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Evaluation

There are a mid-term exam (P) and a terminal exam (E). The final mark is given by the for-
mula max(0.4P + 0.6E, E).

Notation

In these notes we use the notation A C B to mean that A is included or equal to B.
Beware that in English, x positive means x > 0, while x > 0 is called z non-negative.

Similarly, a function f is called increasing if x < y implies f(z) < f(y) (what in French is called
“strictement croissante”), while f non-decreasing means that z < y implies f(x) < f(y).

The parts presented in this kind of “bonus” boxes are not part of the material that you are
supposed to master for the exam, but are just here in case you are curious about complements.

These parts can be skipped, and you may read them only if you have time and curiosity,
and/or if you feel the need to go a bit deeper into a specific notion.
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Chapter 1

Reminders of probability

I.1 Measure theory and integration

I.1.a Measurable sets

Definition 1. A set & C P(F) is a o-algebra (also called a o-field) on a set E if it satisfies the
three following properties:

e The whole set belongs to it: £ € &;
o [For every A € £, we have E\ A € &;
o If (Ap)nen is a countable family of elements of €, then UpenA4,, € €.

The sets in € are called the E-measurable sets (or simply the measurable sets, when there is no
ambiguity on the o-field considered), and the pair (E, €) is called a measurable space.
Example 1. If E is any set, then {&, E} and P(FE) are o-algebras on E.

Proposition 1. An intersection (not necessarily countable) of o-algebras is also a o-algebra.

This property allows to define:
Definition 2. If F C P(E), then the o-algebra generated by F is defined as
o(F) = N &.
& o-algebra : EDF
It is the smallest o-algebra which contains F.

Definition 3. If E is a topological space, with family of open sets O, the Borel o-algebra,
denoted B(E), is o(O). In the sequel, when we work on R or more generally R, they will always
be equipped with the Borel o-algebra B(R?).

Definition 4. Let (E, ) and (F,F) be measurable spaces. A map f: E — F is called measurable
if for every set A € F we have f~1(A) € €.



I.1.b Measures

Definition 5. A measure on a measurable space (E, &) is a map p : € — [0, 400] such that u(2) =
0 and if (Ap)nen is a countable family of pairwise disjoint elements of €, then

u( U An> = Y ulAn).

neN neN

Note that the above sum may be equal to infinity. The triplet (E, €, p) is then called a measured
space.

Example 2. On any measurable space (E, &), we can define the counting measure u : A € & —
card(A).
If x € E, the Dirac mass at x is the measure §, : A € € — l,ca.

A more interesting ezample is the Lebesgue measure on (R, B(R)), which is the unique mea-
sure A on B(R) such that \([a,b]) =b— a for any a < b (its existence is not a trivial fact !).

Definition 6. Let p be a measure on a measurable space (E, ). We say that the measure p is
finite if u(F) < co. We say that p is sigma-finite if there exists a countable family (Ey)pen € EN
such that u(E,) < oo for every n € N and E = UpenEn,.

If (E, &€, u) is a measured space, we say that a property holds for p-almost every = € E if there
exists a set N € € such that u(N) = 0 and the property holds for every x € E'\ N.

A useful technical tool to prove equality of two measures is Proposition 2 below, which is a
consequence of the monotone class lemma, that we present now.

Bonus

Definition 7. A monotone class is a subset M C P(E) such that:

e The whole set belongs to it: £ € M;
o [or every A, Be M, if AC B then B\ A€ M;

e [t is stable by non-decreasing countable union, that is to say, if (Ap)nen i a non-
decreasing sequence of elements in M (i.e., such that A, C Apt+1 for every n € N),
then UpenAn, € M.

Exercise 1. Can the second assumption in the above definition be replaced with “for every
set A € M, we have E\ A € M”? Prove that it gives an equivalent definition, or build a
counter-example.

Note that an intersection of monotone classes is also a monotone class, which allows to
define:




Definition 8. If F C P(FE), the monotone class generated by F is defined as
M(F) = N M.
M monotone class : MDF

It is the smallest monotone class which contains &F.

We can now state the monotone class lemma:

Theorem 1 (Monotone class lemma). If C C P(E) is stable by finite intersections (i.e., if
for every A, B € C we have AN B € C), then M(C) = o(C).

Note that a o-algebra is also a monotone class, so ¢(C) is a monotone class, so the
inclusion M(C) C ¢(C) comes for free from the definition. Hence, the interesting part of this
theorem is that if C is stable by finite intersections, then M(C) is also a o-field, whence the
inclusion o(C) € M(C).

We will rarely use directly the monotone class theorem, but we often use the following important
consequence, to show equality of two measures.

Proposition 2. Let u, v be measures on a measurable space (E, £). Assume that C C € is stable
under finite intersections, satisfies o(C) = & and that u(A) = v(A) for all A € C.

Assume moreover that (E) = v(E) < co (note that this condition is always satisfied if p and v
are two probability measures). Then, we have p = v.

The conclusion also holds if, instead of n(E) = v(E) < oo, we assume that there exists a
sequence (Ep)nen € CN such that UpenE, = E and p(E,) = v(E,) < oo for every n € N.

This allows for instance to prove uniqueness of the Lebesgue measure, or that two finite measures
on R coincide if and only if they agree on sets of the form (—oo, a], for a € R.

Exercise 2. Does the result remain true if instead of u(E) = v(E) < oo we only assume that the

two measures are finite? or sigma-finite with u(E) = v(E) = co?

I.1.c Integrals

An important use of measures is that they allow to define integrals of measurable functions.

Proposition/Definition 1. Let (E, €, u) be a measured space. Then there exists a unique way of
defining, for every measurable and non-negative function f : E — Ry, a quantity [ fdu € [0, 400]
(also written [y, f(x)dp(z) or [, f(x)u(dr) and omitting the set E and/or the measure p if there
is no ambiguity), such that:

o IfA€E, then [ladu = pu(A);



e Linearity: for any measurable functions f, g > 0 and a, b € Ry, it holds [(af + bg)du =
af fdu+b [ gdu;

e Monotonicity: for any measurable functions f, g with 0 < f < g, we have [ fdu < [ gdu
(note that in fact this point follows from linearity combined with the fact that [ fdu >0 for
every f >0).

Proof. Here is a sketch of proof of existence. First, we define the integral of indicator functions using
the first point above. Then, we define the integral of non-negative simple functions (i.e., of finite
linear combinations of indicator functions, with non-negative coefficients), using linearity. Lastly,
for a general non-negative measurable function f, we define the integral of f as the supremum of
the integrals of all non-negative simple functions g which are below f. O

More generally, if f is a measurable function taking values in R, we then say that f is integrable
if [|fldp < 400, and we then define [ fdu = [ fidu — [ f-dp, where fi = max(f, 0) and f_ =
max(—f, 0). Similarly, if f takes values in C, we say that f is integrable if its real part and its
imaginary part are integrable, and we define the integral of f as [ fdu = [(Re f)du+i [(Im f)du.

Given a measured space (E, €, ) and a measurable f > 0, we can always define a new measure v
on (E, &) by
v(A) = / fladu.
E

We say that f is the density of v with respect to u, also written f = dv/du or dv = fdpu.
The three following limit theorems are very useful.
Theorem 2. (Monotone convergence) Let (fy,)nen be a non-decreasing sequence of measurable

and non-negative functions, let f be a measurable function, and assume that for almost every x € F,
we have f,(x) — f(x). Then it holds that

(Fatou’s lemma) Let (fn)nen be a sequence of measurable and non-negative functions, then

it holds that
[y

To recall the direction of the inequality, you can have in mind the example of fn = 1}, ni1), with
the Lebesque measure on R.

(Dominated convergence) Let (fn)nen be a sequence of measurable functions and f be a
measurable function such that for p-almost every x € E, we have f,(x) — f(x), and assume that
there exists an integrable function g such that for every n € N, for u-almost every x € E, we
have | fn(z)| < g(x). Then, we have

Tim. / fodp = / fdp.
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Fatou’s lemma can be deduced from the monotone convergence theorem, and the dominated
convergence theorem can be proved using Fatou’s lemma. It is a good exercise to write these proofs.

Bonus

The two following results follow from the dominated convergence theorem, and are useful to
study functions defined using an integral.

Proposition 3 (Continuity theorem). Let (E, €, u) be a measured space, let (F, d) be a
metric space and let f : - x F — R be such that:

e For everyy € F, the map x € E — f(x,y) is E-measurable and p-integrable (so
that [ f(z, y) du(z) is well defined);

o [or p-almost every x € E, the map y € F — f(z, y) is continuous on F;

o There exists a u-integrable function g : E — R such that for u-almost every x € E, for
all y € F, we have |f(x, y)| < g(z).

Then the function h:y € F— [ f(x, y) du(x) is continuous on F.

Proposition 4 (Derivation under the integral). Let (E, &, p) be a measured space, let I be
an interval of R and let f: (z,y) € E X I — f(x, y) € R be such that:

o For everyy € I, the map x € E — f(x, y) is E-measurable and p-integrable;

e For p-almost every x € E, the map y € I — f(x, y) is differentiable on I (we denote
by Of /Oy its derivative);

o There exists a p-integrable function g : E — R such that for p-almost every x € E, for
all y € 1, we have |g—£(x, y)| < g(z).

Then the function h:y € I — [ f(x, y)du(z) is differentiable on I and for every y € I
we have
_ [9F

W(y) = E(‘Ty(x’ y) du(z) .

I.1.d Product spaces

Definition 9. Let (E, £) and (F, F) be two measurable spaces. We can define the product o-
algebra € ® F, which is a o-algebra on E X F given by

ERF = o(€xF) = o({AxB, Ac€ BeTF}).

Definition 10. Let (E, &, ) and (F,F,v) be two measured spaces such that u and v are sigma-



finite. The product measure Qv is the unique measure on (Ex F, EQF) such that for all A € €
and B € F,
(1@ V)(Ax B) = u(4)v(B).

Theorem 3 (Fubini for non-negative functions). Let (E, &, p) and (F,F,v) be two measured spaces
such that both u and v are sigma-finite. Let f : E X F — R be a measurable and non-negative func-
tion with respect to € ® F. Then the maps x € E — [ f(x, y)dv(y) and y € F — [ f(x, y)du(x)
are measurable and

[ sawen = [ < / f(a:,y)u(d:c)> ay) = [ ( / f(x,y)u(dy)) e, (L)

Theorem 4 (Fubini for integrable functions). Let (E, €&, u) and (F,F,v) be two measured spaces
such that both p and v are sigma-finite. Let f : E X F — R be a measurable function with respect
to € R F. Then the following are equivalent:

1. f is integrable with respect to pu ® v;

2. [ ([ 1f(z,y)| pldz)) v(dy) < oo;
3. [ ([1f(z,y)|v(dy)) p(dx) < oo,

and if this holds, then the maps x € E — [, f(z, y)dv(y) and y € F — [, f(z, y)du(x) are
integrable and (1.1) holds.

1.2 Probability: random variables, inequalities, independence

I.2.a Random variables

We now fix a probability space, namely a measured space (2, F, P) where P is a probability
measure, i.e., it satisfies P(Q2) = 1.

In this context, familiar objects from measure theory are given new names:

Definition 11. An event is a measurable set A € F.
An event A holds almost surely (abbreviated a.s.) if P(A) = 1.

If (E, &) is a measurable space, a (E-valued) random wvariable X is a measurable map
from (2, F) to (E, €). When the arrival set E is not specified, this usually means E = R with
the Borel o-algebra, and in this case the variable is said to be scalar).

The expectation or mean of a non-negative or integrable random wvariable X is E[X] =
Jo X (w)P(dw).

An integrable variable is said to be centered if its mean is 0.



The variance of an integrable variable X is
Var(X) = E[(X —E[X])?] = E[X?] -E[X]?.
The law of a E-valued random variable X is the measure image on E, defined for A € € by
Lx(A) = PoX'(4) = P{weQ: X(w)eA}).

Note that in probability theory, the underlying set €2 is typically unimportant (and is often not
specified). The important objects are random variables and their properties (such as their laws).

Proposition 5. Let X be a random variable taking values in some measurable space (E, €), let h :
E — R be measurable and such that h(X) (this notation means h o X ) is integrable. Then

E [h(X)] = / h(z) L (dz) .

E

For instance, if X is real-valued and its law admits a density f with respect to Lebesgue measure,
then

Given a random variable X taking values in (FE, ), the o-algebra generated by X, de-
noted o(X), is
o(X) = {X'(4),Ae¢e}.
It is the smallest o-algebra on €2 for which X is measurable, that is to say, if G is a o-algebra on 2
then X is a measurable map from (€2, 9) to (E, €) if and only if § D o(X).

A o-algebra can be interpreted as a certain quantity of information: in view of this, the o-
algebra o(X) consists of all the information that one can deduce from the value of X.

Proposition 6. Let X be a random variable taking values in some measurable space (E, £) and
let Y be a o(X)-measurable real random variable, then there exists a measurable map f : E — R
such that Y = f(X).

It is a good exercise to prove the above proposition.

Definition 12 (LP spaces). Fiz 1 < p < co. Given a random variable X, its LP norm is defined
by
1
1Xl = E[lx7]"".

We then define the set

L£r(Q, F,P) = {X : Q— R measurable such that | X||» < o0} .



The LP norm is not a norm on this set because || X | r» = 0 only implies that X = 0 almost surely,
so we define the space LP(Q, F, P) which is obtained by taking the quotient by the equivalence
relation X ~Y if and only if X =Y almost surely. Equipped with the LP norm, it is a Banach
space (i.e., a complete normed vector space).

We can also define the L™ norm (and the corresponding L™ space)

| X|| 0 = esssup|X| = inf{ce]R : P(]X\gc)zl}.

1.2.b Inequalities
We record the following important inequalities for expectations of random variables.

Proposition 7. (Jensen) If ¢ : R — R is conver and X is a real random variable, then
¢ (E[X]) < E[p(X)]

(as long as the two expectations above are well defined).

(Cauchy-Schwarz) For any two real random variables X and Y,
E[XY]] < XYL -

(Hélder) Fiz 1 < p, ¢ < 0o such that 1/p+1/q = 1. Then for any two real random variables X
and Y,
E[XY]] < Xl IY]lzq -

A simple but often very efficient way of measuring probabilities is given by the following propo-
sition:

Proposition 8. Let U : R — R be a non-decreasing positive function. Then for any real random
variable X such that the expectation below makes sense, for any a € R, it holds that

EU(X
P(X>a) < [U((a))}
This implies the following classical special cases:
Va>0 P(X|>a) < EHC;XH (Markov),
Var(X)

Va>0 P(|X-E[X]|>a) < (Bienaymé-Tchebychev),

a?

VA>0 VaeR P(X >a) < E[e)‘X] e M (Chernoft).
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I.2.c Independence
Definition 13. Two events A, B € F are independent if
P(ANnB) = P(A)P(B).
A family (A;)ier of events is independent if for every n > 1, for any choice of indices iy, ..., i, € I,
P(A;, N---NA;,) = P(4;,)---P(A4;,).

Similarly, two random variables X and Y taking values respectively in (E, &) and (E', &) are
independent if for every A € € and every B € & we have

P(Xe€A YeB) = P(XecAPY €B).

A family (X;)ier of random variables taking values in whatever measurable spaces (E;, &;) is in-
dependent if for every n > 1, for any choice of indices i1,...,i, € I and of measurable sets Ay €

Eiyy -, Ap € &, it holds that
]P)(Xil € Aq,.. ~,Xin S An) = P(Xil S Al) . ']P(Xin € An) .

A family (G;)ier of o-algebras is independent if any family (A;)ier of events with A; € G; for
every © € I is independent.

Note that a family of variables is independent if and only if the family of o-algebras generated
by these variables is independent.

Note that independence of a family is stronger than pairwise independence of its elements.

Note that it follows from the definition that two variables X and Y are independent if and only
if the law of (X,Y) is the product measure Lx ® Ly. A similar result is true for families of random
variables.

In particular, in conjunction with Proposition 5 and Fubini’s theorem, this implies that if X
and Y are independent and f and g are two measurable functions such that the expectations below
make sense, then

Given a sequence (Ap)nen of events, we define
limsup 4,, = m ( U Ak> = {w € Q : w belongs to infinitely many events An} .
" neN “k>n
and

liminf A, = [ J <ﬂ Ak>

neN Mk>n

= {w € ) : w belongs to all events A,, except a finite number of them} .

11



Theorem 5 (Borel-Cantelli’s Lemma). Let (2, F, P) be a probability space.

1. Let (Ap)nen be a sequence of events such that ), .P(A,) < co. Then P(limsup A,) = 0.

2. Let (Ap)nen be an independent sequence of events such that ) P(A,) = co. Then we
have P(limsup A,,) = 1.

I.3 Convergence of random variables

I.3.a The various modes of convergence

Let X, and X,, n € N be some random variables defined on the same probability space.

Definition 14. We say that X,, converges to X:
in probability if for every e > 0, we have P(|X,, — X| > ¢) — 0.
in LP (for a given p > 1) if || X, — X||zr — 0.
almost surely if P(X,, — X) = 1.

in law or in distribution if for every bounded and continuous function ¢, we have E[¢p(X,,)] —

E[¢(X)].

Note that convergence in law is really a property of the laws of the random variables, not of
the random variables themselves, unlike the other modes of convergence, and that for convergence
in law the variables in fact do not need to be defined on the same probability space.

Proposition 9. We have the following implications between the different modes of convergence:

1. If X;, = X almost surely then X,, — X in probability.
If X, —» X in LP and q < p then X,, = X in L%.

If X, = X in L' then X,, — X in probability.

If X,, = X in probability then X, — X in law.

If X,, =& X in L™ then X, — X almost surely.

If X,, =& X in law and the variable X s constant, then X,, — X in probability.

N S R R

If X;, = X in probability, then there exists a subsequence (X(p(n)>n€N which converges almost
surely to X.

8. (Dominated convergence theorem) If X, — X almost surely and there ezists an integrable
variable Z such that | X,| < Z for everyn € N, then X, — Z in L'.

12



I.3.b More about convergence in law
We now spend more time on the convergence in law.

Definition 15. The characteristic function of (the law of ) a real random variable X is defined

by A
bx : tER — E[e¥].

Note that for any random variable X, it is a continuous and bounded function on R.
It can be linked to moments of X in the following way:
Proposition 10. Assume that E|X|¥ < co. Then ¢x is C* on R, and ¢*)(0) = i*E[X*].
Proof. Exercise (use differentiation under E) O

A main use of characteristic functions comes from the following result.

Theorem 6 ((Lévy’s Continuity Theorem)). The following are equivalent:
(1) X,, —» X in law,
(2) For every t € R, ¢x, (t) = ¢px(t).

To study convergence in law, we can also use the cumulative distribution function:

Definition 16. The cumulative distribution function of a scalar random variable X is the
function x € R+— P(X < x). By a remark above, it fully characterizes the law of X.

Theorem 7. X,, — X in law if and only if for every x € R, if Fx is continuous at x then Fx, (z) —
Fx(x).

I.4 The Law of Large Numbers and the Central Limit Theorem

I.4.a The two laws of large numbers

In this section, we consider a sequence (X,,),>1 of independent real random variables which all have
the same law. This is called an i.i.d. sequence (for “independent and identically distributed”).

Theorem 8 (Weak Law of Large Numbers). Assume that (X,)n>1 s an i.i.d. sequence of real
integrable variables, and let m = E[X;]. Then

X1+ +Xp nooo
_— —
n

m in probability.

Proof. See exercise sessions. O

13



We also have the stronger law, which has the same hypotheses.

Theorem 9 (Strong Law of Large Numbers). Under the same hypotheses than in Theorem 8, we

have
Xl te Xn n—oo
- H

m almost surely.
n

One of the many different proofs of this result is the subject of an exercise in the exercise sheet.

I.4.b The Central Limit Theorem

Definition 17. The standard Gaussian measure, denoted by N(0,1), is the probability measure
on R with density function given by x — e‘x2/2/\/ 2.

Exercise: check that the above is a well-defined probability measure (hint: compute [ ey dxdy
via polar coordinates). Further check that if Z has law N(0,1), then E[Z] = 0, E[Z?] = 1,
2

and the characteristic function is given by ¢z (t) = e (hint: use integration by parts to show

that ¢, () = —tdz(1)).

Theorem 10 (Central Limit Theorem). Let (X, )nen be an i.i.d. sequence of variables with E|X1|? <
oo, and let m = E[X1] and 0% = Var(Xy). For everyn > 1, we write S, = X1 + ---+ X,,. Then
we have the convergence in law

Sn —mn n—co

s N(0,1),

which shows the desired convergence.

Proof. Left as an exercise (use the characteristic function). t

14



Chapter 11

Conditional expectation

The goal of this chapter is to construct the conditional expectation and to give its main properties.
In all what follows, (€2, &, P) denotes a probability space.

II.1 Definition

The question we address in this chapter is the following: given a sub-o-field § C F, we want to
estimate a random variable X knowing the (partial) information contained in §. The mathematical
concept which corresponds to this idea is the conditional expectation of X knowing G, which,
intuitively, is the §-measurable random variable which approximates X best.

Before giving the general definition, let us start with some particular cases to motivate the
concept.

If A, B € F are two events with P(B) > 0, we can define the conditional probability
P(AN B)

P(B)

More generally, if X € L'(Q2, F, P) and B € F with P(B) > 0, we can define the conditional
expectation of X knowing B:

P(A|B) =

E[X1p]

EIXIB] = 55

Note that if X = 14 then we recover P(A|B).

Now, instead of an event B, we want to generalize this definition and to construct the conditional
expectation with respect to a random variable.

First, if X € L1(Q, &, P) is an integrable variable and Y : (2, F) — (E, £) is a random variable
taking values in a finite or countable set E, equipped with the o-algebra & = P(E), then we define

E[X]Y] = > EX|Y =yllyy—py = oY),
yEE : P(Y=y)>0

15



where ¢ is the function given by
E—R

EIX|Y = if P(Y =
g JEXY =yl PO =y) >0,
0 otherwise.

Note that E[X|Y] is not a number but a random variable defined on 2, because its value depends
on the value of Y =Y (w).

Note that when we write E[X|Y] = ¢(Y), more formally, this means E[X|Y] = ¢ oY, that is to
say, for every w € Q, E[X|Y](w) = ¢(Y (w)).

The above definition breaks down if, instead of a discrete random variable Y, we consider a
continuous variable, for example a real variable which admits a density with respect to Lebesgue’s
measure, because in this case we have P(Y = y) = 0 for every y € R, so that E[X|Y = y] is not
well defined.

Before constructing the conditional expectation with respect to a more general random vari-
able, we construct conditional expectation with respect to a c-algebra. We consider a random
variable X € L'(Q, F, P), and we let G C F be a sub-o-field of F.

A o-field can be seen a certain quantity of information: if G is the information known by
someone, it means that, for every event A € G, this person knows whether the event A is realized
or not, whereas, for events A ¢ G, the person does not know whether the event is realized, but can
estimate the probability of this event A given the available information.

For example, knowing § = P(£2) means that you know everything: if, for every subset A C ,
you know whether w € A or not, this means that you know precisely the value of w, so that this w
is not random anymore.

On the contrary, knowing § = {&, Q} means that you know nothing, because then you only
know that w € Q and w ¢ @.

If§g=0(4) ={9, Q, A, Q\ A} for some event A € ¥, then knowing § means that you only
know if A is realized or not.

Reminder: if £ C P(Q2), then
o(&) = ﬂ g
G o-algebra : §O&

is the o-field generated by £. It is the smallest o-field which contains £.

Assume that (Ap)nen is a countable partition of €2, with P(A,) > 0 for every n € N, and
consider the o-algebra § = o({A,, n € N}). Note that we then have § = {UperAn, I C N}. Then,
we define the conditional expectation of X with respect to G as

E[X|S] Z [X|A,]
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This may be rewritten as
Q—R

ELX9] - {w € Ay, —s E[X|An].

The interpretation is that knowing § means knowing in which set A, is w, and if we know that w €
A, then E[X|A,] is the best prediction of X we can make. Note that the above definition also
works in the case of a finite partition.

Example 3. Let us consider the particular ezample of the probability space (2, F, P), where Q =
[0, 1[, F is the Borel o-algebra B([0, 1[), and P = X, the Lebesgue measure on [0, 1[. In this setting,
a random variable is simply a measurable function X : [0, 1[— R. Let X : [0, 1[— R be measurable
and integrable, and let § = {@, [0, 1[, [0, 1/2[, [1/2, 1[}. Then, up to almost sure equality, E[X|9]
1 equal to the random variable

0,1] — R
1 1] f[071[X1[0,1/2[d)\ B 1/2
X1 d\ 1
wzl%E[X‘wzl] _ JoaXlupadh Xd).
2 2 A([1/2, 1) 1/2
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