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1 Introduction

We investigate the steady Navier-Stokes equations in a two dimensional
bounded simply connected domain 2 with a smooth boundary 0f2, with an
external force term F'. The system reads

v-Vo—vAv+Vp=F in €,

(1.1) divo =0 in  Q,

where v = (v',v?) represents the velocity of the fluid, p — its pressure and

v is the constant positive viscous coefficient.
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More precisely, we will be interested in the inviscid limit towards the
Euler equation. Let us recall that for what concerns the stationary Eu-
ler system with homogeneous boundary conditions (7 — the unit outward
normal vector to df2) and a force term:

v-Vo+Vp=F in
(1.2) dive =0 in  Q,
v-1n=0 on 0f),

there is no solution in general. Typically, integrating (1.2) on 02 in the
direction of the tangent (7 — the tangent vector to 0f2), we would get

(1.3) / F.-7do=0,
o0

which is not satisfied by any F' (this is Kelvin’s law for the stationary Euler
equation). Moreover, even if we restrict ourselves to F' satisfying (1.3), there
might be no solution to (1.2). For instance, consider F satisfying (1.3) and
rot F' > 0 on 092. Writing (1.2) in the vorticity form:

v-Va=rot F in €,
where the vorticity is denoted
o =10t v = Oy v* — 0,0t

We see by using characteristics that one cannot define a completely on
the boundary. On the other hand it was shown by Coron [3] that if one
authorizes the fluid to pass through 02 on an arbitrarily small part I" of
the boundary, then the Euler system has a solution for any F' (in the case
of a simply connected domain; see [5] in the general case).

Hence we investigate the Navier-Stokes equation with boundary condi-
tions that will be authorized to be non-homogeneous on an arbitrary part of
the boundary. Let ' be an arbitrary nonempty open part of 0€2, which will
represent the zone where we are authorized to put non-homogeneous condi-
tions. We will consider equation (1.1) supplied with the following boundary
condition on 00 \ I':

v-ii=0 on ON\T,

(1.4) O

on

Hence the question we raise is the following: given 2 and I', for any F', can
we find a solution of (1.1)-(1.4) for all suitably small v7

Let us mention that this problem is connected to control theory. It is

indeed known that for finite-dimensional control systems, the stabilizability

property involves the existence of stationary solutions for small right hand

side (see Brockett [1]). A similar phenomenon is observed for the boundary

=0 on O0Q\TI.



stabilizability of the incompressible Euler equation and raises the question
for the Navier-Stokes equation. See [3, 4, 6] for more details.
The solutions to (1.1),(1.4) will be found as solving the following system:

v-Va—vAa =rot F in ,
rotv = « in €,
dive =0 in Q,
(1.5) v-n=d on 01,
a = Qpy, on Iy,
% =0 on 0Q\ [y,.

Let us emphasize that thanks to the simple connectedness of the domain {2
the system (1.5)1 2,3 is completely equivalent to the original equation (1.1).
A comment which is required here concerns the choice of the boundary
condition (1.5)g. Since we are required to examine the inviscid limit of
solutions to (1.5) this relation should disappear at the limit. Additionally,
inhomogeneous data (1.5)45 are required to be preserved, to control the
well posedness of the limit Euler system. Somehow we may look at (1.5)
as a regularization of the system (1.2), thus we can find an analogy to
considerations for the continuity equation in the theory of weak solutions
to the compressible Navier-Stokes equations [9].

In the above equation, one will choose d suitably; in particular one
requires

(1.6) suppd C T’ and / ddo = 0.
89

in order that (1.4), is satisfied. Also we introduce

(L.7) Tiy = {x el ‘ d(z) < O} and Topy = {x el ‘ d(z) > O}.

Our first aim is the following result.

Theorem 1 For any (0, T), there exists d € C=(T) such that the following
holds. Let F € H'(Q;R?), and oy, € H3?(T;,; R), where Ty, is defined in
(1.7) with d = d. Then there exists | such that for 0 < v <1, for any | > 1
there exists at least one weak solution to the system (1.5) with

(1.8) d(z) = ld(z),
such that v € C*(Q) with a < & and
(19) ||r0tU”L2(Q) + H’UHC“(ﬁ) < C(DATAv l)?

where the r.h.s. of (1.9) is independent from v.



The main difficulty is to obtain the estimate (1.9), giving relatively high
regularity of solutions with no dependence from the viscosity coefficient
v. The solutions will be constructed as perturbations of a given potential
flow, which is related to the function d defined on I'. Such flow will be
constructed in the next section. Our technique is based on the energy
approach, however, used in a non-standard way. For chosen d in (1.8) the
solution to (1.5) is unique, which is a consequence of the application of the
Banach fixed point theorem. However d is constructed in the proof, so this
feature is not emphasized in the statement of the theorem. The obtained
bound (1.9) is a motivation for the next result.

Our second aim is to analyze the inviscid limit of solutions given by
Theorem 1.

Theorem 2 Let the assumptions of Theorem 1 be fulfilled and let v¥ denote
the solution to (1.5) with the viscosity v. Then there exists a function
v € CV279(Q) with § > 0 such that for a subsequence vy — 07 as k — oo

(1.10) o™ —=f  in CY29Q)  and v —0F in HYQ)
for k — oo and v” fulfills the Euler system

VP VP 4+ VpP =F in Q,

divv® =0 m -,
(1.11) vF i =d on 01,
rotv? = o, on Ty,

where p¥ is a constructible pressure.

The main element in the proof of Theorem 2 is the a priori estimate (1.9).
In the evolutionary case the basic bound follows from the energy estimate,
however in the stationary case we lose this possibility. The information given
by Theorem 1 is not sufficient. We are required to find more sophisticated
estimates for higher derivatives of solutions in terms of dependence of v. It
will allow us to control the dependence from the boundary condition a,,
which could be omitted in straightforward considerations. The meaning of
the solution to (1.11) will be defined later by (4.10). The obtained regularity
and weak formulation will allow us to control the dependence from the
boundary datum ay,.

There are no general results concerning the inviscid limit of the sta-
tionary Navier-Stokes system towards the stationary Euler system, the only
known results have been proved in [7], [8], but for the unforced system in a
special type of domains.

The same as for Theorem 1 fixing d we are able to obtain the unique-
ness of the limit, so (1.10) holds for arbitrary sequence, not only for a
subsequence. Additionally in that case (1.11) admits unique solutions and
it is again the consequence of the chosen fixed point approach in the proof of



estimate (1.9). We omit these considerations in proofs, since this property
holds for our particular d and is not proven for general datum.

The structure of the paper is the following. In Section 2, we introduce
the function d announced in Theorem 1; in Section 3, we establish Theorem
1; in Section 4, we establish Theorem 2; finally, Section 5 is an Appendix
where we have put technical yet central results.

Throughout the paper we use the standard notation. Letter C' denotes
a generic constant independent from v and A\, DAT A depends on norms of
data and known quantities and it is independent from v and A, too.

2 A proposition

In this section we introduce a function 8 on which the construction
depends. This is given in the next proposition;

Proposition 2.1 Let 2 be a bounded smooth simply connected domain in
R?, and let T a nonempty open part of OY. Then there exists § € C*°(; R)
such that

(2.1) AO =0 in Q, V0| >k >0 in Q,
VO -11=0o0n0Q\T,

(2.3) Vi, {$ €N ’ O(z) < t} is a piecewise smooth domain.

Remark 2.1 For the rest of the paper, we will fix
d:=V0-i on 09,

and as we will consider boundary conditions (1.5), of the type d = Id, we
will systematically have according to the definition (1.7):

Ly = {2 €0Q:VO(z) ii(x) <0} = {z €dQ:d(z) <0},

@4, = (s e Vo) i(r) > 0} = {z € 09 - d(x) > 0}.

Shrinking T if necessary, we will suppose from now on that I' = Ty, U T .

Proof. Such a proposition without condition (2.3) was established in [2].
Here we proceed as follows. Consider in R? the square [0,1]?. Extend it
inside the strip R x [0, 1] into a smooth bounded contractile domain U. Now
it follows from Riemann’s mapping theorem that U and () are conformally
equivalent. Moreover it is a standard result that the corresponding mapping
is C*° up to the boundary, as follows from the smoothness of Q2 and U (see
for instance [10]).

Now a conformal map of a simply connected domain is defined up to the
conformal group of the disc, which is the following 3-parameter group:

G={gz) =2 acC, la| <1, R},

1+az




Hence one can extract a unique conformal mapping ¢ between U and (2 by
fixing the image of three points of the boundary of U in the boundary of €.
We do as described in Figure 1. Precisely, shrinking I" if necessary, we can
suppose that it is connected. Call {/Nl, B} its boundary inside 0€2. Denote
A:=(1,0), B=(1,1) and C = (0,1/2). We choose the conformal map ¢
from U to  so that it sends A to A, B to B, and C inside I'.

B -
A o(a) = A

v —_— #(0) <
@(B) =

Figure 1: Conformal map

Q

B

We recall that on simply connected domains, there is an equivalence
between holomorphic functions and gradients of harmonic functions via the
following rule:

(2.5) 1 = ' +d¢p? is holomorphic in Q <= (1!, —?) is the gradient

of a harmonic function.

Now we consider the application # obtained by transporting on 2 the har-
monic map (x1,x2) — x1 defined on U through ¢, 6(¢(x)) = z on U. Now
for this 0, properties (2.1) and (2.2) come from the conformality and the
fact that (1,0) is tangent to the part of the boundary OU given by [A, BJ.
Finally, (2.3) directly comes from the fact that

{x = (x1,29) €U ‘ r < t} is a piecewise smooth domain.

Proposition 2.1 is proved.

3 Proof of Theorem 1

In this section we prove Theorem 1. The proof is divided in two parts.
First, we restrict our attention to sufficiently small data, but the viscosity
coefficient is not restricted, i.e. it can be arbitrarily small. Next, we consider
the general case by using a homogeneity argument.

Let us consider the case of small data. We look for solutions in a vicinity
of the potential low V6 constructed by Proposition 2.1.

Let the solution to (1.5) be considered in the following form

(3.1) v=V0+u and weput v-it =Vl -7 =:don .



Then the system (1.5) in terms of u takes the form

VO -Va—vAa=rot F —u-Va in €,
rotu =« in €,
divu =0 in
B2 a0 on 99,
O = Qin on Finu
% =0 on 0Q\Ty,.

Our technique requires a special parameterization of the domain ().
Thanks to Proposition 2.1 we are allowed to use the properties of the func-
tion 0. The set € is parameterized by a set D C R? in that way

Yi={zeQ:0(x) =t}

and Y; is parameterized by a coordinate s € R. Thus, we find a diffeomor-
phism
D > (s,t) <z € Q.

Precisely, one chooses D to be U such as described in the proof of Proposi-
tion 2.1. Additionally, we introduce

Xt:UYt/:{xGQ:H(:U)<t}

t'<t

for t € (tmin, tmaz) and X, .. = Q and X; . = 0.

Let us remark that 0.X; can be divided in several parts: the part Y;, and
the part 0.X; N0, which can itself be divided into 0X; NT;,, 0X;N(OQ\T)
and 0X; NIy (which is not empty for large t). Clearly, this decomposition
is trivial when transported in U.

The proof of existence of solutions to (3.2) will rely on the Banach fixed
point theorem. First, we show the a priori estimate, describing the function
spaces for the solutions.

A priori estimate. To start our estimation we are required to find an
extension of the boundary vorticity. We easily find & € H?*(2) such that

(3.3) llallm2@) < Cllounll gz, 04

r, =y, and  alp,, =0.
Additionally, we choose & as a harmonic function
(3.4) Ad=0 in Q.

Multiplying (3.2); by (oo — &) and integrating over X, we get
(3.5)

/X VO -Va(a—a) —vAa(a —a)lde = / [rot Fl(a — &) + uVa(a — a)|dr.

Xt



Let us consider the first term in the L.h.s. of (3.5). It reads

1 1
- / V0 -Valdr — | VO -Vaadr == [ |Vl|a’do
2 Xt X 2 Y:

+ [ V6 -Vaadx — | |VO|aado
Xt Yy

1 1
- - / Vo -iial do + = / Vo - iia’do,
2 OX:NLn 2 OXNT oyt

where we used the fact VO -7 = |[V6| at Y; and that -7 = 0 on 09 \ T
Now we remark that by (2.4) the integral over 0.X; NI, is non-negative;
hence we can forget this term and obtain a lower bound for the first term
in the Lh.s. of (3.5).

The second term takes the form

—v [ Aa(a—a)dr = 1// \Val*dr —v | Va-Vadz

Xt Xt

n

Xt
- 1// 8—&04610 + v a—a&da.

The remaining boundary terms vanish by (3.2)56 and (3.3).
The last term of the r.h.s. of (3.5) is considered in the form

/u-Vozadx—/ u - Vaadx
Xt Xt
1

:—/ﬁ~ua2da+/ u~V6¢ada:—/ﬁ~ua64da.
2 Yi Xt Y:

Here the remaining boundary terms vanish thanks to (3.3) and (3.2),4.
Applying the standard Schwarz inequality we infer that for some con-
stant C' independent of v,

0 k
’V/ —aada‘ < —sup/ a2da+Csupu2/ Val® do.
Y: an 4 t Y; t Y,

In the above estimate, the constant k is given by (2.1).
We conclude

(3.6) Esup/ a2d0+V/|Va|2dx
4 Y, Q

t
< loll oo SUP /
t Jy,

—l—Csup/ dea—i-/ |V6z|2dx+/(r0tF)2dx+0/ aZ,do.
Y Q Q

t Lin

o’do + Csupr? [ |Val*do
t Y:

The main difficulty is the term containing the trace of the gradient of
a at Y; — the second term in the r.h.s. of (3.6). To estimate it we have to



apply the trace theorem for the Besov space B;QQ(Q). This critical case still
controls the trace since Y; is a smooth submanifold, i.e. in our case for a
sufficiently regular function f there holds

(37) ||f|Yt||L2(Y§s) < OHfHB;/f(Q) for all ¢e€ (tmin;tmax)-

The definition of this space is quite complex, however it can be represented
as an interpolation space

By2(Q) = (HY(Q), La(Q))1/2.

— see [11]; this guarantees the estimate
1/2 1/2
(3.8) 17113720y < Ol Mgy 1 12 ey

Thus for, (3.7) and (3.8) we easily conclude that the boundary term can be
estimated as follows

(3.9) v g Val*do < Cv? || Va Ly (IVal Ly + Vel y@)-

To make use of the above inequality there is a need to control the second
gradient of o in terms of v. We will need the following result, which we
prove in the Appendix.

Theorem 3 Let G € Ly(Q), 6 € WL(Q), and consider X — a parameter of
the localization defined by (5.2) — be sufficiently small, then solutions to

VO -V3—-vAG=G in Q,
(3.10) B = Bin on Lin,
% =0 on o\ Ty,

fulfill the following bound (for 0 < A < \g(0R2)):

(3.11) vV2BllLy) < C [(WA™ + MIVBlLae) + (A2 + D16l 2a@)
+Gll Loy + 11Binll sz, ] -

Applying Theorem 3 to estimate v||V2«|| 1, (and using (3.2),) we con-
clude

(3.12)
v | [Val*do < Cv|[Val|i,) (HVO‘HLQ(Q)(V)‘_1 A+ v+ lulli.@)
Y:

+ oo (WA + 1) + [[rot Fl1y0) + ||aiN||H3/2(Fm))'



Now, we restrict ourselves to the case
(3.13) v <A?<1, and, hence, YA ' + A+ v <3N and vA 2+ 1< 2

This can be obtained for any A > 0 by choosing v sufficiently small.

Using v[|Va 2@ llallzze) < VA7 Vallfaq) + Allel?zq) and taking
(3.13) into account we deduce
(3.14)

7 [ IVafds < CvoA+ il Vol e + CAlalf @ + DATA
Provided sufficiently smallness of A and |[jul[;_) < € in terms of the
domain only (and in particular independently of v which has to be less
than a constant, say v4(£2,I"), which also depends on the domain only), we

obtain

(3.15)
2

k 1
—sup/ a2da+y/ Va|*dz < —sup/ a2da—|——1// |Va|*dx + DAT A.
4 t th QO 8 t )/t 2 0

So we get the main a priori bound

t

(3.16) Sup/ o’do + 1// |Va|*dz < DATA.
Y, Q

The quantities in DAT A are independent from v and are sufficiently small.
To close the estimation we are required to show that inequality (3.16) implies
HuHLOO(Q) S €0, but

rotu =a in Q,
(3.17) divu=0 in
n-u=0 on Of.

We want to show that solutions to (3.17) belong to C*(2) for a < 1. By
(3.17)5 we can introduce a stream function ¢ such that u = V+¢ and

Ap=a in £,
(3.18) 6=0 in o0

The estimate (3.16) guarantees that for any 2 < p < oo we have
a € Lp(tmin> tmax; LZ(Y;))

Trivially we have u = V+¢ € H*(Q). To obtain the Holder continuity of u
we examine a model problem in the plane

(3.19) AYp =0 in R?®  where 8 € L,(R; Ly(R)),
then using the Fourier transform

{fﬁ@ﬁ
€17

Vi = F;

]ﬁ’ hence V4 € Ly(R; Ly(R)), too.

10



Then the embedding theorem implies

1 1
(3:20)  [[V¥llee@s) < CUIBNLy @ Loy + [VPlliie) for o < 5=

To apply the above result to (3.18) we just solve the equation (3.19)
with « extended by zero, using the localization techniques. Then by (3.20),
we can remove inhomogeneity from the r.h.s. of (3.18), getting a standard
problem in the Holder spaces for which we are able to show

_ 1
uwe C Q)  with a< SR

Finally we get
(321) HUHLOO(Q)+ <u >C”(§)§ CpDATA < €0

as DATA are sufficiently small and < - > . (g, denotes the main seminorm

in the Holder space C*(€2). The estimate (3.21) enables us to proceed the
next step in our proof.

Existence. Let us define the set
E={uecCQR*):A-u=0 and |ullr ) <e}-
Next, we define a map K : = — C(2; R?) such that
K(u) = u,
where u is the solution to the following problem
rotu =« in €,
(3.22) divu=0 in
n-u=0 on 0N
and « is given as the solution to the problem below
VO-Va—vAa=rot F —u-Va in £,
(3.23) a = ap, on I,
% =0 on 00\ [y,.
We see that a fixed point of the map K defines a solution to system (3.2).
Lemma 3.1 Let u € = and

(3.24) [rot F'l| o) + [|vinll gor2 () < €1,

then u € =, i.e. K :Z — Z. Moreover the map K is a contraction on the
set =. Subsequently, there exists unique fized point of K belonging to =.

11



Proof. To obtain u € = it is enough to follow the steps of the a priori
bound. To prove that K is the contraction we note that

1
(3.25) 1 (@) = K(u)llzee@) < Sl = B2z,

and

rot (up —ug) = —ag in

(326) div (u1 — Uz) =0 in Q,
- (ug —ug) =0 on 0,
where u; = K(uy), us = K(uy) and «q,ay are the vorticities satisfying

(3.23) for w = u, and W = uy, respectively. The difference (a; — ) fulfills
the equations

Vo -V(ag —as) — vA(ag — az)
= Uy - V(Oél — 062) + (1_61 — ﬂg)VOéQ in Q,

(3.27) a1 —ag =0 on i,
%(Oél — ) =0 on 00\ T'.

Again we repeat the steps (3.3)-(3.21) and get (3.25), provided that the
data and ¢, are sufficiently small. Inequality (3.25) implies the existence of
unique fixed point K (u) = u, which yields a solution of the system (1.5).

However the above considerations concerned only the small data prob-
lem: at this step we have proven the following.

Proposition 3.1 There exist € = €9(2, ") and vy = vy(2,T') such that for
any o, € H3?(Ty,), for any F € HY(Q) satisfying

[ ctinll g3r2(r,y + 1l 22 (0) < €0,

for any v € (0,1), there exists a solution to the system (1.5) with d = d =
Vo -1 on 02, and with the estimate (1.9) satisfied independently from v.

Now let us justify the passage from Proposition 3.1 to Theorem 1. This is
a homogeneity argument: if (u, p) satisfies

(u-V)u—vAu+Vp=F,
then u” := pu and p* := p?p satisfy
(u” - V)u — vpAuf + Vp” = p*F,

Now given a;, € H*?*(I';,) and F' € H'(Q) which do not necessarily satisfy
a smallness assumption, we choose p < 1 small enough in order that

(3.28) lpvinllorzr,,,y + 1P Flla @) < €0

12



For this data (pau,, p*F) one can employ Proposition 3.1, and deduce a
solution for any v < 1. Let us call @ this solution. It satisfies in particular
@ -7 =d on ON.

Now we go back to the original data (c,, F'), that is, we use the above
homogeneity argument with coefficient 1/p. We find a solution u of

(u-V)u—%Au+Vp:FinQ,

1_
u-n = —d on 0f),
p

rotu = ay, on I';,,

for any v € (0,1]. Hence, a solution of (1.1) for a wider range of v, which
can include (0, 1], reducing p if necessary.

Now, since p is chosen as to satisfy (3.28) and can consequently be
chosen arbitrarily small, the boundary condition d = %c_i becomes (1.8) for
large enough [. That u satisfies (1.9) is a straightforward consequence of
the fact that u satisfies (1.9) (of course, the constant depends on [). This
ends the proof of Theorem 1.

4 Proof of Theorem 2

A key problem in the passage to the limit is the control of dependence of
the obtained inviscid solutions from the boundary data. The main difficulty
is related to a;, on I';,, since the vorticity is uniformly bounded in a space
which does not control the trace (we may take the Lo-space). That is the
reason we shall choose a special class of the test functions.

For fixed v > 0 the solution to the Navier-Stokes equations are regular.
In particular there holds

(4.1) /v” -Va'¢dx — V/ Ao’ pdx = / rot F' ¢ dx
Q Q 0

for each ¢ € C>=(€; R) such that ¢|r,,, = 0.
The choice of ¢ makes us possible to take into account the influence of

the boundary vorticity «;, at I';, as well as to neglect information at I',,;.
Then (4.1) reads

(4.2) —/v”a”v¢dﬂc+/ ﬁ-v”amqﬁda—y/ 80:
Q Fin Fv’,n an
—l—u/Vo/’qudx:/rothf)dx.
Q Q

The above equality follows from integration by parts and the form of the
boundary terms is a consequence of the boundary conditions:

¢do

n-v =0 on O\ (T, UL ),
(43) ¢ =0 on Fout7
o =0 on OO\ Ty

13



The estimates proved in Theorem 1 guarantee for a < % the following bound
uniformly in v:

(4.4) 10" gy + 10" @) + V21V a" ||y < C.

So for any 0 > 0 we find a subsequence v, — 0" such that
(4.5) B
v — p¥ in CY*°(Q)  and o — 0P in HY(Q),

for k — oo for some divergence-free function v®.

To examine the limit in (4.2) for this subsequence we analyze the be-
havior of the third and fourth terms of the Lh.s. of (4.2). By (4.4) the last
term vanishes as v — 0, since

(4.6) vl / Va'Vedz| < v [V 2)|Va” | @] IV el o) < Cv'/* — 0.
Q

However the main difficulty is located in the third term. To find a good
estimate we are required to control the normal derivative of a”. As in the
proof of Theorem 1 — see considerations for (3.7)-(3.14) — we follow (¢ is
given and fixed)

‘/ *(ﬁdo = Cyuﬁ_ in)
M 1 La(
< wnwnzﬁg (IV2a” (|70 + V[ 50
(4.7) < CvIVa?| oy
—I—C’I/l/4[ 1/4HvauH1/2 ][ 1/2”V2 y”l/2
< CWVIL, + L2 JY),

with I, := v'/2||Va”| 1) and J, := vV/4[p1/2]|V2a ”||1/2 ). Note that the
first term in the r.h.s. of (4.7) satlsﬁes v12[v — 0 by the same arguments
as for (4.6). To control the second derivatives, a modification of Theorem

3 is required.
We have

Theorem 4 Let G € Ly(Q), Bin € H¥*(T'y,) and V € C*(Q) with a < 3;
then for 0 < v <1 there exists a unique solution to

V.-VB—vAB=G in Q,
(4.8) B = Bin on Lin,
g—g =0 on 0Q\ Ty,

such that 3 € H*(Q). Additionally the following estimate is valid

(4.9) I/HV26HL2(9) <C [HGHLz(Q) + ||6i"||H3/2(Fm)
+(wA ™+ ANV B Loy + Aa_l“ﬁ”Lz(Q)] :

where A : 0 < A < Ao s a localization parameter and the constant C' is
independent from X\ and v and depends only on the shape of 0S2.
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Applying (4.9) to J¥ from (4.7) we conclude

J7 < CvMH|rot Fl| iy + il aser

in)
-1 a v a—1 v 1/2
AT+ X9V |y + A 0 oo
< R) + ClA™ + AWV | @) + VAT 0 | nye)] 2

where k() — 0 as v — 0.
Keeping in mind (4.4) we describe relations between v and A. It is
allowed since the constant in (4.9) is independent of v and A. Taking

v <A <2 <2,

we obtain
J' < k() + C? 4022 409212 .

So the limit of (4.2) reads

(4.10) — / vEaf . Voda +/ i - vF inpdo = / rot F'odx

Q

for ¢ € C>(Q2) with ¢|r,,, = 0.

Thanks to the choice of the test functions we obtain a dependence from
the boundary vorticity «;,. Additionally the above integral identity is a
weak formulations of the Euler system (1.11). Theorem 2 is proved.

5 Appendix

Here we prove Theorems 3 and 4.

Proof of Theorem 3. By taken assumptions we are able to find an ex-
tension of 3, such that

o

ﬁEH2(Q)7 %

loa =0 and Blr, = G-

Then we are allowed to consider Bnew = Bod — B, getting (3.10) with the
homogeneous condition: S|, = 0 and

Gnew - Gold + VAB + Vo - VB

with suitable estimate in the Lo-space.
Now we start with local estimates. Let us consider a partition of unity
over Q. We find smooth functions {my }xes such that

7 Q —[0,1] and Zﬂkzlon(l.

kel
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Additionally, we divide the set of indexes I into two parts I = N UZ, the
sets are finite, in that way

(5.1) for ke N, suppm NIV # (D and for k € Z, supp 7 NIN = (;
moreover

(5.2) supdiam (supp ) < A and |V, < C/A,  |[Vim| < C/N2
k

and the Lebesgue cover number is denoted by Ny, which does not increase
for all 0 < A < Ag. It depends only on the regularity of the boundary 0€2. In
our considerations we are required to choose {my }re; with sufficiently small

A.

The interior estimate. Applying 7, with k € Z to system we obtain

(5.3) VO -V(mi3) — vA(mpB) =G + R, in R?

where

(5.4) Ry =2V, - VB +v(Am)B+ (VO - VOm,VE + (VO — V) BV,

with VO = V0(x;,) and 2, € int supp 7.
The symbol of the operator in the L.h.s. of (5.3) has the following form

ZW : 5 + V’ﬂZ:
and in particular satisfies
(5.5) iV8 - €+ vlel?| = vl

A direct application of Parseval’s identity and the definition of H™ together
with (5.5) lead straightforwardly to the estimate

(5'6> VHV2(7T]€/8)||L2(O]€) < C(||7TkGHL2(Ok) + ||R1HL2(Ok)>7

where Oy = supp 7 and by (5.2) and (5.4) we find
(5.7)
IRl za00) < CWAT VB La(00) +VA 18Il La(00) H ANV B La0) HIBl L2t00)]:

where the constant in (5.7) is independent from v and A.

The boundary estimate. Taking m, but with & € A and applying it to the
system (3.10) we obtain

Vo -V () —vA(mfB) =nG+ Ry in

5.8
(5-8) %) _ g and /or  (mfB)=0 on 8QNO

on
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where R is given by (5.4) and V@ = Vé(z},), but with 2, € int supp 7,NS.
The boundary conditions depend on the localization of the support of taken
m, with respect to the localization of T';,.

The smoothness of the boundary allows us to transport this system onto
the halfspace R? with a local coordinate system (21, 22). For each function
T, we consider a map Z; : 2N Oy — R2, then equations (5.8) reads
(5.9)

VO -V, Z " (7B) —vAZ; (7 B) = Z, 7 (nG) + Z; " (Ri) + Ry in RZ,

M =0 and / or Z,;l*(ﬂkﬁ) =0 onRx {0}7
822
where
(5.10) Ry = VOV, — V.) 2 (1) + v(A, — AL Z; ¥ (m5),

and V. denotes the gradient in R? in the z-coordinates and V, denotes the
gradient in the z-coordinates transformed by Z.

The above problem reduces to a model problem with three possibilities.
We have to consider the equation

(5.11) V0 -Vy—-vAy=H in RZ,
with three types of boundary relations
(4) % =0onRx {0}
(5.12) (i1) v=0onR x{0};
(i17) 87—Ofor21<Oand’y—0f0rz1>00nRx{O}
We are required to obtain the following bound on the solutions to (3.10)

(5.13) VIV p2y < ClIH |y e2)-

The first two cases follow from the standard approach. The case (i) used the
method of symmetry to transform the system into the whole space, only.
The case (ii) requires the standard energy estimate. The case (iii) is not
straightforward, because of the structure of the boundary conditions. Here
we have to specify the choice of the point x;. If 0I';, € int supp 7, then we
choose z, as the end of Ty, — see (5.4). This choice implies that V6 L 7 at
Ol';, and this form of (5.11) allow us to apply the standard energy method
to get the estimate (5.13). It is enough to test the equation by 7.,, Vayz,-
Thus the bound used for (5.11) delivered the following estimate for (5.9)

(5.14) VIV Z ) ey < O 1257 (MG a2

HZ (R a2y + [ Roll Ly
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with (where we use regularity of the boundary, i.e. regularity of maps Z)
(5.15) [I1Rall < € (V27 (1) g

+V/\||V§Zk_1*(”kﬁ>||L2(Ri) + VHVsz_I*(Wkﬁ)HLQ(Ri))

and the constants in (5.14) and (5.15) are independent from v and A. Now
we first apply Poincaré’s inequality to the last term in the r.h.s.: this allows
to include it in the second one. And at this point we require to the parameter
A be so small that two last terms can be put on the Lh.s. of (5.14).

So for k € N we have
(5.16)

V||V (meB) | Lo00) < CIV B Lo00) + 18 200 TGl Lo+ | Rl Lo (00))

but now C' in (5.16) depends on maps Zj, so depends on the regularity of

oS
Summing up (5.6) and (5.16), noting that

VIV2BI12,) < V2 No Z IV (meB) 7000
p

Since the cover number Nj is independent from the smallness of the localiza-
tion parameter A, we get (3.11). In particular we can use it in considerations
for the limit A — 0.

Theorem 3 has been proved.

Proof of Theorem 4. We present here only main difference between proofs

of Theorems 3 and 4. Since for (4.8) the vector field V' € C*(Q2), only, we
look closer on the estimate of Ry — see (5.4). Pointing out the difference we
have

(5'17> ”(‘7 - V)ﬂ-kVBHLZ(Ok) + H(V - V)6V7Tk“L2(Ok)
< ONIV Bl Lotor) + CAH Bl Lo0n)-

The rest of the estimation is the same since the other assumptions are
identical. This way we prove (4.9) and Theorem 4.
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