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Meeting with Jacques 18 years ago … 

Simplified model for checking the main results on the rotation axis of Earth over 20 
millions years and graphic representation. Report Technical, Bureau des Longitudes, 
Paris, France, 1997 
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Evolution of the Earth's obliquity for 5 Gyr in the future. In the 
background, the color gives the stability of the spin axis of the Earth. 
Blue corresponds to stable motion, and red to highly chaotic 
behavior. The time from nom is given in Gyr on the left axis, and the 
Earth obliquity (inclination of the equator on the orbital plane of the 
Earth) is on the horizontal axis. At present, the average obliquity of 
the Earth is 23.25 degrees, and the obliquity oscillates around this 
value with 40 kyr periods and 1.3 degrees amplitude. The black 
curves represent the limits of this oscillation. As the times goes, du to 
tidal interactions in the Earth-Moon system, the Earth rotation slows 
down and the Moon goes away at 3.8 cm/year. The torque exerted on 
the equatorial bulge of the Earth thus diminish, and the precession 
frequency of the Earth spin axis (on the left axis of the figure) 
decreases. After about 1.5 Gyr, the precession period of the Earth 
becomes comparable to the precession periods of the orbital plane of 
the Earth, due to planetary perturbations. The Earth then enters a 
large chaotic zone (in red) and the spin axis wanders chaotically 
between 0 and more than 85 degrees. As the motion is chaotic, a 
small difference will lead to a different solution, but the general 
behavior depicted here will remain the same, and there is no 
possibility for the Earth to avoid entering into the zone of strong 
chaotic motion (in red) (Laskar et al., 1993, Laskar and Robutel, 
1993, Neron de Surgy and Laskar, 1997).  
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Millions of years 

Millions of turns 



SYNCHROTRON RADIATION  
FACILITIES OR LIGHT 
SOURCES 

Introduction and main concepts 
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Brief History  

Synchrotron Radiation (SR) Discovery 
- It all started in 1254 when the Crab Nebula exploded and became  
  visible for two weeks even in daylight. 
- 1879 Maxwell’s equations 
- 1886 Heinrich Hertz demonstrated such waves. 
- First observed in 1947 in GE Synchrotron by Edler et al. 
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Visible radiation was observed for the first time at the 70 MeV synchrotron built in 1946.  

Since then this radiation is called synchrotron radiation.  

General Electric Research 
Laboratory, Schenectady, NY  
Bluish white spot observed by 
F. Haber on April 24th, 1947 

R.V. Langmuir 

F.R. Elder A.M. Gurewitsch E.E. Charlton 

H.C. Pollock 

Yellow around 40 MeV 
Red around 30 MeV 
Disappeared below 20 MeV 

First visible observation 
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Accelerator scheme:  
SOLEIL example 

Booster: 110 MeV 
up to 2.75 GeV 

Storage ring (2.75 GeV) 

LINAC: 90 keV 
up to 110 MeV 

Storage ring: 354 m long circumference, γ = 5382, ρ = 5.36 m, B = 1.71 T  
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Magnets for guiding and focusing the electron beam 

Bending magnet 

quadrupoles 

sextupoles 

SOLEIL girder equipped with magnets 
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Slowed down
electrons

Ultra relativistic
electrons

Synchrotron
Light

BENDING
MAGNET

Ultra relativistic electrons can be deviated
by the constant magnetic field of bending magnets
in which their trajectory is an arc of circle

Due to the bending of their trajectory,
they are slowed down by their self
field and lose energy

They emit photons in
a direction tangent to their trajectory
This is synchrotron radiation

Such conditions are met in electron storage rings

B 
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!  The axially-symmetric radiation distribution in the moving frame K’ (a.) transforms into a  
sharply forward peaked distribution in the laboratory frame (b.), with a half opening-angle 
 θ=1/γ.

   Angular distribution of 
     synchrotron radiation 

For E = 2.75 GeV:      γ = 5382      then        θ = 0.186 mrad = 0.01°   

Moving frame 
Donut-shape radiation pattern 

Laboratory frame 
Relativistic case 

Forward radiation pattern 

Prad =
2rec
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2 dp
dt
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Insertion devices 

( )22
2
0 1

2
θγ

γ
λ

λ +⋅≈

The γ factor is large: 5382 for E = 2.75 
GeV: λ0=20 mm " λ = 3.45 Å 

In-vacuum  
Undulator U20 
 
Period 20 mm 
3 – 18 keV 
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Brilliant - many orders of magnitude brighter than 
conventional sources, enabling quick 
experiments on small size samples. 
 
Collimated - beam can be focused down to less 
than a micron (10-6 m) across, enabling chemical 
speciation to be mapped. 
 
Polarized - linear polarization, minimizes 
background scattering, improves sensitivity  
 
Pulsed - electron bunches produce short light 
pulses, enabling process kinetics to be followed. 
 
Broadband spectrum - from infrared to hard X-
rays, optical devices select and scan the light’s 
energy. 

Light properties 
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Today light sources’ chart 

ESRF 

Nearly 80 facilities producing synchrotron light 
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MODELING OF PARTICLE 
ACCELERATORS 

Hamiltonian system 
Symplectic integrators 

Laurent S. Nadolski, 60 years of J. Laskar, April 28-30, 2015 19 



Laurent S. Nadolski, 60 years of J. Laskar, April 28-30, 2015 20 

A brief History of Frequency Map 
Analysis (FMA) 
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Particle Accelerators: transverse beam dynamics and stability 



Laurent S. Nadolski, 60 years of J. Laskar, April 28-30, 2015 22 



Tracking codes 
•  Long term tracking based on symplectic integrators  

–  Implicit or explicit schemes 
•  Popularized by Ruth and Forest 1983-1990, use of Lie Algebra 

(Neri, 1988), Yoshida techniques (1990), Channel and Scovel 
(1990), Mclachlan (1995), Sanz-Serna (1998), Laskar integrators 
(2001) 
–  Preserves energy, bounded errors, 
–  Phase stability 
–  Used by MADX/PTC, Tracy, OPA, LEGO, ELEGANT, etc. 

Refresher on Hamiltonian Mechanics McLachlan and Laskar Scheme

Bounded Error of Symplectic Integrators

Remarkable Properties
High stability
Slow phase shift with time
Error is bounded
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Refresher on Hamiltonian Mechanics McLachlan and Laskar Scheme

Computation Accuracy

Application for
a combined dipole

4th order integrators
Forest and Ruth (1990)
SABAC2 and SBABC2
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L S. Nadolski et al. EPAC’02 
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FREQUENCY MAP ANALYSIS 
Particle beam dynamics optimization 
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Frequency Map Analysis 
Laskar A&A1988, Icarus1990 

Quasi-periodic approximation through NAFF algorithm 

of a complex phase space function  

for each degree of freedom with 

defined over  

and 

Numerical Analysis of Fundamental Frequency 
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Frequency Map Analysis 

•  Construction of frequency map 

and construction of diffusion map 

•  Determination of tune diffusion vector 

•  Determination of resonance 
driving terms associated with 
amplitudes  aj,k 
        Bengtsson PhD thesis CERN88-05 

Laskar A&A1988, Icarus1990 NATO-ASI 1996 
 

with high precision: for Hanning Filter 

•  Refined Fourier technique 
•  Fast convergence (reduce tracking 

time) 
•  Give a global view of the transverse 

dynamics in a 2D map 
•  Mapping between DA/tune space 

using diffusion index 

Does not direct provide a way to optimize 
But is a figure of Merit 
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Turn by turn (TbT )data 
beam smearing 

V (kicker H) :      2100 V                                       9000 V                                  12100 V 
 
x (BPM) :            3.6 mm                                      15.2 mm                                20.6 mm                                        

•  TbT BPM precision: 10µm ~10 
mA: limitative factor Frequency 
shift 

•  Algo. to precisely determine 
tune loose their precision R. 
Bartolini et al. Part. Acc. 55, 247 (1995) 

•  Lines excited by resonance of 
order (m+1) decohere m times 
faster  than the tune line. R. 
Thomas, PHd Thesis (2003) 

•  Gain, coupling correction (LOCO 
based) 
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Accelerator 4D Dynamics 

Accelerator 

Poincaré 
Surface of section 
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z 

z’ 

x 

x’ 

νx 

νz 

x0 

z0 
x0’= 0 
z0’= 0 

Frequency map 

Configuration space Phase space 

Phase space 
Tracking T 

NAFF 

FT : (x0,z0)      (νx,νz) 

resonance 

Frequency map: 

NAFF 
Tracking T 

Computing a frequency map 

νx 

νz 
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z 

x 

Regular areas 

Resonances 

Nonlinear or  
chaotic regions Fold 

Reading a FMA 
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4th order 
5th order 
7th order 
9th order 

Resonance network:   a νx + b νz = c       
order = |a| + |b| 

Higher order 
resonance 
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Diffusion D = (1/N)*log10(||Dn||) 

Color code: 
 
||Dν||< 10-10 
 
 
 
 
 

||Dν||> 10-2 
 

Diffusion reveals as well slightly excited resonances 
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Bare lattice 
(no errors) 

WP sitting on 

Resonance node 
νx + 6νz = 80 

5νx = 91 

νx - 4νz = -23 

2νx + 2νz = 57 

9νx=164 νx-4νz=-23 4νx=73 

νx+6νz=80 
2νx+5νz=88 

3νx+4νz=96 

5νx=91 

2νx+2νz=57 

3νx+νz=65 

On-momentum Dynamics  --Working point: (18.2,10.3) 

x 

z 

4νx=73 
νx-4νz=-23 9νx=164 
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Randomly rotating 
160 Quads 

• Map fold is  
destroyed 
 
• Coupling strongly  
impacts 
 

3νx + νz = 65 
 
 
• Resonance node 
 excited 
 
 

Physical 
Aperture 

On-momentum dynamics  w/ 1.9% coupling (18.2,10.3) 

3νx+νz=65 

Resonance island 
3νx+νz=65 

νx-4νz=-23 4νx=73 

νx+6νz=80 
2νx+5νz=88 

3νx+4νz=96 

5νx=91 

2νx+2νz=57 
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ALS linear lattice corrected to 
0.5% rms β-beating 

FM computed including residual 
β-beating and coupling errors 

ALS measured ALS model 

Frequency Map Analysis:  
ALS and BESSY-II 

A very accurate description of machine model is mandatory 
 
•  fringe fields: dipole, quadrupole (and sextupole) magnets 
•  systematic octupole components in quadrupole magnets 
•  decapoles, skew decapoles and octupoles in sextupole magnets 

BESSY-II with harmonic sextupole 
magnets, chromaticity, coupling 

BESSY-II measured BESSY-II model 

Courtesy C. Steier (ALS) P. Kuske (BESSY-II) 

D. Robin et al PRL 85, 3 (2000) 

P. Kuske (BESSY-II) 
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Off-momentum dynamics:  
beam lifetime 

Several approaches: 

–  Off-momentum frequency maps 

–  Energy/betatron-amplitude frequency maps 

–  Touschek lifetime 
•  4D tracking 
•  6D tracking 
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Chromatic orbit 

Chromatic orbit 
Closed orbit 
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ALS Example 

WP 

WP 

Particle behavior after 
 Touschek scattering 
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Off momentum dynamics 

4νx=73 
excited 

4νx=73 

3νx+νz=65 

3νx- 2νz=34 

3νz=31 

3νz=31 3νz=31 

3νx+νz=65 

3νx- 2νz=34 

δ >0 
δ <0 

z0 = 0.3mm 
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The SOLEIL energy acceptance of the bare machine is large : +/- 4%. 
Agreement of a few percents (a factor 2 common 20 year ago) 

Complete optimized linear and non-linear model 

Calculatio
ns 

DO	O�0���+���/�
<V0,,%��

DO	O�0���
���/�)<V�<;0+.�

DO	O�0���
����/�)<V=<;0)-�

Measurements 

Simulations 
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LASKAR’S LEGACY TO THE 
ACCELERATOR COMMUNITY 
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1992  ESRF, France (EU)  6 GeV 
1993  ALS, USA   1.5-1.9 GeV 

 TLS, Taiwan   1.5 GeV 
1994  ELETTRA, Italy  2.4 GeV 

 PLS, Korea    2 GeV 
 MAX II, Sweden  1.5 GeV  

1996  APS, USA   7 GeV 
 LNLS, Brazil   1.35 GeV  

1997  Spring-8, Japan  8 GeV 
1998  BESSY II, Germany  1.9 GeV 
2000  ANKA, Germany  2.5 GeV 

 SLS, Switzerland  2.4 GeV 
2004  SPEAR3, US    3 GeV 

 CLS, Canada   2.9 GeV 
2006  SOLEIL, France  2.75 GeV  

 DIAMOND, UK  3 GeV  
 ASP, Australia          3 GeV 
 MAX III, Sweden  700 MeV 
 Indus-II, India   2.5 GeV  

2008         SSRF, China   3.5 GeV  
2009              PETRAIII, Germany         6.0 GeV 
2011           ALBA, Spain                   3.0 GeV 

ESRF 

SSRF 

Existing 3rd Generation Light Sources 

 

42 
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Under construction 
 
End 2014  NSLS-II, US   3 GeV  
2015  MAX-IV, Sweden  3 GeV 
2015            SOLARIS, Poland        1.5 GeV 
2015  TPS, Taiwan   3 GeV 
2016  SESAME, Jordan  2.5 GeV 
2016              SIRIUS, Brazil               3 GeV 

Upgrade foreseen for most of the present 
light sources (ALS, DIAMOND, SOLEIL, …) 

  
CANDLE, Armenia                3 GeV 
ILSF, Iran     3 GeV  
BAPS, China    5 GeV 
Another Japanese                 3 GeV  
PEP-X, US     4.5 GeV, 
5-10 pm. 
tUSR, US     9 GeV 
Russian     3 GeV, 
HALS, China                 1.5 GeV 

NSLS II 

MAXIV 

3rd GLS under construction or planned 
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Simple to complex facilities 
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Simple lattice with 2 independent families of 
sextupole magnets to lattices with many 
familites or individual of sextupoles, n-poles 
(octupole, …) " strong nonlinarities 



Frequency Map Analysis
Refined Fourier Analysis for Probing Beam Dynamics

Laurent S. Nadolski
Synchrotron SOLEIL - Beam Dynamics Group

nadolski@synchrotron-soleil.fr

Version 1.3, February 2011
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Introduction: Studying Nonlinear Dynamics

Nonlinear dynamics

I Complex dynamics
I Resonances
I Tunes shift with amplitudes
I Chaos, instabilities
I Instability thresholds

Need of an accurate way to compute frequencies. Fast
Fourier Transform (FFT) is an efficient algorithm (Cooley-Tukey,
1965) and a powerful way yet limited. Precision is 1/T . To get
high precision frequencies (tunes), very long integration, many
data, or turns are needed.
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Examples of use of FMA 
For optimizing circular accelerators 

Courtesy  of R. Bartolini 
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Genetic algorithm  
based optimization 

Diffusion rate 



Conclusions of more than 15 years 
of Frequency Map Analysis   

FMA techniques used in all facilities 
Standard tool of any accelerator physicist 

 
–  Gives us a global view (footprint of the dynamics) : a 2D map 
–  Reveals the dynamics sensitivity to magnet errors, coupling 

errors, alignement errors, sextupoles and insertion devices…  
–  Reveals nicely effect of coupled resonances, specially cross 

term νz(x) 
–  Enables us to modify the working point to avoid resonances 

or regions in frequency space 
–  Is suitable both for simulation and online data 
–  Benchmarking models and beam-based dynamics 
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Thank you Jacques for your contribution 

SOLEIL, 2011 

Pioneer work at ALS  
see talk by D. Robin 

 
FMA workshop 2002 (IMCCE) 
FMA workshop 2004 (LURE) 

… 
 

Accelerator community 
 

FMA Workshop, 2004 
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