REMOTE TRAJECTORY TRACKING OF RIGID BODIES
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ABSTRACT. We consider the motion of several rigid bodies immersed in a two-dimensional incompressible
perfect fluid, the whole system occupying a bounded simply connected domain. The external fixed
boundary is impermeable except on an open non-empty part where one controls both the normal velocity,
allowing some fluid to go in and out the domain, and the entering vorticity. The motion of the rigid bodies
is given by the Newton laws with forces due to the fluid pressure and the fluid motion is described by the
incompressible Euler equations. We prove that it is possible to exactly achieve any non-colliding smooth
motion of the rigid bodies by the remote action of a controlled normal velocity on the outer boundary
which takes the form of state-feedback, with zero entering vorticity. The proof relies on a nonlinear
method to solve linear perturbations of nonlinear equations associated with a quadratic operator.

CONTENTS
|[1. Presentation ot the model: the “Fuler4rigid bodies” system| 2
[2. Boundary conditions on the external boundary| 3
[3. Main results: Trajectory tracking by a remote control| 4
4. Organisation of the rest of the paper.| 9
5. Decomposition of the fluid velocity according to the solids motions, the vorticity, the |
L carculation and the external controll 9
5.1. Kirchhoff potentials| 10
E2 S ; - for The creilaton] 1
[5.3.  Hydrodynamic stream function| 11
(5.4, Potential due to the external controll 11
[5.5. Decomposition of the velocity]| 11
|6.  Reformulation of the Newton equations as a quadratic equation for the control| 12
[7. Design of a feedback control law| 15
[7.1. A nonlinear method to solve linear perturbations of nonlinear equations| 16
[7.2.” Restriction of the quadratic mapping £(¢) and determination of a particular non-trivial |
| Zero point| 19
[7.3.  Proot of Proposition [7.1] 25
|8. Proot of the existence part of Theorem |3.1| 26
[8.1. Reduction to a fixed point problem for the vorticity| 26
[8.2. A priori bounds on the fluid velocity| 27
18.3.  Passing to a cylindrical domain| 28
[8.4.  Definition of an appropriate operator| 29
18.5.  Continuity| 29
18.6.  Relative compactness| 30
[8.7. Conclusion 30
9. Proot of the uniqueness part of Theorem 3.1 31

Date: September 8, 2021.



2 OLIVIER GLASS, JOZSEF J. KOLUMBAN, AND FRANCK SUEUR

(10.  Some extra comments on the issue of energy saving] 32

References| 33

1. PRESENTATION OF THE MODEL: THE “EULER-RIGID BODIES” SYSTEM

The model that we consider in this paper describes the motion of rigid bodies immersed in a two-
dimensional perfect incompressible fluid. The whole system occupies a bounded connected open subset €2
of R?, which to simplify we will also consider to be simply connected (though this is by no means essential
to the analysis). The rigid bodies occupy at the initial time disjoint non-empty regular connected and
simply connected compact sets S0 C €, with s in {1,2,...,N}. We assume for simplicity that none
of these sets is a disk, since this particular case requires a special treatment.

The rigid motion of the solid k is described at each moment by the rotation matrix

R(0(t)) := cos 0, (t) —sinfy(t)

sinf(t) cosb(t) |’ On(t) € R,

and by the position h.(t) in R? of its center of mass. The domain of the solid  at every time ¢ > 0 is
therefore

Sn(t) = R(9n(t))(3n,o - hn(o)) + hn(t)'
We will denote by m, > 0 and by J, > 0 respectively the mass and the moment of inertia of the body
indexed by k. The domain occupied by the fluid is correspondingly

For=0\  |J  Seo att=0, and F(t):=Q\ |J = S(t) att>0.
ke{l1,2,...,N} ke{l1,2,...,N}

We will denote by u = (u1,u2)" (the exponent ¢ denotes the transpose of the vector) and by 7 the
velocity and pressure fields in the fluid, respectively. Without loss of generality, the fluid is supposed to
be homogeneous of density 1, to simplify the notations. The fluid dynamics is given by the incompressible
Euler equations:

(1.1) %+(u-V)u+Vﬂ=O in F(t), fort>0,

(1.2) divu =0 in F(t), fort>0.

The solids dynamics is given by Newton’s balance law for linear and angular momenta: given & in

{1,2,...,N},

(1.3) mihll(t) = / mnds, fort >0,
8, (t)

(1.4) Te00(t) = / (z — hy(t))T - 7nds, fort>0.
8, (t)

When 2 = (x1,29)! the notation z* stands for - = (—x2,21)!, n denotes the unit normal vector on
0S8, (t) which points outside of the fluid, so that n = 71, where 7 is the unit counterclockwise tangential
vector on 0S,(t). We assume the rigid bodies to be impermeable so that we prescribe on the interface:
for every k in {1,2,..., N},

(1.5) u-n=(0,(-—hs)-+h.) n ondSyt), fort>0.

We will use the notations q, and g, for vectors in R3 gathering both the linear and angular parts of
the position and velocity:

(1‘6) qx = (h2795)t and qi@ = (h/t 0, )t‘

KRR
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The vectors q,; and ), are next concatenated into vectors of length 3NV:

(1.7) q=(d},....dy)" and ¢ =(d},...,dV),
whose entries are relabeled respectively ¢ and ¢) with k ranging over {1,...,3N}. Hence we have
also:

¢=(q,q2,---,a3n)"  and ¢ = (q1, 45, d4n)"

Consequently, k£ in {1,...,3N} denotes the datum of both a solid number and a coordinate in {1,2,3}
so that g and ¢;, denote respectively the coordinate of the position and of the velocity of a given solid.
More precisely, for all k in {1,...,3N}, we denote by [k] the quotient of the Euclidean division of k —1
by 3, [k] = [k] + 1 in {1,..., N} denotes the number of the solid and (k) := k — 3[k] in {1,2,3} the
considered coordinate.

Throughout this paper we will not consider collisions, so we introduce the set of body positions
without collision:

Q:={qecR¥W . m;nd(S,{(q), Q°US,(q)) > 0},
where d is the Euclidean distance. For § > 0, we also introduce
Qs :={qe R : 1fn;ilrld(‘5',€(q),ﬂC US.(q)) =4}

The fluid domain is completely described by ¢ in @ and we will therefore make use of the following
abuse of notation: F(t) = F(q(t)).

2. BOUNDARY CONDITIONS ON THE EXTERNAL BOUNDARY

Our purpose in this paper is to investigate the possibility of steering the rigid bodies according to
any reasonable (smooth, non colliding) given motion by means of a boundary control acting on a part
of the external boundary, while on the rest of the boundary we consider the usual impermeability
condition. More precisely we consider ¥ a nonempty, open part of the outer boundary 02 and the
following boundary conditions introduced by Yudovich in [52]. To begin with, let C denote the space

(2.1) C:= {g € C5°(2;R) such that / gds = 0} .
by

For T' > 0, we consider g in C*°([0,T7];C) and the boundary condition on the normal trace of the outer
boundary
(2.2) u(t,x) -n(z) =g(t,z) on [0,T] x ¥ and wu(t,z) -n(x) =0o0n [0,T] x (02 \ ).

Above, as for the solids boundaries, n denotes the unit normal vector pointing outside the fluid, so that
n = 71, where here 7 denotes the unit clockwise tangential vector on 9. The condition on the zero flux
of g through ¥ is necessary due to the incompressibility of the fluid. As noticed by Yudovich (Ibid.),
this is not a sufficient boundary condition to determine the system. To complete it, we consider the set

Y7 :={(t,x) € [0,T] x ¥ such that g(t,z) <0},
of points of [0, 7] x ¥ where the fluid velocity field points inside 2. Then the other part of the boundary
condition consists in prescribing the entering vorticity, that is the vorticity
w = curlu = djuy — Gouy on L.

This is natural since the fluid vorticity satisfies the transport equation:
0
(2.3) ai: F(u-Viw=0, zeF(qlt).

For simplicity we will actually prescribe a null control in vorticity, that is
(2.4) w(t,z) =0on X™.
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Let us insist on the fact that the control considered here is a remote control in the sense that it is
located on the external boundary, not on the moving rigid bodies. For this alternative issue of rigid or
deformable bodies equipped with thrusters or locomotion devices we refer to the papers [24] 36, [37) [42].

Since the fluid occupies a multiply-connected domain, the circulations of the fluid velocity around
the rigid bodies Si:

(2.5) / u(t)-7ds =1, forall ke {l,2,...,N},
98, (t)

will play an important role. Let us recall that, for each x, the circulation ~, remains constant over time
according to Kelvin’s theorem. We will use the notation
Y= (7&)&117...7N'

To achieve our goal, we will consider a control in feedback form, depending on the state of the “fluid+rigid
bodies” system. More precisely we will prescribe a normal velocity g on [0,7] x ¥ of the form

(2.6) 9(t) =€ (a(t),d'(t),d"(t),v,w(t, ),
where % is a Lipschitz function on
Ugeg, {a} x BV x R* x RY x L®(F(q);R),

for any § > 0. Furthermore we will only need a finite dimensional space of controls so that ¢ can be
taken with values in a finite dimensional subspace of the space C defined in ([2.1)).

3. MAIN RESULTS: TRAJECTORY TRACKING BY A REMOTE CONTROL

The problem that we raise in this paper is the trajectory tracking by means of the remote control
described in the previous section. Precisely, the question is: is it possible to exactly achieve any non-
colliding smooth motion of the rigid bodies by the remote action described above? The purpose is
schematically described in Figure [1| Let us now explain how we positively answer to this question.

FiGURE 1. Controlled trajectories for solids inside 2

To begin with, let us be more specific on the functional setting. Following Yudovich [53], we consider
the case where the initial fluid vorticity is bounded. Then the natural regularity for a fluid velocity field
associated with a bounded vorticity is the log-Lipschitz regularity. Precisely, for T' > 0 and given the
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solids trajectories ¢, we will consider the space LL(T") of uniformly in time log-Lipschitz in space vector
fields, defined via its norm

[fllrery = 1l fxF(q(t)) + SUp sup - :
(T) (Ute(o,m) 1t} xF(a(?))) 1e[0.7) 2y lz —y|(1+In (jz —y|))
Moreover, we will work with vorticities belonging to balls in L°°: for any ¢ in Qs and r,, > 0, we consider
the complete metric space

(3.1) B(q,70) = Breo(F(g))(0,7) endowed with the L*(F(q)) distance.

Before we state the main result of this paper, let us give two words of caution.

e Below we will use the letter ¢ as a variable for the positions of the rigid bodies, as well as a
trajectory of the rigid bodies. Readers should not be confused.

e Let us also recall that, in incompressible fluid mechanics, including in the presence of moving
rigid bodies, the pressure field 7w can be interpreted as a Lagrange multiplier associated with
the divergence-free constraint; as a result it can be ignored when we speak of a solution of
the problem. Consequently in the sequel we will say that (g,u) satisfies, for ¢ in [0,77], the
Euler equations (1.1))-(1.2) and the Newton equations (1.3)-(L.4) for  in {1,2,..., N}, without
referring to the associated pressure. In the case where the vorticity is bounded, the controlled
solutions which we will consider below correspond to a pressure field in L>(0,T; H'(F(t)))
which is unique up to a function depending only on time which does not change the value of the
terms involving the pressure , and . This regularity result can be obtained as in
the uncontrolled case, see [27, Corollary 2]. In particular this gives a sense to the right hand

sides of the Newton equations — for kin {1,2,...,N}.
Our main result is twofold. In a first part, we prove that there exists a feedback control € as in
such that, for any target trajectory ¢ and any compatible initial conditions, there exists a solution of
the closed-loop system with this control %, in which the solids follow the trajectory ¢ exactly. The
second part of our statement establishes a partial uniqueness result: any (weak) solution of the closed
loop system, with the acceleration given by the targeted trajectory, does satisfy that the solids follow
the trajectory ¢ exactly.
The exact statement is as follows.

Theorem 3.1. For any § > 0, there is a finite dimensional subspace £ of C such that the following
holds. Let T > 0, 1, > 0 and # be a compact subset of R3N x R3N x RN. Then there exists a control
law

(S Lip(UQGQa{q} X H X ‘@(Q7Tw)58)7

such that the two following results hold true for any given trajectory q in C?([0,T]; Q) and for any v
in RN such that for any t in [0,T], (¢'(t),q"(t),7) belongs to K .

1) For any initial vorticity wo in L>(F(q(0))) such that [|wol|feo(Fy) < 7w, there exists a velocity field u
in LL(T) N C°([0, T); WYP(F(t))), for all p € [1,+00), with curlu(0,-) = wy and for any t in [0,T),
curlu(t,-) in B(q(t),r,), such that (g,u) satisfies for all t in [0,T): the Euler equations (L.I)-(L.2),
the Newton equations — for k in {1,2,..., N}, the interface condition , the boundary
condition on the normal velocity with

(3.2) 9(t) =% (q(t),qd' (), d"(t), v, curlu(t, ),
and the boundary condition (2.4) on the entering vorticity and the circulation conditions (2.5)).
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2) Let
(q,@) € C*([0,T1; Q5) x [LL(T) N CO([0, T); WHP(F(t)))], for all p € [1,+00),

and 7 in RN such that for any t in [0,T], (§'(t),§"(t),7) belongs to # and curli(t, ) is in B(G(t),rs,)-
Assume that (§,0) satisfies: the Euler equations (1.1)-(1.2]), the Newton equations (1.3)-(1.4) for r
in {1,2,..., N}, the interface condition (1.5)), the boundary condition (2.2)) on the normal velocity
with

(3.3) 9(t) =€), q(t),q"(t),7, curlaf(t,)),
the boundary condition (2.4) on the entering vorticity, the circulation conditions (2.5) (with 7 in
place of ) and the initial conditions ¢(0) = ¢(0) and ¢'(0) = ¢'(0) on the initial positions and
velocities of the rigid bodies. Then § = q on [0,T].

We note that there is a slight abuse of notation in writing C°([0, T]; WP (F(t))), for space of functions
defined for each t in the fluid domain F(¢). More precisely and more generally, for a functional space X of
functions depending on the variable x, the notation C°([0,7]; X (F(t))) stands for the space of functions
defined for each ¢ in the fluid domain F(¢), and which can be extended to functions in C°([0, T]; X (R?)).
Furthermore, we require this regularity of the velocity field to insure that the trace is well-defined at
t=0.

A few further comments are in order.

Comparison with the controllability result in [2I]. Theorem [3.1] extends the result in [2I] where
the exact controllability of a single rigid body immersed in a 2D irrotational perfect incompressible fluid
from an initial position and velocity to a final position and velocity was investigated. There the control
was already set on a non-empty open part of the external boundary and was obtained as a regularization
of some time impulses. On the opposite Theorem proves that it is possible to drive some rigid bodies
along a given admissible trajectory by a control which is active all the time, while, in terms of the space
variable, this control is also supported on a non-empty open part of the external boundary. Moreover
the control in Theorem has the convenience to be achieved as a feedback law, depending only on
the instantaneous state of the fluid-rigid bodies system. Thus Theorem provides a positive answer
to the open problem mentioned in [2I], in the wider setting where several rigid bodies and irrotational
flows are considered. Of course Theorem also implies controllability of the positions and velocities
of the rigid bodies at final time, by considering a targeted trajectory with the desired final positions
and velocities. For instance, in view of practical applications, one may think at a regrouping of the
rigid bodies in a given subregion of the domain, with enough volume to contain them all with positive
distances. In the opposite direction one may think at a spreading of the rigid bodies in the fluid domain,
thinking at a medical treatment which requires dispersion of some medicinal particles.

Hence this provides an extension to the main result of [2I], but on the other hand, since the control
can be active all the time in the result of Theorem [3.1] it is not possible to guarantee a small total flux
condition as we did in [2I, Remark 1] by a simple rescaling in time.

Uniqueness part (second part) of Theorem In the case of an L™ vorticity, a uniqueness result
for the fluid-solid system has been obtained in [27] in the case without control, that is, of impermeable
boundary condition (vanishing normal component) on the whole external boundary, rather than the
permeable boundary conditions and . For the latter, uniqueness in the setting of bounded
vorticity is a delicate issue, already in the case of a fluid alone. Indeed, in contrast to his celebrated
result in the impermeable case [53], Yudovich only succeeded to obtain uniqueness for solutions which
are much more regular in [52]. Recently Weigant and Papin obtained in [51] the uniqueness of the
solutions with bounded vorticity with a proof in the case of a rectangle with the flow entering on a
lateral side and exiting on the opposite side. The extension of such a uniqueness result to the case of the
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fluid-rigid bodies system seems challenging, as it involves a free boundary problem and a more involved
geometry. Hence this leaves the following open problem.

Open problem 3.2. For any T > 0, for any 6 > 0, for any qo in Qs and q1 in R3N, for any initial
vorticity wo in L>°(F(q(0))) for any g in C>=([0,T);C), for any v in RY, does there exist at most one
velocity field u in LL(T) N C([0,T); WYP(F(t))), for all p € [1,+00), with curlu(0,-) = wo and for any
t in [0,7T], curlu(t,-) in L=(F(q)), and does there exist at most one q in C%([0,T); Qs) with the initial
conditions q(0) = qo and ¢'(0) = q1 on the initial positions and velocities of the rigid bodies, such that
(q,u) satisfies for all t in [0,T): the Euler equations (L.1))-(1.2), the Newton equations (1.3)-(L.4) for k
in {1,2,...,N}, the interface condition , the boundary condition on the normal velocity, the
null boundary condition on the entering vorticity and the circulation conditions (2.5) ¢

However the second part of Theorem [3.1] claims that, for a given bounded initial vorticity, should
there be several solutions, the control would drive the rigid bodies of all these solutions along the
targeted motion. On the other hand the fluid motions are not guaranteed to coincide, except in the
very particular case where the initial vorticity wqg is identically null. Indeed, in this case, the regularity
of the velocity field and the condition entail that the vorticity is identically null for all times. It
then follows from Section [5] that the corresponding velocity « is uniquely determined.

Let us emphasize that the control in involves the acceleration ¢”(t) of the targeted motion,
rather than the acceleration ¢” of the solution itself as in for the part of the statement regarding
the existence of a motion associated with the targeted trajectory q.

The result in the second part of Theorem covers the case of solutions corresponding to distinct
initial vorticities and velocity circulations. On the other hand if the initial positions and velocities of the
rigid bodies do not match, that is if (¢(0),¢'(0)) # (¢(0),4’(0)), the control law will not guarantee
any decay of the initial condition errors. Still the control law can be adapted to provide a stability result
in the case where the sole assumption on the initial conditions is that ¢(0) and ¢(0) are sufficiently close
and that the boundary condition on the normal velocity is satisfied with

(3.4) 9(t) = €(q(t),q (t),d"(t) + Kp(a(t) — 4(t)) + Kp(d'(t) — §'(t)), 7, curl a(t, -)),

where Kp and Kp are positive definite, symmetric 3N x 3N matrices. Then the error ¢(t) — ¢(t)
exponentially decays to 0 as the time ¢ goes to +00, with a rate which can be made arbitrarily fast by
appropriate choices of Kp and Kp. The indexes P and D in the notations Kp and K p respectively refer
to “proportional” and “derivative”, according to the usual terminology in robotics, see [44, Chapter 11],
[47, Section 4.5] and [46], Section 8.5]. This stability result will be proved by a little modification of the
proof of the second part of Theorem The interest of such a result is that in practice the positions
and velocities of the rigid bodies cannot be determined exactly, see [6l, [7, [43].

Regularity issues. A natural issue is whether it is possible to preserve the regularity of the vorticity
when time proceeds while achieving the targeted motion. In that case it could be possible to adjust the
boundary condition on the entering vorticity, by substituting to an appropriate inhomogeneous
condition. Such a construction was performed in [9] in the case of the controllability of a fluid alone by
means of an open-loop control.

On the opposite direction, one may wonder whether it is possible to extend the existence part of
Theorem to the case where the initial vorticity is only in LP with p > 1. Let us recall in that
direction that, on the one hand, some existence results, in the case of impermeable boundary condition,
rather than the conditions and , have been obtained in [25] 26l 22, [49, [50] in the case of
systems coupling one single rigid body and a two-dimensional perfect incompressible flow without any
external boundary; and, on the other hand, some existence results have been obtained in [4, 411 [40] in
the case of boundary conditions such as and , but for a fluid alone.
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One may also wonder whether it is possible to reach some targeted trajectories with lower regularity
in time, by the means of controls g which are also of lower regularity in time than continuous. Indeed
this is very much related to the strategy of [21] where impulsive controls were considered.

Energy saving. A natural question is whether it is possible to turn off the control when the targeted
motion is, at some time, solution of the uncontrolled equation, that is to guarantee that the mapping %
vanishes on (g,¢’,¢",w) satisfying (L.I)-(2.3), (L.3)-(L.4) for x in {1,2,..., N}, (LF), with g =0
and . Some extra comments on this issue are given in Section after the proof of Theorem (3.1
this postponing allows us to be more precise regarding some technical aspects of the question.

Three dimensional case. Another natural extension of the results of Theorem [3.1]is the case where
the system is set in three space dimensions. In the impermeable/uncontrolled case a reformulation of
the Newton equations as a second-order ODE for the solid positions is tackled in [28]. However the
design of the control below relies on the possibility to use complex analysis in two dimensions. Therefore
several arguments of the proof of Theorem regarding the construction of the control law would need
to be adapted.

Controlled collisions. A challenging question is whether it is to possible to provoke some controlled
collisions. Let us recall that collisions can occur even without control, see [32, 33, [13]. However one
may imagine to be able, given a couple of rigid bodies, some collision positions —and perhaps also
some collision velocities— to prove the existence of a control such that for the corresponding controlled
solution of -, — for kin {1,2,..., N}, , this collision occurs. In this direction let
us mention that in the proof of Theorem we will use certain arguments of complex analysis, see also
[21], which involve approximations by rational functions of harmonic functions which are first defined
in some respective neighborhoods of the rigid bodies. When two rigid bodies become close one could
face some difficulty in the fusion of such local approximations, see [17].

Case of the Navier-Stokes equations. One could also be interested in extending the results of
Theorem to the case of the Navier-Stokes equations rather than the Euler equations as a model for
the fluid part of the system. Then the boundary conditions have to be modified and several choices
can be made. Beside the classical no-slip conditions, there is a condition which models slip and friction
at the boundaries referred to here as Navier slip-with-friction boundary conditions. The latter case is
closer to the case of the Euler equation where slip, that is discrepancy of the tangential velocity at
the boundary, is allowed. Regarding the Cauchy problem, in the uncontrolled case, the existence of
weak Leray-type solutions to the Navier-Stokes system in presence of a rigid body when the Navier
slip-with-friction conditions are considered at the boundaries has been proved in [45] when the system
occupies the whole space and in [29] when the system occupies a bounded domain. These two results
tackle the three-dimensional case but the latter result has been adapted in [3] to the two-dimensional
case with some extra properties. For strong solutions, existence and uniqueness of solutions in some
Hilbert spaces have been proved in [54].

On the other hand the result in [21I], on the exact controllability of a single rigid body immersed
in a 2D irrotational perfect incompressible fluid mentioned above was extended in [35] to the Navier-
Stokes equations in the case where the Navier slip-with-friction boundary conditions are prescribed on
the interface between the fluid and the body, see also [14, [I5] for complementary results. One key
ingredient was a rescaling in time which allows to reduce the problem to the case where the viscosity is
small (first introduced by Coron in [I0]), to use an asymptotic expansion and the inviscid result of [21]
for the leading order. This strategy works for the Navier slip-with-friction boundary conditions because
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the corresponding boundary layers have a small amplitude. Unfortunately, for the problem of trajectory
tracking considered in this paper, one is not allowed to effectuate such a time-rescaling.

However it is possible that the method used in the proof of Theorem [3.1] could be adapted to the
case the Navier-Stokes equations, with the Navier slip-with-friction boundary conditions. The case of
the Navier-Stokes equations, with the no-slip boundary conditions is clearly more challenging.

A nonlinear method reminiscent of Coron’s return method. To prove Theorem we will
make use of a nonlinear method which is reminiscent of Coron’s return method, cf. [12, Chapter 6],
in the sense that it takes advantage of the nonlinearity of the problem out of equilibria. However our
method rather considers time as a parameter and allows us to prove a trajectory tracking result rather
than a controllability result. It uses the homogeneity of the nonlinear part of a nonlinear equation and
the existence of a single non-trivial zero at which the differential of this term is right-invertible to solve
the equation for general data, see Section One could also compare to Coron’s Phantom tracking
method from [11], which takes advantage of the nonlinearity in a similar fashion in order to establish a
stabilization result.

Practical use. An attempt to put in practice the theoretical result in Theorem would face the
drawback of the feedback laws and depend on the full state-function w(t, -), rather than on only
some norms, moments or any finite dimensional information extracted from it. However the Lipschitz
dependence leads to the hope that a bad identification of the vorticity of the fluid by the operator
in charge to apply the control at the boundary may not affect the resulting controlled trajectory too
drastically. Another difficulty is linked to the design of this control law by itself. Indeed, in this direction,
for a quite important part of the analysis performed below in the proof of Theorem the observations
done in [31] for a slightly different problem are also relevant. There the authors discuss an alternative
method to the complex-analytic one which is developed here. This method is more application-friendly.
However this alternative method relies on linear techniques which seem difficult to adapt here.

4. ORGANISATION OF THE REST OF THE PAPER.

The rest of the paper is organised as follows. In Section [5| we recall the decomposition of the fluid
velocity into elementary velocities according to the vorticity, the circulations, the external boundary
control and the velocities of the rigid bodies. Then we reformulate in Section [6] the solid equations
as an equation with the control as the unknown, and the solid motion and the vorticity as data. In
Section [7] we design the feedback control. Section [§is devoted to the end of the proof of the first part
of Theorem regarding the existence of a controlled solution with the targeted motion of the rigid
bodies. Then, Section [9]is devoted to the end of the proof of the second part of Theorem regarding
the uniqueness of the motion of the rigid bodies for the hybrid control law . Finally in Section
we give some extra comments on the issue of energy saving discussed above.

5. DECOMPOSITION OF THE FLUID VELOCITY ACCORDING TO THE SOLIDS MOTIONS, THE VORTICITY,
THE CIRCULATION AND THE EXTERNAL CONTROL

Let ¢ in Q. For any ¢’ in R3V, for any w bounded over F(q), for any v := (v,;)x=1,. ~ in RV, for any
g in C, classically there exists a unique log-Lipschitz vector field u such that

(5.1a) divu =0in F(q), curlu=win F(g), u-n =g on 0f,
(5.1b)

u-n= (9;(-—hH)L+h;) -n on 0S(t) and / u(t)-7ds=r,, forall ke {l,2,...,N}.
05,4(t)
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The circulations conditions above are important to guarantee the uniqueness of the system ; this
is related to the Hodge-De Rham theory. See for example Kato [34].

We now decompose the vector field u in several elementary contributions which convey the influence
of the vorticity, of the circulations, of the external boundary control and of the velocities of the rigid
bodies.

5.1. Kirchhoff potentials. Consider for any x in {1,2,..., N} the functions & (g, ) = &(q,-), for
j=1,2,3and k = 3(k—1)+j, defined by & ;(q,z) := 0 on 0F (¢q) \ S, and by & ;(q,z) :=e;, for j =
1,2, and & 3(q, ) := (z — hy)® on S,. Above e; and eg are the unit vectors of the canonical basis.
We denote by Ky j(q,") = Ki(g,-) the normal trace of &, ; on 0F(q), that is: K, j(q,-) = n -
&x,j(q,-) on OF(q), where as before n denotes the unit normal vector pointing outside F(q).
We introduce the Kirchhoff potentials ¢y ;(q, ) = ¢r(q,-), for j =1,2,3 and k = 3(k — 1) + j, as the
unique (up to an additive constant) solutions in F(q) of the following Neumann problem:

(5.2a) Apr ;=0 in F(q),

(5.2b) 9951, = Kiyla,) - on 0F(a),

We also denote

(53) KH(Qv ) = (Kml(q? ‘)7 KH,Q(qﬂ ')7 KH,3(Q7 ))t and ‘PH<q7 ) = (Soﬁ,l(qﬂ ')7 SOK,Q(q? ')7 SDH,?’(Qv ))t

Following the same rules of notation as for g, see (1.6]), we define the function ¢(q,-) by concatenating
into a vector of length 3N the functions ¢, (g, -), namely:

@(Qa ) = (901 (qv ')t’ e aSDN(Qa ')t)t'

Let us also recall that the Kirchhoff potentials are involved in the so-called added inertia of the rigid
bodies, through the formula

2.
(54) M) = [ ela) o P ds
95k (q) n

It follows from integrations by parts that these matrices are symmetric and non negative, since
(5:5) M3 (0) = Ve,(q,)) @ Ve, (g, -) ds.

Fla)
The total added inertia matrix of the system reads:

(5.6) M%(q) := (Mi,V(q))1<,§7y<N.

Notice that this matrix is in the set Sjy(R) of the real symmetric positive-semidefinite 3N x 3N
matrices. These matrices depend on the shape of the fluid domain, therefore on the shape of the
external boundaries and of the shape and position of the rigid bodies.

We also define for any g € Q, for any p € R3V, the Christoffel symbols of the first kind

(5.7) (I'(q),p,p) := ( Z (F(Q))ﬁ,ypnpv)m,\g?w e R3V,

1<k,v<3N

with for every i,k,j € {1,...,3N},

1L OM* (@) , O(M*(q))ja 3(/\/1“(61))&]').

@y =5 (5 g+ =g = =,

The smoothness of the mapping (¢, p, p) — (I'(q), p, p) follows from classical results on the shape deriva-
tives of the Laplace problem for which we refer for example to [30].
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5.2. Stream functions for the circulation. To account for the velocity circulations around the
solids, we introduce for each « in {1,..., N} the stream function 1., = 9. (g, ) defined on F(q) as the
harmonic vector field which has circulation §,, , around 9S,(q), for each v in {1, ..., N}. More precisely,
for every ¢, one can show that there exists a unique family (Ck . (q))vefi,2,...n} In RY such that the
unique solution (g, -) of the Dirichlet problem:

(5.8a) Ae(q,-) =0 in F(q)
(58b) ¢H(Q7 ) = CN,I/(Q) on asl/(q)’ fOI’ Ve {17 27 ctt N}7
(5.8¢) Yi(g,-) =0 on 01,
satisfies
O,
(5.8d) (q,)ds = =0y, forve{1,2,...,N},
95,(q) O

where 6, is the Kronecker symbol. As before, we define the concatenation into a vector of length N
w((b ) = (wl(Q7 ')7 s awN((L ))t

5.3. Hydrodynamic stream function. For every bounded scalar function w over F(q), there exists
a unique family (Cu,.(9))veq1,2,...N} € RY such that the unique solution v, (q,-) in H'(F(q)) of:

(5.9a) Atu(g,") = w in F(q)
(5.9Db) Yu(q,-) =Cuu(q) ondS,(q), forve{1,2,...,N},
(5.9¢) Yu(g,") =0 on 09,
satisfies
o, _
(5.9d) /%y(q) %(q, )ds =0, forv e {1,2,...,N}.

It is classical that V1), has log-Lipschitz regularity (see again [34] for instance).
We gather the stream functions due to the fluid vorticity and to the circulations by setting

(5.10) Yoy (@) = tul(a, ) +9(a,7) - 7.

5.4. Potential due to the external control. With any ¢ in @ and g in C we associate

(5.11) a:=Alg,g] € C*(F(q);R),
the unique solution to the following Neumann problem:
(5.12) Aa=0in F(q) and 9,a=gly on dF(q),

with zero mean on F(q) (recall (2.1))), where 1y, is the indicator function of the set . This zero mean
condition allows to determine a unique solution to the Neumann problem but plays no role in the sequel.

5.5. Decomposition of the velocity. Now, by the linearity of System (/5.1]), we see that the unique
solution u to (5.1) can be decomposed into

N
(5.13) u=uf+ uc, with uy := Z V(eu(q,") - d) + V' (g,-) and ue == Va.

k=1

Above the index “” stands for free and the index ‘c” for controlled.



12 OLIVIER GLASS, JOZSEF J. KOLUMBAN, AND FRANCK SUEUR

6. REFORMULATION OF THE NEWTON EQUATIONS AS A QUADRATIC EQUATION FOR THE CONTROL

This section is devoted to the reformulation of the solid equations in terms of the control, of the solid
variables and of the vorticity.
To obtain this reformulation, we introduce test functions as follows. For each integer x between 1
and N, ¢ in Q, ¢* in R? and 7 in R, we consider the following potential vector field F(q):
g = V(pu(a,) -pr)s  where  pp = (6 75)"
By (5.24)), we have that
ulhn =0, (0 +15(-—he)t)-n oon 8S,(¢g) and  ul-n=0 on IN.

By (1.3)), (1.4), (5.2b]), the fact that u is divergence-free in F(gq), an integration by parts and (1.1)), we

have

1
(6.1) myhl, - 0 + T 0 = / V-, de = —/ <8u + =V|u* + wuL> -uy d.
F(q) Flg \Ot 2

We introduce the global test function

u* = Z u.: for p":= (p:)lénéN € R3N7
1<k<N
and the genuine mass matrix MY defined as the positive definite diagonal 3N x 3N matrix
M = diag(M{,..., M%) with MY = diag(my, my, Jx).
Summing over all indices xk and using the decomposition , we therefore obtain:

(6.2) Oue cutdx + 1V\uc\z cutdr 4+ V(ug-ue) - u* da + wuy - u* dr
ot 2 / ¢
F(9) F(q) F(9) F(a)

ou 1
:—ng"-p*—/ ke i vk -u*dx—/ wut - u* da.
7@ (5 +2v1sP) o

We now reformulate each term starting with the right-hand side, and then handle the terms in the
left-hand side of (6.2), where the terms involving u, are regrouped.
e We first turn to the right-hand side of (6.2, for which the analysis of [23] can be applied.
Proposition below gathers the properties which will be useful in the sequel. It involves the
matrix 2 defined by

Alq,w,) := (an,u(Q7 W, ’Y)) .

)
<k, V<N

with

o aww,'y 8905 89011
tulawn) = [ Pt (Goee ) @ as

O Op, _ Op,
Lo Bt (G0 ) 0y as

where we recall the notations ((5.10)) for the stream function 1, , and ((5.2)-(5.3)), for the Kirchhoff
potentials. We observe that the matrix 2l is skew-symmetric and linear with respect to w and 7.
We also define:

e((]7(")7’)/) = (Qfl(q7 w? ,}/)7 AR QEN(q’w7fY))t7
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where
1 Oy 2 e
@R y Wy =z ’ = )" d ’
(¢, w,7) 2/8&((1) (‘ o | oy ) (@ )ds
and
@(q, qlawury) = (@1((], qlku/—y)u s 7©3N(q7 q/)w7fy))t7
where

Dr(q,q',w,7) == /f( )wU?(q, ¢, w,7,") - Ver(g,-)dz,
q

recalling the definition of uy in (5.13). Finally we set
(6.3) F(a.4',q",7v,w) == = (M + M q))q" = (T(q),d,d') + €(q,w,7) +Alg,w,7)d +D(q, ¢, w,7),

where we recall (5.4]) and (5.7)).

Proposition 6.1. The mapping § is Lipschitz on Q x R3 x R3N x RN x %(q,r,,), for any
ry > 0 (recall that B(q,r,) is defined in (3.1))), and

(6.4) MIG" - p* 4 /

0 1
(Uf + Vqu‘Z) cufdr — / wujf_ utdr = _g(qaqlvq”777w) p*
Fla) Flo

e Let us now consider the terms in the left-hand side of (6.2)). First, by Leibniz’s formula and
Reynolds’ transport formula, observing that the fluid domain is transported by the vector field
uy, we have

/ auc-u*dav = / de—/ uc-au dz
Flg) Ot F(a) ot F(a) ot
d

= — / ue - u* dz —/ uf'V(uC-u*)d:E—/ uc~8u dz.
dt \ Jr () F(q) Faq Ot

Then we integrate by parts the first two first integrals in the right hand side above and we
compute the last one by using the shape derivatives of the Kirchhoff potentials. We obtain

(6.5) / Oue u dr = a4 ((/ o Onp,(4, ')d5> 'p*)
Flo) O dt \ \Jos.( 1<ReN
B <</ Vo vc‘01/ Bn(pﬁ(Qa )dS) . q/> | p*
9Sk(q) 1<KEN

I<v<N

F(q) 1<KkEN 1<v<N

Let us highlight right here that the first term in the right hand side above is discarded below by
an additional assumption on the control.
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We now consider the second and third terms in the left-hand side of (6.2]). By integrations
by parts, we obtain

| . 1 .
(6.6) / <2vruc|2) tde = ( / Vol g (a, -)ds> o,
]'-(Q) 83&(‘1)

1<k<N
(6.7) / V(ug - uc) - u*de = (/ (Vo -uy) One,.(q, ) ds) -p*.
F(q) 0S8k (q) 1<k N
Concerning the last term in the left-hand side of (6.2]), we simply decompose:
(6.8) / wul vt de = (/ wVta - Ve, (q,-) dx) -p*.
F(q) F(q) 1<k<N

Accordingly to the computations above we introduce the following notations. For ¢ in Q and ¢
in C, we set

(6.9) Q(q)lg] :== % (/88 w \VozIQf‘?n%(q,-)%) ,

1<k<N
and recalling the notation a = A[g, g] of Section we set
(6.10)

E(Qv qu 7> w)[g] = </ (JJVJ'O( : vcpli(q’ ) dl’) - (/ (va : uf) anson(qz ) dS)
F(a) 1<k<N 38k (q)

+ <</ Va - VSOH an‘Pu(% )d8> ’ q/)
0S8 (q) 1<vN 1<KEN
+ (( / Va - 9q,Ve,(q, ~)dx> : Q'> :
F(q) 1<vEN 1<KEN

Additional assumption on the control. In the sequel we will make the following additional as-
sumption on the controls that we consider, in order to eliminate the first term in the right hand side of
(6.5). Let us first recall that the space C is defined in (2.1)). Now given ¢ in Qs, we define the set

1<k<N

(6.11) Co(q) == {g ecC, Alq, 9] Onp,.(q,-)ds =0 for 1 <k < N} .
)

Sk(q

To obtain Theorem (3.1} we will consider controls ¢ in this set Cp. In this case when g is in Cp(q), by

(6.5)), , (6.7), (6.8) and (6.4]), the equation (6.2) now reads
(6.12) Q(q)lg] + £(q, ¢, v, w)g] =F(¢. ¢, ¢",7,w).

Conclusion. Therefore, under the assumption g € Cy(q), the Euler equations ([1.1)-(1.2), the Newton
equations (1.3))-(1.4) for x in {1,2,..., N}, the interface condition (|1.5), and the boundary conditions
(2.2)) with g(t) in Cy(q(t)) for every t in [0, 7], are equivalent to the problem
(6.13) Q(q)lg] + £(q, 4", 7, w)lg] = F(a. 4, " v, w),

' Ow + (fozl V(pu(d,) ) + Vo (g,-) + VA[CLQ]) - Vw =0 in F(q).
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Remark 6.2. Three comments are in order.

e Above it is understood that, in the converse way, the fluid velocity is recovered by the equation
(5.13). That it satisfies the Fuler equations for a pressure field in L>(0,T; H'(F(t))),
which is unique up to a function depending only on time, follows from the second equation of
(6.13) and the property of the curl operator. On the other hand it follows from that
it satisfies the divergence free condition , the interface condition , and the boundary

conditions ([2.2)) with g(t) in Cy(q(t)) for every t in [0,T].

e The system (|6.13)) will be useful in the proof of the existence part of Theorem in Section
while (6.12)) alone will be used in the proof of the uniqueness part of Theorem in Section |9

e The unknowns of the problem are g and w, and one may observe that this system is
completely coupled in the sense that g and w are involved in both equations. Still we will tackle
these two equations separately. In Section [T we will start by proving the existence of a solution
of the first equation of for the unknown g in terms of w considered as a parameter. Then
n Section@ we will solve the second equation of for w with g given by the solution of the
first equation that is identified in Section[7

7. DESIGN OF A FEEDBACK CONTROL LAW

This section is devoted to the design of a control g (for the trace of normal velocity on the exterior
boundary) on [0,7] x X of the form g = ¢(q,q¢,q",~,w), where € is a Lipschitz function on

UqEQa{Q} X ‘%/ X %(QJﬂw)v

with values in Cp (defined in (6.11))), and aimed at fulfilling the first equation of . The second
equation of will be tackled in the next section.

Recall that ¢ is a compact subset of R3Y x R3N x RY and %(q, 1) is defined in (3.1). We further
define the topological space

PB*(q,70) 1= Bpoo(7())(0,7,) endowed with the weak-L3(F(q)) topology.
Precisely in this section we show the following.

Proposition 7.1. Let 6 > 0. There exists a finite dimensional subspace € C C and for any r, > 0 and
any compact subset # of R3N x RN | there exists a locally Lipschitz mapping

M : Ugegs{a} x H x Blq,10) x R*N — €, (q,¢,7,w,p") — R(q, ¢, v,w,p") € ENCy(q),
such that for any p* in R3V,
Q(q)[R(g, ¢, v, w0, p)] + £(g, ¢, 7, W) [R(g, ¢, v, w, )] = P
Furthermore, the map
N : Ugeo; 1q} X H x B*(q,70) x RN — &€

18 continuous.

This proposition being granted, we will be able to design the control as follows. We set
(7.1) A ={(d,7), (d.,q",7) € A for some ¢"}.
and we define ¢ € Lip(Ugeg,{q} X # x B(q,1,);E) by
(7.2) €(q,4.4",7.w) =NR(g, ¢, 7w §(a.4,q",7,w)).
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The Lipschitz regularity of & follows from the boundedness and regularity of § mentioned in Proposition
and from the regularity of % given by Proposition [7.1] We note that the last statement regarding
the continuity with respect to the weak-L?3 topology for w will be useful in proving the compactness of
an appropriate operator in Section [8.6] It relies on the following observation on .

Lemma 7.2. The mapping § is continuous with respect to the weak-L> topology for w.

Proof of Lemma[7.3 Referring to the definition we observe that merely three terms depend on
w: A, ¢ and D. Suppose that the sequence (wy,) of B(0,7,,) converges to w* in the L3-weak topology.
Then, due to standard elliptic estimates, the corresponding %, , and u; converge in the W23_weak
and W'3-weak topologies. This involves directly the continuity of the term 2, that is linear. By a
weak-strong convergence argument, this also gives the continuity of ©, due to the compact embedding
of WH3(F(q)) in L¥*(F(q)).

Concerning the quadratic term &, we see that the terms 87’%“7;;” converge weakly in W2/33(9F(q)).
This is compactly embedded in L2(0F(q)), which gives the continuity of €. O

The rest of the section is devoted to the proof of Proposition [7.1

7.1. A nonlinear method to solve linear perturbations of nonlinear equations. Our strategy
relies on a nonlinear method: we prove the existence of solutions to nonlinear equations of the type

(7.3) QX)+L(X)=Y

where L is linear continuous and @ is a quadratic operator admitting a non trivial zero at which the
differential is right-invertible. The main point is using the difference of homogeneity between ) and
L. Some other superlinear homogeneous terms could be considered in place of Q, the key point being
to deal with the linear part of the equation as a perturbation of the nonlinear part by means of a
scaling argument. This type of strategy where one takes advantage of the nonlinearity is reminiscent of
Coron’s phantom tracking method and return method, see [I1], respectively [12]. Here we will only be
interested in the existence of a solution to an equation of the form , which holds as a prototype for
Equation where the unknown is the control, so that we do not expect any uniqueness properties.
Moreover we need to consider some parameterized version of , as the operators (Q and L above
depend on the parameters ¢,q’,~v,w, and the feedback control law that we are looking for has to be
robust and to depend on these parameters in a sufficiently regular manner. The precise result which we
prove in this subsection is the following.

Proposition 7.3. (a) Let d > 1, let (E, || -||) be a finite-dimensional normed linear space of dimension
larger than d, F a bounded metric space, Q : F x E — R?% a Lipschitz map which to each p in F
associates a quadratic operator Qy from E to R?, and L : F x E — R% a Lipschitz map which with each
p in F' associates a linear operator Ly from E to R?. Furthermore, assume that there exists a Lipschitz
map p € F — X, in E satisfying for any p in F,

[Xpll =1, Qp(Xy) =0,
and such that the family of linear operators (DQp (Yp))peF admits a family of right inverses depending
on p € F in a Lipschitz way. Then there exists a locally Lipschitz mapping R : F x R* — E such that
(@p + Lyp) o R(p, ) = Idga.

(b) Let T be another topology on F'. Suppose furthermore that the maps Q : F'x E — R L:FxE — R4
and p € F— X, are continuous when F is endowed with 7. Then there exists a map R which satisfies
the conclusions given in (a) and which is also continuous when F' is endowed with T.
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To prove Proposition [7.3] we will make use of the following version of the inverse function theorem
where the size of the neighborhood is precised with respect to a parameter. In the proof of Proposition [7.3]
we will need to add a scalar parameter to p, hence we introduce the notation p and F. Furthermore, the
space E that we refer to in the Lemma below will not be quite the same as the one in Proposition [7.3
Hence we will rather use the notation E. Despite the fact that we will actually use it on a finite
dimensional space, we state the result in the slightly more general setting of Banach spaces.

Lemma 7.4. (a) Let E be a Banach space, F' a metric space, for any p in F, f5: E—>FEa mapping
which is C' in a neighborhood of 0, such that the following are satisfied:
(i) for any p in F, the linear map Df;(0) is one-to-one on E, the maps (p,x) € F x E — fe(x)
and p € F — Df;(0)~! are Lipschitz;
(ii) there exist T >0 and M > 0 such that for all x1, 23 in B;(0,7) and p in F,
D550 ey < M and [Dfs(ar) — Do)y < o

Then there exists a unique Lipschitz map
% : User ({9} % By (£0), 577 ) ) — Bg(0.7),
such that for any p in F, for any y in B (f3(0), 557)
f5(%(B,y) = y.
(b) Let 7 be another topology on F. Suppose that the maps (p, ) € FXE fi(z) andp € F— Dfs(0)~!

are continuous when F is equipped with 7. Then the map 7 given in (a) is also continuous when F' is
equipped with T.

Proof of Lemma[7.4. For pin F, y in Bg (fﬁ(O), ﬁ) and z in By (0,r), we set
G5.y(x) =2+ Df(0)"" (y — f(2))

(7.4) = Df(0)7" (y = £3(0)) = Df(0)™" (f3(x) — £3(0) = Df(0)z) .
Using (7.4), the triangle inequality, (ii) and

1
(7.5) (o)~ 50 = ([ D at)

we observe that
gf),y(BE(O: ’I”)) C BE(07 T)'
Similarly, for any x1,x2 in B;(0,r), using again (7.4) , (ii) and (7.5), we obtain:
1
(7.6) 95,5 (21) = g5,y ()| < 5 llx — 2.

Therefore, gz, is a contraction, and from the Banach fixed point theorem it follows that the mapping
95,y has a unique fixed point in B(0,r), which is also the unique solution of f;(-) = y. We consequently

define Z(p,y) as this fixed point.
Now let p; and ps in F,

r
y1 € B <fﬁ1(0), m)

By the triangle inequality, using ([7.6]) and
R (P2, Y2) = Gy (Z(P2,y2)) and Z(p1,y1) = G5, 4, (Z(P1.1)),

and y2 € B (f,;.Z(O), ﬁ) .
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we obtain
(7.7)
951,90 (Z(P1,Y1)) = Gpoye (Z(P1,y0))|| = |12 (P2, y2) — Z (01, Y1) — 1952,y (Z (P25 Y2)) — G5y e (Z(P1,91)) |

1 - -
> §‘|%(P27y2) - ‘%(phyl)H

Now since the mapping (p,y, ) — g5, () is Lipschitz due to (i), we deduce that Z is Lipschitz.
The continuity property in (b) follows similarly, using once more (7.4]) and (7.7). This concludes the
proof of Lemma,[7.4 O

We can now start the proof of Proposition

Proof of Proposition[7.3. We begin by observing that for any p in F, there exist some linear isomor-
phisms ¢, from R? to the orthogonal of the kernel of DQ,(X,), such that the maps F > p — ¢, and
F>p— o, L are Lipschitz and bounded (since F is bounded). Furthermore, if the assumptions of part
(b) are satisfied, then these maps are continuous with respect to the topology 7 on F'.

The proof is of Proposition [7.3|is then based on a scaling argument. We introduce g9 > 0 such that
for any ¢ in [0, &9, for any p in F:

(1) the linear operator DQ,(Xy) +¢Ly : E —> E is right invertible, with some right inverses which
are uniformly bounded as (e, p) runs over [0,ep] x F, B
(2) the linear isomorphism ¢, also allows to select a right inverse of DQy(Xy) 4 €Ly.

We will further denote p := (e, p) and F := [0,0] x F. Then we consider the mapping fp from R? to

R? which maps z in R to
fi(x) := (Qp + eLyp)(Xp + pp(2)) € RY.

Our goal is to apply Lemma to the mapping f; and to the space FE =TR4,

First, we see that the map (p,z) in F' x R% — fs(z) is Lipschitz and for any p in F, the map z in
R? — f5(x) is C* in a neighborhood V of 0 in R? and for any z in V,

Df(x) = (DQy + eLyp)(Xy + @p()) 0 @p.
In particular, since ¢,(0) =0,
Df;(0) = (DQy + Ly)(Xyp) © iy,

is one to one and, using (2) from the above choice of €9 > 0, one can see that its inverse is given by

Dfs(0)" =, o (DQy +2Ly)(Xy))

Thus the map p — D f; (0)~! is Lipschitz and bounded as the composition of bounded Lipschitz maps.
Therefore the assumption (i) of Lemma~ is satisfied.
Moreover for all x1,x9 in V and p € F, we have

Dfy(a1) = Dfs(@s) = ((DQp +Ly)(Kp + p(21)) = (DQp +Lp)(Kp + p(32))) © 0.

Using that the mapping F x E 3 (p,x) — Qp(z) € R? is Lipschitz and that ¢, is linear continuous,
we deduce that that the assumption (ii) of Lemma is satisfied.

Hence we can apply Lemma to f; and obtain the map Z%. Since Qy(X,) = 0 and ¢, (0) = 0 (by
linearity), we have f;(0) = eLy(X,). Therefore f;(0) converges to 0 as & converges to 0, uniformly in
p € F. Then reducing o > 0 again if necessary, there exists 7 > 0 such that the Lipschitz mapping

X :0,e0] X F' x Bpa(0,7) — E, (e,p,y) r—)Yp —f—e@?(e,p,y),
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satisfies for any ¢ in [0, gg], for any p in F, for any y in R? with |y| < r,

(7.8) (Qp +eLp)(Z(e,p,y) = y-

Now we define R : F x R? — E by setting, for any p in F and any y in R,

E(ly)%(a(y),p,a(y)Qy) where £(y) := min {Eo,

Observe that this definition makes sense since, for any y in R? e(y) is in (0,g0] and |e(y)?y| < 7.
Moreover R is a locally Lipschitz mapping as composition of locally Lipschitz mappings. Finally, using
that the mapping @), is quadratic, that the mapping Ly is linear, and , we obtain that for any p in
F, for any y in R,

R(p,y) = o)

(1+ [yP)rH

(Qp + Lyp)(R(p,y)) = (Qp + (W) Lp)(Z(c(y), b, £(1)y)) = v.

1
e(y)?
This concludes the proof of part (a) of Proposition

Concerning Part (b) of the statement, we rely on the observation at the beginning of the proof
concerning the continuity with respect to 7. This allows us to deduce that the function f; satisfies the

conditions from part (b) of Lemma defining the topology 7 as the product of the topology of R and
T. -

7.2. Restriction of the quadratic mapping Q(¢) and determination of a particular non-trivial
zero point. We go back to the framework of Proposition We first recall that Q(q)[g] for ¢ in Q
and ¢ in Cy(q) was defined in with oo = A[g, ¢] introduced in (5.11)). Accordingly we have

(7.9) Q)] =+ (/88 " IV A[q. 9| Onsp(a. -)d8> e RV,

2
k=1,....N

The goal of this section is to associate with the operators (q) a finite-dimensional subspace & C C, and,
for each ¢, a point in £ which is a non trivial zero of Q(q)|¢ at which the derivative is right-invertible.
This will allow us to apply Proposition Precisely, we show the following.

Proposition 7.5. Let § > 0. There exists a finite dimensional subspace £ C C and Lipschitz mappings
q € Qs — gilg,) €C(q) NE, for 1<i< (3N +1)2

such that the following holds. Define Q) : RGN+D? _y R3N ¢he quadratic operator which maps X :=
(Xi)i<i<(an+1)2 to

(3BN+1)2

(7.10) Qq(X) :==19Q(q) Z Xigi(q,-)
i=1
Then there exists a Lipschitz map q € Qs — X4 in RGN+1)? satisfying

quH =1 and Qq(yq) =0,

and such that DQy(X,), the derivative with respect to the second argument, is right-invertible with right
inverses which depend on q in a bounded Lipschitz way.
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To prove Proposition we extend the analysis performed in [21] for a single solid to the case of
several solids. In particular we will use some arguments of complex analysis and convexity which are
similar to the ones already used in [2I]. We recall that the conical hull of A C R? is defined as

k
COni(A) = {Z Aa;, k€ N*, AN =20, a; € A} .
=1

Proof of Proposition[7.5. First, we recall, see [2I, Lemma 14], that if Sy C Q is a bounded, closed,
simply connected domain of R? with smooth boundary, which is not a disk, then

coni{(n(z), (x — ho)* - n(x)), = € 8Sy} = R?,

for any ho in R%, where n(z) denotes the unit normal vector to Sp. Therefore, taking into account the
boundary conditions of the Kirchhoff potentials, see Subsection [5.1, we deduce that for any g in Qs,

(7.11) coni {(ancpﬁ(qo,$“)),€:17m7]v, (z!,...,2N) € 8S1(qo) X . .. x asN(qo)} — RSV,

This allows to establish the following lemma.
Lemma 7.6. Fiz qo in Q5. For 1 <i< (BN +1)2 and k = 1,..., N, there ezists 2 in 0S.(qo0) and
positive smooth mapping fi; : R3N — R, such that
(3N+1)2
(7.12) Z i (V) (O, (0, 7)) pmy, v = v for allv € R3V,
i=1
Proof of Lemma[7.6. We introduce the following notations: let {by,...,bsgx} the canonical orthonormal
basis of R3V, and byyi1:= —(1,...,1); let Ag(v) := vg + /1 + |v|?> for £=1,...,3N, and A3ny41(v) :=
\/1+ |v[2. For any v in R we have
3N+1

(7.13) v="Y_ M(v)by.
/=1

Now, thanks to (7.11]), we see that for some radius r > 0 the sphere S(0,r) of R3" is contained in the
interior of the convex hull of

{(ancp,{(qo,$”))n:17m7]v, (,...,2N) € 8S1(qo) x ... x 8SN(qg)} .

For any ¢ € {1,...,3N + 1}, by Carathéodory’s theorem there exist points x?ﬁ—l)(SN-ﬁ-l)—i—j in 95, (qo)

for k € {1,...,N} and j in {1,...,3N + 1} and scalars A(_1y3n41)1; € [0,1) for j in {1,...,3N + 1}
such that

3N+1
(7.14) rby= > Ae-1)an+1)4s (@z%(%,-’E'&q)(sNH)ﬂ))H:l N
=1

We may exclude the possibility that some \; is 0 as follows: if for some 4, i = 0, then we move the
corresponding points z§ on another zf for which A, # 0; then we split the value A\, between A\, and \;
so that no coeflicient \; vanishes. We consider this to be the case from now on.

Combining (7.13) with (7.14)), we arrive at (7.12)) with for any v in R3" and for i = 1,..., (3N +1)2,
- 1<
fi(v) = —Xidgi/an+1) (),

where i/(3N + 1) denotes the quotient of the Euclidean division of ¢ by 3N + 1. It follows that the
mappings ji; are smooth with positive values on R3". This ends the proof of Lemma O
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Now given the points zf of Lemma [7.6] let us denote
z7(q) = R(0x)(2f — hio) + i € 0Sk(q).
We consider the 3 x 3 and 3N x 3N rotation matrices

Ri(q) = < R(g”) (1) > eR¥>3 fork=1,...,N,
R1(q) 0 . 0

0 0 ... Rn(q)

Recalling the definition of d,¢,(q, ), we find
(BN+1)2
(7.15) > i(R(@)7'0) (0t 25 (@) mr, v =, forall v e R, g € Qs
i=1
For 1 <i< (3N +1)? and ¢ in Qs, we set
(7.16) ¢i(@) = (Onp1(a: 27 (@); - -+ Oy (g, 27 () and (g, v) := u(R(q)~'v),
so that, for any ¢ in Q5 and v in R3V,
(3N+1)?2
(7.17) > milgv)eilq) =v.
i=1

Now the following lemma is the adaptation of [21, Lemma 10] to the case of several rigid bodies.
Lemma 7.7. Let k in {1,...,N}. Given q in Qs, there exists a family of functions
(&7(q,))econ) for 1<i<(BN+1)*,1<j<3N+1 and £ € (0,1),

which are defined and harmonic in a closed neighbourhood V,i:; of 08k(q), satisfy 87154}'57];5(41, ) =0 on
08.(q), and moreover, for any 1 <i,k < (3N +1)%, for any 1 < j,l <3N +1,

/65 “ V& (a,7) - Ve (a, ) 0ner(a, )ds = 8 ) k1) Onpw(a, 25 ()| < e
q

Proof of Lemma[7.7]. We deduce from the Riemann mapping theorem the existence of a conformal map
W, : C\ B(0,1) — C\ Sk(q), where C is the Riemann sphere. Classically, this conformal map is smooth
up to the boundary thanks to the regularity of S.(¢). For any smooth function « : 0S.(q) — R, the
Cauchy-Riemann relations imply that for any = in 9B(0, 1),

1
Vdet(DW ()|

2 = « T 2 X 1
/8 o [TaE@ s fa2)ds = /8 oy TR o0, 0ele) s

where n and np respectively denote the normal vectors on 0S,(q) and 0B(0,1). Since ¥, is invertible,
we have |det(DV,(z))| > 0, for any x in 0B(0, 1).
We consider the parameterizations

{c(s) = (cos(s),sin(s)), s € [0,27]} of 0B(0,1) and {¥.(c(s)), s € [0,2n]} of 9Sk(q),

One(Vy(x)) = Onps (a0 Wy)(x),

S,
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and the corresponding values s; such that z%(q) = ¥, (c(s;)), for 1 < i < (3N + 1)2. We introduce a
family of smooth functions 8,7 : [0, 27] — R defined for p > 0,1 <i < (3N+1)?and j in {1,...,3N+1},
satisfying:

2
supp 857 Nsupp B! =0 for (i,5) # (k,1), / B4 (s)ds = 0,
0
and such that, as p — 0", diam (supp ﬂ,i;j ) — 0 and

1 1
ds
D aemvcon © 7 VD)

We denote &Z’jp and I;ij the k-th Fourier coefficients of the function 3§

Now for suitable p and K, one then defines d,z.gje (q,-) as the truncated Laurent series:

% Z % (rk + le> (— 2’] cos(k6) +ak sin(k6)),

0<k<K

an‘Pﬁ(Qv \I/R(C(Sz)))

27 )
/0 153 ()2 Buipr (. e

composed with 1. Choosing first p > 0 small enough, and then K € N large enough, it is easy to
check that this family satisfies the required properties. This ends the proof of Lemma O

The following result of approximation of the functions a2’ (g, ) given by Lemma [7.7]is close to [I6)
p. 147-149] and [19]. Recall the definition of C in (2.1)).

Lemma 7.8. For fized k in N, € > 0, and for any  in {1,...,N}, q in Qs, there exists a family of
functions

(953,(¢, )neo,1) €C, for 1<i < (BN +1)? and 1<j <3N +1,
with for any k in {1,..., N}

(7.18) | Ala. 92, (a. )] = bt (a. )] <

VL AEE)

Proof of Lemma[7.8 Let kin N, e >0, xin {1,...,N}, 1 <i < (BN +1)2,1<j<3N+1andqin
Qs. We approximate &y 5(q, -) by a function deﬁned on F ( ) using Runge’s theorem. Namely, we first
introduce a neighbourhood V' of 992 \ ¥, disjoint from V,—;Ja( ) for any % in {1,..., N}. Next we define
the holomorphic function f* on the set

N ..
VU <U V%’i) ,
r=1

i = le&fgf‘g(q, )= z@man’g(q, ) on V;’]g, and f* =0on VU U V,%JE
R#K
For each 1 > 0, there exists a rational function r,zi]n with one pole in each Si(¢q) and another outside of
) such that

(7.19) e = £ o vz vy < s

for any % in {1,..., N}. The fact that we may take the C* norm comes from the interior regularity of
harmonic functions, enlarging a bit the neighbourhoods.

The function (Re(ry%), Im(r,{]n)) is curl-free in F(q), however since F(q) is not a simply-connected
domain, we can not directly conclude that it is a gradient, which would require it to have vanishing
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circulations around the solids. However, since (Re(f%7), —Im(f%7)) is a gradient in V5% and vanishes in
the neighbourhood of the other solids, we may conclude from (7.19) that ( Re(r,.C 77) Im(m ,7)) has cir-

culations of size O(n) around each solid. Therefore, up to subtracting to (Re(ry?%,), —Im(r: 77)) harmonic
fields corresponding to these circulations, we obtain a gradient field and consequently we can define (up

to a constant) a function @, which is harmonic on F(g) such that
HV@Z, VO&” (g, ')HCk(VUU ViEL(q)) < Cn.

Now, by using a continuous extension operator, we may define g(q,-) as a function on dF(q) such that
9(q,") = 0,al, on OF(q) \ %, /ar( )9 =0 and |gllcry = Olgller@r@)s))-
q

Then we introduce ¢ as the solution of the Neumann problem Ay = 0 in F(q) and d,¢ = g on 0F(q).
Using elliptic regularity we deduce that
lellerarazg) < Cn,
for some C' > 0 independent of 7. Therefore setting
gf{’%(q, 1) 1= Onhay ’J — g on 0F(q),
we obtain N
A[Q7gll~c7;]n(q7 )] - Oé J — ¥,
and this allows us to obtain ([7.18]) with Cn in the rlght—hand side, for some constant C > 0, instead of

1. Then to conclude, we just reparameterize the family (df.@]n) with respect to 7. This ends the proof of
Lemma 0

Now one proceeds as in the proof of [21, Lemma 12], using a partition of unity argument, to make
the above construction Lipschitz continuous with respect to g. At the same time we reduce the control
space to a finite dimensional subspace of C. More precisely, we have the following result.

Lemma 7.9. Let § > 0 be fized, there exists a finite dimensional subspace £ C C such that for any
v > 0, there exist Lipschitz mappings

qE€Qs+—73(q,)€C(@)NE, for 1<i<BN+121<j<3N+1,1<k<N,
such that for any q in Qs, i,k € {1,...,(3N +1)%}, j,4 € {1,...,3N+1},

(7.20)

/BS ( )VA[q,Ei{j(q, N - VALY (9, )] 0nprc(a: ) ds — S k000 g (k.0) O (@, 25(0)) | < v,

where 6y i in {0, 1} s zero unless Kk = k = K.

Proof of Lemma|7.9. Consider g in Q5 and v > 0. Choosing first € > 0 small enough in Lemma [7.7]and
then n = n(e) > 0 small enough in Lemma 7.8, we may ﬁnd for this ¢ in Qs functions g%, = g,{,n[ ]
satisfying the properties above, and in partlcular such that (| is valid.

Note that for any ¢ in Qg, the unique solution df{%(d, q,-), up to an additive constant, to the Neumann
problem

A6 (G,q, ) = 0in F(§), 0n637(4,q,2) =0 on 0F () \ B, 07, (q,q,2) = g5, (¢, ) on X,

is Lipschitz with respect to ¢ in Qs (for a detailed proof using shape derivatives, see e.g. [5, B0, 39]).

Therefore, if a family of functions gfm satisfies (7.20) at some point ¢ in Qs, it also satisfies (|7.20))
(with say 2v in the right hand side) in some neighborhood of ¢g. Due to the compactness of Qs, since it
can be covered with such neighborhoods, one can extract a finite subcover by balls {B(qs, r¢) }e=1..n;-
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We introduce a partition of unity o1,..., on; (according to the variable ¢) adapted to this subcover.
Defining

97 (a,) de ) g lael (),

we can deduce an estimate like ((7.20]) with CI/ on the right hand side, for some positive constant C
independent of v. It remains then to reparameterize with respect to v to obtain (7.20)) exactly.

Finally, the finite dimensional subspace £ is then generated by {gf{]n(ql, )}f\fl and its dimension Ny
only depends on §. This ends the proof of Lemma O

Now we would like to enforce the additional condition on the control introduced in Section [6, that
is, that the control belongs to Cp, (defined in (6.11])). The starting point is as follows: for any ¢ in Qj,
1 <i< (3N + 1), the vectors

e[

for j =1,...,3N + 1, are linearly dependent in R3Y. Therefore, there exist A*/(q) in R such that
3N+1 3N+1

i 7 (.. 3 ds _0 an W (q)? =
;A (@ (/asawft[q,gﬁ (4. >]anson<q,>d> 0 and ;A (@

k=1,...N

nS%(C.Ia ) d8> )

k=1,...,N

Moreover, relying on Cramer’s formula, we can manage in order that these coefficients are Lipschitz
with respect to q.
Now for any ¢ € Qs, for any 1 < i < (3N + 1)2, we set
3N+1

9i(g,") == Y N(q Zg g,
j=1

Using ((7.20]), up to further reducing v > 0, we obtain

(7.21) / VAlg, gi(q,-)] - VAlg, 9j(q, )|0ntp,(q, ) ds —dijei(q)| < v,
0Sk(q)

ke{l,...,N}
/ Alg, 95(0, O, ) ds = 0,
0S5k (q)

where e; is defined in (7.16)) for i = 1,..., (3N + 1)2. Hence, g:(q,-) € Cy(¢) N E. With this family of

elementary controls g;, we are finally in position to prove Proposition

For § >0, v > 0 and (¢q,v) € Qs x R, we define the function
(3N+1)2

(7.22) Z v) gi(q,-);

in Cy(q) N E, where we recall that the positive functlons w; were defined in (7.16). We then define
T: Q(;XR?’N% Q(;XRgN by

T: (Q7U) = (7377'2)(%7}) =14 (/8 |v“4[q’§(%va ')”287190/@((]’ ) dS)

Sk (4) k=1,...,N
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Recalling (7.9) and @, from (7.10)), we may further expand

B(av)= Y 1i(q; v)pi (g, v) (/as ( )VA[q,gi(q, )] - VAlg, 95(q, )10k (g, ‘)d8>

1<4,7<(3N+1)2

=2Q, << Mz‘(QW))Z-:L,,,,(gNH)Q) '

Considering 73 as a quadratic map of the variable (\/1i(q, v))i—1..c3n+1)2 With coefficients close to d; je;,
relying on ([7.17)) and (|7.21]), we see that for suitably small v > 0 one has for any ¢g € Qs

1
I72(q0, ) = Idllor (o) < 5-

ke{l,...,N}

Consequently T2 constitutes a diffeomorphism from B(0,1) onto its image, which contains at least

B(72(q0,0),1/2). Furthermore, since T2(qp,0) = O(v), reducing v > 0 if necessary, we have that

B(72(q0,0),1/2) contains B(0,1/4). Therefore, for such v, T is invertible at any (¢,v) € Qs x B(0,1/4).
Now we set for 1 <i < (3N + 1)2

~ — X
(7.23) X,.i =/ pi(q,9) > 0 where (¢,9) :== T *(¢,0), and X, := H)?qH
q
Using ([7.22), we find Q4(X,) = 0. Moreover it is easy to check that for 1 <i < (3N +1)2,
. 1
(7.24) DQy(X)(0;--,0,1,0,....,0) = X e+ O).

Hence for v > 0 small enough, thanks to and to the positivity of the coordinates X ;, we see
that Range(DQ,(X,)) = R3V.

Using Lemma , and the regularity of 7!, we deduce that X, is Lipschitz with
respect to ¢ and consequently ¢ — DQ,(X,) is also Lipschitz. In order to apply Proposition it

remains to make a selection of right inverses of DQ,(X,) which are Lipschitz with respect to ¢. A
possibility for that, relying on is to define
A RN — ROBN+1)? by A4(v); = 2;%7((]’@) ,
Xi(q,v)
which is Lipschitz with respect to ¢ as a quotient of Lipschitz maps with positive denominator. Then
due to (7.24), DQq(X4) 0 Ag = Idgsny + O(v). It is consequently invertible in R® through a Neumann
series which is consequently also Lipschitz in ¢. This allows to define unambiguously a right-inverse to

DQ,(X,) in a Lipschitz way with respect to q.
This concludes the proof of Proposition O

7.3. Proof of Proposition Under the assumptions of Proposition we first introduce £ and
the functions g; given by Proposition Next we set

d= 3N7 E= R(3N+1)27 F= UqEQa{q} X ‘/ni; X @(qa TLU)a p= (Q7q,777w)7
where we recall that .# is defined in (7.1)), and for X := (Xi)1<i<an1)2, we set

(3N+1)? (3N+1)?
Q(X)=9(g) | Y. Xigi(g,)| and Ly(X) = £(g,¢,v.w) | > Xigi(g,)|
=1 =1

recalling (6.10]) and using ((7.10)). It is classical that the Kirchhoff potentials ¢ and the stream function
1 are C*° as functions of (¢,z) on Ugzeg,{q} x F(q), see e.g. [5, B0, 39]. The Lipschitz continuity of
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p — L, then follows from , the definitions given in Section |§| and the fact that £ is linear with
respect to (¢/,7y,w).

We further define 7 by changing the topology in the w component of F to the weak-L? topology on
P(q,r,). Using once more the linearity of £ with respect to w and the definitions given in Section @
one can deduce the continuity of the map p — L, with respect to the topology 7.

Therefore, the conditions of Proposition [7.3| are satisfied, and we apply it to obtain a Lipschitz map

R:(Rl,--~,R(3N+1)2):FXRgNHg,

such that
(3N+1)2 (BN+1)2
Qq) | D Rila,d, 1w )ei()| + L0 vw) | Y Rig,dv,w,)9:(g,7) | = Tdgan-.
i=1 =1

Finally one then sets

(BN+1)2
%<Q7q/777w) = Z Ri(Q7q/777w7 )gZ(CL ')7
i=1
to conclude the proof of Proposition [7.1 O

8. PROOF OF THE EXISTENCE PART OF THEOREM [3.1]

In this section, we prove Theorem Let 6 > 0 and &€ be a finite dimensional subspace of C as given
by Proposition Let T > 0, 7, > 0 and J# be a compact subset of R3 x R3V x RV, Let % be given
by (7:2). Let ¢ in C%([0,T]; Qs) and ~y in RY such that for any ¢ in [0, T], the triple (¢'(t),¢"(t),7) is in
A . Let wp in L*(F(q(0)) such that

(8.1) lwoll oo (70) < T
To prove the existence part of Theorem (i.e. the first item) we look for a velocity field u in LL(T)
with curlu(0,-) = wp and for any ¢ in [0, T,

w(t,-) = curlu(t,-) € Bq(t),ry),

(recall the definition in (3.1))), satisfying, for ¢ in [0, 7], the equations (1.1)-(1.2), (1.3)-(1.4) for x in
{1,2,..., N}, (T5), @2) with g given by (B-2), (24) and (23).

8.1. Reduction to a fixed point problem for the vorticity. Following the analysis of Section [6]
we are going to look for a vorticity w solution to the second equation of System (6.13)) with g given by

and € by (7.2), i.e.
8.2) 9(t) = F(a(), ¢/ (1), 4" (1), 7w (t, ).

Once w is determined, with this choice of g, the first equation of System ((6.13) is satisfied thanks to
Proposition and according to Section@ this entails that the fluid velocity u given by ([5.13)) satisfies

[CI)-[2), (3)-(A) for s € {1,2,..., N}, (T3), [2) with g given by (53), and (&3).

Hence we look for a solution w of the second equation of System ((6.13)) such that w(t, -) is in B(q(t), )
for any ¢ in [0, 7], and satisfying the condition (2.4)) on the entering vorticity and the initial condition
w(0,-) = wp. We will use a fixed point argument. One option would be to look for a fixed point of a
mapping which maps a vorticity w to the solution @ of the transport equation:

(O +U-V)o=0in F(q), for t € [0,T],
(8.3) w=0onX_, forte[0,T],
(IJ(O) = wo,
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where U in LL(T) is the following vector field associated with w:

N
(84) U:= Z V(QDK(% ) : q;) + vaw,’y(% ) + VA[q’ (g(q, qlu q//’ Y w)],

k=1

cf. Section [Bl

However, a main difficulty with this approach is that, since the vector field U is not tangent on X
due to the presence of the control A, this solution @ is a priori not properly defined. To define it
appropriately, we will use the framework of Chapter VI.1 from [2], which concerns transport equations
on fixed domains with open boundary. Therefore, since in our problem the domain is not fixed, but
changes with the solid movement, we will first use a diffeomorphism which transforms equation
into a transport equation on a cylindrical domain (in space-time).

We will then consider our fixed point problem on the level of the transformed system on the cylindrical
domain, see Section

We will rely on the Schauder fixed point theorem which asserts as we recall that if B is a nonempty
convex closed subset of a normed space X and .# : B +— B is a continuous mapping such that .% (B) is
contained in a compact subset of 13, then % has a fixed point.

8.2. A priori bounds on the fluid velocity. We define the spaces
X:=L®((0,t) x Fo), X =L (Ugom {t} x Fqt)).
In order to define an appropriate set B, we will make use of the following bound on U given by (8.4]).

Lemma 8.1. Suppose that the solid movement q and the circulation v are fized and that w € X satisfies
|wll g < [lwollzee(7y)- Then there exists a constant M > 0 (which may depend on the solid movement,
the circulation and ||wo| o (7y)) such that the function U defined in (8.4) satisfies

1T, M r2rqy)) < M, for almost every t € [0,T].
The proof of the lemma above will rely on following result, see e.g. [27, Lemma 1].

Lemma 8.2. There exists C = C(Qs) > 0 such that for any q in Qs, for any u : F(q) — R2, for any
p = 2, there holds, with the convention || f|ly1-1/v007) = f{|[fllwirr), f € WH(F) and for =
ullwroz ) <Cp (Il divull Lo zq) + | curlull Loz ()

f}:
N
/ u-1ds ) .
0Sk(q)

e (Hu llwi-moora) T 2
k=1

Proof of Lemma[8-1 Relying on the div-curl system satisfied by U, it follows from Lemma [8:2] that for

almost any t € [0,7] one has

Ut )2 (F ey < CA+wllz + 160, q", 7, w) () rzesy)s

where C' > 0 is a constant which may depend on the solid movement ¢ and the circulation . Therefore
it suffices to find a bound on [|€(q,¢’,q", v, w)(t, )| gr1/2(x) for almost every ¢ € [0,T]. However, this
follows from Propositions [6.1] and [7.1] O
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8.3. Passing to a cylindrical domain. We first introduce a time-dependent diffeomorphism which
tranforms the fluid domain into a cylindrical domain.

Lemma 8.3. Let T > 0 and 6 > 0 suitably small. Let ¢ € C*([0,T]; Qs). There exists a C* time-
dependent family of smooth area-preserving diffeomorphisms (Sot)te[o,T] of Q, such that: ¢y = Id, p1(x) =
x on Vs4(0Q) N Q, and for allt € [0,T] and k =1,...,N,

ot(7) = hs(t) + R(0:(t))(z — hi(0)) on Vs/a(Sk.0)-

where Vs(A) is the 6-neighborhood of a set A C R? and where we used the notations of (1.6])-(1.7).
In particular, for any t € [0,T] and k = 1,...,N, ¢ maps Sk onto Sk(q(t)) and hence maps Fo
onto F(q(t)).

Proof of Lemma[8.3 The proof is essentially the same as the one of [27, Proposition 1]. Reducing § > 0
if necessary, we may suppose that Vs(9€) and V5(9S,), = 1,..., N, are tubular neighborhoods of 02
and 0S,, respectively. (This does not depend on ¢(t) since Sk(g(t)) is obtained by a rigid movement
from S 0.)

Now ¢ is obtained as the flow of a smooth time-dependent vector field. Let A € C*°(R; [0, 1]) such
that A =1 on (—oo, 1] and A =0 on [3, +00). For ¢ € [0,T], we let

V(t,2) = gjlvl (S (o )+ Wa;u))] |

where ds (-, 0S,;) denotes the signed distance to S, (negative inside Sy), which is regular in a tubular
neighborhood of dS,;. Note that the terms in the above sum have disjoint supports, due to the properties
of A and the fact that ¢ has values in Q.

One can easily check that for each ¢ € [0,T], V(t,-) is compactly supported in €, divergence-free,
and that it coincides with the solid velocity Al (t) 4 0} (t)(x — hx(t)) on each Vj/4(Sx(q(t))). Hence
considering ¢;(-) as the flow associated with V, this proves the claim. g

We then introduce 1 = ; ', so that 1; maps F(q(t)) to Fy and is also area-preserving. Let

U € LL(T) be divergence-free and consider a function @ € X. We may define
(8.5) Uu(t, ) := [dpy(2)] 71 - Ut 04(2)),  @a(t, ) := @(t, p4(2)), for z € Fp.

Since ¢ is volume-preserving, one has that U, is divergence-free. Furthermore, it is easy to check that
the following hold in the weak sense on Uy (o) {t} % F(q(t)):

Ow(t, x) = Oy (t, Ye(x)) + Vau(t, i (z)) - %wt(m’),
Vo(t, x) = di(z) - Vi (t, Y (z)).

It then follows, using the fact that di;(-) = [de:(-)]~!, that @ is a solution of (8.3)) if and only if @, is a
solution of the system

(O +V -V)wu(t,z) =0, for t € [0,T], = € Fo,
(8.6) @, =0onX_, fort e [0,T],
(D(O)* = Wo,

where V(t,z) = U,(t,x) + %%(g@t(:ﬂ)).

It is straightforward to see that since U € LL(T) and ¢; is a C* diffeomorphism which is C? with
respect to time, one has that V € LY((0,7); W (Fy;R?)) and divV = 0 due to ¢; being volume-
preserving. Therefore, conditions (VI.4) to (VI.6) in Theorem VI.1.6 from [2] are satisfied, and it
follows that there exists a unique weak solution w, in X of .
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Note that inverting the transformations ({8.5)), one obtains a weak solution @ € X of (8.3)).

8.4. Definition of an appropriate operator. We may now precise the functional setting for a fixed

point problem involving system .
We set

Bim {un € X+ ol < lwoll im0 lzaomnr sy < Co (M + 1) Vlnll e iy
where M is given by Lemma [8.1] and

Cy := sup max H Vi (pe(+))
t€[0,T] dt

: ||d¢t(90t('))HLoo(fo)} :
LQ(]:())

We endow X = L>®((0,T) x Fy) with the C°([0,T]; weak-L3(Fy)) topology. Since B is convex and
closed in the C°([0, T); L3(Fy)) topology, it follows that it is also closed in the C°([0, T]; weak-L3(Fy))
topology. We define the operator % : B — B as follows. ~

Let wy in B and set w(t, z) := wy(t,¢¢(z)) for t € [0,T], x € F(q(t)). Hence, w € X. We associate
with w the function U in (8.4]), and implicitly U, via (8.5). Thus we may define

F(wy) = Wx,

where @, is the solution of .

Let us check that 7 (B) C B. The bound [|@x||x < [|wo|| o (7,) is immediate via Theorem VI.1.6 from
[2]. For the bound on the time derivative, we have for almost any t € [0, T, for any ® € H}(Fy) with
I/l 737,y = 1. that

Oy ®dx = —/ div(w,V) ¢ dx :/ 0.V - VO dz < lwoll oo (7) IV ()| 2 (70) -
Fo Fo Fo

It follows that
L2 (fo))

d
< lwoll = ( sup 1t (00 2= oy I (6 M srtatony + HdtW('))

t€[0,T]

d
10t -+ cmetoy < leollzoe oy <||U*<t, Mirgy + | 0106

L? (fo))

< Collwollpoe (7o) NU s M 27 qyy) + 1) »

from where we may conclude that .% (B) C B by using Lemma
To prove that .# has a fixed point by Schauder’s theorem, it remains to show that .# is continuous
and that .# (B) is relatively compact (with respect to the CP(weak-L3) topology).

8.5. Continuity. The following result follows from Lemma[8.2] by using the classical Yudovich argument
(see [53 Lemma 2.2]):

Lemma 8.4. There exists C = C(Qs) > 0 such that for any q in Qs, for any u : F(q) — R? with
div u = 0, there holds

Now let (Wem)m>1 € BY, converging to some w, in B with respect to the C’O([O,T];Weak—LS(}"o))
topology. We define

(8.7) Win (t, ) 1= Wi (t, Y (x)) for t € [0,T], = € F(q(t)),

U'TdS

[ulliog-Lip(F(q)) < C (II curlul| oo (7 (q)) + [t - nllorar2 o7 (g)) + Z
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and

N
88)  Un:=) V(pu(a,) €x) + Vo, (a,-) + VAL, EC(q,d,q" 7, wm)], form > 1,

k=1
U via (8.4) and correspondingly @y, = Z (wsm), respectively @, = % (wy) as above. Using Lemma
it follows that U and U, are uniformly bounded in LL(7'). Furthermore, it is easy to check that
wm — w in C9([0, T); weak-L3(F(q(t)))). Using the continuity property at the end of Proposition
(7.2) and Lemma one may deduce that

€ (q(t), 4 (1), ¢"(t), v, wm(t, ) = € (q(t), ¢ (t).¢"(t), v, w(t,-)) in &, for all ¢ € [0,T].

Hence, using (8.4)), (8.8) and Lemma it is easy to see that U, — U in C°([0,T]); L*(F(q(t)))).
To obtain the convergence of .F (wy ) to F (wy) in the CO([0, T]; weak-L3(Fy)) topology, we will use
the stability result Theorem VI.1.9 from [2]. To do so, we further consider the transformations

(8.9) Uem(t,z) := [dpe(2)] 71 - Unn(t, oi(z)), for t €[0,t], x € Fo, m > 1.
Thus, one obtains the systems

(Or + Vi - V) @um(t,x) =0, for t € [0,T], z € Fo,
(8.10) Owm =0o0n X_, for ¢t €[0,T],

@*,m(o) = Wwo,

where Vp,(t,z) = Uy (t, ) + %wt(gpt(m)).
Out of the conditions (VI.28a) to (VI.28g) from Theorem VI.1.9 in [2], the only ones that need checking
are (VI.28a) and (VI.28¢c), the others are trivially satisfied. More precisely these two conditions are

Vin — Vin LY(0,T) x Fy) and Vy, - n — V -nin LY((0,T) x 2).

However, these follow from U,,, — U in C°([0, T]; L*(F(q(t)))) and the continuity of ¢ already mentioned
above.

Therefore we may apply Theorem VI.1.9 from [2] to obtain that @ ,,, — @, in C°([0, T]; L3(F)), and
hence also in C?([0, T]; weak-L3(Fy)).

8.6. Relative compactness. Let (ws,m)m>1 € BY and associate once more (wp)m>1, (Un)m>1 and
(Usm)m>1 via , , respectively . Since (wWs,m )m>1 is uniformly bounded in L* and (Oywm )m>1
is uniformly bounded in L?(H 1), it follows from the Aubin-Lions lemma (c.f. Appendix C in [38]) that
(Ws.m)m>1 converges to some w, with respect to the CO([0, T'); weak-L3(Fy)) topology. Clearly, this limit
is also in B.

One may once again set w(t,z) := w.(t,¢y(z)) and associate U via (8.4). Now one proceeds as
in the previous section, to obtain that U, — U in C°([0,7]; L'(F(q(t)))). Then, one may associate
the systems respectively (8.10). It is easy to see that V;, — V in L'((0,T) x Fo) and Vp, - n —
V-nin L'((0,T) x ¥) holds once more, hence due to Theorem VI.1.9 from [2] we have that F (w.m) —
Z (wy) in the C°([0, T]; weak-L3(Fp)) topology.

8.7. Conclusion. Schauder’s fixed point theorem then implies that .# has a fixed point in w, € B.
Setting w(t, x) := wy(t,Ye(x)) for t € [0,T], v € F(q(t)) then gives a solution of the second equation
of System (6.13)), and due to (8.1)), w(t,) is in #(q(t),r,) for any ¢ in [0,7]. Using Lemma one
may in fact also deduce that the associated fluid velocity field is in C°([0,T]; W P(F(q(t)))), for all
p € [1,400). The Lipschitz dependence of the control (in particular in the strong L3 topology with
respect to the vorticity) follows directly from Proposition This concludes the proof of the first part
of Theorem [3.1
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9. PROOF OF THE UNIQUENESS PART OF THEOREM [3.1]

This section is devoted to the uniqueness part of Theorem [3.I} Let § > 0. We consider the finite

dimensional subspace & of C given by Proposition [7.1], as well as T' > 0, r,, > 0, a compact subset # of
R3N x R3N x RN and the control law

¢ € Lip(Uges{q} x H x B(q,74);E),

given by (7.2). We also consider a trajectory q in C%([0,7]; Q;) and v in RV such that for any ¢ in
[0, 77, the triple (¢(t),¢"(t),7) is in 2,

(§,7) € C*([0,T]; Qs) x [LL(T) N C°([0, T]; WP (F(t)))], for all p € [1,+00),

and 7 in RY such that for any ¢ in [0, T, the triple (¢’ (t), §"(t),7) is in .# and curl @i(t, -) is in B(G(t), rs,).
We assume that (g, u) satisfies the Euler equations —, the Newton equations - for k
in {1,2,..., N}, the interface condition (|1.5]), the boundary condition on the normal velocity with
g given by , the boundary condition on the entering vorticity, the circulation conditions (2.5))
(with 4 instead of ) and the initial conditions

(9.1) q(0) = ¢(0) and ¢'(0) = ¢'(0).
Then it follows from the analysis performed in Section [6 in particular from the first equation of
(6.13]), applied to the solution (g, @), that
(9.2) Q@] + £(G.7 7, cwnl@)lg] = 577", 7, curl @),
Then by (3.3)), (7.2) and Proposition we infer that
Q((j) [g] + S(Qa (jla ﬁ/v curl ﬂ)[g] = 3(@7 6/7 qﬁv S/v curl 11)

and therefore we arrive at

(9.3) (3.4 q". 7, cwld) = §(4,¢,¢". 7, curl @).

Now, it follows from Proposition (6.1)) that, for any admissible (q, ¢, ¢, v,w), the term §(q, ¢, ¢", v, w)
can be decomposed into

(9.4) F(a.d,d", 7, w) = M) +F(q,d 7, w),

where the second term needs not to be written explicitly here. Then, using the decomposition for
both sides of (9.3), simplifying by %(c’j, ¢ ,7,curla), using the invertibility of the matrices M?(q), and
integrating twice in time using the initial data , we deduce that ¢ = ¢ on [0,7] and the proof of
Theorem [3.3] is over.

For sake of completeness, let us explain how the proof above can be adapted to deal with the case where
the initial positions and velocities of the rigid bodies do not match, that is if (¢(0), ¢'(0)) # (¢(0),¢'(0)),
but ¢(0) is sufficiently close to ¢(0), as mentioned in the comment regarding this part below the statement
of Theorem If G(0) and ¢(0) are not close, one may first use Theorem to drive ¢ close to ¢(0).

In this case we replace the control law by and the desired result is that the error ¢(t) — ¢(t)
exponentially decays to 0 as the time ¢ goes to +00. Indeed in this case, proceeding as above, instead
of , we obtain the following identity:

(95) 3(67 (jla q” + KP((] - d) + KD((]/ - q/)a ’?7 curl &) = S(dv qlv q//7 5/7 curl a)

Using the decomposition (9.4) and the invertibility of the matrices M%(q) we deduce that the error
e := q — q satisfies the linear differential equation ¢” + Kpe + Kp e’ = 0. Since the matrices Kp and
Kp are positive definite symmetric it follows that e(t) exponentially decays to 0 as the time ¢ goes to
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+o00, with a rate which can be made arbitrarily fast by appropriate choices of Kp and Kp, see [44]
Proposition 4.8].

10. SOME EXTRA COMMENTS ON THE ISSUE OF ENERGY SAVING

As mentioned in the paragraph on the energy saving in the commentary below Theorem one
may wonder whether it is possible to turn on the control only when this becomes necessary. Since an
uncontrolled equation is characterized by the equation §(q,q’,¢”,v,w) = 0, see Section |§|, this issue can
be formulated as the following open problem where the targeted trajectory satisfies the uncontrolled
equation at the initial time but perhaps not for positive times.

Open problem 10.1. For any T > 0, wy in L>°(F(q(0)), v in RY and q in C%([0,T); Q) such that
§(q(0),4'(0),4"(0),v,wo) = 0, is there a boundary control g in C*°([0,T];C) with g(0,-) = 0 and a
velocity field w in LL( ) N CO([O T); Wip(F (1)), f07’ all p € [1,400), with curlu(0,-) = wo such that,

fort in [0,T], (1.1 . , . 1.4) for k in {1,2,...,N}, , , and hold true ¢

Several comments are in order.

First observe that, taking into account the decomposition , the issue stated in Open problem
10.1}is related to the question of whether it is possible to prescribe the initial fluid velocity rather than
the initial fluid vorticity (as we actually did in the first part of Theorem . Since the fluid velocity
in the fluid domain depends on the trace of its normal component on the boundary, it is necessary to
require a compatibility condition between the initial value of the control g and the initial value of the
fluid velocity u. Indeed a positive answer to Open problem would entail that for any 7" > 0, for
any log-Lipschitz vector field ug such that curlug in L>(F(¢(0)),

divug =0in F(qo), uo-n=00ndQ, wug-n= (0,(0)(— he(0): + h,.(0)) - n on 8S,(0),
and ¢ in C?([0, T]; Q) such that F(g(0),q'(0),¢"(0),~,curlug) = 0, where

Y= (Yu)k=1,..N, With v, = / ug-7ds, forall ke {l,2,...,N},
05, (0)

there is a boundary control g in C*°([0,T];C) with ¢(0,:) = 0 and a velocity field v in LL(T) N
CO([0, T); WEP(F(t))), for all p € [1, —|—oo) with u(0, ) = ug such that, for ¢ in [0, 7], (1.1)-(1.2), (L.3)-

(L4) for xin {1,2,...,N}, (L.5), (2.2), (2.4) and (2.5) hold true.

Let us also observe that if one is able to answer by a positive result to Open problem then
by using the time-reversibility of the system, one can deduce the following result where the targeted
trajectory is an uncontrolled solution, associated with a vanishing vorticity, at the initial and final times,
that is the result that for any 7' > 0, v in RY and ¢ in C?([0,T]; Q) such that

S(Q(0)7 q/(O), q//(0)7 g 0) =0 and 3(Q(T)7 qI(T)7 qI/(T)7 g 0) =0,

there is a boundary control g in C*°([0,7];C) with ¢(0,-) = ¢(T,:) = 0 and a velocity field u in
LL(T)NC([0,T); WiP(F(t))), for all p € [1, +00), with curlu ,-) = 0 for any t in [0, T'], such that, for
tin 0,7, [L.I)-(T.2), (L.3)-(L.4) for « in {1,2, , N}, ., . ([2-4) and (2.5) hold true. Here we
have restricted the issue to the setting of irrotatlonal flows since it is the only case where the vorticity
dynamics is under control. Indeed it seems difficult to reach a targeted trajectory which is at time 7" > 0
an uncontrolled solution corresponding to a non vanishing given vorticity with a control vanishing at
time 7', because the dynamics of the vorticity which remains close to the rigid bodies seems difficult to
control from the external boundary.
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Inspecting the proof of Proposition [7.3] we observe that the mapping R which is constructed there
satisfies R(p,0) = X, (for any p). In particular since || X,| = 1, we have R(p,0) # 0. It would be
interesting to investigate alternative constructions of similar mappings R with the additional condition
R(p,0) = 0 since this would entail that the corresponding mappings ¢ (q,q’,q",~,w) defined by
vanishes when §(q, ¢, q¢"”,~v,w) = 0. Perhaps tools from algebraic geometry could be useful, see [1§].

If one looks for a control g of a different form than g = ¢(q,q’,¢”,v,w), potentially not in the set
Cy(q), one may wonder whether it is possible to take advantage of the term with the time derivative
in to control the motion, with the idea to determine the control as the solution of a first order
ODE in time. If the quadratic term does not vanish for the controls chosen in this strategy, then it is a
nonlinear ODE which may lead to a blow-up in finite time. In our construction, because of the rigidity
of harmonic functions, it seems difficult to find controls for which the term in the parenthesis in the first
term of the right hand side of reaches arbitrary value while corresponding to a vanishing quadratic
term. Therefore this seems limited to the case where the targeted motion for the rigid bodies is close
to an uncontrolled solution for which the right hand side of vanishes. However, it could be that
one may start with such a control before switching to the quadratic control constructed in this paper.
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