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These notes are based on notes by Pierre Cardaliaguet, Julien Claisse, Béatrice De Tillière,
Paul Gassiat, Massimiliano Gubinelli, Bénédicte Haas, François Huveneers, Jean-François Le Gall
and François Simenhaus.

Please feel free to point out any errors!

Evaluation

There are a mid-term exam (P) and a terminal exam (E). The final mark is given by the for-
mula max(0.4P + 0.6E, E).

Notation

In these notes we use the notation A ⊂ B to mean that A is included or equal to B.

Beware that in English, x positive means x > 0, while x ≥ 0 is called x non-negative.

Similarly, a function f is called increasing if x < y implies f(x) < f(y) (what in French is called
“strictement croissante”), while f non-decreasing means that x < y implies f(x) ≤ f(y).

Bonus

The parts presented in this kind of “bonus” boxes are not part of the material that you are
supposed to master for the exam, but are just here in case you are curious about complements.

These parts can be skipped, and you may read them only if you have time and curiosity,
and/or if you feel the need to go a bit deeper into a specific notion.
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Chapter I

Reminders of probability

I.1 Measure theory and integration

I.1.a Measurable sets

Definition 1. A set E ⊂ P(E) is a σ-algebra (also called a σ-field) on a set E if it satisfies the
three following properties:

• The whole set belongs to it: E ∈ E;

• For every A ∈ E, we have E \A ∈ E;

• If (An)n∈N is a countable family of elements of E, then ∪n∈NAn ∈ E.

The sets in E are called the E-measurable sets (or simply the measurable sets, when there is no
ambiguity on the σ-field considered), and the pair (E, E) is called a measurable space.

Example 1. If E is any set, then {∅, E} and P(E) are σ-algebras on E.

Proposition 1. An intersection (not necessarily countable) of σ-algebras is also a σ-algebra.

This property allows to define:

Definition 2. If F ⊂ P(E), then the σ-algebra generated by F is defined as

σ(F) =
⋂

E σ-algebra : E⊃F
E .

It is the smallest σ-algebra which contains F .

Definition 3. If E is a topological space, with family of open sets O, the Borel σ-algebra,
denoted B(E), is σ(O). In the sequel, when we work on R or more generally Rd, they will always
be equipped with the Borel σ-algebra B(Rd).

Definition 4. Let (E, E) and (F,F) be measurable spaces. A map f : E → F is called measurable
if for every set A ∈ F we have f−1(A) ∈ E.
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I.1.b Measures

Definition 5. A measure on a measurable space (E, E) is a map µ : E → [0,+∞] such that µ(∅) =
0 and if (An)n∈N is a countable family of pairwise disjoint elements of E, then

µ

( ⋃
n∈N

An

)
=

∑
n∈N

µ(An) .

Note that the above sum may be equal to infinity. The triplet (E, E , µ) is then called a measured
space.

Example 2. On any measurable space (E, E), we can define the counting measure µ : A ∈ E 7→
card(A).

If x ∈ E, the Dirac mass at x is the measure δx : A ∈ E 7→ 1x∈A.

A more interesting example is the Lebesgue measure on (R,B(R)), which is the unique mea-
sure λ on B(R) such that λ([a, b]) = b− a for any a ≤ b (its existence is not a trivial fact !).

Definition 6. Let µ be a measure on a measurable space (E, E). We say that the measure µ is
finite if µ(E) <∞. We say that µ is sigma-finite if there exists a countable family (En)n∈N ∈ EN

such that µ(En) <∞ for every n ∈ N and E = ∪n∈NEn.

If (E, E , µ) is a measured space, we say that a property holds for µ-almost every x ∈ E if there
exists a set N ∈ E such that µ(N) = 0 and the property holds for every x ∈ E \N .

A useful technical tool to prove equality of two measures is Proposition 2 below, which is a
consequence of the monotone class lemma, that we present now.

Bonus

Definition 7. A monotone class is a subset M ⊂ P(E) such that:

• The whole set belongs to it: E ∈ M;

• For every A, B ∈ M, if A ⊂ B then B \A ∈ M;

• It is stable by non-decreasing countable union, that is to say, if (An)n∈N is a non-
decreasing sequence of elements in M (i.e., such that An ⊂ An+1 for every n ∈ N),
then ∪n∈NAn ∈ M.

Exercise 1. Can the second assumption in the above definition be replaced with “for every
set A ∈ M, we have E \ A ∈ M”? Prove that it gives an equivalent definition, or build a
counter-example.

Note that an intersection of monotone classes is also a monotone class, which allows to
define:
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Definition 8. If F ⊂ P(E), the monotone class generated by F is defined as

M(F) =
⋂

M monotone class : M⊃F
M .

It is the smallest monotone class which contains F .

We can now state the monotone class lemma:

Theorem 1 (Monotone class lemma). If C ⊂ P(E) is stable by finite intersections (i.e., if
for every A, B ∈ C we have A ∩B ∈ C), then M(C) = σ(C).

Note that a σ-algebra is also a monotone class, so σ(C) is a monotone class, so the
inclusion M(C) ⊂ σ(C) comes for free from the definition. Hence, the interesting part of this
theorem is that if C is stable by finite intersections, then M(C) is also a σ-field, whence the
inclusion σ(C) ⊂ M(C).

We will rarely use directly the monotone class theorem, but we often use the following important
consequence, to show equality of two measures.

Proposition 2. Let µ, ν be measures on a measurable space (E, E). Assume that C ⊂ E is stable
under finite intersections, satisfies σ(C) = E and that µ(A) = ν(A) for all A ∈ C.

Assume moreover that µ(E) = ν(E) <∞ (note that this condition is always satisfied if µ and ν
are two probability measures). Then, we have µ = ν.

The conclusion also holds if, instead of µ(E) = ν(E) < ∞, we assume that there exists a
sequence (En)n∈N ∈ CN such that ∪n∈NEn = E and µ(En) = ν(En) <∞ for every n ∈ N.

This allows for instance to prove uniqueness of the Lebesgue measure, or that two finite measures
on R coincide if and only if they agree on sets of the form (−∞, a], for a ∈ R.

Exercise 2. Does the result remain true if instead of µ(E) = ν(E) < ∞ we only assume that the
two measures are finite? or sigma-finite with µ(E) = ν(E) = ∞?

I.1.c Integrals

An important use of measures is that they allow to define integrals of measurable functions.

Proposition/Definition 1. Let (E, E , µ) be a measured space. Then there exists a unique way of
defining, for every measurable and non-negative function f : E → R+, a quantity

∫
E fdµ ∈ [0,+∞]

(also written
∫
E f(x)dµ(x) or

∫
E f(x)µ(dx) and omitting the set E and/or the measure µ if there

is no ambiguity), such that:

• If A ∈ E, then
∫
1Adµ = µ(A);
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• Linearity: for any measurable functions f, g ≥ 0 and a, b ∈ R+, it holds
∫
(af + bg)dµ =

a
∫
fdµ+ b

∫
gdµ;

• Monotonicity: for any measurable functions f, g with 0 ≤ f ≤ g, we have
∫
fdµ ≤

∫
gdµ

(note that in fact this point follows from linearity combined with the fact that
∫
fdµ ≥ 0 for

every f ≥ 0).

Proof. Here is a sketch of proof of existence. First, we define the integral of indicator functions using
the first point above. Then, we define the integral of non-negative simple functions (i.e., of finite
linear combinations of indicator functions, with non-negative coefficients), using linearity. Lastly,
for a general non-negative measurable function f , we define the integral of f as the supremum of
the integrals of all non-negative simple functions g which are below f .

More generally, if f is a measurable function taking values in R, we then say that f is integrable
if
∫
|f |dµ < +∞, and we then define

∫
fdµ =

∫
f+dµ−

∫
f−dµ, where f+ = max(f, 0) and f− =

max(−f, 0). Similarly, if f takes values in C, we say that f is integrable if its real part and its
imaginary part are integrable, and we define the integral of f as

∫
fdµ =

∫
(Re f)dµ+ i

∫
(Im f)dµ.

Given a measured space (E, E , µ) and a measurable f ≥ 0, we can always define a new measure ν
on (E, E) by

ν(A) =

∫
E
f1A dµ .

We say that f is the density of ν with respect to µ, also written f = dν/dµ or dν = fdµ.

The three following limit theorems are very useful.

Theorem 2. (Monotone convergence) Let (fn)n∈N be a non-decreasing sequence of measurable
and non-negative functions, let f be a measurable function, and assume that for almost every x ∈ E,
we have fn(x) → f(x). Then it holds that

lim
n→∞

∫
fndµ =

∫
fdµ .

(Fatou’s lemma) Let (fn)n∈N be a sequence of measurable and non-negative functions, then
it holds that ∫ (

lim inf
n→∞

fn

)
dµ ≤ lim inf

n→∞

∫
fndµ .

To recall the direction of the inequality, you can have in mind the example of fn = 1[n, n+1), with
the Lebesgue measure on R.

(Dominated convergence) Let (fn)n∈N be a sequence of measurable functions and f be a
measurable function such that for µ-almost every x ∈ E, we have fn(x) → f(x), and assume that
there exists an integrable function g such that for every n ∈ N, for µ-almost every x ∈ E, we
have |fn(x)| ≤ g(x). Then, we have

lim
n→∞

∫
fndµ =

∫
fdµ .
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Fatou’s lemma can be deduced from the monotone convergence theorem, and the dominated
convergence theorem can be proved using Fatou’s lemma. It is a good exercise to write these proofs.

Bonus

The two following results follow from the dominated convergence theorem, and are useful
to study functions defined using an integral.

Proposition 3 (Continuity theorem). Let (E, E , µ) be a measured space, let (F, d) be a
metric space and let f : E × F → R be such that:

• For every y ∈ F , the map x ∈ E 7→ f(x, y) is E-measurable and µ-integrable (so
that

∫
E f(x, y) dµ(x) is well defined);

• For µ-almost every x ∈ E, the map y ∈ F 7→ f(x, y) is continuous on F ;

• There exists a µ-integrable function g : E → R such that for µ-almost every x ∈ E, for
all y ∈ F , we have |f(x, y)| ≤ g(x).

Then the function h : y ∈ F 7→
∫
E f(x, y) dµ(x) is continuous on F .

Proposition 4 (Derivation under the integral). Let (E, E , µ) be a measured space, let I be
an interval of R and let f : (x, y) ∈ E × I 7→ f(x, y) ∈ R be such that:

• For every y ∈ I, the map x ∈ E 7→ f(x, y) is E-measurable and µ-integrable;

• For µ-almost every x ∈ E, the map y ∈ I 7→ f(x, y) is differentiable on I (we denote
by ∂f/∂y its derivative);

• There exists a µ-integrable function g : E → R such that for µ-almost every x ∈ E, for
all y ∈ I, we have |∂f∂y (x, y)| ≤ g(x).

Then the function h : y ∈ I 7→
∫
E f(x, y)dµ(x) is differentiable on I and for every y ∈ I

we have

h′(y) =

∫
E

∂f

∂y
(x, y) dµ(x) .

I.1.d Product spaces

Definition 9. Let (E, E) and (F, F) be two measurable spaces. We can define the product σ-
algebra E ⊗ F , which is a σ-algebra on E × F given by

E ⊗ F = σ(E × F) = σ
(
{A×B , A ∈ E , B ∈ F}

)
.

Definition 10. Let (E, E , µ) and (F,F , ν) be two measured spaces such that µ and ν are sigma-
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finite. The product measure µ⊗ν is the unique measure on (E×F, E⊗F) such that for all A ∈ E
and B ∈ F ,

(µ⊗ ν)(A×B) = µ(A) ν(B) .

Theorem 3 (Fubini for non-negative functions). Let (E, E , µ) and (F,F , ν) be two measured spaces
such that both µ and ν are sigma-finite. Let f : E×F → R be a measurable and non-negative func-
tion with respect to E ⊗F . Then the maps x ∈ E 7→

∫
F f(x, y)dν(y) and y ∈ F 7→

∫
E f(x, y)dµ(x)

are measurable and∫
E×F

f d(µ⊗ ν) =

∫
F

(∫
E
f(x, y)µ(dx)

)
ν(dy) =

∫
E

(∫
F
f(x, y)ν(dy)

)
µ(dx) . (I.1)

Theorem 4 (Fubini for integrable functions). Let (E, E , µ) and (F,F , ν) be two measured spaces
such that both µ and ν are sigma-finite. Let f : E × F → R be a measurable function with respect
to E ⊗ F . Then the following are equivalent:

1. f is integrable with respect to µ⊗ ν;

2.
∫ (∫

|f(x, y)|µ(dx)
)
ν(dy) <∞;

3.
∫ (∫

|f(x, y)| ν(dy)
)
µ(dx) <∞,

and if this holds, then the maps x ∈ E 7→
∫
F f(x, y)dν(y) and y ∈ F 7→

∫
E f(x, y)dµ(x) are

integrable and (I.1) holds.

I.2 Probability: random variables, inequalities, independence

I.2.a Random variables

We now fix a probability space, namely a measured space (Ω, F , P) where P is a probability
measure, i.e., it satisfies P(Ω) = 1.

In this context, familiar objects from measure theory are given new names:

Definition 11. An event is a measurable set A ∈ F .

An event A holds almost surely (abbreviated a.s.) if P(A) = 1.

If (E, E) is a measurable space, a (E-valued) random variable X is a measurable map
from (Ω, F) to (E, E). When the arrival set E is not specified, this usually means E = R with the
Borel σ-algebra, and in this case the variable is said to be scalar).

The expectation or mean of a non-negative or integrable random variable X is E[X] =∫
ΩX dP.

An integrable variable is said to be centered if its mean is 0.
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The variance of an integrable variable X is

Var(X) = E
[
(X − E[X])2

]
= E

[
X2

]
− E[X]2 .

The law of a E-valued random variable X is the measure image on E, defined for A ∈ E by

LX(A) = P ◦X−1(A) = P
(
{ω ∈ Ω : X(ω) ∈ A}

)
.

The cumulative distribution function of a scalar random variable X is the function x ∈
R 7→ P(X ≤ x). By a remark above, it fully characterizes the law of X.

Note that in probability theory, the underlying set Ω is typically unimportant (and is often not
specified). The important objects are random variables and their properties (such as their laws).

Proposition 5. Let X be a random variable taking values in some measurable space (E, E), let h :
E → R be measurable and such that h(X) (this notation means h ◦X) is integrable. Then

E [h(X)] =

∫
E
h(x)LX(dx) .

For instance, if X is real-valued and its law admits a density f with respect to Lebesgue measure,
then

E[h(X)] =

∫
R
h(x)f(x) dx .

Given a random variable X taking values in (E, E), the σ-algebra generated by X, de-
noted σ(X), is

σ(X) =
{
X−1(A), A ∈ E

}
.

It is the smallest σ-algebra on Ω for which X is measurable, that is to say, if G is a σ-algebra on Ω
then X is a measurable map from (Ω,G) to (E, E) if and only if G ⊃ σ(X).

A σ-algebra can be interpreted as a certain quantity of information: in view of this, the σ-
algebra σ(X) consists of all the information that one can deduce from the value of X.

Proposition 6. Let X be a random variable taking values in some measurable space (E, E) and
let Y be a σ(X)-measurable real random variable, then there exists a measurable map ψ : E → R
such that Y = ψ(X).

It is a good exercise to prove the above proposition.

Definition 12 (Lp spaces). Fix 1 ≤ p < ∞. Given a random variable X, its Lp norm is defined
by

∥X∥Lp = E
[
|X|p

]1/p
.
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We then define the set

Lp(Ω, F , P) =
{
X : Ω → R measurable such that ∥X∥Lp <∞

}
.

The Lp norm is not a norm on this set because ∥X∥Lp = 0 only implies that X = 0 almost surely,
so we define the space Lp(Ω, F , P) which is obtained by taking the quotient by the equivalence
relation X ∼ Y if and only if X = Y almost surely. Equipped with the Lp norm, it is a Banach
space (i.e., a complete normed vector space).

We can also define the L∞ norm (and the corresponding L∞ space)

∥X∥L∞ = ess sup |X| = inf
{
c ∈ R : P(|X| ≤ c) = 1

}
.

I.2.b Inequalities

We record the following important inequalities for expectations of random variables.

Proposition 7. (Jensen) If ϕ : R → R is convex and X is a real random variable, then

ϕ (E[X]) ≤ E [ϕ(X)]

(as long as the two expectations above are well defined).

(Cauchy-Schwarz) For any two real random variables X and Y ,

E
[
|XY |

]
≤ ∥X∥L2 ∥Y ∥L2 .

(Hölder) Fix 1 ≤ p, q ≤ ∞ such that 1/p+1/q = 1. Then for any two real random variables X
and Y ,

E
[
|XY |

]
≤ ∥X∥Lp ∥Y ∥Lq .

A simple but often very efficient way of measuring probabilities is given by the following propo-
sition:

Proposition 8. Let U : R → R be a non-decreasing positive function. Then for any real random
variable X such that the expectation below makes sense, for any a ∈ R, it holds that

P (X ≥ a) ≤ E[U(X)]

U(a)
.

This implies the following classical special cases:

∀ a > 0 P(|X| ≥ a) ≤ E[|X|]
a

(Markov),

∀ a > 0 P
(
|X − E[X]| ≥ a

)
≤ Var(X)

a2
(Bienaymé-Tchebychev),

∀λ > 0 ∀ a ∈ R P(X ≥ a) ≤ E
[
eλX

]
e−λa (Chernoff).
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I.2.c Independence

Definition 13. Two events A,B ∈ F are independent if

P(A ∩B) = P(A)P(B) .

A family (Ai)i∈I of events is independent if for every n ≥ 1, for any choice of indices i1, . . . , in ∈ I,

P(Ai1 ∩ · · · ∩Ain) = P(Ai1) · · ·P(Ain) .

Similarly, two random variables X and Y taking values respectively in (E, E) and (E′, E ′) are
independent if for every A ∈ E and every B ∈ E ′ we have

P(X ∈ A, Y ∈ B) = P(X ∈ A)P(Y ∈ B) .

A family (Xi)i∈I of random variables taking values in whatever measurable spaces (Ei, Ei) is in-
dependent if for every n ≥ 1, for any choice of indices i1, . . . , in ∈ I and of measurable sets A1 ∈
Ei1 , . . . , An ∈ Ein, it holds that

P(Xi1 ∈ A1, . . . , Xin ∈ An) = P(Xi1 ∈ A1) · · ·P(Xin ∈ An) .

A family (Gi)i∈I of σ-algebras is independent if any family (Ai)i∈I of events with Ai ∈ Gi for
every i ∈ I is independent.

Note that a family of variables is independent if and only if the family of σ-algebras generated
by these variables is independent.

Note that independence of a family is stronger than pairwise independence of its elements.

Note that it follows from the definition that two variables X and Y are independent if and only
if the law of (X,Y ) is the product measure LX ⊗LY . A similar result is true for families of random
variables.

In particular, in conjunction with Proposition 5 and Fubini’s theorem, this implies that if X
and Y are independent and f and g are two measurable functions such that the expectations below
make sense, then

E[f(X)g(Y )] = E[f(X)]E[g(Y )] .

Given a sequence (An)n∈N of events, we define

lim sup
n

An =
⋂
n∈N

( ⋃
k≥n

Ak

)
=

{
ω ∈ Ω : ω belongs to infinitely many events An

}
.

and

lim inf
n

An =
⋃
n∈N

( ⋂
k≥n

Ak

)
=

{
ω ∈ Ω : ω belongs to all events An except a finite number of them

}
.
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Theorem 5 (Borel-Cantelli’s Lemma). Let (Ω, F , P) be a probability space.

1. Let (An)n∈N be a sequence of events such that
∑

n∈N P(An) <∞. Then P(lim supAn) = 0.

2. Let (An)n∈N be an independent sequence of events such that
∑

n∈N P(An) = ∞. Then we
have P(lim supAn) = 1.

I.3 Convergence of random variables

I.3.a The various modes of convergence

Let X, and Xn, n ∈ N be some random variables defined on the same probability space.

Definition 14. We say that Xn converges to X:

in probability if for every ε > 0, we have P(|Xn −X| > ε) → 0.

in Lp (for a given p ≥ 1) if ∥Xn −X∥Lp → 0.

almost surely if P(Xn → X) = 1.

in law or in distribution if for every bounded and continuous function ϕ, we have E[ϕ(Xn)] →
E[ϕ(X)].

Note that convergence in law is really a property of the laws of the random variables, not of
the random variables themselves, unlike the other modes of convergence, and that for convergence
in law the variables in fact do not need to be defined on the same probability space.

Proposition 9. We have the following implications between the different modes of convergence:

1. If Xn → X almost surely then Xn → X in probability.

2. If Xn → X in Lp and q ≤ p then Xn → X in Lq.

3. If Xn → X in L1 then Xn → X in probability.

4. If Xn → X in probability then Xn → X in law.

5. If Xn → X in L∞ then Xn → X almost surely.

6. If Xn → X in law and the variable X is constant, then Xn → X in probability.

7. If Xn → X in probability, then there exists a subsequence (Xφ(n))n∈N which converges almost
surely to X.

8. (Dominated convergence theorem) If Xn → X almost surely and there exists an integrable
variable Z such that |Xn| ≤ Z for every n ∈ N, then Xn → Z in L1.
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