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Abstract

The paper studies a PDE model describing the elongation of a plant stem and its
bending as a response to gravity. For a suitable range of parameters in the defining
equations, it is proved that a feedback response produces stabilization of growth, in the
vertical direction.

1 Introduction

We consider a simple mathematical model describing the growth of the stem of a plant [1, 2].
Here our main interest is how this growth can be stabilized in the vertical direction, by a
feedback response to gravity.

Assume that new cells are generated at the tip of the stem, and then they grow in size. Namely,
at time ¢ > 0, the length of the cells born during the time interval [s, s + ds| is measured by

dt = (1—e (%)) ds, (1.1)

for some constant v > 0. The total length of the stem is thus

t 1— e—at
L(t) = /(l—e_o‘(t_s))ds L — (1.2)
0 (6%

At a given time ¢, the stem is described by a C! curve s — P(t,s) in the plane. For s € [0,1],
the point P(¢,s) describes the position of the cell generated at time s.

Moreover, we denote by k(t,s) the unit tangent vector to the stem at the point P(,s), so

that
Ps(t,s) = M (1.3)

k(ta S) = Os



The position of a cell born at time s is thus

P(t,s) = /0 8(1—e‘a(t_s/))k(t,s')ds’. (1.4)

We shall always assume that the curvature vanishes at the tip, so that

0
—k(t =0 L5
gk (1.5)
If there is no response to gravity, then
0
gkts) =0

and each portion of the stem would grow with a constant direction. Differentiating (1.4) one
thus obtains 5

9 pt,s) = / et k(1. ) do (1.6)
ot ;

We seek a model which takes into account a response to gravity, stabilizing growth in the
upward direction.

0 €

Figure 1: Left: at any point P along the stem, if the tangent vector k is not vertical, consider the
plane spanned by k and e3. Then the bending of the stem at P produces an infinitesimal rotation of
all the upper portion of the stem, with angular velocity w = k X e3. Right: the stability condition
introduced in Definition 1. If at the initial time ty the stem is almost vertical, then at all times ¢t > t,
the stem should remain entirely inside the cylinder where /2% + 23 < e.

We assume that, if a portion of the stem is not vertical, growth will be slightly larger on the
lower side. This determines a change in the local curvature, affecting the position of the upper
section of the stem (Fig. 1, left).

More precisely, let {e;, ez, e3} be the standard orthonormal basis in IR?, with es oriented in
the upward direction. At every point P(¢,0), o € [0,t], consider the cross product

w(t,o) = k(t,o0) x es.



The change in the direction of the stem, in response to gravity, is modeled by

%k(t,s) = / pe P9 (k(t,0) x e3) x k(t,s) (1 — e =) do, (1.7)
0

Notice that, in the above integrand:

o (1—et=9)ds = dl = arclength.

e w(t,o) = k(t,0) x e is an angular velocity, determined by the response to gravity at
the point P(t,0). This affects the upper portion of the stem, i.e. all points P(t, s) with
s € [o,t].

o ¢ P=9) ig g stiffening term. It accounts for the fact that older parts of the stem are
more rigid and hence they bend more slowly. On the other hand, 4 > 0 is a constant
that measures the strength of the response to gravity.

Given the position of the stem at some initial time ¢y > 0, to determine the values of k(t, s)
on the domain
D = {(t,s); 0<s<t, t>to} (1.8)

one can use the integral equation (1.7) together with the boundary conditions
— 0
k(to, S) = k(S) , S & [O,to] , 7k(t7 8) =0,t>1. (1.9)
s st
This yields a well posed evolution problem for the unit tangent vector to the stem.

Differentiating (1.4) w.r.t. ¢ and using (1.6) , (1.7) we obtain

gP(t, s) — a/ e =kt s ) ds' =
ot 0

_ / (1— ek, (¢, ') ds’
0

= / (1 — e olt=)) / pe B9 (k(t,0) x e3) x k(t,s') (1 — e =) do ds’
0 0

S
- / e B (k(1,0) x e3) % (P(t, s) — P(t, a)) (1 — e=ot=9)) 4.
0
(1.10)
For simplicity, as in [1] our analysis will be concerned with the limit case where a — +o0,
so that the factor 1 — e~®(*=9) = 1 can be omitted. We thus obtain the following evolution
equation for points on the stem:

%P(t, s) = /0 Sue—ﬁﬁ—”) (k(t,0) x e3) X (P(t, s) —P(t,a)) do. (1.11)

This is supplemented by the boundary condition (1.5), stating that the curvature vanishes at
the tip of the stem.

Numerically computed solutions of (1.11) are shown in Fig. 2. For small values of 5 > 0, a
highly oscillatory behavior is observed. Yet, it appears that some kind of stability is always
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Figure 2: Numerical simulations of stem growth, at discrete times, taking ;4 = 1 and different stiffness
constants. Left: = 0.1, center: S = 1.0, right: 5 = 2.5.

achieved. To make this more precise, we introduce a concept of stability for stem growth
(Fig. 1, right). Given a point & = (x1, 2, 23) € IR3, its horizontal projection is here defined
as Thor = (1, T2).

Definition 1. We say that the equations of growth (1.11), (1.5) are stable in the vertical
direction if, for every eg > 0 and ty > 0, there exists § > 0 such that the following holds. If

‘whork(to,s)‘ < & forall sel0,t) (1.12)
then
[Thor P(t,s)| < €0 and |mhork(t,s)| < eo forallt >ty, s€[0,t]. (1.13)

Roughly speaking, if at the initial time ¢g the stem is almost vertical, then at all later times
t > to the stem should remain inside a vertical cylinder with radius €. Notice that, because of
the exponential stiffening term, asymptotic stability cannot be expected. Indeed, as t — +o0
the stem will not approach a vertical line.

Our main goal is to analyze the equations (1.11), (1.5), and prove that they are indeed stable
in the vertical direction, at least for certain values of the parameters u, 5. The proof will be
achieved by writing an evolution equation for the first two components of the tangent vector
k = (k1, k2, k3), and proving that these are stable in the space L' (IR, ) as well as in L (IR ).

The remainder of the paper is organized as follows. In Section 2 we derive a linearized version
of the growth equations. Section 3 provides a linearized stability analysis in a non-oscillatory
regime, with 3 suitably large. Roughly speaking, this means that if the stem initially bends
only on one side, then it will keep bending on the same side for all future times (Fig. 2, right).
Here the analysis is based on pointwise estimates, obtained by comparison arguments. In
Section 4 we study linearized stability in the oscillatory regime (Fig. 2, left and center). For a
somewhat wider range of the stiffening constant 5 > 0, linearized stability can now be proved



relying on integral estimates. Finally, in Section 5 we prove that the nonlinear system (1.11)
is stable in the vertical direction, according to Definition 1, for suitable values of the stiffening
constant 3.

It is worth noting that, following a standard approach [4, 8], one first proves the asymptotic
stability of a linearized system, and then shows that stability remains valid in the presence of
a small nonlinear perturbation. For our equation (1.7), however, asymptotic stability in L>
or L' never occurs. For this reason, a more careful analysis is needed. The required estimates
will be obtained by representing the solution of the nonlinear equation as a fixed point of a
suitable transformation, which maps a particular set of functions (depending on the initial
datum) into itself.

Readers who are interested in a general description of plant development from a biological
point of view are referred to [5].

2 The linearized equations

Taking the limit o — 400, (1.7) reduces to

%k(t,s) = /Os,ue_ﬁ(t_a) (k(t,o) x e3) x k(t, s) do. (2.1)

Remark 1 (coordinate rescaling). Let k = k(¢,s) be a solution to (2.1). Consider the
variable rescaling }
t = Ar, s = A, k(1,€) = k(t,s).

Then the rescaled function k satisfies

k (1,6) = Mk(t,s) = M < /0 T e hlt-0) (k(t,0) x e;;)da) x k(t, s)
(2.2)

= Ay </§ e PN (K(7,1) x e3) d77> x k(r,¢)

0

where we performed the change n = Ao in the variable of integration. By a variable rescaling,

it is thus not restrictive to assume p = 1. Of course, if u # 1, we need to replace 5 by ﬁp_l/Q.
Set k = (k1, k2, k3). From (2.1) with ;1 = 1 we obtain
ki(t,s) = ( /0 ) e PU=K(t,0) x e3 do—> x k(t, s)
- /O " Bl=) (kl(t,o)eg ~ ko(t, U)e1>da (2.3)

X [eg + ki1(t, s)er + ka(t, s)ea + (k3(t,s) — 1)63} .

A stem growing exactly in the vertical direction corresponds to k(t, s) = (0,0, 1). Linearizing



around this trivial solution one obtains

kiitys) = — / POy (8, 0) do + Qut, 5),
0
koultis) — — / By (t, o) do + Qalt, 5), (24)
0
k3,t(t75) = Q3(ta 5)7
where (1, Q2, Q3 denote quadratic terms. More precisely,
Qilts) = (1—ks(ts)) / ekt ) do, i=1,2,
0 (2.5)

Qs(t,s) = ki(t,s) / e Pk (t,0) do + ko(t, s) / e A=k (t,0) do .
0 0

Notice that in the linearized equations the three components are decoupled. Setting 6 = ky
or 8 = ko, we thus focus on the scalar integro-differential equation

Qe(t,s) = - / e P=90(t, 0) do, (2.6)
ot 0

with boundary condition

0s(t,s) = 0. (2.7)

s=t

Introducing the variable u(t,z) = 6(t,t — z), the equation (2.6) becomes
[e.e]
U + Uy = —/ e Pu(y)dy  for x>0, (2.8)
x

with Neumann boundary condition at x = 0

ug(t,0) = 0. (2.9)

A major portion of our analysis will focus on the stability of the linear system (2.8) with
boundary condition (2.9). Notice that this linear evolution equation does not generate a
continuous semigroup on L!([0, +-oc[). Indeed, for a sequence of smooth initial data such that

_ . 1 if 0<z<n!,
un(0,2) = ap(z) = { 0 R (2.10)

the corresponding sequence of solutions wu,(t,-) is smooth but does not converge to zero in
L1 ([0, +o0]), for any t > 0.

To achieve continuity of the flow, one needs to use the norm |ul| = |u(0)] + [[ullL1 ([0 00p)-
Equivalently, one can consider the evolution equation

U + Uy = —/ e Mu(y) dy, (2.11)
max{0,z}
on the space
X = {u € LY([-1,+00]); u(z) =u(0) forall zc [—1,0]}. (2.12)



We regard X as closed subspace of L!([—1,+00]), with the same norm. In the following, for
an initial datum
w©0,) = u € X, (2.13)

we shall denote by
t — u(t,-) = Siu (214)

the corresponding solution to (2.8)-(2.9), or equivalently (2.11). On the other hand, the
solution of (2.8) with Dirichelet boundary condition

w(t,0) = 0 (2.15)

will be denoted by _
t — u(t,-) = Suu. (2.16)

One can still regard (2.8), (2.15) as an evolution equation on the space X in (2.12), where @
now satisfies

—/ e PYa(y) dy if >0,

0 if ze[-1,0].

iy + iy = (2.17)

The existence and uniqueness of these two solutions u, 4 can be proved by standard techniques
[6, 7, 8], relying on the contraction mapping principle.

We remark that, when the boundary condition (2.15) is used, the constant value of the initial
datum u(x) for z € [—1,0] is irrelevant. However, this value does play a role when the
Neumann condition (2.9) is used.

There is a close relation between the solutions u and @ in (2.14) and (2.16). Indeed, call
U = U(t,x) the particular solution of (2.11) with initial data

_J1 if xe[-1,0],
Uo,z) = { 0 if x> 0. (2.18)

Comparing (2.17) with (2.11), one derives the representation formula

u(t,z) = a(t,x)+u(0)-U(t,x)+/0t (/Ooo e PV (s, y) dy) Ut —s,z)ds. (2.19)

We shall refer to the function U(-,-) in (2.18)-(2.19) as the fundamental solution of (2.11).
In the next section we will prove that, if 3 is sufficiently large, then U remains always positive.
In this case, which we call the “non-oscillatory regime”, the proof of linearized stability can
be achieved by a simple argument. In Sections 4 and 5 we shall consider smaller values of 3,
so that the function U can change sign. This we call the “oscillatory regime”. The motivation
for these names becomes apparent, looking at Figure 2.

3 Linearized stability in the non-oscillatory regime

In this section we consider the case where the stiffening constant § > 0 in (1.11) is large. Our
first result shows that in this case the fundamental solution U remains always positive.



Lemma 3.1. Assume that the stiffening constant satisfies 3* — 33 > 4. Then the solution U
of (2.11), (2.18) is non-negative, i.e. U(t,x) > 0 for all t > 0,2 > 0. Moreover, its norm
satisfies the uniform bound

: B
1U(t, ')||L1([O,+oo[) < M =1+ 1_c5 for all ¢ >0. (3.1)
Proof. 1. Integrating along characteristics, it is clear that
U(t,t) = 1, U(t,z) = 0 for all = >t¢. (3.2)

Moreover, the map x +— U(t, z) is Lipschitz continuous on [—1,¢] and constant for z € [—1,0].

2. Assume that U(t,z) > 0 for all (t,z) € [0,T] x [-1,4+00][. We begin by showing that, for
all t € [0,7] and 0 < x < ¢, one has

Us

v

O, Ut S Oa (33)

V

Upe > 0, Uy < 0. (3.4)

(i) Differentiating (2.11) w.r.t. x we obtain
Upt + Upe = e 77U . (3.5)

Integrating along characteristics and using the Neumann boundary condition, for 0 <
x <t we obtain

t T
Uz(t,z) = / e eI (s, —t+5)ds = / e Ut —x+y,y)dy > 0. (3.6)
t—x 0

This proves the first inequality in (3.3).
(ii) In turn, the inequality U; > 0 is an immediate consequence of the equation (2.11).

(iii) To prove the first inequality in (3.4), fix t € [0,7] and let 0 < 1 < x9 < t. By (3.6) it
follows

1
Ux(t, x1) :/ efﬁyU(t—ery,y)dy
0

IN

1 €2
/ e_ByU(t—:Eg—l—y, Y) dy—l—/ 6—6yU(t—I2+y, y)dy = Ug(t,z2),
0

1
(3.7)
showing that the map x — U,(t, z) is nondecreasing for 0 < x < ¢.

(iv) To prove the second inequality in (3.4), fix 0 < x < t1 < t9. Since U; < 0, we have

Ug(to,x) = / e Uty —x+y,y)dy < / e Ut —x +y,y)dy = Us(ty, ).
0 0



3. By (3.4), the function U(t,-) is convex on the interval = € [0, ¢]. Hence

t_
Ut,0) < Ult,z) < §+ txU(t,O) < U(t,0)+? (3.8)
Inserting (3.8) in (2.11) one obtains
t
U(0,2) > —/ e (U(t,0)+%)dy. (3.9)
0

From (3.6) and the fact that U decreases along characteristics, it now follows
T x 1
Uz(t,z) = / e Ut —x4y,y)dy < / e VUt —2,0)dy < BU(t —z,0).
0 0

Hence

1 X
Ulta) < U0+ /0 Ut — y,0)dy. (3.10)

4. Call Z(t) = U(t,0). By (3.10) the scalar function Z satisfies the differential inequality

Z(t) = —/OteﬁzU(t,x)d:r > —/Oteﬁm (Z(t)—i—;/omZ(t—y)dy) dx

IR TR Ny AP ' by,
> -~ 520~ 5 | Zt-y) (/y d >dy (3.11)
1 I
> —6Z(t)—62/oe_ﬁyZ(t—y)dy

Introducing the variable
t
10 = [ ez ay,
0
by (3.11) we obtain the system of differential inequalities

2() = —B87'Z0) - B, Z(0) = 1,
, (3.12)
ity = z(t) - BI(1), 10) = o,

where the upper dot denotes a derivative w.r.t. time. This implies

42O _ 2010 - 200 | 87 ~ (L 520 4 AT Z0)
i(w) - ) e

Recalling the assumption 3% — 3% — 4 > 0, when Z/I = 3/2 we have

d <Z> e e (e Vit A <1 1>52 et Lt S

J2 - 52

- >
42 432 =

a\T T3

As a consequence, if Z(7) > (8/2)I(1), then Z(t) > (8/2)I(t) for all t > 7. The initial data
in (3.12) imply
Z(t) for all ¢t > 0. (3.14)



Inserting this in the first inequality in (3.12) we obtain

. 1 2
Z@t) > —(=+ ) Z(t).
0= - (5+5)20
This yields the lower bound

Z(t) > exp{—BQIB—th}.

By the first inequality in (3.3), this implies

Ult,z) > exp{—52+2t} (3.15)

for all ¢ € [0,7] and 0 < x < t. The above analysis shows that, if U > 0 on the domain
{(t,z); t€[0,T], 0 <z <t} then U satisfies the strictly positive lower bound (3.15). Since
the lower bound of U(t,-) on [0,t] depends continuously on ¢, we conclude that U can never
take negative values.

5. Next, to establish an upper bound for Z we observe that for ¢ > 1 one has

. 1 1 1—e B
Z(t) = U(t,0) < —/ e MU (t,y)dy < —/ e Mdy-U(t,0) < — ; Z(t).
0 0
Setting v = 1_275, we thus have
Z@t) < e Vza) < D for ¢> 1.
6. By (3.3) we trivially have
0 < U0 < 1, for all £ > 0, (3.16)
U(t,z) € [0,1] if x€0,t],
{ Ut.2) = 0 i x>t for all t € [0, 1]. (3.17)

Moreover, for ¢ > 1 an upper bound for the norm [[U(%, -)[|L1 ([, 400 18 NOW obtained from

¢ t t—1 1
/ U(t,x)dx < / Z(t—x)der < 1 —I—/ et N dr < 14 S (3.18)
0 0 0

O

Based on the representation formula (2.19), we now prove the stability of the linear semigroup
S, in the non-oscillatory regime. We recall that S is defined on the space X C L!([-1, +o0])
introduced at (2.12).

Theorem 3.1. Assume 3*— 33 > 4. Then the semigroup S defined at (2.11)-(2.14) is stable.

10



Proof. 1. Notice that the assumption implies 8 > 1, hence we can choose 1 < v < . Fix an
initial datum @ € X and let u be the corresponding solution of (2.8) with Dirichelet boundary
conditions (2.15). Consider the weighted integral

() = /0 T et )| dy. (3.19)

Differentiating (3.19) w.r.t. time and using (2.8) one obtains

J(t) < —’yJ(t)—i-/Oooeﬁy"d(t,y)‘ (/Oye%cg) dy < <_7+i) J(t).

Setting k =~ — (1/7v) > 0 one obtains
J(t) < e " J(0).

) .)HLl’ namely

t o0 t (o]
fatt =l < [ [l ads < o [T e apis
_c. / §)ds < —J( ).

In turn this yields a uniform bound on Hﬂ(t

(3.20)
Here C' is a constant depending only on ~ and §.

2. Next, let u = u(t, z) be the solution to (2.11) with the same initial datum u. Recalling the
representation formula (2.19) and the bound (3.1), we conclude

HU(t, ')HLl([_LOQD - HﬁHLl([—l,oo[)

< 1@t Ml o.sop = 1l go.00p T 1ZO] 1T ML 100

: e =By (3.21)
+/0 (/0 e \U<87y>\dy> ds - max][U(7, ) 1,00

C+M

< CJ(0)+M|u(0)y+M/tJ(s)ds < J(0) + M |u(0)].
K 0

IN

Since J(0) HaHLl([O wol)? W€ conclude that, for every t > 0,

cC M _
ot sy < (5 5+ 1) Balusgaep

4 Stability in the oscillatory regime

We consider again the linear equation (2.8) with Neumann boundary condition (2.9) at z = 0.
We shall use the equivalent formulation (2.11) on the space X at (2.12).

11



Solutions u = wu(t,z) of (2.11) will be considered, with an arbitrary initial data
u(0,) = up € X. (4.1)

Our goal is to obtain a priori estimates on the L' norm of u(t, -), uniformly valid for all ¢ > 0.
The next theorem shows that the stability result in Theorem 3.1 remains valid for somewhat
smaller values of the stiffening constant 8. The proof is entirely different, and we believe it
has independent interest.

Theorem 4.1. The semigroup S generated by (2.11), on the space X at (2.12), is stable for
all B> B* = (48 + /9504) /160.

We remark that Theorem 3.1 yields stability for 3 > 8 a~ 1.7485, while Theorem 4.1 extends
the stability result for all § > §* =~ 0.9093. It remains an open question whether linearized
stability holds for 0 < f < #*. The remainder of this section is devoted to a proof of
Theorem 4.1.

4.1 Estimates on u(t,0)

We use the notation Uy(t) = u(t,0). For v > 0, we write

(1) = /0 " et ) da.

Differentiating w.r.t. time, one obtains
T (t) = /OOO e [—Bzu(t,x) — /;O e Pu(t,y) dy] dx
= Up(t) — 7T, (t) /OOO Ooe VE=BYa(t, y) dy da,
= 00 =0~ [ e Pute ([ eman) an

= Uplt) = 7, (8) - im) + ijwﬂ(t)

In particular we have for all n > 1:

1 1

Tnp = Uo = nBTns — %5/3 + @j(nﬂ)ﬁ- (4.2)

By (2.8) and (2.9) it follows
Uy, = —Js. (4.3)

Hence, for n = 1 we have
J2p

+ Uy+Uy = — ==, 4.4
vg+ (54 5) U+t = -2 (4.4

Next, we would like to express Jog in terms of Uy and Uy). For a > 0, consider the convolution
operator

LI = /0 e~ £ () ds. (4.5)

12



Notice that I,[f] = f * po is obtained by taking the convolution with the kernel p,(t) =
1r, (t)e=*". In particular, recalling that for any a,b € L'(IR. ) one has

la bl < flallpi{bllLr, (4.6)

we see that I, is a bounded linear operator from L!(IR.) into itself:

1

LR, < &HfHLl(zm)- (4.7)

L[|

We shall also use the weighted Lebesgue space L}Y (IRy), with norm

flyaen = [ wIf@lde. (4.8)
Relying on the identity

/ et dt = /
Ry Ry

valid for any two functions a,b € L!(IR, ), we deduce that the same inequality (4.6) holds for
the weighted L' norm:

t t
/ a(t — s)b(s)ds / e =) q(t — s)e™b(s) ds| dt,
0 0

IN

lax Ly < llallLyllblLs - (4.9)

Thus, for any o > v one has

1

= ’ 4.1
Li(Ry) a—fnyHL%URH (4.10)

L[|

Finally for o« > 0 we will denote by e, : IR. — IR, the function

ealr) = e, (4.11)
Integrating (4.2) one obtains
Tuslt) = a0 + Lalul(0) = == Lal B0 + ool Tl @), (412)
which, in the case n = 2, yields
Tn®) = FapO) "+ IoglO0)(t) — 5 RalTo0) + 55 RalFsl(0). (413

Relying on (4.12), (4.13), and proceeding by induction on n > 2, we obtain

n

Jos(t) = Y fult) + (Ak[UOKt)—Bk[jB](t))"‘n!ﬂln_lfwo 0 Ing[Tmy1)pl (), (4.14)
k=2 k=2
with
[ F2s00) e~ 201 ifk =2,
fut) = jkﬁ(O)Mo'(‘/@. ilfl;' Bl)xf_[;kﬁ](t) otherwise, 1)
auil() = ot (4.16)

13



Ipg o -~ o Iys[Tp](t)

The series with general term fj, converges in L!(IRy) to
oo
=2 f (4.18)
k=2
The series with general term A and By, k > 2, converge to
oo oo
A= YA, and B = Y B, (4.19)
k=2 k=2

in the space B(L!(IR.)) of bounded linear operators from L'(IR,) into itself. In fact, thanks
to (4.7) one has the bounds

o)

1
k=2
> 1 > 1
IAlswimy) < Y T IBllswim.y < D gz (420
k=2 k=2

Concerning the last term in the right hand side of (4.14), a similar argument yields that, for
any T > 0,

1

1
H < W|’u7(n+l)5”L1([0,T])-

W-’%’ 0+ 0 Ing[T(ns1)8]

L ([0,77)

For any T' > 0, observing that ||k7(n+1)ﬂ||L1qO,T]) < lullLiorxry) and letting n — +oo
in (4.14), one deduces that, whenever v € Lj (IR;LY(IRy)), the function Jos admits the

loc

representation
Jop = [+ AlUo] — B|T3). (4.22)
Here f, A, B are the functions defined at (4.15)-(4.19). Consequently, the equation (4.4) can
be written as ,
U\ _ U\ 1/0y 1 0
() =2 (%) =55 (o miam) 2
with
. 0 1
M = (_1 —(ﬁ+g)>' (4.24)
Recalling (4.3), we thus have
() o =7 () (1.25)
U N f4 ’ '
with
()0 = exotan (90) -2 [t (2
7(1) 0 = ewon (G5) - 5 [l ente—aan (5) o o

1 [t 0
_BA“MFMMKMW@+MW®>w
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Notice that the matrix M has negative eigenvalues —3 and —1/f.

Next, consider the space L' (IR) x L' (IR) with norm ||(f, g)|| = max{| f[|r.1, [lg|lL1 }. We will
show that, for 8 > 1 and even for some 8 < 1 sufficiently close to 1, the operator T defined
in (4.26) is contractive. For this purpose, it is of course sufficient to prove the contractivity
of the linear part, defined by

T(%)u)i._;A%m«er@<Amﬂgﬁwa$Oda (4.27)

Lemma 4.1. There exists a continuous function k : (0,+00) — (0,+00) such that:

(i) For any B >0, | Tlgwi <1y < K(B)-

(ii) For all > B* = (48 + /9504)/160 ~ 0.9093, one has k() < 1.

Proof. For any 5 # 1 we have
1 /826*t/ﬁ — efﬁt ﬂeft/ﬁ — /Befﬁt

exp(tM) = ———
Xp( ) /82 - 1 56_57: — ﬁe_t/ﬁ e_t//B — /826_’Bt

and for =1

exp(tM) = Ciiin 4;foJ'

The mapping (t, 8) — exp(tM) is smooth w.r.t. both variables ¢ > 0 and 8 > 0. One has
¢ 0 _ ((AD)(s) + BIVG(s)]) * maz
et =930 (e ) © ((A[vm(s) + BIVy(s)) + m22> |

where, for t > 0,

PP —eP) it B#T,
mw(t) - BZ2—1
te”? if g=1,
R = G A B (AR 8
mo2 =
—(t—1)e" if g=1,

and where the functions my2, mag and A[Vp](s) + B[Vj(s)] are defined to be zero for s < 0.

When (U,U’) = T(U,U’), one has

Ul < [[Allg@yllmizlle 1Tl + 1 Bllsasllmielle 107w,
HU/HLl < HAHB(Ll)Hm2QHL1HUHLI +HB”B(Ll)”m22”L1HUIHLl-

Consequently

HTHB(leLl) < maX{HleHLla Hm22HL1}(HAHB(L1) + HB||B(L1))~

15



Defining

H(ﬁ) = maX(HmUHLlﬂ HmQQHLl) <Z (k 'k'BQk 3 + Z k' 2/82k 2) (4'28)
k=2 k:2

by (4.21) we obtain part (i) of the Lemma.
Next, for 8 # 1 one has

izl = 57 [ g ar = 1,
- 0

*

1 ¢ o
[mazll1 = 2_1 </ (B2 Pt —e71P) dt +/ (7P — ﬁQeﬂt)dt> )
_ 0 .

where t* = 21In3/(8 — 1/) is chosen so that e~*"/8 = 52¢=F". Hence

232 " " 2+ 1)1 2
lmazlltr = 52ﬂ_ 1(e*t /B _ =Py = 2exp <W> < for g # 1.
On the other hand, if 5 =1 one has ||m2|/,1 = 1 and ||maz||p = 2/e.
1 1
We now observe that, if u; = m and Uy = W, then for every k one has
Ukt 1 Uk 1
ur 6 ’ ur 9 .
Using the above inequalities, for every 5 > 1 we obtain
o o0
1 3 9
Z k— 1)kl g2k=3 S?’ Z 5%2 = 3252
k:2 k=2
Recalling (4.21), we conclude
A B < 3 ) 4
[Algwr(ryy) + 1Bl rsy)) < 55 + 325 (4.29)

An elementary computation now shows that the right hand side is < 1 provided that 8 > §*.
O

As a consequence of the above lemma, for any 5 > * we obtain that (4.25) has a unique
solution in L'(IR,) x L'(IRy). (Actually, our analysis shows that, for any 38 > 0, (4.25) has a
unique solution. However, when < * the first component of this solution may only lie in the
space L,ly(RJ'_) defined at (4.8), for some v < 0.) Moreover, due to the contraction property,

the norm of this solution is measured by ||7/(0,0)||g1xr:. Therefore, for some C' = C(f), one
has

10ollLt + Ul < CUIULlLy + 1 1),

where

Un(t) = exp(tM) ( gzggg >
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Finally, observing that
U5(0)] = [T50)] < [[u(0,)]|p., (4.30)

recalling that the matrix M has negative eigenvalues and using (4.3), (4.20), we deduce that
for all B > £* there is some C'(f) > 0 such that

1ol + 175l < C(8) (106(0)] + (0, )1 )- (4.31)

In the same way, we can obtain uniform estimates on Jj3, j > 2, as well. Indeed, it suffices
to replace (4.14) with

n

i 1)
Jip = Z (fj,k + A; U] — Bj,k[j,a]) + n(!ﬂn_jllljﬁ 00 Ing[Tns1)8l, (4.32)
k=
where
(] — 1)' IJ,B o-:--0 Ikg[ekg]
fik = Trs(0) e :
(j — D! Ljgo---oIisUo] (j— ! jpo---olys[Tsl
Ajk[Uo] = C - )15+ ; B [T = kjl g1 :
We thus obtain - - -
Tisg = > Fin+ > Akllo] = B;slTs),
k=j k=3 k=j
with
S - G-
fik < | Jx3(0) —-
kgj ’ LI(R.) ; ’ ’(7“7—1)”?!5% Zi+l
> 1
< _OWHU(O’ e,

and similarly

o0 o0
> A > Bix
k=j k=j

To obtain the above estimates, we used the identity (j — 1)!/(k — 1)! < 1/(k — j)! and made
the change of variable m = k£ — j. In turn, this yields

= 1
< 2

B(L'(R+)) m=0

- 1
S 2

B(L(R+)) m=0

1Tjslle: < CB)(1U6(0)] + [[w(0,)es),  j =2, (4.33)

for some constant C'(3) independent of j (which may differ from the above C'(8) used in (4.31),
a convention that we use from now on). We underline that we do not need to reduce the range
of B in this argument.
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4.2 Exponential decay

The above estimates can be slightly improved, choosing some € > 0 and working in the
weighted space L!(IR;), with norm defined as in (4.8). This will imply the exponential decay
of the solutions.

Proposition 4.1. For any 8 > 8%, there exists € > 0 and C > 0 such that

[Volley +max | Tslls < C(100(O)] +[1u(0, es)- (434)

Proof. For any 5 > 8*, we claim that there exists € > 0 such that operator T (or equivalently
T) is still a contraction on L} x L!. Indeed, using (4.10) repeatedly (instead of (4.7)), one
can replace (4.21) with the statement that, for ¢ < 23, A and B are continuous operators on
L., with norms

[e.e]

1
Ml < 2 G hiF=@s =~ tE o

k=2

>0 1
HBH[, L(Ry)) ka|/8k; 1 2ﬁ_5) (kIB—E)

Moreover, in place of (4.20), we can estimate f by

o0

1
HfHLl Z 'ﬁk 2 25—8) (k,@—é)(kﬂ—E)HU(Q ')HLl .

k=2

Relying on (4.9), it follows that 7 is continuous in L} for ¢ < min(3,1/3), with

1Tl eaxeyy < mas {llmiaiy, szl §

= 1 = 1
| (;2 (=) 225 —2) - (kB —e) *2%1(%—5)---(%—5)) |
For 8 > 0 and € > 0, we define k(f3,¢) to be the right-hand side in the above formula. We
observe that this is a continuous function of (,¢) and that %(5,0) = (), with x defined as
n (4.28). Together with Lemma 4.1, this proves the existence of € = £() > 0 such that the
operator T is a contraction on L! x Ll.

Then we can argue as in (4.31)-(4.33) and obtain the estimate (4.34). O

4.3 Estimates on u(t, )

All the previous analysis was concerned with the function Uy(t) = u(t,0), where u = u(t, z) is
a solution to (2.8 ). To derive estimates on u(t,z) for x > 0 we use similar arguments, along
characteristics. Given v > 0 and 7 € IR, for all t > max{7,0} we define

o

Ty (t) i/t e u(t, ) dx. (4.35)

-7
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By (2.8) one has

d
ﬁu(tt_r) = (ut+ug)(t,t—7) = —J5(t).

Hence J; is related to the characteristic issued from (,z) = (7,0) when 7 > 0 and to the one
issued from (¢,z) = (0, |7|) when 7 < 0.

Differentiating (4.35) w.r.t. ¢ we obtain
—e Tyt t — 1) +/ e [—axu(t, x) —/
t—7 T
= g0~ [ ety dyds
t—7 Jx
00 y

= —TI(t) - /t_T < /t_T e 1Yyt y) dax) dy

T e_v(t_’r) T 1 T
= T - TF(0) + T a(0)

o0

(T7)'(#)

e Pult,y) dy] dx

In particular, for n > 1 and ¢ > max{r,0} one has

TIM) Tt
_nse-n B T

T \/ T — 4
(7Y (6) + nBT5(0) £y S (1.36)
To obtain estimates on J 5, we treat the cases 7 > 0 and 7 < 0 separately.
Case 1: 7 > 0. In this case we deduce from (4.36) that
I1T5) InsldG sl
_— - T nplY g nBlY (n+1)8
nB jn,B(T)en,B - nB + nﬁ ’ (437)
where, for a > 0 and ¢ > 7, we define
el (t) = e o), (4.38)
t ~ t
IZ[f1(t) = / e~ f(s) ds, L) = Laleq f1(t) = e7t7D / f(s)ds.
’ T (4.39)

An important fact is that I7 is a compact operator on L!([r,4+00)). Notice also that, by
(4.35),
ws(T) = Tns(7). (4.40)

Using induction we obtain that, for all n > 1,

T = T . AT 7T 1 T T T
Ji = Y= D AT + g8 oo fugl TGl
k=1 k=1 ’

where
Jp(7) e itk=1,
fi = ITo---olIl . .lel.] (4.41)
Tkp(T) o = 1;%;)?1 kP otherwise,
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Fo---oll 407577
(k- 1)-5’“
The series with general terms A7 and f{ converge normally in £(L'([7, +00))) and L' ([7, +-00))

respectively to
[e.e] oo
DAL and ST = ) fF
k=1 k=1

ALT3] = (4.42)

with

[e.9]

] J
Hf ||L1([T,+oo Z ‘ kﬁ ng 1 - (4'43)

For t > 7, we can now obtain JJ as a fixed point in Ll([T, +00)) of

Tp = AT +T

The main difference with Subsection 4.1 is that here the operator A" is compact, being a
strong limit of compact operators. Hence Id + A" is a Fredholm operator. That its kernel is
trivial is a direct consequence of Gronwall’s lemma. Indeed, one has a bound of the form

|AT (t) < C’/ <max lf(& >ds.
£e(r,s]

Therefore Id + A7 is invertible. Moreover the norm ||(Id + A7)~ £(L ([r+o0) is independent

of 7 because, as seen from (4.42), for different 7 and 7/, the operator A" is obtained from A7
by a simple translation. As a consequence we deduce that, for 7 > 0,

1T i (rt00)) < COISTIILL(fr +00))- (4.44)

We underline that we did not reduce the range of 5 in this step either.

Case 2: 7 < 0. In this case, instead of (4.37), we deduce from (4.36) that for all ¢ > 0

171 s [jT }
T _ T _ nBlY B (nt+1)8
nB — YnpB (O)enﬂ nﬂ + TLB .

The operators I3 and f,gﬂ were defined in (4.5) and in (4.39) respectively. By induction we
obtain that, for all n > 1,

Js = Z ZAk J5] 'B” o0 lng[Ti1y8);
k=1
with ; ; [ ]
. g7 g O -0 lg_1)8l€kB
77 = Igo--- oIy 10 INslT5]
kL8 (k — 1)IpF1 '

We notice that the above quantities are continuous at 7 = 0.
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Defining A = 372, Ay in L(L'(IRy)) and f7 = 322°, 7 in L'(IR,), with f7 as in (4.45),

and arguing in a similar way as in (4.44), we obtain
1T5lmyy < CONSMLmy)
< CONul0, ) lime, (4.46)

for any 7 < 0. Notice that here the last inequality follows from (4.35) and (4.45).

Going back to (2.11) we see that, for all ¢ > 0,

d oo
- . <

/ e Pu(t,y) dy’ dx.
For t > 0 and x > 0 one has
> —By _ t—x
[ ety = g5,
hence

d L
PG ATC IS |u(t70)+/oo\~75 ()] dr.
Using (4.44) and (4.46) we deduce
lu(t, M mey < C(B) (HU0HL1(1R+) + [|u(0, )L (ry) +/0 7 (fr,o0)) dT) :

for a constant C'(/3) uniformly valid for all ¢ > 0. Using (4.43) we have

00 i > 1 00
L1 ey ar < O3 g [ Wl ar
k=2

Recalling (4.31) and (4.33), we finally obtain an estimate on u, uniformly valid for all ¢ > 0:

lu(t, e < C(B) (1U6(0)] + [[u(0,)|gs)- (4.47)

This completes the proof of Theorem 2. L]

Thanks to Proposition 4.1, we can also prove the following exponential decay estimate.

Proposition 4.2. For any given > £* and 0 < A < 1, letting € > 0 be the constant provided
by Proposition 4.1, there exists a constant C(B,¢) such that, for every solution u of (2.8) and
every 0 < v < (1 — N)e, one has

et Mo g < CB.) ([T + (0, Vs )e ™ forall 20, (448)

Proof. Tracing the solution along characteristics, for any = € [0, At] one has
¢
u(t,z) = u(t—=z,0) — jé_$(s) ds.

t—x
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Integrating over x € [0, \t] we get
At t .
M oany < Wolugaven+ [ [ 1) dsda

.

< HUOHLl([u_A)t,t})Jr/O 175 Lt (jt—e,+oop) 42
t

= ||U0HL1([(1—)\)t,t])+/ 175 1t (fr,+oo) AT
(1-\)t

We now choose € > 0 as in Proposition 4.1. Using (4.44) we obtain

t
u(t, Loy < HUO||L1([(1>\)t,t])+C/(1 e 1T L (fr400]) A7
t
< e VDol a-nye oy + Cem 7! /(1 3 e F e (fr+o0)) AT
)t

Recalling (4.41) and (4.43) we see that

t o0 1 t
1S et (trsoey dr < _ / | Tus (7)) dr.
/(1,\)t Li({rtoe)) ; k! (k —1)! g2k—1 (1-M\)t ’

In view of (4.34), this yields the desired conclusion, with v < (1 — A)e. O

In particular, relying on (4.47), we see that for any fixed interval [0, M] there exist some
positive constants C' and v such that

lu(t, e < COBM)(1U0)] + [[u(0,)llLim,y)e "

5 Nonlinear stability

Based on the previous results on the stability of the linearized equation (2.6), in this section
we prove the stability of the full nonlinear system (2.4).

Theorem 5.1. Assume 5 > * = (48 + 1/9504)/160. Then the nonlinear growth equation

;)tP(t,s) - /0 T B0 (o1 0) x e3) X <P(t,s)—P(t,U)) do (5.1)

with boundary condition
Py(t,t) = 0 forall t >ty (5.2)

1s stable in the vertical direction.

As in Section 2, let k(t,s) = (ki, k2, k3)(t,s) be the unit tangent vector to the stem, at the
point P(t,s). According to Definition 1, the above theorem can be established by proving
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Theorem 5.2. Assume 3 > * = (48 + v/9504)/160. Then, for any given to, € > 0, there
exists § > 0 such that the following holds. If

{ }k‘l(to,.’ﬂ)‘ + ‘kg(fo,:E)' < 1) Zf T € [O,to], (5 3)
’kﬁl(to,x)‘ = ’kﬁg(to,ﬂ?)’ =0 if ©>tg, .
then for all t > tg one has the bounds
Hkl(tv .)HLl([O,t}) + HkZ(ta .)HLl([O,t]) < ¢, (54)
[ (t, )| oo 0.y + 12t M oo oy < € (5.5)

Proof. 1. Let tg > 0 and € > 0 be given. In order to use the previous results on linearized
stability, we define

TR ki(t,t — x) if xe€]0,t],
U\t, r) =
0 if x>t.

As long as the unit vector (k1, ko, k3) = (u1,u2,usg) remains close to (0,0, 1), we have

ks = \J1—k2—k2. (5.6)

In particular, from |uq], |uz| < 1/4 it follows
1 —ug| < fur| + Jug. (5.7)

By (2.4)-(2.5) and (1.9), on the domain {¢t > t9, = > 0} the first two components u;, us
satisfy the equations

Uit + Ujp = — / 67ﬁyui(y) dy + gi(ta x)v i=1,2, (58)

o0
gi(t,z) = (1 - \/1 —ud(t, ) — u3(t, x)) / e Pu(t,y) dy. (5.9)
x
with Neumann boundary conditions at x =0
uiz(t,0) = 0. (5.10)

We define S(t) the semigroup associated with the equation (2.11) on the space X defined in
(2.12). Then (4.47) yields

IS@alr,y < CBIElx = CB) (Il @m,) + [@0)), (5.11)

for any given initial data uw € X.

2. We now observe that all the estimates performed in Section 4 in the spaces L!(IR.),
L}Y(RJF), can be performed in L*°(IR;) and in the weighted Lebesgue space L3°(IR), with
norm

Il (myy = ess-sup €| (z)]. (5.12)
zelR
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Indeed, we perform convolutions with L!(IR, ) functions, and the inequalities
laxbllLe < llallps [[bllLe, laxblle < llallLy [16]Lee (5.13)

are valid in the same way as (4.6) and (4.9), for functions a, b in the corresponding spaces.
Hence, in particular, for any o > vy

Ia[f]”LSf(l&.) = a i v

1/ Lo (my) (5.14)

holds as (4.10). As a consequence, all estimates of Subsection 4.1 remain valid when replacing
L! with L. The same can be done in Subsections 4.2 and 4.3. Notice that I7 is also compact
in L* (actually, it sends L°°(/R;.) in the space Cj of continuous functions converging to 0 as
x — 400, and one can use the Ascoli-Arzela theorem), and consequently I + A7 is again a
Fredholm operator on L*°(/R;). Thus, viewing again S as an operator acting on the Banach
space X at (2.12), we obtain an estimate uniform in ¢:

1Sl 1oy < CO(lm (s + [GO)). (5.15)
In particular, this implies
‘S(t)ﬂ(0)| < CB)Hllree(r.) for all ¢t > 0.

Moreover, an estimate analogous to (4.34) holds in the weighted norm:
IS Tzl myy < C([EO)] + [alm,)) (5.16)
As a consequence, an exponential estimate such as (4.48) can be established also the L* norm:
ISl 1a) < CB.)([EO)] + [Tl )™ forall t20.  (5.17)

Without loss of generality (possibly reducing its value), we can assume that v in (4.48)
and (5.17) satisfies

l/gmin{g,;}, (5.18)

where ¢ is the constant in (4.34).

3. We shall construct the solution of the nonlinear system (5.8)-(5.10) as a fixed point of
a suitable operator. We will prove that the solution satisfies the claimed stability. To this
purpose, we introduce the following functional space:

A, = {u e L™ (m; (L' N L®)([-1, +oo))) /

[ul|.a, = ess- Sup e’ lult, ')‘|(L10L°°)([—1,t/4])‘ < +OO}-

Next, in connection with any fixed ©w = (u1,u2) € X x X, consider the closed, bounded set

ST = {(ul,uQ) e A, x A,

max (|||l e (r L ALe) (1,400 illa,) < 2C* (16l ranee ) (ry ) + !ﬂi(O)\)}-
(5.19)
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Here and throughout the following, the constant C* denotes the maximum of all constants
C(B)in (5.11), (5.15), C(B,¢) in (4.48), (5.17) with A = 1/2, and C'in (4.34), (5.16). Moreover
we adopt the notation || - ||(g1apee) = max([| - |1, || - [lLee)-

In particular, if (u1,us) € SY, then the above definition implies
\ui(t, 0)| < 20*(||ﬂi||(leLoo)(R+) + |ﬂi(0)’)6_yt for a.e. t > 0, 1=1,2.

Notice that A, is complete w.r.t. the norm max{L>(L! N L*>), || - ||4,}. Moreover, by (5.7),
if |u;||x are sufficiently small, we can assume that

‘1— \/1 —ud(t,x) — u%(t,x)‘ < ua(t, )|+ us(t, 2)| forae.t>0, 2> —-1. (5.20)

4. An operator
F:(ul,uQ) — (ﬁl,fl,g) (5.21)

mapping S” into itself is constructed as follows.

e Given (u1,u2) € 8%, we first define the pair (g1, g2) as in (5.9).

e We then define (41, U2) in terms of Duhamel’s formula [3, 6, 7] by setting

a; = S(t)u; + /DtS(t —5)gi(s)ds i=1,2. (5.22)

In the forthcoming steps, we perform estimates relative to the L°°(L! N L°)-norm, in order
to prove that F' admits a fixed point.

5 - Estimates on g; in L' N"L*°. Given (u1, u2) € S¥, the integral [ e ™Yu;(t,y) dy can be
estimate as follows.

o If x > t/4, by definition of S we simply have

[Tty dy' < P u(t, )

IN

2C* e (1@l (ramneey(my ) + 1Ti(0)]).

o If v < t/4, we write

o t/4 o0
/ e Pt y) dy = / e PUu;(t, y) dy + //4 e My (t,y) dy.
T x t

Then, using the definition of the set S¥, we deduce

/ e Mu;(t,y) dy‘ < 20" e (|| wirLoey(my ) + [T (0)]) + e Jua(t )L my)

< 20% (e + e P (|| 11 Aroey sy + [T (0)])-
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In both cases, recalling (5.18) we obtain

/ efﬂyui(t,y) dy| < 4C*€7Vt(||ﬂi||(leLoo)(lR+) + |ﬂl(0)’) (523)
Next, going back to the functions g;, and using (5.20), we find

‘gi(tvx” < C(|U1(t, .CC)‘ + ‘UQ(t7x)’)

/ e PYuy(t,y) dy| . (5.24)

By (5.24), and thanks to the definition of the set S¥, we now estimate the (L! N L>)-norm of
gi(t,-) as follows.

e Integrating (5.24) w.r.t. x over the interval [0, ¢/4], for a.e. ¢ > 0 one obtains
. —ut/— _ 2
lgi(t, Mitio,eay < 8C[C*e " (|[tillwinre)m,) + [i(0)])]
< Ke (|l i nney(m. ) + [:(0)])7. (5.25)
e Integrating (5.24) for x € [t/4, +oo[ and recalling(5.18), for a.e. t > 0 we obtain

. _ 2 _
19:(t, ) Li@/aroe) < 2C[2C7 (|l ranneym, ) + [T (0)])] e~/
< Ke ?!(|[will winpe)m, ) + [@(0)])%. (5.26)

e Finally, (5.20) together with (5.23) yields, for a.e. t > 0 and z > —1,

/ e Puy(t,y) dy
0

ot 11— _ 2
< Ke 2 t(||Ui||(leLoo)(R+) + |u,(0)]) . (527)

lgi(t, )| < C(luat, )] + [ua(t, 2)])

6 - Estimates on 4; in L' N L. Relying on (4.47) and (5.15), we have

1S ()8l ree ((-1,400)) < C7 ([l @wrnnee)(my ) + [ (0)]) - (5.28)

uniformly in ¢. Hence, using (5.25), (5.26) and (5.27), we deduce

t t
/O S(t — 5)gi(s) ds < ¢ / (l95(5, Ml winwoy e,y + gi(s, 0)]) ds

LINL>°([-1,400)) (5_29)
_ _ 2
< K ([l ey r,y + [@(0)])".

In turn, recalling (5.22), from (5.28)-(5.29) we deduce an estimate uniform in ¢:

i(t, ) |lLinee (= 1,400) < (C*+2K (||l (inneey(m ) + @i (0)])) % (I || (L aweey (m, )+ i (0)]).-
(5.30)

7 - Estimates on 4; in A,. Observe first that (4.48), (5.17) with A\ = 1/4 give us directly
1S C)uillLianee o4y < C* ([Tl (wrnneey(m, ) + [@i(0)]). (5.31)
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We estimate the second term on the right hand side of (5.22) by writing

t/2
S(t —s)gi(s)ds

/ "S(t — 8)gis) ds < A+B, (5.32)
0

(L1NL>)(0,t/4)
where

t
S(t—s)gi(s)ds
t/2

i

4 ‘
(L1NL*)(0,t/4)

-

0 (L1NL>)(0,t/4)

The two terms A, B are estimated as follows.
e Using again (4.48) and (5.17) with A = 1/2, one obtains

A

IA

t/2
/0 15t = $)g8(5)| ooy o.0) 95

t/2
< /0 1S(t = )9:() gm0, r—s12) 4

t/2
< /0 C* e (Jlgi(s, )l winpooymy ) + 19i(s, 0)]) ds.
Now (5.25), (5.26) and (5.27) imply that, for almost every s > 0, there holds

19 (s, )l @winweoymy ) + 19i(5,0)| < 2K (Wl (rinweo ),y + [T(0)])2e 2",

Therefore
A < K'(|wll e + [m:(0)])%e ",

e Relying on (5.28) together with (5.25)—(5.27), we obtain
t
B < /W 1St = £)96(8) | girpoy i, 45

t
< c /M(ngs, Miwirzeyams) + l:(s,0)]) ds

t

_ _ 2 —2us
2K(Hui‘|(L1mLOO)(R+) + |uz(0)|) /t/26 2vs gg

IN

_ _ 2 _,
< 2K ([l i onee )y (my ) + [@i(0)]) Te

Hence, recalling again (5.22), we deduce from (5.31)-(5.32) the uniform estimate in ¢:
% (t, )l (LrnLee)0,t/4)

(5.33)
< e (C*+ 2K (|| ooy () + T (0))) % (I |t e + 7 (0)]) -

8 - Estimates on 4; at x = 0.

—~

5.18), we deduce
C*@fst(HUiH(leLoo)(Rg + [u:(0)])
Ce " (|[will (1 Aneo )y ) + @i (0)])

e Relying on (5.16) and recalling
‘S(t)ﬁﬂx:o‘

IN A
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e Concerning the term involving g¢;, using (5.17) together with (5.25), (5.26) and (5.27),
we obtain

t t
/0 S(t—s)gi(s)ds| < C /0 ) ([lgi(s, Ml winwoey(isy + l9:(s,0)]) ds

|z=0
t
— — 2 —v(t—s) ,—2vs
< 2K(Hqu(L1mL°°)(R+)+u2(0)‘) A e (t S)e 2 ds
_ _ 2 _,
< 2K (|[@ill ionee )y (my ) + [@i(0)]) Te

Hence, relying again on Duhamel’s formula (5.22), we obtain

@;(t,0)] < e (C* + 2K ([l wrrneym, ) + @ (0)])) x (1Tl mrane)my) + [ (0)]). (5.34)

Together with (5.33), this yields

ti]].a, < (C*+2K ([T || (o) (m ) + 1T (0)) X (1Tl (2 nnee )y (s )+ (0)]) - (5.35)

9 - Conclusion of the proof. For a given initial data k(t,-), the local existence and
uniqueness of a solution to the equations (2.3) follows from classical theory [6, 8]. Equivalently,
in terms of the variables (u1,us2,us), the fixed point of the transformation F' in (5.21) must
be unique.

On the other hand, putting together all the above estimates we see that
F(S§") c 8% (5.36)

provided that the norms [|%; | (1 nree)(r, ) + [@i(0)], i = 1,2, are small enough. Given tg,e > 0,
we now choose § > 0 such that, if the initial datum (@, u2) satisfies (5.3), then (5.36) holds
together with

20" (|[will (1 Loy (my ) + [@i(0)]) < e, i=1,2. (5.37)

Now consider any initial data (1, u2) satisfying (5.3). Since the unique solution of (5.8)—(5.10)
provides a fixed point of F', we conclude that this solution remains in S¥. In particular, by
the definition (5.19), for every t > to we have

Hui(t’.)HLl(IRJr) < g, Hui(t’.)HLOO(lRJr) < g, 1=1,2.

Going back to the original variables k1, ko, this proves Theorem 5.2. |
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