur les orbites des planètes du Système solaire.

On considère donc ici un mouvement Keplerien d’un corps de masse m (en P )
autour d’un corps central fixe de masse M (en O), de Hamiltonien

H0 =
1

2
mṙ2 − mµ

r
(1)

avec µ = GM , et r = OP.
La contribution de la théorie MOND rajoute à H0 l’energie potentielle

UM = −mQ
2
r2(cos2 θ − 1

3
) (2)

où r = ‖r‖, et θ est l’angle entre r et la direction du centre galactique. Pour
simplifier, on choisira un repère galiléen fixe (i, j,k) dans lequel i est dans la direction
du centre galactique. On aura donc cos θ = i · r/r.

1) Réécrire le système en utilisant un système de variables cartésiennes cano-
niques (r̃, r) au lieu de (ṙ, r). Ecrire les équations de Hamilton correspondantes.

2a) On se propose maintenant de calculer la variation des éléments des orbites
planétaires induite par UM . En premier lieu, on veut calculer la contribution à
long terme de ce champ. On va donc calculer la valeur moyenne du Hamiltonien
H, la moyenne étant prise sur l’anomalie moyenne M . On utilisera les variables de
Delaunay avec les notations

Λ = m
√
µa; G = Λ

√
1− e2 ; H = G cos i . (3)

et les notations usuelle du mouvement elliptique : a : demi grand axe, e : excentricité ;
i : inclinaison ; M : anomalie moyenne ; λ : longitude moyenne ; ω : argument du
périhélie ; Ω : longitude du noeud. On notera (i, j,k) un repère fixe, et (I,J,K) un
repère lié à l’ellipse osculatrice1 d’éléments (a, e, i, ω,Ω). L’origine est au foyer, K
étant normal au plan de l’ellipse, et I dans la direction du périhélie. (Figure). Le
moyen mouvement est par ailleurs défini par n2a3 = µ.

2b) On rappelle que les variables angulaires conjuguées de (Λ, G,H) sont (M,ω,Ω).
Ecrire H0 à l’aide des variables de Delaunay.

3) L’écriture directe de la partie complémentaire UM en fonction des éléments
elliptiques n’est pas simple, et on préfère l’éviter. Nous allons plutôt calculer la partie

1C’est la trajectoire du mouvement elliptique défini par (r, r̃)
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de cette correction sur les orbites des planètes du Système solaire.
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simplifier, on choisira un repère galiléen fixe (i, j,k) dans lequel i est dans la direction
du centre galactique. On aura donc cos θ = i · r/r.
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Comparison with Solar System ephemerides

Predicted values for the orbital precession

Quadrupolar precession rate in mas/cy
Mercury Venus Earth Mars Jupiter Saturn

µ1 0.04 0.02 0.16 −0.16 −1.12 5.39
µ2 0.02 0.01 0.09 −0.09 −0.65 3.12

µ5 7× 10−3 3× 10−3 0.03 −0.03 −0.22 1.05

µ20 2× 10−3 10−3 9× 10−3 −9× 10−3 −0.06 0.3

Best published residuals for orbital precession

Postfit residuals for the precession rates in mas/cy
Mercury Venus Earth Mars Jupiter Saturn

[Pitjeva 2005] −3.6± 5 −0.4± 0.5 −0.2± 0.4 0.1± 0.5 - −6± 2
[Fienga et al. 2009] −10± 30 −4± 6 0± 0.016 0± 0.2 142± 156 −10± 8
[Fienga et al. 2010] 0.4± 0.6 0.2± 1.5 −0.2± 0.9 0± 0.1 −41± 42 0.2± 0.7

The MOND function is constrained by the precession of Saturn to be

µ =
g

a0
+ o

(
g

a0

)n
when g → 0
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Predicted values for the orbital precession

Quadrupolar precession rate in mas/cy
Mercury Venus Earth Mars Jupiter Saturn

µ1 0.04 0.02 0.16 −0.16 −1.12 5.39

µ2 0.02 0.01 0.09 −0.09 −0.65 3.12

µ5 7× 10−3 3× 10−3 0.03 −0.03 −0.22 1.05

µ20 2× 10−3 10−3 9× 10−3 −9× 10−3 −0.06 0.3

Best published residuals for orbital precession

Postfit residuals for the precession rates in mas/cy
Mercury Venus Earth Mars Jupiter Saturn

[Pitjeva 2005] −3.6± 5 −0.4± 0.5 −0.2± 0.4 0.1± 0.5 - −6± 2
[Fienga et al. 2009] −10± 30 −4± 6 0± 0.016 0± 0.2 142± 156 −10± 8

[Fienga et al. 2010] 0.4± 0.6 0.2± 1.5 −0.2± 0.9 0± 0.1 −41± 42 0.2± 0.7

The MOND function is constrained by the precession of Saturn to be

µ =
g

a0
+ o

(
g

a0

)n
when g → 0
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Constraining the MOND function







g


Newtonian regime

MOND regime 

a

Solar system dynamics constraints the MOND interpolating function to be
essentially exactly one when g > a0 exactly linear when g 6 a0
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Conclusions

1 Λ-CDM is an extremely successful cosmological model but

poses the problem of the fundamental constituents of the Universe
faces severe challenges when compared to observations at galactic scale

2 MOND is a successful alternative to dark matter at galactic scales but

is based on an empirical formula not explained in terms of fundamental physics
does not work at galaxy cluster scale and in cosmolgy

3 Reconciling Λ-CDM at cosmological scale and MOND at galactic scale into a
single relativistic theory is a great challenge

4 A non-standard form of dark matter could exist, which might explain the
antinomic aspects of DM that we see at cosmological and galactic scales

5 MOND can be tested in the Solar System dynamics thanks to the external
field effect by looking at precession anomalies in the motion of inner planets
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Bon anniversaire Jacques!
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