Chaotic dynamics of disordered
nonlinear lattices

Haris Skokos

Department of Mathematics and Applied Mathematics
University of Cape Town

Cape Town, South Africa

E-mail: haris.skokos@uct.ac.za
URL: http://www.mth.uct.ac.za/~hskokos/



Chaotic dynamics of disordered

nonlinear lattices
... and Jacques’ indirect contribution (IC)

Haris Skokos

Department of Mathematics and Applied Mathematics
University of Cape Town

Cape Town, South Africa

E-mail: haris.skokos@uct.ac.za
URL: http://www.mth.uct.ac.za/~hskokos/



S’ Agaro 1995




Outline

Disordered lattices:

v The quartic Klein-Gordon (KG) model

v The disordered nonlinear Schrédinger equation (DNL$
v' Symplectic Integration of these models (Jacques’ IC)
v’ Different dynamical behaviors

Chaotic behavior of the KG model

v Symplectic Integration of variational equations (Jacges’ IC)
v’ Lyapunov exponents
v Deviation Vector Distributions

Different integration schemes for DNLS@Jacques’ IC)

Summary



Interplay of disorder and nonlmearlty

Waves in disordered media — Anderson localizatiopAnderson,
Phys. Rev. (1958)]. Experiments on BEC [Billy et glNature (2008)]

Waves in nonlinear disordered media — localizationIo
delocalization?

Theoretical and/or numerical studiegShepelyansky, PRL
(1993) — Molina, Phys. Rev. B (1998) — Pikovsky & e
Shepelyansky, PRL (2008) — Kopidakis et al., PRL (28) —
Flach et al., PRL (2009) — S. et al., PRE (2009) — Mulaky &
Plkovsky EPL (2010) — S. &lach, PRE (2010) — Laptyeva et ’Jk\
, EPL (2010) — Mulansky et al., PRE & J.Stat.Phyg2011) — *__~
Bodyfelt et al., PRE (2011) — Bodyfelt et al., IJBC2011)] TP

Experiments: propagation of light in disordered 1d Wavegwd@
lattices [Lahini et al., PRL (2008)]

E’X ?

2D core




The Klein — Gordon (KG) model

1 2
zp' 2y U (U )
4 2W
with fixed boundary COﬂdItIOﬂSUO Po=Uns+1=Pn+1=0. Typically N=1000.

1 3
Parameters:W and thetotal energy E. & chosen uniformly from {E E}

Linear case(neglecting the termu,%/4)
Ansatz: u;=A, exp(imt). Normal modes (NMs)A,, - Eigenvalue problem:
A=A - (AL + AL with A=We*-W -2, & =W(E -1)

The discrete nonlinear Schrodinger (DNL$ equation
We also consider the system:

_N 2 By o
_Zgl ‘WI‘ +E"/’|‘ '('//|+1’//| +’//|+1’//|)
=1
whereg, chosen uniformly from [—W?W?} andg is the nonlineaparameter.

Conserved quantities:The energy and the norns = Z | |(,l/I |2 of the wave pket.



Distribution characterization

We consider normalizedenergy distributionsin normal mode (NM) space

7 = ZE,,E with E = %(Af + wvzﬁf) , whereA  is the amplitude
m m

of the vth NM (KG) or norm distributions (DNLS).

N N
Second moment: M, = Z(v -V)sz with vy = Z vZ,
v=1 v=1

1

IS

measures the number of stronger excited modes &)
Single modeP=1. Equipartition of energy P=N.

Participation number: P =



Symplecticintegrators (SIs)

Formally the solution of the Hamilton equations ofmotion can be written

as: dX
n tL
— ={H.X} =L, X = X(t)= n§>oj—n L X = et X

where X is the full coordinate vector and.,, the Poisson operator:

L r=dfonor on o
" op; 9q; 0q; dp

j=1

If the Hamiltonian H can be split into two integrable parts as H=A+B,a
symplectic scheme for integrating the equations asﬁotlon from time t to

time t+t consists of apprOXImatlng the operatore by
e‘rLH — e‘r(LA+LB) — |—| éTLA é‘vLB 'y ‘(n+l)

1=1
for appropriate values of constants ¢ d.. This isan integrator of order n.

So the dynamics over an integration time step is described by
a series of successive acts of Hamiltonians A and B.




Symplecticintegrator SABA C

The operatorerLH can be approximated by the synigctic integrator
[Laskar & Robutel, Cel. Mech. Dyn. Astr. (2001)]:

— atilla Qlillg /ClLa /UiTLleg /C1TLA
SABA, = %t gfite g%fta ghfte galt
1 /3 V3 1

Wlth Cl:E'?, 02:?’ dl:zl

The integrator has onlysmall positive stepsand its error is of order 2.

In the case wheréA is quadratic in the momenta andB depends only on
the positionsthe method can be improved by introducing a correair C,
having a small negative step: JC

C=g 2188
2-4/3

b o=
with >4

Thus the full integrator scheme becomesSABAC, = C (SABA,) C and its
error is of order 4.



The KG model

We apply the SABAC, integrator scheme to the KG Hamiltonian by using
the splitting:

N (2 =
_Z P~ & 1 1 2
= (2|+2|u|2+4u'4+2W(UI+1-UI)]

‘_'_’l / J
A B

/ .
u; =

r -

L, W =PI e™s:

emay
Pr =P

1
p;= [— u,( €+ u%) + ‘/—V(M,_l + Uy, — 2.{4;)] T+ Py,

with a corrector term which corresponds to the Hamiltonian function:

C :{{ A, B} ’B} = i[ul (EI +u|2)_Wi(u|-1 t U, - 2u|)} :

=1



The DNLS model

A 2" order SABA Symplectic Integrator with 5 steps,combined with
approximate solution for the B part (Fourier Transform): SIFT?

= Z‘cﬂ ‘% 2
|

/

+§‘Wl ‘4 '(l//|+1'//T +'//T+1'//| )’ W, =

%(q +ip)

& Py - 22
H D~ Z _|(q12 + p12)+_\(q1 TP ) “0n0h+a - Py pn+1j
\P4 b) \ J
A' B'
4
E e S2aig(m—1)/IN
p; = prcos(at) — g sin(w;7), e™B: ¢ ‘P = ‘Pq o2 cosemla=lm)T

rL, . { Q’f = ¢ cos(ayt) + ppsin(oT),
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The DNLS model

Symplectic Integrators produced bySuccessive Splits (SS)

HD=Z(‘2 (of + p’)+ g(qﬁpl)’ - 0O - pnpmj

|
/ 4 = qi 1‘/ —pz\ B

q; = ¢ cos(ayt) + pysin(ogT), {

\ : D) = p qgi—1 + ¢ r{ =q — (p_ ‘
p; = precos(eyt) — g sin(e 1), Pr="ritl@-+ae)T Lg = q = (pr-1+ pra)t

Using the SABA integrator we get a2"d order integrator with 13
steps, S& }
T|L,

Mem.,. + s = Jed L Med., - s« 6o )
I'=r1/2 e{ 6 } L f *Ls, Lﬁ}e[al e, eEL PN




Different Dynamical Regimes

Three expected evolution regimef-lach, Chem. Phys (2010) - S. & Flach,
PRE (2010) - Laptyeva et al., EPL (2010) - Bodyfelt et al., PRE (20]11)

A: width of the frequency spectrum, d: average spacing of teracting modes,
6. nonlinear frequency shift.

Weak Chaos Regimed<d, m,~t!3

Frequency shift is less than the average spacing of interaag modes. NMs are
weakly interacting with each other. [Molina, PRB (1998) — Pikovsk &
Shepelyansky, PRL (2008)].

Intermediate Strong Chaos Regime: d8<A, m,~tY?2 — m,~t1/3

Almost all NMs in the packet are resonantly interacting. Wavepackets initially
spread faster and eventually enter the weak chaos regime.

Selftrapping Regime:o>A

Frequency shift exceeds the spectrum width. Frequeres of excited NMs are
tuned out of resonances with the nonexcited ones, leadingdelftrapping, while a
small part of the wave packet subdiffuses [Kopidakis et alPRL (2008)].



L

Single site excitations

DNLSW=4,$=0.1,1,45 KG W =4, E =0.05,
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No strong chaos regime

In weak chaos regime we
averaged the measured
exponenta (m,~t*) over
20 realizations:

0=0.3320.05 (KG)

0=0.33%0.02 (DLNS)

Flach et al., PRL (2009)
S. et al., PRE (2009)



KG: Different spreading regimes
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Crossover from strong to weak chaos
(block excitations)

1,0.2,0.75
‘ W=4

1 |

DNLS p=0.04,0.72,3.6 KGE= 0.0
T T T T T T T T

5

Average over 1000 realizations!
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(log, m,)

d(log
a(logt) = <d Iogn;z>
: ] a=1/2
: 10=1/3
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Laptyeva et al., EPL (2010)
Bodyfelt et al., PRE (2011)
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Lyapunov Exponents (LES

Roughly speaking, the Lyapunov exponents of a given
orbit characterize the mean exponential rate of divergence

of trajectories surrounding it.

Consider an orbit in the 2N-dimensional phase space with
initial condition x(0) and aninitial deviation vector from it
v(0). Then the mean exponential rate of divergence is:

MLCE = A, —Ilm—ln
et V(0

M=0 - Regular motion o (t)
L,#0 - Chaotic motion




Tangent Map (TM) Method

Any symplectic integration scheme used for solving the Hamilton equatns of motion,
which involves the act of Hamiltonians A and B, can be extended in order tontegrate
simultaneously the variational equations[S. & Gerlach, PRE (2010) — Gerlach & S.,
Discr. Cont. Dyn. Sys. (2011) — Gerlach et al., 1JBC (2012)].

1, | 1
Ve " " . _ ) d ‘ ‘3
The Henon-Heiles system can be split asd = 5(1);1. +p,) B = 5( + 7)) + 2ty — 3
9{: — Pz T = p. ) (2 = x+p,T
g = Py A(ﬁ) o= by Y=yt
Dr = —X — 21y Pe = 8 pr’ = p.
y — g2 2 - i’)z/ = du Lav . )PV =1
Py y-—xr- =y > = Ip, ¢ = ar =Lavi = €7 19 A 5.’;7 + 0T
y Y 6y = 0p, oy = oy + 5])1/7
(j.l ()‘p.:: op, 0 ’ 5]);1, = 0p,
(?y — O'pu 5'py =0 ) [ 0P, = 0Py
op, = —(1+ 2y)dx — 2xdy
op, = —2x0xr+ (—1+ 2y)oy
€ =0 ) (! =
| y =0 y o=y
B ( (j) Pe = —w— 2Ty 1 P, = ps—a(l+ 9y)
by = Yyt —y dil . ;o SR A
5'; — 0 > = E = Lpyviu = @TLBV - Jg;’ _ ffg;/:Jr (y y)
Sy = 0 oy’ = dy
op, = —(1+42y)ox — 22dy opl. = opr — [(1 + 2y)dx + 220y| T
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KG: Weak Chaos (E=0.4)

t = 1000000000, 00

Second Moment Participation MNumber
10000 T 7 T T T T T T 7 ) IR A B T B
W ] 100 | I
1000 =
100 | E
i ] Slope 1/6
| >~ Slope 1/3
10 | sl il il | T ool Sl L 1 " ol | ol i il | T ol | ol L i
100 1000 10000 100000 1e+06 1e+07 1e+08 1e+09 100 1000 10000 100000 1e+06 1e+07 1et+08 1e+09
mLCE Energy Distribution
Tt o ol Jel—— L[l ¢ T T T T T T T T T
0.01 Y L | N
0.001 4 0.0001 - . .
- 1 1e-06 |- Al ' =
| I 1e-08 |- , 1
L 1 le-10 [ ; 3 =
le-12 | | =
0.,0001 - I
F 4 le—-14 |- =
i il F e PGE]Y Ty | | | ._ 1ie—16 | | LI | | | | 1 | |

100 1000 10000 100000 1e+06 1et+07 1e+08 1e+09 Q0 100 200 300 400 300 600 700 800 900 1000



(b)

KG: Weak Chgos W

Individual runs

E=0.4, W=4

Average over 50 realizations

Single site excitation E=0.4,
W=4
Block excitation (21 sites)
E=0.21, W=4
Block excitation (37 sites)
E=0.37, W=3

S. et al. PRL (2013)
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Deviation vector: 5U|2 T 5p|2
- DVD: W =
v(t)=(ou,(t), du,(t),..., ou,(t), op,(t), ap,(t),..., opy (1) Z ( 5U|2 + 5p|2)
I



Deviation Vector Distributions (DVDs)

(a)

(b)

bl

Individual run
E=0.4, W=4

Chaotic hot spots
meander through the
system, supporting a
homogeneity of chaos
inside the wave packet.
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Three part split symplecticintegrators
for the DNLS model

Three part split symplectic integrator of order 2, with 5

steps: ABC
_N[ ¢ p ;
H b — IZ(‘zl(qlz + plz)_;s(qf + plzz ‘_ qn?nﬂ ’_‘ P, I:nﬂj
A B C

T T
_|_B

- %LA e A LI
ABC°= e & ec¢ é e

This low order integrator has already been used bg.g. Chambers, MNRAS
(1999) — Gddziewski et al., MNRAS (2008).



Composition Methods: 4" order Sls

Starting from any 2" order symplectic integrator $"9, we can construct a
4™ order integrator S*" using thecomposition methodproposed by
Yoshida [Phys. Lett. A (1990)]:

21/3 1

S4th (T) — San (XlT) X San (XOT) x SZHd (XlT), XO = 5. 21/3 : _—.ﬁ
In this way, starting with the 2"d order integrators S&, SIFT?2 and ABC?
we construct the 4 order integrators:
SS with 37 steps SIFTwith 13 steps ABCy,with 13 steps

Composition methodproposed by Suzuki [Phys. Lett. A (1990)]:

S () = S (p,7) x S (p,) x S ((1- 4p, X) x S (p,7) x S (p 1)

1 41/3
— 13 1'4p = /3
4-4 4-4

Starting with the 2"d order integrators ABC? we construct the 4 order
integrator: ABC#g, with 21 steps.




More 4t order Sls

We construct few more integration schemes by considering
the 4" order symplectic integratorsABA864, ABA1064,
ABAH864 and ABAH1064 introduced by Blanes et al., Appl.

Num. Math. (2013) and Farres et al.,, Cel. Mech. Dyn. Astr.
(2013).

Approximating the solution of the B part by a Fourier
Transform we construct the 4" order integrators:
SIFT 4, with 43 steps SIFF, 5, With 49 steps

Using successive splits for th®& part and implementing the
SABA, integrator for its integration, we construct the 4"
order integrators (based on ABAH864 and ABAH1064 ).

S8y, With 49 steps S8 4 With 55 steps



4™ order integrators: Numerical results (1)
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4% order integrators: Numerical results (Il)

12— SIFT4,0,1=0.25
2.8 + ABC%y, t=0.05
= 200 SIFT4,,,1=0.25
1.8 F SS6,71=0.25
16 b/
o I 2 3 4 5 o 1 2 3 4 5

logyt logo t _
Eri relative energy

error

s S.: relative norm
= error

Z

T.: CPU time (sec)

S. etal., Phys. Lett. A
(2014)
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Summary (1)

We presentedthree different dynamical behaviorsfor wave packet
spreading in 1d nonlinear disordered lattices:

v" Weak Chaos Regimed<d, m~t'®

v" Intermediate Strong Chaos Regime: d8<A, m,~tY? — m~t1/3

v’ Selftrapping Regime:6>A
Generality of results:

v Two different models: KD and DNLS,

v" Predictions made for DNLS are verified for both models.
Lyapunov exponentcomputations show that:

v Chaos not only exists, but also persists.

v Slowing down of chaos does not cross over to regular dynamics.

v Chaotic hot spots meander through the system, supporting admogeneity of
chaos inside the wave packet.

Our results suggest thatAnderson localization is eventually destroyed by
nonlinearity, since spreading does not show any sigf slowing down.



Summary (1)

 We presented severakfficient integration methods suitable for the

Integration of the DNLS model, which are based onsymplectic
Integration techniques.

* The construction of symplectic schemes based dhpart split of the
Hamiltonian was emphasizedABC methods).

Algorithms based on the integration of the B part ®Hamiltonian
via Fourier transforms, i.e. methods SIFF, SIFT4, SIFT4;,,and

SIFT4, 45, SUCCeeded in keeping the relative norm error Srery low.
Drawback: they require the number of lattice sites to be'Q keN*.

 We hope that our results will initiate future research both for the

theoretical development of new, improved 3 part split integators, as
well as for their applications to different dynamical systans.
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