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Abstract

We study the compactness in Lj,. of the semigroup mapping (S¢):>o defining entropy weak
solutions of general hyperbolic systems of conservation laws in one space dimension. We establish
a lower estimate for the Kolmogorov e-entropy of the image through the mapping S: of bounded
sets in L' N L™, which is of the same order 1/¢ as the ones established by the authors for scalar
conservation laws. We also provide an upper estimate of order 1/e for the Kolmogorov e-entropy of
such sets in the case of Temple systems with genuinely nonlinear characteristic families, that extends
the same type of estimate derived by De Lellis and Golse for scalar conservation laws with convex
flux. As suggested by Lax, these quantitative compactness estimates could provide a measure of the
order of “resolution” of the numerical methods implemented for these equations.

Résumé

Nous étudions la compacité dans Llloc du semi-groupe (St)+>o0 definissant les solutions faibles
d’entropie de systéemes hyperboliques de lois de conservation généraux en dimension un d’espace.
Nous établissons une estimée inféreiure de l'e-entropie de Kolmogorov de I'image par l'application
S; d’ensembles bornés dans L' N L°°, qui est du méme ordre 1/e que celles establies par les auteurs
pour les lois de conservation scalaires. Nous obtenons aussi une estimée supérieure d’ordre 1/e pour
I’e-entropie de Kolmogorov de tels ensembles dans le cas des systéemes de Temple avec des champs
charactéristiques vraiment non linéaires, ce qui étend le méme type d’estimées obtenues par De Lellis
et Golse dans le cas des lois de conservation scalaires a flux convexe. Comme suggéré par Lax,
ces estimées quantitatives pourraient donner une mesure de l'ordre de « résolution » de méthodes
numériques mises en place pour ces équations.

1 Introduction
Consider a general system of hyperbolic conservation laws in one space dimension
ut + f(u), =0, t>0,zcR, (1)

where u = u(t,z) € RY represents the conserved quantities and the flux f(u) = (fi(u),..., fn(w))
is a vector valued map of class C?, defined on an open, connected domain  C RY containing the
origin. Assume that the above system is strictly hyperbolic, i.e, that the Jacobian matrix D f(u) has
N real, distinct eigenvalues A1(u) < ... < Ax(u) for all u € Q. Several laws of physics take the form
of a conservation equation. A primary example of such systems is provided by the Euler equations of
non-viscous gases (cf. [8]). The fundamental paper of Bianchini and Bressan [4] shows that (1) generates
a unique (up to the domain) Lipschitz continuous semigroup S : [0, 00[xDy — Dy defined on a closed
domain Dy C L}(R,RY), with the properties:

*Dipartimento di Matematica, Universita di Padova, Via Trieste 63, 35121 Padova, Italy. E-mail: ancona@math.unipd.it

tCeremade, Université Paris-Dauphine, CNRS UMR 7534, Place du Maréchal de Lattre de Tassigny, 75775 Paris Cedex
16, France. E-mail: glass@ceremade.dauphine.fr

Department of Mathematics, Penn State University, 235, McAllister buiding, PA 16802, USA. E-mail:
ktn2@math.psu.edu



{v € L'(R, Q) | Tot.Var.(v) < 50} CDyC {v € L'(R, Q) | Tot.Var.(v) < 250}, 2)
for suitable constant dg > 0.

(ii) For every u € Dy, the semigroup trajectory ¢t — Syu = u(t, ) provides an entropy weak solution of
the Cauchy problem for (1), with initial data

u(0,) =7, (3)

that satisfy the following admissibility criterion proposed by T.P. Liu in [18], which generalizes the
classical stability conditions introduced by Lax [16].

Liu stability condition. A shock discontinuity of the i-th family (u”, uf), traveling with speed
oilul, uf?], is Liu admissible if, for any state u lying on the i-th Hugoniot curve between u” and

uf?, the shock speed o;[u”, u] of the discontinuity (u”,u) satisfies
oifu”, u] > oi[u”, w"]. (4)

Thanks to the uniform BV-bound on the elements of Dy, applying Helly’s compactness theorem it follows
that S; is a compact mapping, for every ¢ > 0. Aim of this paper is to provide a quantitative estimate
of the compactness of such a mapping. Namely, following a suggestion of Lax [15], we wish to estimate
the Kolmogorov e-entropy in L' of the image of bounded sets in Dy through the map S;. We recall
that, given a metric space (X,d), and a totally bounded subset K of X, for every € > 0 we define the
Kolmogorov e-entropy of K as follows. Let N.(K | X) be the minimal number of sets in a cover of K
by subsets of X having diameter no larger than 2z. Then, the e-entropy of K is defined as

Ho(K | X) = logy Ne(K | X).

Throughout the paper, we will call an e-cover, a cover of K by subsets of X having diameter no larger
than 2e. Entropy numbers play a central roles in various areas of information theory and statistics as
well as of learning theory. In the present setting, this concept could provide a measure of the order of
“resolution” of a numerical method for (1), as suggested in [17].

In the case of scalar conservation laws (N = 1) with strictly convex (or concave) flux, De Lellis and
Golse [9] obtained an upper bound of order 1/ on the e-entropy of S;(L), for sets £ C L*(R) of bounded,
compactly supported functions, of the form

Lman = {7 € L'®R,Q)| Supp(@) € 1, |[il s < m, [[7ll e < M}, (5)

where I denotes a given interval of R. This upper bound turns out to be optimal since we provided in [1]
a lower bound of the same order for the e-entropy of S;(L), for sets £ as in (5), thus showing that such
an e-entropy is of size ~ (1/¢) for scalar conservation laws with strictly convex (or concave) flux.

These estimates hold for classes of initial data with possibly unbounded total variation because the
regularizing effect due to the convexity (or concavity) of the flux function f yields solutions u(t,-) of (1)
that belong to BVj,.(R) for any ¢ > 0. This is no more true in the case of conservation laws with non
convex (or concave) flux and in the case of systems of conservation laws with no monotonicity assumption
on the eigenvalues of the Jacobian matrix D f(u). On the other hand, the well-posedness theory for a
general system of conservation laws has been established only for initial data with sufficiently small
total variation. Therefore, aiming to establish estimates on the e-entropy of solutions to general systems
of conservation laws (1), it is natural to restrict our analysis to classes of initial data with uniformly
bounded total variation. Namely, we shall provide estimates on the e-entropy of S;(L£ N Dy), for sets L
as in (5), with Dg as in (2). Specifically, we prove the following.

Theorem 1. Let f : Q — RY be a C? map on an open, connected domain Q C RN containing the
origin, and assume that the system (1) is strictly hyperbolic. Let (S¢)>o be the semigroup of entropy
weak solutions generated by (1) defined on a domain Dy satisfying (2). Then, given any L,m, M, T > 0,
for any interval I C R of length |I| = 2L, and for e > 0 sufficiently small, the following estimates hold.



(i)

NZ2[2 (min {¢; CQT})2 1
H A S7(Lifman NDo) | LYHR,Q)) > L L N 6
(Sr(Cnman Do) | L' (R.D) > == - —m= iy i (6)

where c3 > 0, ¢; > 0, 1 = 1,2,4,5, are constants given in (195), (197), which depend only on the
eigenvalues A;(u) of the Jacobian matriz D f(u), on the corresponding right and left eigenvectors
ri(u),li(u), and on their derivatives, in a neighbourhood of the origin.

(i)

1
H, (ST (Liz.m N Do) | LM(R, Q)) <48Nédg - L - . (7)
where AN
Ly =L+ 2V T, AuA = sup {An(u) — M ()5 u,v € Q). (8)

Remark 1. If the bound 6y on the total variation of the initial data in the domain Dy satisfies the

inequality o9 < mln{cf’ ML .1y (interpreting 1/c; = oo when c3 = 0), then the lower estimate (6)

) Ca
takes the form

. T7Y\2
yCoF 1
H. (Sr(Li1man N Do) | L'(R,9)) = NLdy - (mm{z 1)) =2 9)

Therefore in this case, upper and lower bounds (7), (9) of the e-entropy turn out to have the same size

NL§0 E On the other hand, if c3 > 0, in the case where T > rnax{Cl L, &+ N2L 65 NL} we obtain
y (6), (195), the estimate
N2L? &2 1
H. (ST(E[I,m,M] NDy) | Ll(Rﬂ)) Z 7 % o (10)
3

with c3 = 2sup{|V/\i(u)\; lu| < d, i = 1,...,N} for some d > 0. Hence, if cg > 0, for times T
sufficiently large we obtam a lower bound on the e-entropy of St(Lir,m,n) N Do) which is of the same
order L?/(|f"(0)|T) - 1 established in [1] for solutions to scalar conservation laws with strictly convex
(or concave) fluz f.

Remark 2. When N = 1, the semigroup map S; is defined on the whole space L*(R). Thus, in this case
we may analyze the e-entropy of Si(L) for sets L of initial data with possibly unbounded total variation
as in (5). In fact, for scalar conservation laws, with the same arguments used to establish Theorem 1-(i),
if € = sup {|f”(u)|; |u| < d} >0 for some d > 0, one can derive, for e sufficiently small, the lower
bound (cf. Remark 5 and Remark 6):

1 L2
1 (Sr(Caman) | 2'®) > gy err

M| =

(11)

Thus, Theorem 1 provides in particular an extension of [1, Theorem 1.8] to the case of general scalar
conservation laws with smooth, not necessarily convex (or concave) fluz. Clearly, the lower bound (11)
is significative only in the case where inf {|u|; |f"(u)] >0} =0, since otherwise one can easily see that
the left-hand side of (11) equals 400 for small e.

The upper bound (7) stated in Theorem 1 can be easily obtained relying on the upper estimates for
the covering number of classes of functions with uniformly bounded total variation established in [2]. In
fact, given any element ¢ € St (L7, m N Do), with L7, ar) as in (5), |[I| = 2L, by the finite speed of
propagation along (generalized) characteristics (cf.[8, Chapter 10]) we have the bound |Supp(¢)| < 2Lr
on the support of ¢, with Lz as in (8). Moreover, observe that, defining the total variation of a vector
valued map ¢ = (¢1,...,¢p) : R = RP as Tot.Var.(p) = >, Tot.Var.(¢;), and setting

Mir g0 = {10 € BV((0,2L], R?) | Tot.Var.(p) < 260 }. (12)

one has
N. (M[MO,N] | Ll([o,zL],RN)) < NE(M[NL(;OJ] | Ll([O,ZNL],]R)). (13)



This is due to the fact that, if we let ¢[; denote the restriction of a map ¢ to a set J, for every e-cover
Ua B of M[nL,5,,1) We can always consider the sets Ef x - - - x B, with Ef* = {@(-— (i = 1)L)[[—1)L,iL]
;o € B}, which provide an e-cover U (ET X - - x Ex;) of Mz 5, n], With the same cardinality as U, E.
Thus, given any L,m, M,T > 0 and any interval I C R of length |I| = 2L, applying [2, Theorem 1],
and relying on (2), (13), for € > 0 sufficiently small we find the following upper bound on the minimal
covering number

N (Sr(Lirman N Po) | LNR)) € Ne(Mizy 53 | L (10.227), RY))

< N. (M[NLT7507N] | Ll([0,2NLT],R)) (14)

4859 -NLp
€

One then clearly recovers (7) from (14).

Therefore, the main novelty of the estimates stated in Theorem 1 consists in the lower bound (6) that
is independent on the total variation of the functions in Dy, for times T sufficiently large (cf. Remark 1).
Following the same strategy adopted in [1] we shall prove (6) in two steps:

1. For every i-th characteristic family, let s — R;(s) denote the integral curve of the i-th eigen-
vector r;, starting at the origin. Consider a family of profiles of i-simple waves {¢:}, defined as
parametrizations s — ¢%(s) = R;(8,(s)) of R; through a suitable class of piecewise affine, compactly
supported functions {8,},. We will show that, at any given time T, any superposition ¢**>~*N of
simple waves ¢7',...,dR, can be obtained as the value u(7,-) = Spu of an entropy admissible
weak solution of (1), with initial data @ € Lz, 1 a7 N Do.

2. We shall provide an optimal estimate of the maximum number of elements of the family
{¢tr*N}, .y contained in a subset of S7(Li;m m N Do) of diameter 2¢. This estimate is
established with a similar combinatorial argument as the one used in [2], and immediately yields
a lower bound on the e-entropy of the set {¢*v~*~}, .. In turn, from the lower bounds on
H ({¢" N}, o | LR, Q)), we recover (6).

N

Next we focus our attention on a particular class of hyperbolic systems introduced by Temple [20, 21],
under the assumption that all characteristic families are genuinely nonlinear or linearly degenerate (see
Definition 1 in Subsection 3.1). Systems of this type arise in traffic flow models, in multicomponent
chromatography, as well as in problems of oil reservoir simulation. The special geometric features of
such systems allow the existence of a continuous semigroup of solutions S : [0,00[xD — D defined on
domains D of L*°-functions with possibly unbounded variation of the form

D= {v € L'(R,Q) | W(v(z)) € [a1,b1] X -+ X [an, by] for all z € R}, (15)

where W (v) = (W1 (v),...,Wn(v)) denotes the Riemann coordinates of v € Q (see [6], [3]).

Every trajectory of the semigroup ¢ — Syu = u(t,-) yields an entropy weak solution of (1),(3). When
all characteristic families are genuinely nonlinear such a semigroup is Lipschitz continuous and the map
u(t, ) = Syu(x) satisfies the following Oleinik-type inequalities on the decay of positive waves (expressed
in Riemann coordinates w; (¢, ) = W;(u(t,-))):

it7 B it’ 1 )
w( y) w( ‘r)gi Vx<y, t>0, ’L:].,...7N7 (16)
y— ct
for some constant
O<C§1nf{‘v>\l(u).7ﬂl(u)|’uewfl(n),Z:]_,...,N}, (17)

where
II = [al,bl] X+ X [an,bn].

In this setting, it is natural to ask whether we can extend the estimates provided by Theorem 1 to classes
of initial data with unbounded variation. The next result provides a positive answer to this question.
Namely, relying on the analysis of the evolution of the Riemann coordinates along the characteristics and
on the Oleinik-type inequalities, we will establish upper and lower estimates on the e-entropy of solutions



to genuinely nonlinear Temple systems which are the natural extension to this class of hyperbolic systems
of the compactness estimates established in [1, 9] for scalar conservation laws with strictly convex (or
concave) flux. Specifically, letting Si*w = W (u(t,-)) denote the Riemann coordinates expression of the
solution of (1),(3), with @ = W~! o w, determined by the semigroup map S, and adopting the norms
lwllr =3, lwillzr, ||w]|Le = sup; |w;||= on the space L*(R,II), we prove the following

Theorem 2. In the same setting of Theorem 1, assume that (1) is a strictly hyperbolic system of Temple
class, and that all characteristic families are genuinely nonlinear or linearly degenerate. Let (S¢)>o be
the semigroup of entropy weak solutions generated by (1) defined on a domain D as in (15). Then, given
any L,m, M, T > 0, and any interval I C R of length |I| = 2L, setting

L8 oy = {@ € LRI Supp(@) C 1, @]y < m, @]~ < M}, (1)

for e > 0 sufficiently small, the following hold.

(i)
N2L? 1

T  max {eo, er BB} e

H. (SE (LY an) | LR ID)) = (19)

where cg,c7 are nonnegative constants given in (201), (202), which depend only on the gradient
of the eigenvalues \;(u) of the Jacobian matriz Df(u) and on the corresponding right eigenvec-

tors r;(u), in a neighbourhood of the origin.

(ii) If all characteristic families are genuinely nonlinear, one has

32N2L2. 1
w w 1 T
H. (ST( (o) | L (KH)) S—07 o (20)
where
8NmT
Ly= L+ /=2 csup {[VX(w) - 75 (w)| [W(w)] < M, i =1,..., N}, (21)

and c is the constant appearing in (16).

The paper is organized as follows. In Section 2 we first introduce a family of simple waves and
then construct a class of classical solutions of (1) with initial data given by the profiles of N simple
waves supported on disjoint sets. This analysis is in particular carried out with a finer accuracy for the
special class of Temple systems. In Section 3 we establish a controllability result and a combinatorial
computation both for general hyperbolic systems and for Temple systems, which yield the lower bound
on the e-entropy stated in Theorem 1 and Theorem 2. Finally, Section 4 contains the derivation of the
upper bound on the e-entropy for Temple systems stated in Theorem 2.

2 Simple waves and classical solutions

2.1 Simple waves

Let f: Q — RY be a C? map on an open, connected domain €2, and assume that a neighbourhood of the
origin By = {u € R"||u| < d} is contained in Q. We shall consider here a class of continuous, piecewise
C' solutions of (1) that take values on the integral curves of the eigenvectors of the Jacobian matrix Df.
Such solutions can be regarded as the nonlinear analogue of the elementary waves of each characteristic
family in which it is decomposed a solution of a semilinear system (cf. [8, Section 7.6]). For every i-th
characteristic family, let s — R;(s) denote the integral curve of the eigenvector r;, passing through the
origin. More precisely, we define R;(-) as the unique solution of the Cauchy problem

du
=5 = riu(s),  w(0)=0, (22)



that we may assume to be defined on the interval ] —d, d | of the same size of the neighbourhood By C .
The curve R; is called the i-rarefaction curve through 0. We may select the basis of right eigenvectors
ri(u),i=1,..., N, together with a basis of left eigenvectors l;,7 = 1,..., N, so that

1 i ie
Iri] = 1, li - =0i5= 1 Z J.’ (23)
' 0 if 7¢#j7,

where u - v denotes the inner product of the vectors u,v € RY. It follows in particular that
|R;(s)| < s] Vse]—dd]. (24)
For every b > 0, 0 < d < d, we define the class of functions
PC[ld}b} = {B :R = [—d,d] | B is piecewise C" and 1B(z)] < b}. (25)

Here, we say that a map 8 : R — [—d,d] is piecewise C' if 3 is continuous on R and continuously
differentiable on all but finitely many points of R, while the bound on /3 in (25) is assumed to be satisfied
at every point of differentiability of 8. Given 8 € PC[ld}b}, consider the map

¢, (@) = Ri(B(z))  z€R, (26)
and define the corresponding i-th characteristic starting at y € R as:
zi(ty) = y+X(@] (v) ¢, =0, (27)
Observe that, by(22), one has
L5 w) = 8(@) i} @) (28)

at every point z of differentiability of §. Hence, differentiating (27) w.r.t. y at a point where f is
differentiable we find

a%l‘i(t,y) =1+ Vi) (1) i@ ()] - Bly) -1, t=0. (29)
Set
oy =sup {|VAi(u)|; ue Bg, i=1,...,N }. (30)

Then, relying on (23), (24), (30), and because of the bound on § in (25), we derive from (29) the
inequality

0
a—ym(t,y)Zlfalbot, t>0, (31)
which, in turn, yields
0 1
— 1/(2aq - b)|. 2
Gomt) 2 5 Ve 0.1/(ar - b) (32)

The inequality in (32), in particular, implies that the map y — z;(¢,y) is increasing, hence injective.
Moreover, since (;5? is continuous, from (32) we deduce also that the image of y — z;(¢,y) is the whole
line R. Therefore, for every fixed 0 < ¢t < 1/(2a; - b), we may define the inverse map of z;(¢,-) on R.
Then, set

Zi(t7 ) = x‘_l(t’ ')a (33)

7

and define the function
ut,x) = ¢P (z(t,x)), V(t,z) €[0,T] xR, (34)

with T' < 1/(2a - b). The next lemma shows that u(t, z) provides a classical solution of (1) on [0, T] X

n [0
and we shall establish some a-priori estimates on u(t,-). We will say that the map u(¢,x) in (34) is an
i-th simple wave with profile qﬁf . We recall that a classical solution of a Cauchy problem (1), (3) is a
locally Lipschitz continuous map u : [0,7] x R — Q that satisfies (1) almost everywhere (3) for

a3
) (see [8,

an
all z € R. A classical solution of (1), (3) is in particular an entropy weak solution of (1), (3
Section 4.1]).



Lemma 1. Given T >0,0<d <d, 0<b<1/(2a;1-T), with ay as in (30) (interpreting 1/a; = oo
when a1 = 0), for any fixred i = 1,...,N, and for every B € PC[ld’b], the map u(t,x) defined in (34)
provides a classical solution of the Cauchy problem

uy + f(u)e =0, (35)
u(0,-) = ¢, (36)
on [0,T] x R. Moreover, for every t < T, there hold:
d
— 4B B
lutt Mm@ = 165 lmmey < dv et Mooy <2- [ ol L2 @7)

Proof. Observe first that, by the definitions (33), (34), and because of (28), (32), the map u(t,x) is
Lipschitz continuous, and it is differentiable at every point (¢, ) lying outside the curves t — (¢, 2;(t, ye)),
{y¢}e denoting the finite collection of points where 3 (and hence ¢7) is not differentiable. Moreover, one
has

u(t,zi(t,y) = ¢ (y),  Y(ty) € [0,T] x R\ {ye}e), (38)
and, recalling (24), the first estimate in (37) holds. Taking the derivative with respect to ¢t and y in both
sides of (38), and recalling (27), (28), we obtain

ug(t, i (t,y) + Ai(ult, i(t,9))) - ua(t, 2i(t,y)) = 0, (39)

and
ux(t’ xi(t’ y)) ' %xi(tv y) = ﬁ/(y) : ri(u(ta :Ei(t7 y)))v (40)

at every point (¢,y) € [0,T] x (R\{ys}¢). We may divide both sides of (40) by B%xi(t, y) because of (32),
and thus find

Df(u(t, i(t,y))) - ua(t, 2i(t,y) = Xi(ult, 2i(t, ))) - ua(t, 2i(t,y)) (41)
which, together with (39), yields

u(t, ) + Df(u(t,z)) - ug(t, z) = 0,

at every point (t,z) € ([0,T] x R) \ Ug{(¢, z;(t,y¢) |t € [0,T]}. On the other hand, since by (27) x(0, )
is the identity map, it follows from (33), (34) that u(0,z) = ¢7(x) for all z € R. Therefore, u(t, z) is
a Lipschitz continuous map that satisfies the equation (35) almost everywhere on [0,7] x R, together
with the initial condition (36) at every € R. Hence u(t, ) provides a classical solution of (35)-(36).
Moreover, relying on (23), (28), (32), (38), and because of the bound on 3 in (25), we recover from (40)
the second estimates in (37), thus completing the proof of the lemma. O

2.2 Superposition of simple waves

We wish to construct now a classical solution of (1), on a fixed time interval [0, 7], with initial data given
by the profiles of N simple waves, one for each characteristic family, supported on disjoint sets. In order
to analyze the behaviour of the solution in the regions of interaction among simple waves we shall rely
on uniform a-priori bounds on a classical solution u(¢,x) of (1) and on its spatial derivative, which can
be derived by a standard technique (e.g. see [13, Section 4.2]) when the initial data has sufficiently small
norms [[u(0, )|z (r,0), Uz (0, )|z ®,0). In order to state the next lemma that provides such a-priori
estimates we need to introduce some further notation. Letting I7 denote the transpose (row) vector of
a given (column) vector [ € RV, set

Fy(u) = sup {w(u) || <u>Drj<u>|},

.3,k

Pau) = sup {|Ak<u> = ()| [t (U)Dm(U)|} +sup [VAi(w)], (42)

)

La(u) = sup |li(u)

Q) = sup {Fl(u); ueBg}, 1=2,3,4. (43)



Notice that (23) implies ay > 1. Comparing (30), (42), (43), we deduce that
(65} § Qs S Q30y. (44)

Lemma 2. Given T >0, 0 < d < (de=2/3)/(2a4N), 0 < b < 1/(2a3a4N? - T), with a;, | = 1,2,3,
as in (30) and (43), consider a piecewise Ct map ¢ : R — Q) that satisfies

¢l L= @) < d, 16| oo (m.02) < b (45)

Then, the Cauchy problem
u + f(u)z =0, (46)
u(0,-) = ¢, (47)

admits a classical solution u(t,xz) on [0,T] x R and, for every t <T, there hold

a2
u(t, )| e gy < 204N €5 - d, et (2, )| oo (ricry < 204N - . (48)

Proof. We provide here only a sketch of the proof. Further details can be found in [13, Section 4.2]. In
order to prove the lemma it will be sufficient to show that, for every fixed time T' < 1/(2azasN? - b),
and for every initial data ¢ satisfying (45), the estimates (48) hold on [0,7] for a classical solution
of (46)-(47). In fact, since by (45) we are assuming the initial bound

4.3, (49)

oo <d<
[y <4< 5=

the first estimate in (48) guarantees in particular that [[u(t,)||fe o) < d for all t € [0,T]. As in the
proof of [13, Theorem 4.2.5], relying on the a-priori bounds (48) one can then actually construct a
classical solution of (46)-(47) on [0,7], as limit of a Cauchy sequence of approximate solutions of the
linearized problem.

Thus, assume that u(t, z) is a classical solution of the Cauchy problem (46)-(47) on [0,7] x R, with
a piecewise C'! initial data ¢ satisfying (45). We may decompose u and u, along the basis of right
eigenvectors r1(u), ..., rn(u), writing

) = Zpi(tvx)ri(u(t’x»’ uz(t, ) = Z qi(t, z)r;(u(t, x)), (50)

which, because of (23), is equivalent to set

pi(t,x) = L (u(t, z)) - u(t, x), qi(t,x) = Li(u(t, ) - ugp(t, z), i=1,...,N. (51)

Differentiating p;, ¢; along the i-th characteristic we find, for each i-th characteristic family, the equations

(pi)e + Ai(u( Z%M ) Pk,

(52)
(4i)e + Ni(uf ka ) 454k

where
v e(w) = (A(u) — Ai(u) 1] (w) Drj (u)ry, (u),
1 T (53)
() = 5 (i) = Xy () () [ (), 7 (w)] = 03,6V Ni () - 75 ()

(0i,1 being the Kronecker symbol in (23) and [r;, r] denoting the Lie bracket of the vector fields rj, 7).
Observe that, by definitions (42)-(43), one has

max |77 (u)] < a2, max |7];(u)| Sas  Vu€ By (54)



Then, assuming that [Ju(t, )| 1= r,0) < d for all ¢t € [0,T7, it follows from the second equation in (52)

integrated along the characteristics that, setting
Q) = Z [ai (t, ')HLOQ(]R,Q)’
i
there holds .
Q1 < QO +aoN [ (@)Pds V.
0

By a comparison argument one then derives from (56) that

Q) < Q(0)

_T]\HQ(O) vVt € |:07

1
azN Q(0) {
On the other hand, notice that by (23), (43), (50), (51), and recalling (23), one has
[ua(t; )L @) < QF) < aalN|ux(t, )| Lo r.0)-

Since we assume by (45) the initial bound

1
"N oo <bh< ——~
¢l Lm0 <b < s aNZ T
which, in turn, because of (58) implies
1
Q(O) - 2@3N 'T’
we obtain
Q1) <2Q(0)  vte[o.T].

We deduce with (57), (58), that

e (t, )L @a) < Q1) <2Q(0) < 204N - [|¢' || L@y VT,

proving the second inequality in (48). Next, setting
P(t) = Z Hpi(tv ')HLw(R,Q)’

and integrating the first equation in (52) along the characteristic, we derive
t
P(t) < P(0) + a2N/ P(s)Q(s)ds v t.
0

Then, applying Gronwall’s lemma, we deduce from (62) that

P(t) < P(0) exp (QQN /0 tQ(s)ds) vt

On the other hand observe that since (59) implies Q(0) < 7~

1

Vit<T.
OZ3N -

/t Q(s)ds <2Q(0)t <
0
Moreover, by (23), (43), (50), (51) there holds

lu(t, ) Lemeo) < P) < asNlu(t, )| Lo o)

Hence, (63)-(65) together yield

o2 Qg
[u(t, e me) < P(t) < P0)ess <ayNes||p|pemea  VEST.

This completes the proof of the first inequality in (48), and hence of the lemma.

(55)

(56)

(62)

(63)

s forall t < T, we deduce from (57) that

(64)

(65)

(66)



Relying on Lemma 1 and Lemma 2 we shall construct now a classical solution u(¢,x) of (1) on a
given time interval [0, T, so that:

- the initial data u(0,-) is supported on N disjoint intervals I;, i = 1,..., N, of the same length
|I;| = L, and on each interval I; it coincides with the profile of a simple wave of the i-th characteristic
family;

- the terminal value (T, -) at time T is supported on an interval of length ~ 2L.

Namely, given L,b >0, 0 < d < d and
L

T> A AN = miin{)\iH(O) - Xi(0)}, (67)
set
and consider the family of N-tuples of maps
el = {8 = (Bi,....By) € (PCluy)™ | Supp(8) € [€7.€1), i=1,...,N }, (69)

where ’PC[ld’b} denotes the class of functions introduced in (25). Observe that, by (67), (68), one has
&hi<¢g  Vi=1,...,N-1 (70)

Then, let 8 = (B1,...,8n) € PC[IL’]);’Z)}T], and define the function ¢ : R — , by setting

e oF(2) i weSupp(B), i=1,...,N,
Pla) = o (@) =1" | (71)
P 0 otherwise,
where

97 (x) = Ri(Bi(x)) (72)

denotes a map defined as in (26) in connection with §; € PC [1d7b]. The next Lemma shows that if we also
assume

1 .5 AR . 1 ApX
0<d<——F——- d, —— 0<b< 73
<a<s 2044]\760‘2/0‘3 mln{ y 20, }7 < _mln{zal.zﬂ 4a3a4N2~L}’ ( )

1,N
(L,d.b,T)

Lemma 2 to derive the existence of a classical solution of (1) with initial data ¢ which possesses the
desired properties.

(interpreting 1/a; = oo when «; = 0), for every given § € PC we can apply Lemma 1 and

Proposition 1. Let f : Q@ — RY be a C? map defined on an open, connected domain Q@ C RN, Q D
Bg = {u € R"||u| < d}, and assume that the Jacobian matriz D f(u) has N real, distinct eigenvalues
Ar(u) < ... < An(u). Given L,T,d,b > 0, satisfying (67), (73) (with a1 as in (30), oy, | = 2,3,4, as
n (43), and A\ as in (67)), let PC | be the class of maps introduced in (68)-(69), and consider

(L.d.b,T
a map ¢° : R — Q as in (71), defined in connection with an N-tuple B = (B1,...,BN) € PC[li]\ng],
Then, there exists a classical solution u(t,z) of the Cauchy problem
u(0,-) = ¢P, (75)
on [0,T] x R. Moreover, setting
. An(0) = Ai(0)
a5 = A/\)\ ) (76)
one has
Supp(u(T,-)) € [-L-(1+as), L-(1+as)], (77)
and, for every t < T, there hold:
a2
u(t, ) Lm0 < 204N e®s -d, e (L, )| oo (r,0) < 4aaN -b. (78)

10



Proof. We will prove the existence of a classical solution of the Cauchy problem (74)-(75) on [0, 7]
satisfying (77)-(78), by first showing that such a solution is obtained on [0, 7 — L/AxA] as a superposition
of simple waves supported on disjoint set, and next deriving a-priori bounds on the solution and its
support in the interval [T — L/AAN, T1.

1. Given 8= (51,...,8n) € PC[lijib,T], define as in (27) the functions

2ty =y+ NS () t, >0, (79)

for each ¢ = 1,...,N. Since (73) implies ¢t < 1/(2a; - b) for all t € [0,T], by the inequality in (32) we
deduce that the maps y +— mg(t,y), i =1,...,N, are one-to-one in R, for every fixed ¢ € [0,T]. Then,
setting

20t = (@) (t,-), i=1,...,N, (80)
and letting qﬁf ‘ be the map in (72), define the function
¢l (z(tw)  if we (&), 226N\ 2(tEN), i=1,...,N,

ub (t’ Jj) = J#i (81)
0 otherwise,

n [0,7] x R. Observe that, because of (69), (72), one has ¢ (¢F) = R;(0) = 0, for all i = 1,..., N.
Hence, recalling (67), (68), and by (79), there holds

L
2 (tEE) <al(ter)  Vite [O,T—AA)\} i=1,...,N—1, (82)

so that one has

. {¢fi(zg(t,x)) it xelal(t,&), 22,0, i=1,...,N,
w(t,x) =

(83)
0 otherwise,
for all (¢,x) € [0, — L/A A X R
By (83) the restriction of u’(¢,z) to the domain [0,7 — L/AA\] x R is a Lipschitz continuous map
supported on the disjoint union of sets

D;i = {(t,x) [t € [0, — L/AMN, @ € [#}(t,&),2;(t,6)]},  i=1,...,N. (84)

Since (73) implies b < 1/(2a; - T'), we know by Lemma 1 that u’(t, ) is a classical solution of (74) on
each set D;. Moreover, recalling that 27(0, ) is the identity map, by (83) one has u’(0,z) = ¢/ (z), for
all € [¢7,¢1], i = 1,...,N. Therefore, looking at (69), (71), we deduce that (75) holds. Hence, it
follows that u”(t,2) provides a classical solution of (74)-(75) on [0,T — L/AAN x R

Notice that, letting u’(t, *)| D, (+) denote the restriction of u’(t,-) to the set Dy(t) = [22(t, &), 22, &),
we deduce from (71), (83), that for every t € [0,7 — L/A )] there holds

[’ (t, )| = max |[u’ (£, ) p, o)l < (AR max |[u” (£, ) p, o)l <
(85)
[, st
16l = max 6" 1. L6, =max| e
Therefore, relying on the estimate (37) for each u”(t, ‘)|, (), We derive from (85) the estimates
d
b — |l4P b B
£ ) || ooy = o < d, £, )| oo <2H* H <92, (86
W (¢ )L~ ®a) = 197 |L= @) < lJug (&, )l Lo () < dx(b Lo®Q) (86)
forall t € [0,T — L/AAN].
2. Observe now that
o(x) =u’ (T — L/ANN, z),  z€R, (87)
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is a piecewise C'! map that satisfies the estimates (86), with d, b verifying the bounds (73). Thus, applying
Lemma 2 we deduce the existence of a classical solution u*(¢, z) of (74) on the domain [T'—L/Ax\, T] xR,
that assumes the initial data u(T — L/AAN, ) = ¢, at time t = T — L/Ax\. Moreover, by (48), (86),

there holds

&2
(¢, N ma) < 204N evs -d,

for all t € [T — L/AAN, T). Therefore, the function defined by

u(t,x) = {

u’(t, x) if
ub(t, ) if

te 0, T— L/AN,
te]T — L/AN, T,

[l (£, ) || oo (r,0) < 4aN - b,

(88)

(89)

provides a classical solution of (74), (75) that, because of (86), (88), satisfies the bounds (78) for all

te[0,T].

To conclude the proof of the proposition we shall derive now an estimate of the support of u(T,x).
Consider, for each i-th family, the i-th characteristic curve of u through a point (7,y) € [0,7] x R,

denoted by t — z;(t; 7,y), t € [0,T], and defined as the (unique) solution of the Cauchy problem

Set, for every i =1,..., N,

7, =inf {t €1[0,T]; x;(t;0,&7) = xj(t;O,fji) for some j # i},
7,7 = inf {t €[0,T]; x:(t;0,&") = xj(t;O,ﬁji) for some j # i},

& = \i(u(t, z)),

xz(1) =y.

Yi

= xi(Ti7; 076;)7

yj = xi(Ti‘F;Oafj)a

(90)

(91)

where the equality z;(¢;0,§, ) = :rj(t;07fj-t) is interpreted as x;(t;0,&;) = z;(t;0,€;) or z;(£0,§;7) =
x;(¢;0, f;L), and analogously for z;(¢;0, &) = z;(£; 0, fji) Next, consider the union of the regions confined

between the minimal and maximal characteristics emanating from the points (

AT = {(bw) € [ T X R an (677, 97) S @ a7, w7) |

yE),i=1,...,N:

A= (A7 uA), (92)
i A = {(t,x) €T xRty ) <2 < .Z‘N(t;T;'_,yj_)}.
—L)2 L/2
t=T ;
Ay = AT
t=75 =74 Ay :A;—
t=1,
t=0 x
& ¢ & 3 & €

Figure 1: The sets A;t

Observe that ([0,7] x R) \ A is a domain of determinacy for the Cauchy problem (74)-(75), since,
for every fixed (7,y) € ([0,7] x R) \ A and for any ¢ = 1,..., N, one has {(¢,z;(¢; 7,9));0 <t <7} C
([0,7] x R) \ A. Therefore, we deduce that the classical solution u(¢,z) of (74), (75) coincides with the
function u’(t, ) defined in (81) on the whole region ([0,7] x R) \ A, and that there hold

u(t,z) = {

¢ (22 (t, @)
0

if 2e[2t&) 2tEN], i=1,...

otherwise,

12

N
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for all (t,z) € ([0,7] x R) \ A, and
zi(t; 0,65) =2)(t, ) vtelo, ],  i=1,...,N, (94)
with obvious meaning of notations. Notice that, since by (69), (72) one has ¢?’ (€5) = R;(0) = 0, it

follows from (68), (79) that
z;(T, &) = £L/2. (95)

Thus, letting u(T,-)|p denote the restriction of u(T),-) to a set D, we deduce from (93) that
. C |- .
Supp (u(T ), gy ) € [FL/2 L/ (96)
On the other hand, observe that by (82), (91), (94), one has

inf{T[,T;L;i:l,...,N}2T—

A (97)

Moreover, the first estimate in (78), together with the bound (73), imply in particular |ju(t, )|z~ < d,
for all ¢ € [0,T7], while (69), (72), (91), (93) yield

u(ry,y) = ¢ (&) =0, u(rt,yh) = ol (&) = 0. (98)

Thus, relying on (30), (73), (78), (79), (90), (94), (95), (97), (98) we derive

K2

o (TirE,yE) <y + (AN<0> 201 aaN ¢ -d) (T )

K2

=22 (7, &) + ()\N(O) + 201 ayN eas -d) (T —7175)

ag L

< (T, &F AN (0) = X;(0)) +2 Nas.d>.
< a7 )+ (Ow(0) = M) + 2 auv e ) .
<. 1_’_ 20[1 a4Ne% ~d+ )\N(O)—)\l(O)
= 2 AN AN

AN (0) — A (0)
<L-|14+28—2 212
1 (1 20 000)

and, analogously,
o (Ti 75, yF) > —L - <1+W>. (100)
A

Then, recalling (76) and looking at the definition (92) of A, we deduce from (99)-(100) that there holds
SuPp(“(T’ e (T,w)eA}) Cl-L- (It as), L-(1+as)) (101)

In turn, the inclusion (101) together with (96) yields (77), completing the proof of the proposition. [

Remark 3. Classical solutions of conservation laws coincide with the trajectory of the corresponding
semigroup, whenever their initial data belongs to the domain of the semigroup. In fact, by the result
in [8, Section 5.3], if (1)-(3) admits a classical solution, then such a solution coincide with any entropy
weak solution of the same Cauchy problem. Therefore, if we consider a general system of conservation
laws that generates a semigroup (Si)i>0 of entropy weak solutions with a domain Dy as in (2), and we
suppose that the map ¢° defined in (71) satisfies Tot.var.(¢?) < &g, it follows that the classical solution
u(t,-) of the Cauchy problem (74)-(75) provided by Proposition 1 coincides with S;¢”.
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2.3 Simple waves for rich systems

Here we analyze the structure of simple waves for a class of systems, the so-called rich systems, that can
be put in diagonal form with respect to Riemann coordinates. We recall that a system of conservation
laws (1) is called a rich system (see [20]) if there exists a set of coordinates w = (wq, ..., wy) consisting
of Riemann invariants w; = W;(u), u € 0, associated to each characteristic field r;. It is not restrictive to
assume that the Riemann coordinates are chosen so that W (0) = 0. A necessary and sufficient condition
for the existence of Riemann coordinates is the Frobenius involutive relation [r;, ;] = ar; 4+ alr;, that

must be satisfied, for some scalar functions ozz , a;, for all 4,7 = 1,...,N. When a system is endowed
with a coordinate system of Riemann invariants it is convenient to normalize the eigenvectors r1,...,ry
of Df so that there holds

VWz Ty = (Si’j (102)
instead of |r;] =1 as in (23). In turn, (102) implies (cf. [8, Section 7.3]):
[ri,r]=0  Vij=1,..., N (103)

Throughout the following, we will write w;(t, ) = W;(u(t,z)) to denote the i-th Riemann coordinate of
a solution u = u(t, z) to (1), and we shall adopt the norms [|w||z1 = >, ||wi| 1, ||w| L~ = max; |Jw;]| 7.
Notice that, because of (102), multiplying (1) from the left by DW;, ¢ = 1,..., N, we deduce that the
system (1) is equivalent to the system in diagonal form

(wi)t—i—)\i(w)(wi)m =0, i=1,...,N, (104)

within the context of classical solutions. Thus, letting ¢ — x;(¢,y) denote the i-th characteristic of (104)
starting at y € R, i.e. the solution of the Cauchy problem

T = )\i(w(t7x))a l’(O) =Y, (105)

it follows that each i-th Riemann coordinate w;(t,z) of a classical solution to (1) remains constant
along every i-th characteristic of (104). On the other hand, differentiating (104) w.r.t. z, and setting
qi(t, z) = (w;(t, )., we find that

(g0 + Xi(w(t, 2))(¢i)e = — Z ;%Ai(w(f» x)) 454i- (106)

Observe that, by virtue of (102), the inverse map u = W=l (w) of w = W(u) = (Wi (u),...,Wx(u))
satisfies Ou(w)/Ow; = ri(u(w)), for all i = 1,..., N, and so the chain rule yields

0
5o Ni(w) = VAi(w) ri(u) Vi (107)
Wi w=W(u)
Next, set
ol = sup {|V>\z(u) rl(u)| ; u€ By, i= 1,..‘,N}, (108)
o = sup{|V>\i(u) -rj(u)| s uwe By, i,j= 1,...,N}, (109)

where B; denotes as usual a ball centered in the origin and contained in the domain  of the flux
function f. Since W(0) = 0, we may assume that

(Wl w)| jwi| <d'} < By, (110)
for some d > 0. Thus, because of (107), (109), we have
— =N
IV (w)| < VNa] Vwe[—d,d} . i=1,...,N. (111)

Then, with the same arguments of the proof of Lemma 2, we deduce the following sharper a-priori bounds
on the Riemann coordinate expression of a classical solution of a rich system of conservation laws.
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Lemma 3. Assume that (46) is a strictly hyperbolic and rich system. Given T > 0, 0 < d < E/,
0<b<1/(2a/N-T), with o as in (109) (interpreting 1/af = 0o when of =0), consider a piecewise
C! map ¢ : R — Q that satisfies

d
[W o @l Lo r,0w) < d, H

dzx

W H <b, 112
W o), o < (12)
where Q¥ = {w € RN | w = W(u), u € Q}. Then, the Cauchy problem (46)-(47), admits a classical
solution u(t,x) on [0,T] x R and, for every t <T, letting w(t,x) = W(u(t,z)), there hold

lw(t, )l @aw) < d, [z (t; )l Lo vy <20 (113)

Proof. Proceeding as in the proof of Lemma 2, it will be sufficient to show that, for any fixed time
T < 1/(2a4N - b), and for every initial data ¢ satisfying (112), the estimates (113) hold on [0, 7] for
the Riemann coordinate expression w(t,z) of a classical solution of (46)-(47). Observe that the first
inequality in (113) is an immediate consequence of the invariance of each i-th Riemann coordinate
w;(t, z) along the i-th characteristics of (104), and of the fact that w(0,2) = W o ¢(x). Next, defining
Q(t) = sup; ||qi(t, )| L=, and relying on (106), (107), (109), (110), we derive as in (56)-(57) the bound

Q(0)

provided that Q(0) < 1/(2afN - T'). Thus, since Q(t) = ||wy (1, -)||L~ by the definition of the L*°-norm,
and because w,(0,z) = -L (W o ¢)(x), if we assume b < 1/(2a//N - T) we recover from (112), (114), the
O

<2-Q(0) VO<t<T, (114)

dzx

second inequality in (113).
Observe now that as a consequence of (102) we deduce also that the rarefaction curve of the i-th
family through 0 can be parametrized in Riemann coordinates as s — RR(s) = se;, s €] —d ,d [, where
e; denotes the i-th element of the canonical basis of RY. Therefore, given 5 € PC [1d7b], d< El, the map

(;5B in (26) takes the expression in Riemann coordinates:

W0¢f(a:) = B(z)e; zeR. (115)
Similarly, the map ¢® in (71) defined in connection with an N-tuple 8 = (B1,...,8n) € PC[li]Xi b, 7]’

- . R .
d < d, is given in Riemann coordinates by

N N

Wogl(x) =Y Woel(z)=> Bix)ei = (Bu(x),....Bn(x)) (116)

i=1 i=1

Notice that the supports of the simple waves d)f ‘ may well overlap, because we are not assuming here
that T satisfies the bound (67). However, by (116) the structure of the solution in Riemann coordinates
can be viewed as a superposition of almost decoupled simple waves since each i-th simple wave has zero
j-th Riemann component for every j # i. With similar arguments to the proof of Proposition 1 we then
derive the sharper a-priori bound on the size of the support of w(t,-) provided by the following

Proposition 2. In the same setting and with the notations of Proposition 1 and Lemma 3, assume that
(74) is a strictly hyperbolic and rich system. Given L,T >0, and d,b > 0 satisfying

. —/ A/\)\ . 1 A/\A
< < 11
O<d_mln{d,20/1/\/N}7 0<b_rmn{2a,1.T7 SN L) (117)

with o, oY as in (108), (109), and A\ as in (67) (interpreting 1/a} = oo when o) =0 and 1/af = o
when o = 0), let PC[liA(; p,7) be the class of maps introduced in (68)-(69), and consider a map ¢° : R — Q

as in (71), defined in connection with an N-tuple 8 = (B1,...,8n) € fpc[lij,\fm,:r]' Then, the Cauchy

problem (74)-(75), admits a classical solution u(t,x) on [0, T]|xR. Moreover, letting w(t, z) = W (u(t,z)),
one has

Supp(w(T',-)) € [-L, L], (118)
and, for every t < T, there hold:

lw(t, )| e @ o) < d, [wa (2, )| Lo (R, 0wy < 4b. (119)
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Proof. We shall first assume that 7' > L/AxX. In this case, as in the proof of Proposition 1, we will
show that a classical solution of the Cauchy problem (74)-(75), satisfying (118), (119), is obtained on
[0, — L/AAN] as a superposition of simple waves supported on disjoint set. Next, we will prove that
such a solution can be extended to the interval [T — L/A\, T relying on Lemma 3. Finally, we will
discuss how to derive from Lemma 3 the existence of a classical solution of (74)-(75) verifying (118),
(119) in the case where T' < L/A .

1. Given 8 = (f1,...,0n) € PC[liJXLb’T], consider the functions z2(t,y), i = 1,..., N, defined in (79).
Observe that, relying on (107)-(108), (117), by the same computations of Subsection 2.1 we derive the
inequality

d _ 1
8—yw5(t,y)21—a’1b-t2§ Vtelo,T]. (120)

It follows that the maps y ~ 2%(t,y), i = 1,..., N, are one-to-one in R, for every fixed ¢ € [0, T]. Thus,
we may define the inverse map of x'l’(7 y) on R, and setting

Z(t)= (@) (), i=1,...,N, (121)
we define the the function

Bi(z(tx) if @€ [2h(t€), 23NN\ Ul €), 256N,
w)(t,x) = i i=1,...,N, (122)

0 otherwise,

on [0,7] x R. As in the proof of Proposition 1, notice that if we assume T' > L/Ax X we derive

L
ApA

2 (tEE) <l er)  Vite [O,T— } i=1,...,N—1, (123)

so that one has

(2 (t @ if e [ah(t, &), al(t,&F
w?(t,x): {Bz( 2(t,x)) f € [22(t, &), 22(t, &),

i=1,...,N, (124)
0 otherwise,

for all (t,x) € [0,T— L/AA A xR. Relying on (116), by the same arguments of the proof of Proposition 1

we then deduce that w’(t, ) is the Riemann coordinate expression of a classical solution of (74)-(75) on

[0,T — L/AxA] x R. Moreover, recalling that by definition (69) one has ; € PC[ldyb], foralli=1,...,N,

and relying on (120), we deduce from (124) that

d

1o —1
||wb(t;')HL°°(]R,Qw) = m?'X”Bi”L‘X’ S d, ||w;(t,')HLoo(R70w) S m?X“(%xE(t’)) '761’

< 2b
dz o = 7

(125)

L

for all ¢ € [0, — L/AAN].
2. Relying on (117), (125), and applying Lemma 3, we deduce the existence of a classical solution of (74)
on the domain [T — L/Ax\, T] X R, that assumes the initial data

¢(x) =W ' (' (T — L/AN, 2),  w€R, (126)

at time ¢t = T'— L/ A5 ). Moreover, the Riemann coordinate expression w*(, z) of such a solution satisfies
the estimates
[ (¢, )| Loe (,00) < d, [ (¢, ) poe .0y < 4+ b, (127)

for all t € [T — L/AAX, T). Therefore, the function defined by

w’(t, i — A,
w(t’x)i{ (t, ) f  te[0,T—L/ANN 128)

wh(t,r) if  t€]T — L/AN, T],

provides the Riemann coordinate expression of a classical solution of (74)-(75) on [0, 7] x R that, because
of (125), (127), satisfies the bounds (119) for all ¢ € [0, T].
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In order to derive an estimate on the support of w(T,-), consider the i-th characteristic ¢t — z;(¢,y)
starting at y at time t = 0, associated to w(¢, ), i.e. the solution of (105). Since w(t,x) is the Riemann
coordinate expression of a classical solution of (74) on [0,T] x R, it follows that the map y — x;(t,y) is a
one-to-one correspondence on R, for any ¢t € [0,T]. Hence, setting z;(t, ) = :z:i_l(t, -), and recalling that
each i-th Riemann coordinate wj; (¢, x) remains constant along the i-th characteristics, we may express
w;(t,x) as

wi(t, ) = Bi(zi(t, x)) Vtel0,T], z€R. (129)

Relying on (129), and because of (69), we deduce that in order to prove (118) it will be sufficient to show
that the i-th characteristic map xz;(T, -) satisfies

[xi(T’ 57,_)’ xi(T7 §+)} - [_Lv L]’ (130)

for every i = 1,..., N. To this end, let ¢ — z;(¢; 7,y) denote the i-th characteristic starting at y at time
t = 7, i.e. the solution of
z = A\(w(t, x)), x(r) =y, (131)

and define the times 7.- and points y5 as in (91). Then, recalling (79), thanks to (68), (95), (97), (98),
(111), (119), (131), and because of (117), we find

2i(T,&5) <yt + (Ai(O) +VNa - d) (T —17)

=a)(T, &) +VNay -d- (T — ) (132)
L L

<—++VNual-d- L.

=5 + aq A <

With similar arguments we derive x;(T, fli) > —L, which together with (132), yields (130). This com-
pletes the proof of the proposition in the case where T' > L/Ap\.

3. Assume T < L/AA X, and observe that by (117) one has b < 1/(2a4N - T'). Then, applying Lemma 3,
we deduce the existence of a classical solution of (74)-(75) on [0,T] x R that satisfies the bounds (119)
for all t € [0,T]. Letting w(t,z) denote the Riemann coordinate expression of such a solution, by the
same arguments above we can show that (129), (130) hold, which, together with (69), yield (118), thus
concluding the proof of the proposition. O

Remark 4. The same conclusion of Remark 38 holds if we consider a rich system that generates a
semigroup of entropy weak solutions (S)i>o0 with a domain D as in (15), and we assume that

]Elva/[c [ai, bi] Vi=1,...,N. (133)

In fact, under this assumption it clearly follows that, for every given 8 = (B1,...,0n) € PC[liI\ng],

d< 8/, the map ¢° defined in (71) belongs to D, and thus, relying on [8, Section 5.3], we deduce that the
classical solution u(t,-) of the Cauchy problem (74)-(75) provided by Proposition 2 coincides with S;¢”.

3 Lower compactness estimates for conservation laws

3.1 A controllability result

For arbitrary constants L,b > 0,0 < M < d (d being the radius of the ball contained in the domain of
the flux function where condition (30) is verified), and T' > 0 satisfying (67), recalling the definitions (68),
(69), (71), let us consider the set

AL, mp,1) = {1/) € C(R,Q) |1/J(x) =¢’(—z) Yz eR, forsome B=(B1,...,0n)€ PC[li{VM,b)T] }
(134)
Notice that, because of (68), every map ¢ € A[r m arp,7) is supported on N disjoint intervals & ,6,
i=1,...,N, of length L. The next result shows that the elements of such a set can be obtained as the
values S7u at a fixed time T of the semigroup generated by (1), for initial data u varying in a set of the
form (5).
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Proposition 3. Let f : O = RN be a C? map on an open, connected domain Q@ C RY containing the
origin, and assume that the system (1) is strictly hyperbolic. Let (S;)>o be the semigroup of entropy weak
solutions generated by (1) defined on a domain Dy satisfying (2). Then, given any L,m,M,T > 0, and
setting

L
L =mi — T A 1
mln{(1+a5), A)\}, (135)

(AxN, a being the constants in (67), (76)), for every

Ogbgmin{ AnA % },

1
2001 - T 4asauN? - L’ 8auNL
(136)

oghgmin{ d ApX M m}

204N e2/a3” 4oy au N e@2/@s” 20y N ev2/as’ 2,

(o, 1 =1,2,3,4, being the constants in (30), (43), interpreting 1/a; = oo when a; =0 ), there holds
Az npr) € ST (Lirg,m,m N Do) I = [-L,L], (137)

where 'A[Z,h,b,T]7 L1, ,m,m) denote the sets defined as in (134), (5), respectively.

Proof. Following the same strategy adopted in [1], we will show that any element ¢ € A[Z hop,) CALL
be obtained as the value at time T of a classical solution to (1) by reversing the direction of time, and
constructing a backward solution to (1) that starts at time T from 1. Namely, given

Ve AT (138)

by definition (134) there will be an N-tuple of maps 8 = (81,...,0n) € PC[%]\; b1’ such that letting ¢”

be the function defined in (71), one has 1 (x) = ¢?(—z), for all 2. Notice that, by (135), one has

L
T>— 139
> (139
as in (67), while (136) imply that h,b satisfy the bounds (73) on d,b. Then, set
wol) = $(~2) = ¢°(x) VY eR, (140)

and let w : [0,7] x R — Q denote the classical solution of the Cauchy problem (74)-(75), provided by
Proposition 1. Next, consider the function

u(t,z) = w(T —t, —x), (t,xz) € [0,T] x R. (141)

Observe that u(t,z) is a classical solution of (1) with initial data (0, ) = w(T,—-) that, by (140),
satisfies
W(T, ) = v. (142)

Moreover, by (77), (135) we have |Supp(w(T,—-))| = |Supp(w(T,-))| < 2(1 4+ a5)L < 2L. Therefore,
relying on the second estimate in (78) and on (136), we derive
Tot.var.(w(T, —)) < [|we(T’ )l L2 w0
< lwa (T, )l L= r,0) - [Supp(w(T, -))] (143)
S40é4Nb2L§(SO
Thus, by (2) we deduce that u(0, ) = w(T,—-) € Dy, and hence, recalling Remark 3, we have u(t,-) =
Siw(T, —-), for all t € [0,T]. Because of (142), this implies in particular that ¢ = Srw(T,—). To

conclude the proof of
¥ € St(Liry m. N Do) (144)
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it thus remains to show that
W(T, —') S L[IL,m,M]- (145)
Since w is the classical solution of (74)-(75) provided by Proposition 1, recalling that (—) = ¢,
Be Pc[lg‘; .7y A0 relying on (77), (78), (135), (136), (138), we deduce that
Supp(w(T, —+)) C [-L, L],

(T, =) || om0y < 204N €55 -h < M, (146)
[ (T, =)L (r,0) < 2Lh < m.

Therefore, the inclusion (145) is verified because of (146), which completes the proof of the proposition.
O

Remark 5. When N = 1, under the same assumptions as Proposition 3, assume also that f'(0) =0
(possibly performing a space and flux transformation). Then, relying on Lemma 1 (where we may reach
the same conclusion assuming that b < 3/(4¢-T), with ¢ = sup {|f"(u)|; |u| < d}), we can show that
the following holds. Given any L,m,M,T > 0, for every

3 — m
<bh< < h < mi —
O_b_4E~T’ O_h_mln{d,M72L},
one has
AL nwr) © ST(Liry mom) s I, =[-L/2,L/2], (147)

where Aip n.v, 1), Li1,.m,0m denote sets defined as in (134), (5), respectively.

We shall now extend the previous controllability results to class of functions with possibly unbounded
total variation in the case of hyperbolic systems of conservation laws of Temple class. We recall that
(see [8, 20, 21]):

Definition 1. A system of conservation laws (1) is called of Temple class if:

- it is a rich system, i.e. if it is endowed with a coordinates system w = (wy,...,w,) of Riemann
invariants w; = W;(u) associated to each characteristic field r;;

- the level sets {u €0 Wi(u) = constant} of every Riemann invariant are hyperplanes.

We shall assume that W (0) = 0 and that as w ranges within the product set IT = [a1,b1] X -+ - X [an, bn],
the corresponding state u = W ~!(w) remains inside the domain € of the flux function f.

We also recall that a characteristic field r; of a system (1) is said to be genuinely nonlinear (GNL)
in the sense of Lax if V;(u) - r;(u) # 0 for all u € §2, while we say that r; is linearly degenerate (LD) if
VAi(u) - ri(u) =0 for all u € Q.

As observed in the introduction, the results in [3], [6] show that a Temple system with GNL or LD
characteristic families admits a continuous semigroup of entropy weak solutions S : [0,00[xD — D}
defined on domains D as in (15) of functions having possibly unbounded variation. We shall adopt
the notation Sp"w = W (u(t,-)) for the Riemann coordinates expression of the solution of (1),(3), with
% = Wl ow. Therefore, relying on the sharper a-priori bounds on the classical solutions of a rich system
provided by Proposition 2, and setting

A o = {w € C(R,II) |4(x) = f(—z) Vo €R, forsome B=(b....0n) € PC 1 }
(148)
we establish the following

Proposition 4. In the same setting of Proposition 3, assume that (1) is a strictly hyperbolic system
of Temple class, and that all characteristic families are genuinely nonlinear or linearly degenerate. Let
(St)>0 be the semigroup of entropy weak solutions generated by (1) defined on a domain D as in (15),
and assume that (133) holds. Then, given any L, m, M, T > 0, for every b, h satisfying

1 A/\)\ A/\)\ m
204 - T’ 2//N - L[’ 200N 2L

0<b< min{ 0 < h < min {d’, (149)
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(af, off being the constants in (108), (109) and A\ as in (67), interpreting 1/a) = oo when of =0 and
1/af = co when of = 0) there holds

AfL np1 C ST (ﬁﬁL,m,M]) ) I, =[-L,L], (150)
where the sets Ajj ;7 Li7, oar) 0r€ defined as in (148) and in (18), respectively.
Proof. The proof of Proposition 4 is entirely similar to that of Proposition 3, relying on Proposition 2

and Remark 4, and recalling (116), thus we omit it. O

3.2 Lower compactness estimates on a family of simple waves

We shall provide now a lower estimate on the e-entropy of the class Ajp n, as,p introduced in (134). To
this end, set

Qg = sup { | Dri(u)

;ueB@izlrn,N}, (151)

where B; denotes as usual a ball centered in the origin and contained in the domain  of the flux
function f. Following a similar strategy as the one pursued in [1] we then establish the following

Proposition 5. In the same setting of Proposition 3, given L,b >0, 0 < M < d, and T > 0 satisfy-
ing (67), for every e > 0 satisfying

LNM LN
< mi _ 152
8—mm{24’%%}’ (152)
(ag being the constant in (151)), letting Az, arp,) be the set defined in (134), one has
L?N?%» 1
1
> = .
He (A | IR 9)) 2 1o 2 (153)

Proof. Towards a proof of (153), we shall first introduce a two-parameter family 7, C Az ap1,
depending on n > 2 and h > 0, of superposition of simple waves ¢?, 8 = (B1,...,8n) C PC[liNMbT],
defined as in (71) in connection with piecewise affine, compactly supported maps 3; € PC [1M’b]. Next, we

shall provide an optimal lower bound on the covering number N.(F, | L'(R,2)), for a suitable choice
of n, h, which, in turn, will yield the lower bound (153) on the e-entropy of Az arp.7)-

1. Given any integer n > 2 and any constant h > 0, for every k-th characteristic family and for any given
n-tuple ¢ = (t1,...,t,) € {0,1}", we consider the function 3} : R — [—h, h], with support contained in
€ ,&], defined by setting (see Figure 2)

. 2hn
L

(1L

L L (L
o) = 0 2 (o — e ) veelgaie g ] s

2n

for all £ € {0,...,n — 1}. Recall that the quantities £ = +L/2 — A4 (0) - T were introduced in (68).

h
&
& 2\ (0)T
Figure 2: The function g}, for n =8 and ¢+ = (0,1,1,0,0,0,1,1).
Observe that, if we assume
Lb
O<h§min{M, }, (155)

2n
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by definition (25) it follows that 5, € ’PC[lM’b], for every n-tuple ¢ = (t1,...,t,) € {0,1}". Therefore, for
any given N-tuple of n-tuples (¢1,...,cn) € ({0,1}")V, letting B;*, k = 1,..., N, be the maps defined as
in (154), and recalling definition (69), we deduce that (8;*,...,8%) € ’PC[li{vM}b’T]. Thus, for all n > 2
and h satisfying (155), setting

Bugn = (815 BY) | B iR — [=h,h] defined as in (154) with Supp(8) C [¢ &1 ¥ K,
(1,5 ew) € 0,11V,
(156)
one has
Bun CPC Ny (157)
Then, for any given N-tuple of n-tuples (¢1,...,tn) € ({0,1}")V, let
¢L1,..47LN - (ﬁ(ﬁil,...,ﬁ;\ﬁv)
denote the map defined as in (71) in connection with the N-tuple (81',..., 5% ) € By », and set
Fan = {om (=) | (s ow) € (0,17} (158)
Recalling definition (134), and because of (157), it follows that there holds
Foh C AL Mb,T) (159)
for all n > 2 and h > 0 satistying (155). Therefore, observing that (158) implies
H. (Ao | LR, Q) = He (Fan | LR, Q). (160)
we deduce that, in order to establish (153), it will be sufficient to show
L2N?% 1
H(n L1R,Q>>7-—, 161
(P [LRD) 2 376 T00) = (161)

for a suitable choice of n > 2 and h > 0 satisfying (155).

2. Towards an estimate of the covering number N.(F,, | L'(R,Q)), let us denote with C7 (g) the
maximum number of elements in F,, , that have L'-distance less than ¢ from a given element of F,, .

Namely, for any fixed ¢V (—.) = PP (=) € Fun, 0= (t1,...,tn) € ({0,1}")N, define

CF () = Caxd{ g (=) € Fyp | lgrreren — gt o <e, (162)

and set
C7 (¢) = max {cf;(s) = (... ew) € ({0, 1}")N}. (163)

Observe that any element of an e-cover of F,, , contains at most Cf (2¢) functions of F,, ;. Thus, since
the cardinality of 7, j, is the same of the set B, 1, which is 27N it follows that the number of sets in an

e-cover of F,, j, is at least
2nN

Ns(fn,h | Ll(R7Q)) 2 % (164)

Therefore, we wish to provide now an upper bound on C; (2¢). To this end, consider any two N-

tuples 7 # ¢ € ({0,1}")N, 7 = (71,...,in),t = (t1,...,tn), and let @7 N = B BRY) | sy =
Cy e BN ), denote the maps defined as in (71) in connection with the corresponding N-tuples f7 N =

(B, ..., ) and Bt = (B, L., BRY) of By n. Recall that the eigenvectors are normalized so that
|ri(u)] = 1, for all k = 1,..., N. Moreover, by definitions (71), (156), and because of (67), the maps
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PN phrtN gand BPe N | BHtN are supported on the disjoint union of sets [, §k+], k=1,...,N.
Thus, recalling (151), we find

(2)) = BBt (2))|da

Bkk (z)
/ re(Re(s))ds
k 75k

>,
l  T-ael| L5 b - ol
>,

H¢z1,.--@v — qS“’“"L”HLl(R,Q) /5

k 75)6

dz

TTMZ uMz uMz HMZ

Y

Bl (@)

3

Y

= Be@)| - [1 = 1m0 2]

k 7£k

Hﬁ 5ILcHL1(R,R)' [I_O‘G'h}’

(165)
where ag is the constant in (151). Hence, if we assume that

1
0<h<s— (166)

it follows from (165) that, adopting (with a slight abuse of notation) the L!-distance

N
HBZ”“’ZN - 5L17“"LNHL1(R,RN) = Z HBQ - BILCHLI(]R,R) V (01, (i1, o) € ({0, 13N
k=1

(167)
on the set By, 5 in (156), and the usual L!-distance on the set JF,, 5 in (158), there holds

HﬁLhm,LN =Bt HLl(]R,RN) S 2H¢L17.“7LN ety HLl(R,Q) V(. in)s (- oew) € ({0, l}n)N

(168)
Then, if we define C8(g) as the maximum number of elements in B,, ;, that have L!-distance (defined as
n (167)) less than ¢ from any given element of B, 5, we deduce from (168) that C; (2¢) < CB(4e). In
turn, this inequality, together with (164), yields

2nN
Ne(Fon | LHR,9Q)) > 169
a( n,h ‘ ( ) )) = 05(45) ( )
for all h satisfying (166).

In order to provide an upper estimate onCB (4e), observe that, given any pair of nN-tuples (¢1,...,tN),
(71, .,tn) € ({0, 1}V letting (81, ..., BY), (B, ..., BY) denote the corresponding N-tuples in Bn hy
by definitions (154), (156), (167), and because every interval [¢;, &) has length L, one has

o Lh _ _
||B”""’“V — Bty HLl(R,RN) = d((Ll, costn ), (T1y ety LN)), (170)

where
d((t1, - en), (01, TN)) = card{(w) € {1, N} x{1,...,n} | ()e # (zk)e}.
Then, given any fixed nN-tuple 7 = (z1,...,2x) € ({0,1}")", define
CE(e) = Cara{ (i .on) € (0. 1Y [ d((ur, o). (@, 7)) <2 (171)

Notice that the number CZ(e) is independent of the choice of 7 = (i1,...,ix) € ({0,1}")", and that,
by (170), there holds

CB(4e) = CZ (4;; ) (172)
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We next derive an upper bound on CZ(e) following the same strategy as in the proof of Proposition 2.2
in [1]. Namely, by standard combinatorial properties, counting the nN-tuples that differ for a given
number of entries, we compute

4ne <~ (nN
Crl— )= 173
()= (%) (173)
=0
where || = max{z € Z | z < a} denotes the integer part of a. Next, observe that if Xy,..., X, n are

independent random variables with Bernoulli distribution P(X; = 0) = P(X; = 1) = 3, then for any

integer £ < nN one has
k
1 nN
L () -

£=0

P(X1+- 4+ Xy < k)=

Now, we recall Hoeffding’s inequality ([12, Theorem 2]) which guarantees that, setting S,y = X1 +---+
XN, for any fixed p > 0 there holds

22
P Sn -E Sn S - S a7 | 175
(S~ B(S) < =) < oxp (-2 ) (175)
where E(S,,) denotes the expectation of S, 5. Notice that by the above assumptions on Xy, ..., X, N,

we have E(S,y) = . Hence, taking k = |42 |, p = =X — |42€ | and assuming

Lh
e<—— (176)

which implies p > 0, we deduce from (172)-(175) that there holds

CB4e) < 2N L oxp [ o2~ L))’
" B niN

N L (177)
< 2"N~exp (_nz (1 — LhEN) ) .
In turn, (177) together with (169) yields
Ne(Fan | LHR,Q)) > exp <”N (1 _ >2> , (178)
’ 2 LhN

for all n > 2 and h satisfying (166), (176). In order to derive the largest lower bound on the right-hand
side of (178) we maximize the map
nN 8e \?
T = (-
(h.m) = " ( LhN) |

with h,n, subject to (155), (166), (176). If we first fix n > 2, and then optimize the map h — U (h,n),
when h satisfies the bound (155), we find that the maximum is attained for

LI

n=5 (179)
NL%*b
< 16

Next, optimizing the map n — ¥(h,,n), with h, satisfying (176), i.e. with n —, we deduce that

the maximum is attained for

NL?b
n = 1. 180
" { 48¢ J+ (180)
One can check that )
hﬁ:@<24€, NLhﬁ:NLb>3£’
2n — NL 8 16m — 2
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so that, with hz, T defined by (179), (180), all conditions (155), (166), (176) are verified, provided that
¢ satisfies (152). Hence, we deduce from (178) that

(181)

L2N2%p 1
NeFr | L' (RoQ) > exp (V(h,)) = exp ( S )

which, in turn, yields

S L?>N?b . 1
=216 In(2) ¢
for all e satisfying (152). By the above observations at Point 1., recalling (160), this concludes the proof
of the proposition. O

H.(Fan. | LY(R,Q)) (182)

Remark 6. When N = 1, under the same assumptions as Proposition 3 the following holds. Given
L,M,;b,T >0, for every 0 < e < LM/12, letting Ajz arp,1) be the set defined in (134) one has

L2b 1
H, (-A[L,M,b,T] | LI(R)) >

=108 In(2) ¢ (183)

In order to analyze the e-entropy of solutions to Temple systems of conservation laws, we shall now
provide a lower bound on the e-entropy of the class of maps AE‘L M.b,T] introduced in (148). Here, we

are considering the e-entropy of Aﬁ M.b,T) related to the topology induced by the L'-norm |jwl/;1 =
> llwill L.

Proposition 6. Given L, M,b,T > 0, for every € > 0 satisfying

LNM
€< 19 (184)
letting AE"L,M@T] be the set defined in (148), one has
L?N?b 1
H(w , LlR,H>>7~f. 185
€ A[L,]V[,b,T] | ( ) =108 ln(2) c ( )

Proof. The lower bound (185) is established with similar arguments to those of the proof of Proposition 5.
Namely, given any integer n > 2 and any constant h satisfying (155), we consider the set B,, 5, introduced
in (156). Observe that by definitions (148), (156) one has

N (Ao | LNRID) > Ne(Bo | L(RID). (186)

Next, let C5(e) denote the maximum number of elements in B, ; that have L!-distance (defined as
in (167)) less than e from any given element of 5,, 5. With the same combinatory arguments of the proof
of Proposition 5, for all

NL
4
we derive
(RID) > o> U (h 188
NE( n L ) ) — — ) )
B | L'RID) = s = exp (¥(h,m) (159)
with )
nN 4e
Maximizing the map (189) when h,n are subject to (155), (187), and combining (186), (188), we find
N (A8 arary | LR TD) = exp (W (hr 7)), (190)
with NL? Lb
12¢
n= g=— < —.
n LMEJH, he= = < 57 (191)
Finally, observing that
I2N2% 1 NLhw _ 3¢
U(h-.7) = - > 2=
(he) = o5~ 2 VI
and taking the logarithm of both sides of (190), we recover the estimate (185) for all £ > 0 satisfying (184).
O
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3.3 Conclusion of the proofs of Theorem 1-(i) and Theorem 2-(i)

Proof of Theorem 1-(i). We shall provide a proof of the lower bound (6) for sets of functions of the
form (5) with support contained in the interval Iy, = [—L, L]. The case of sets of functions supported
in any other given interval I of length |I| = 2L can be recovered observing that every function in
St (L'[[,myM]) is obtained by shifting horizontally a corresponding- function in St (ﬁ[IL,m,M]) by a fixed
constant. Thus, the e-entropy of the two sets turns out to be the same.

Combining Proposition 3 and Proposition 5 we find that, for every

. { Ld LA LM Nm LN} . { 1 T-AxAN
0 < e <min -min

48cry €22/ 9601 iy €2/ 48y €2/’ 48 7 48ay l+as’ L

}, (192)

(o, 1 =2,...,6 and A\ being the constants defined in (43), (76), (151) and (67), respectively) there
holds

L2N% 1
1
>~ 7 -
Hs (ST (»C[IL,m,M] QD()) | L (Rvﬁ)) = 9216 ln(2) e’ (193)
with T ) 1
L=L minic, =5, b= —- , 194
{1 QL} T maX{Es,@NTzL,%% (194
where
= © & = min{ Ai1(0) — A(0) ],
524-/\1\/(0) —)\1(0) i (195)
¢3 =2sup {|[VAi(u)|; ue Bg, i=1,....N}, ¢ =8sup {|l;(0)|; ue Bz, i=1,...,N }

R <sup{w<u> =[] (w)Dri(u)]; we By, i,k € {1,-.-,N}}
2

+ sup {|V)\z(u)

; u€ By, i:l,...,N}). (196)

Thus, (193)-(195)-(196) together yield (6), taking
q=¢, forl=1,2, ¢ =216 In(2) -g, forl=3,4,5. (197)
O

Proof of Theorem 2-(i). As for the proof of Theorem 1-(ii), it will be sufficient to establish the lower
bound (19) for sets of functions of the form (18) with support contained in the interval Iy, = [—L, L].
Combining Proposition 4 and Proposition 6 we find that, for every

—r
. (LNd LVNAA\ LNM Nm
<
O<s_m1n{ 2 27 0 120 : }, (198)
(of, ApX being the constants defined in (109), (67), respectively) there holds
L?N?b 1
w ( pw 1 > -
H, (ST (‘C[IL,m,]W]) | L (R7H)) = 108 11'1(2) e’ (199)
with ) i
b (200)

- T . maX{é& 67%}’

25



where
cG'QSup{|V)\i(u)~m(u)| i u€ By, il,...,N},

(201)
Ty = % -sup{|v/\i(u) rj(u)|; uwe By, i,j= 1,...,N}.
Thus, (199)-(201) together yield (19), taking
¢ =108 In(2) -¢, forl=6,7. (202)
O

4 Upper compactness estimates for genuinely nonlinear Temple
systems

Assume that (1) is a strictly hyperbolic system of Temple class, and that all characteristic fami-
lies are genuinely nonlinear (cf. subsection 3.1). Let (S;");>0 be the Riemann coordinate expres-
sion of the semigroup of entropy weak solutions generated by (1), defined on a domain L!'(R,II) with
II = [a1,01] x -+ x [an,by]. In connection with a class of initial data L7/ C LY(R,TI) as in (18),

consider the sets of ¢-th components of elements of S} (q‘]’ m M]), at a fixed time 17" > 0:

S;"J(L:E;WM]) ={¢i| (¢1,...,0n) € S;ﬁ’(cﬁ)m,m)}, i=1,...,N. (203)

Thanks to the Oleinik-type inequalities (16), we may establish an upper estimate on the e-entropy for
St (Ei‘}’m’ M]) following the same strategy adopted in [9] for scalar conservation laws with convex flux,
relying on the upper bound on the e-entropy for classes of nondecreasing functions provided by:

Lemma 4. ([9, Lemma 3.1]) Given any, L, M > 0, setting
Tipm = {v: [0, L] — [0, M] | v is nondecreasing }, (204)

forO<e< %, there holds

4LM
HE(I[L,M] ‘ Ll([ovL])) < e

In order to obtain an a-priori bound on size of the support of solutions to (1), expressed in terms of the
L'-norm of their initial data, we will use the next technical lemma derived in [1].

Lemma 5. ([1,Lemma 4.2]) Given v € BV(R), compactly supported and satisfying
Dv < B in the sense of measures, (205)

for some constant B > 0, there holds

[vll, . < V2Bl (206)

Proof of Theorem 2-(ii). As for the proof of Theorem 2-(i), it will be sufficient to establish the upper
bound (20) for sets of functions of the form (18) with support contained in the interval I, = [—L, L].
As stated in the introduction, we adopt the norms |w| g1 = >, ||wil r1, [[w]zee = sup; ||ws| L~ on the
space L(R,TI).

F}LvmaM]’
solution of (1) satisfying the Oleinik-type inequalities (16). Observe that, by the properties of solutions
of Temple systems (cf. [6]), and because w € L’EII]Lﬂ”vM]’ forallt>0,7=1,...,N, one has

1. Given any initial data w € L let w(t,z) = Spw(x) be the corresponding entropy weak

llw; (t, )| oo,y < Wil poo iy < M, lJwi(t, )o@,y < Wil 21,y - (207)
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On the other hand, notice that w;(¢,-) is compactly supported, and that by virtue of (16), (207), one
has w;(t,-) € BV(R) for all t > 0 and

1
Duj(t,) < — Vi>0, i=1,...,N. (208)
C

Thus, invoking Lemma 5 and relying on (207), (208), we derive

2||[wi[ 21 2N — 2Nm
S llwit, e <> < > willz < — Vi>0. (209)

Moreover, applying the theory of generalized characteristics (see [8, Section 10.2]), letting 5(; 2 (), 5('; 2) ()
denote the minimal and maximal backward characteristics emanating from (¢, z), and setting

I7(t) =inf {2 ] & ,,(0) > ~L}, IH(t) =sup{z| &, ,(0) < L}, (210)

we find
Supp(w;(t,-)) < [l (), I (t)], (211)
forallt > 0,i=1,...,N. Then, recalling that the minimal backward characteristic 5(; Z)() is a solution

of

£(s) = Ni(w(s,&(s)—)) ae. s€0,], (212)

setting
ai; = sup {[VAi(u) - (u)| 5 [W(u)| < M}, (213)

and relying on (209), we derive

t
L (t) < L+ Ai(0) 't+zam/ o (5, )l ds
- 0
J

t
< L+ \i(0) ~t+sup04i,a'/ D llwi(s, )l ds
J 0
J

[2Nm [t 1
< L+ X(0)-t+supa, 7/ — ds
J ! c 0 Vs
8Nmt
gL—l—)\i(O)-t—l—supai’j\/Tm,
J

forall t > 0,7 =1,..., N. Analogously, observing that the maximal backward characteristic 5:? Z)() is
a solution of

(214)

£(s) = Ni(w(s,&(s)+)) ae. sel0,1], (215)

with the same arguments above we derive

8Nmt
I7(t) > —L+X\(0)-t—supoyj Cm
J

Vt>0, i=1,...,N, (216)

which, together with (211), (214), yields

. SNmt
Supp(w;i(t,-)) C [=Le + Ai(0) - £, Le + Xi(0) - 2], L, = (L +sup i,y Tm > ; (217)
0.
forall ¢ > 0,i=1,...,N. Finally, observing that by (17), (213) we have ¢ < sup; ; a; j, and combining
(209) with (217), we find

L
lwit, Mze < =2 ¥i>0, i=1....N. (218)



), consider the function @' : [0, 2L7] — R defined by

?

2. In connection with any given 9 € Sy (D‘I’L m,M])>
setting
Lt

T’
with Ly as in (216). Notice that, by virtue of (208), L,OE is nondecreasing and, thanks to (218), one has

<p5(w)ic%—w(:v+&(0)-T—LT)+ (219)

4L
0<gi(x) < —= ¥z €0, 2L]. (220)
cT
Hence, recalling the definition (204), we have
i
w; € I[QLT, 4CL7%~] .

Finally, observe that since ng is obtained from ¢; by a change of sign, a translation by a fixed function,
and a shift of a fixed constant, it follows that, setting

Ui =l | 0 € SE(L, )}

recalling (203), there holds

N (SE: (L8 mny) | EN(=Lr + X(0) - T, Ly + Ai(0) - T))) = N (U | L ([0, 2L1]))

(221)
<N (I[QLT., ilr) | LY([o, 2LT])> .
On the other hand, by virtue of (216), one has
(STZ( Tmon) | LI(R)) (STz( o) | LH([=Lr + X(0) - T, LT+)\i(0)'T])>~ (222)
Thus, applying Lemma 4, and relying on (221), (222), we find
32L2
(STL( [,mM)|L1(R))g2cT% Vi=1,...,N, (223)
which, in turn, yield
N 1 32N2L2 71
proving the upper bound (20). O
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