ON THE CONTROL OF THE MOTION OF A BOAT

OLIVIER GLASS AND LIONEL ROSIER

ABSTRACT. In this paper we study the control of the motion of a boat, viewed as a rigid
body S with one axis of symmetry, which is surrounded by an inviscid incompressible
fluid filling R? \ S. We take as control input the flow of the fluid through a part of the
boundary of the boat. We prove that the position, orientation, and velocity of the boat
are locally controllable with a bidimensional control input, even if the flow displays some
vorticity.

1. INTRODUCTION

The control of boats or submarines has attracted the attention of the mathematical
community from a long time (see e.g. [14, 15, 16, 2].) In most of the papers devoted to
that issue, the fluid is assumed to be inviscid, incompressible and irrotational, and the rigid
body is supposed to have an elliptic shape. On the other hand, to simplify the model, the
control is often assumed to appear in a linear way in a finite-dimensional system describing
the dynamics of the rigid body, the so-called Kirchhoff laws.

A large vessel (e.g. a freighter) presents often one tunnel thruster built into the bow to
make docking easier. The aim of this paper is to provide some accurate model of a boat
controlled by two propellers, the one displayed in a transversal bowthruster at the bow
of the ship, the other one placed at the stern of the boat (see Figure 1), and to give a
rigorous analysis of the control properties of such a system.

Y2
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F1GURE 1. Forward propulsion by a propeller
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The fluid, still inviscid and incompressible, will no longer be assumed to be irrotational
(i.e., the vorticity may not vanish everywhere), and the only geometric assumption for the
shape of the boat will be the existence of one axial symmetry.

To be more precise, we consider a boat, represented by a rigid body with one axis
of symmetry occupying a bounded, simply connected open set S(t) C R? of class O™
and which is surrounded by a homogeneous incompressible perfect fluid. We denote by
Q(t) = R?\ S(t) the domain occupied by the fluid, and write merely S = S(0) and
Q = Q(0) for the domains occupied respectively by the rigid body and the fluid at ¢ = 0.
The equations for the dynamics of the system fluid + rigid body read then

ou

E—F(u-V)u—FszO, te[0,7), z € Qt), (1.1)
divu=0, te[0,7], z€Qt), (1.2)
w-n=H+r@x—h) -n+twltz), tel0,T], zecdNt), (1.3)
‘ l‘im u(t,x) =0, (1.4)
mh” = /{)Q(t) pndo, te€]0,T], (1.5)
Jr' = / (x —h)t-pndo, tel0,T), (1.6)
80(t)
O =r tel0,T], (1.7)
u(0,z) = up(x), x € Q, (1.8)
(h(0),0(0)) = (hg, ) € R x R, (h'(0),7(0)) = (h1,70) € R x R. (1.9)

In the above equations, u (resp. p) is the velocity field (resp. the pressure) of the fluid, i
denotes the position of the center of mass of the solid, 0 is the angle between some axis
linked to the rigid body and a given fixed axis, and r denotes the angular velocity. The
positive constants m and J, which denote respectively the mass and the moment of inertia
of the rigid body, are defined as

m = /S p(x)dz, J = /S p(@)|o?de,

where p(-) denotes the density of the rigid body. The vector n is the outward unit vector
to 0Q(t), so that 7 = —nt = (ng, —nq) is a unit tangent vector to dQ(t). Finally, the
term w(t, x), which stands for the flow through the boundary of the rigid body, is taken
as control input. Its support will be strictly included in 9€(¢), and actually only a finite
dimensional control input will be considered here (see below (1.13) for the precise form of
the control term w(t,x)).

When no control is applied (i.e. w(t,z) = 0), then the existence and uniqueness of
strong solutions to (1.1)-(1.9) was obtained in [18] for a ball, and in [19] for a rigid body
S of arbitrary form. The result in [18] was extended to any dimension in [20] (in that
paper, the issue of the persistence of regularity is also studied). We also refer to [10] for
the situation when Q(t) = Qq \ S(t), with Qg a bounded open set in R3, and for the issue
of the analyticity in time. The detection of the rigid body S(t) from partial measurements

of the fluid velocity has been tackled in [5] when Q(t) = Qg \ S(t) (Q C R? still being a

bounded cavity) and in [4] when Q(¢) = R\ S(¢).

Here, we are interested in the control properties of (1.1)-(1.9). The controllability of
Euler equations has been established in 2D (resp. in 3D) in [6] (resp. in [9]) Note, however,
that there is no hope here to control both the fluid and the rigid body motion. Indeed,
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Q(t) is an exterior domain, and the vorticity is transported by the flow with a finite speed
propagation, so that it is not affected (at any given time) far from the boat. Therefore,
we will deal with the control of the motion of the rigid body only. As the state of the
rigid body is described by a vector in RS, namely (h,6,h',r), it is natural to consider a
finite-dimensional control input.

Note also that since the fluid is flowing through a part of the boundary of the rigid
body, one more boundary condition is needed to ensure the uniqueness of the solution of
(1.1)-(1.9) (see [11], [12]). In dimension two, one can impose the value of the vorticity
w(t,x) := curl v(t,x) on the inflow section of 9€(t); that is, one can set

w(t,z) =wo(t,z) for w(t,z) <0
where wy(t, x) is a given function.
In order to write the equations of the fluid in a fized domain, we perform a change of
coordinates. We set

0(t) = 0o + /Otr(s) ds, Q) = <

cos —sinb >7 (1.10)

sinf cosf

and
= Q(6(t))y + h(t), (1.11)

where x (resp. y) represents the vector of coordinates of a point in a fixed frame (respec-
tively in a frame linked to the rigid body). Note that, at any given time ¢, y ranges over
the fixed domain Q when x ranges over €(¢). Next, we introduce the functions

v(t,y) = QO(1)"u(t, Q(O(t))y + h(t)),
q(t,y) = p(t Q(O(1))y + h(t)), (112)
1(t) = QO(1)h(t),
where " = d/dt and * means transpose. Finally, we assume that the control takes the form
w(t,z) = w(t, QO)y +h(t) = > w;(t)x;(v), (1.13)
1<jsm

where m € N* stands for the number of independent inputs, and w;(t) € R is the control
input associated with the function x; € C°°(912). Often, the functions x; have disjoint
supports, i.e.

Xi(W)xr(y) =0 Yy € o, Vj#k,

but we shall not make this hypothesis thereafter. To ensure the conservation of the mass
of the fluid, we impose the relation

/ Xj(y)do =0 forl<j<m. (1.14)
o0
Finally, we assume that the solid is symmetric with respect to the y; —axis (see Figure 2),
ie.

(y1,92) € S = (y1,—y2) € 5, (1.15)
and that the functions y; fulfill the following symmetry properties

X1(y1, —y2) = x1(y1,2) for  (y1,y2) € 0S; (1.16)
Xj(yh _y2) = _X](y17y2) for j € {27 "'7m}7 (?41792) S 85 (1 17)
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FIGURE 2. Three tunnel thrusters

Then the functions (v, q,,r) satisfy the following system
ov

E+(U—l—ryl)~Vv+er‘+Vq:O in [0,7] x Q, (1.18)
divo=0  in [0,7] x , (1.19)
von=1+ry") n+ Z w;(t)x;(y) on [0,7T] x 0%, (1.20)
1<G<m
‘ 1|im v(t,y) =0, in [0,77], (1.21)
y|—oo
mil = / qndo — mrl* in 0,77, (1.22)
o0
Ji = / qn-y*tdo  in [0,T], (1.23)
o9
v(0,y) = vo(y) in Q, (1.24)
(1(0),7(0)) = (lo, 7o), (1.25)

where vy (y) = Q(0y)*uo(Q(bo)y + ho) and ly = Q(0y)*hy.
The paper is organized as follows.

In Section 2, we first consider potential flows. In that case, we obtain a finite-dimensional
system similar to Kirchhoff laws, in which the control input w appears through both linear
terms (with time derivative) and bilinear terms. To investigate the controllability of such
a system, we apply the return method due to Jean-Michel Coron (we refer the reader
to [7] for an exposition of that method for finite-dimensional systems and for PDEs).
We consider the linearization along a certain closed-loop trajectory and obtain a local
controllability result (Theorem 2.9) assuming that two conditions are fulfilled, by using a
variant of Silverman-Meadows test for the controllability of a time-varying linear system.
A difficulty in the previous result is that the control may be different from 0 at the final
time. This inconvenient disappears for certain values of the constants in the system,
leading to a (global) steady-state controllability result (Theorem 2.14).

Next, we come back to the original system (1.18)-(1.25) in Section 3. We prove that it
admits a global solution for a convenient choice of the vorticity at the inflow section of
0%} such that the difference between the present velocity and the potential velocity can be
estimated by some measurement of the vorticity at time t = 0 (Proposition 3.1).
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Combining the results in Sections 2 and 3, we obtain in Section 4 the main result of the
paper (Theorem 4.1), namely a local controllability result for the dynamics of the boat
even if the flow is not potential. Such a result, which may be seen as a “linearization”
with respect to the vorticity, involves in its proof a topological argument (Lemma 4.2).

Finally Section 5 is an appendix containing some computations that can be skipped
during a first reading.

2. POTENTIAL FLOWS

2.1. Equations of the motion in the potential case.

In this section we derive the equations describing the motion of the rigid body subject
to flow controls on 02 when the flow of the fluid is potential. We still denote by vg(-) the
velocity of the fluid at ¢ = 0, and here we assume that

curlvg = 0 inQ (2.1)
/ vo-7do = 0. (2.2)
[2/9]
We also assume that the vorticity w = curl v is null at the inflow part of 0f2, i.e.
wit,y) =0 if > wi(t)x;(y) < 0. (2.3)
j=1
Proposition 2.1. Under the assumptions (2.1), (2.2) and (2.3), one has
w=curlv=0 in [0,7] xQ, (2.4)
/ v(t,y) -7do =0 1in [0,T]. (2.5)
8(t)

For the sake of completeness, Proposition 2.1 is proven in Section 5.

Now it follows from (1.19), (1.21), (2.4) and (2.5) that the flow is potential, i.e.

v=Vo¢ (2.6)
where ¢ = ¢(t,y) solves
Ad=0 in [0,7] x Q, (2.7)
0
a—jz =(l+ryt) n+ Z w;(t)x;(y) on [0,77] x 09, (2.8)
Igsm
lim V¢(t,y) =0 on [0,T]. (2.9)

y|—o0
Actually, ¢ may be decomposed as
olty) = D LPily) +rOPs) + D wit)¥;(y) (2.10)
1<i<2 1<j<m
where ®;, i € {1,2,3}, solves

A®; =0, in Q (2.11)
o,
5, W) = Ki(y) on 09 (2.12)
lim V®,;(y) =0, (2.13)

ly|—o00
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with
Ki(y) = n(y) - ei = ni(y) for i=1,2 and Kz(y) =y -n(y),
and where ¥;, j = 1,..,m solve

AU; =0 in Q (2.14)
ovy;
o X;(y) on 0%, (2.15)
‘ 1|im V¥;(y) = 0. (2.16)
y|—o0

Let H*(Q) denote the homogeneous Sobolev space
°(Q) = {q € L;,.(Q); Vg e H'(Q)},
where ¢ € L2 () means that ¢ € L2(Q2N By) for any ball By C R? with ByNQ # (. Then

loc
we have the following result.

Lemma 2.2. Let s > 1 and g € HS_%(ﬁﬁ) be such that [, gdo = 0.
1. There exists a solution ¥ € H*TH(Q) of the system

AT =0 inQ, (2.17)
ov
5, =9 on o1, (2.18)

and this solution is unique up to the addition of an arbitrary constant.
2. Assume that s > 1. Then
limsup (|y*[V¥(y)| + |y’ [V>¥(y)]) < oc. (2.19)

ly|—o0

and we may pick W so that lim, ., ¥(y) = 0.

The proof of the first part of Lemma 2.2 may be done along the same lines as [20,
Proposition 3.1]. For the second part, it is sufficient to write ¥(y1,y2) = Re f(y1 + iy2)
where f is some holomorphic function on  C R? ~ C and to note that the expansion as
a Laurent series of f reads f(y1 +iy2) = D .o ar(r + iy2)* for some sequence (ay)k<o in
C, since lim,|_ V¥(y) = 0.

As the domain S occupied by the rigid body and the functions x;, 1 < j < m, supporting
the control are assumed to be smooth, we infer that the functions V®; (i = 1,2,3) and
the functions V¥; (1 < j < m) are in the space H>(£2). As a consequence, we notice
that for all e = 1,2,3 and j =1,...,m,

o0 Q o0

o Q o

Let us now reformulate the equations for the motion of the rigid body. We define the
matrix M € R3*3 by

M;; = / V&;-Vo;dy, (2.22)
Q
and the (added mass) inertia matrix J by
[mldy 0
J—[ 0 J}JFM. (2.23)

Since M is a Gram matrix, it is nonnegative. It follows that 7 is a positive definite
matrix, hence it is invertible.
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Remark 2.3. Under the assumptions (1.15) and m = 3, one easily infer from Proposition
5.2 (see below) that M takes the following form

Joq @101 do 0 0
M= 0 f8Q Pong do fé)Q Pon - yJ‘ do
0 fag Pon -y do faQ Psn -yt do
If, in addition,
(y1,92) € S = (—y1,y2) € 5, (2.24)

then both M and J are diagonal.

Let us set

q= (q17q27Q3) = (hla h270)7 p= (p17p27p3) = (ll,lg,’f’) and w = (wlv cee ,wm)-
Recall that A = Q(0)l. Introduce the 3 x 3 matrix

Qq) = < Q(gg) 2 >

In the potential case, the dynamics of the boat can be written in the following way.

Proposition 2.4. The dynamics of (q,p) read

q = Q(q)p, (2.25)
p=J""(Ci+ F(p,w)), (2.26)
where C denotes the constant matrix
cc 0 -+ 0 _faQ‘I/1K1d0' 0 0
0 Coy -+ Cm = 0 _faQ \PQKQ do - _faQ \PmKZ do
0 52 5m 0 _faQ\Ij2K3dO' —faQ\ImegdU

and F(p,w) is composed of bilinear terms in p;, 1 <i <3, and w;, 1 <j < m.

The detailed computations yielding Proposition 2.4 are given in Appendix. In particular,
the equation (2.26) with the term F'(p,w) is made explicit in (5.32) -(5.34).

2.2. Elementary approaches.
Let us have a look at the linearization of (2.25)-(2.26) at the origin, namely

q = p, (2.27)

p = J 'Cu. (2.28)
The following result relates the controllability of (2.27)-(2.28) to the rank of C.
Proposition 2.5. The linearized system (2.27)-(2.28) with control input w € R™ is con-
trollable if and only if rank (C) = 3.

Proof. To apply Kalman rank test (see e.g. [7, 22]), we compute

rank<< 5—010 > , ( o > ( j_olc >> — 2 rank(C)

and the result follows at once. [ |

In particular, the controllability of the linearized system requires that the number m of
control inputs satisfies m > 3.
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FEzample 2.6. When the boat has an elliptic shape, i.e.

2 2

Y1, Y%

St <1 (2.29)
where a > b > 0 are some given constants, then the functions ®;, i = 1,2,3, may be
explicitly computed by using complex analysis (see [4]). Letting yg = (acos,bsinf) for
—7m < 0 < m, we easily obtain that

S={yeR?

2 2

@ (yg) = —bcosl, By(yg) = —asinf, and Ds(yy) = —— a4 sin(26),
Assuming that m = 3 and letting dp = |y,|df, we arrive to
— f@Q (I)1X1 do 0 0
C = 0 —fag Poxo do —fm by do
0 — Joq ®3x2do — [, P3x3do
2w
b/ X1(yg) cos 6 du 0 0
0 2 2
= 0 a/ x2(yo) sin 6 dp a/ x3(yo) sin 6 dp
0 21 0 2
0 22 [ xaw)sin@0) i 252 [ xa(un)sin(20) dy
0 0

Assuming

X1(yg) cos € > 0, x2(ye) sin = 0, x3(ye) sinf < 0,
Supp x2 C {—7/2 <6 <7/2} and Supp x3 C {7/2 < 0| <7}

we infer that ¢y, co, —c3, ¢ and ¢z are all (strictly) positive. This yields that det C' > 0,
hence it follows from Proposition 2.5 that system (2.27)-(2.28) is controllable.

Ficure 3. Elliptic boat with three controls

From now on we assume that m = 2.

Before investigating the controllability of the full system (2.25)-(2.26), let us consider
first the case when wy = 0 and ¢2(0) = ¢3(0) = p2(0) = p3(0) = 0. Then, in view of
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(5.32)-(5.34), g2 = p2 = q3 = p3 = 0, and (2.25)-(2.26) reduces to the system

@ = p1, (2.30)
1
P = - (m—i—/ <I>1n1> <’li)1/ \Illn1+w1p1/ Xlalq)l‘i‘w%/ X151\1’1>
o0 o0 o0 o0
= iy + Bwipy + yws. (2.31)

In the rest of the paper, we suppose that y; is chosen so that
a # 0. (2.32)

A natural idea would be to transform (2.30)-(2.31) into a system with (g1, p1,w;) as state
and pp := w; as control, namely

@ = p1, (2.33)
P = api+ Bwipr +ywi, (2.34)
’li)l = pP1- (235)

Unfortunately, this approach does not work, as it is shown by the following result.

Lemma 2.7. System (2.33)-(2.35) fails to be (locally or globally) controllable.

Proof. To prove Lemma 2.7, we consider the function z; := p; — aw;. We notice that
Z1 = ﬁwlzl + (’7 + aﬁ)w%,

hence .
)= (500 + () [ wioye K omenear ) i,

0
Therefore, if 21(0) = 0, then z; = 0 if v+ a8 = 0, and z; has the same sign as v + a3
otherwise. It follows that (2.33)-(2.35) fails to be (locally or globally) controllable, and
the lemma is proved. |

Thus we cannot control both (¢1,p1) and wy. One may wonder whether it is possible
to require that the fluid be at rest when the rigid body is, that is if the condition

wl(O) = wl(T) =0 (237)

may be imposed when p;(0) = p1(T") = 0. The following result shows that this occurs for
a very particular set of coefficients.

Lemma 2.8. Let T' > 0. Then we may associate to each pair (q?,q?) in R? a control
input wy € HE(0,T) such that the solution (q1(t),p1(t)) of (2.30)-(2.31) emanating from
(¢9,0) at t = 0 reaches (¢',0) at t = T if and only if

v+ af =0. (2.38)

Proof. Assume first that (2.38) holds, and that p;(0) = 0. Pick any pair (¢7,¢7) in R?
and consider again the function z;(t) = p1(t) — aw (t). If wi(0) = 0, then 21(0) = 0 and
from (2.38) we infer that

p1 —aw; = z1 = 0.
As it is well known, the control system ¢; = cw; may be controlled by using control inputs
in C§°(0,T). Conversely, (2.38) is a necessary condition, as (2.36) with 21(0) = 2z;(T) =0
and wy Z 0 yields v + a8 = 0. |
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2.3. Local controllability of the potential model.

Thereafter, we will still assume that (w;(0),w2(0)) = (0,0), but we shall refrain from
imposing the condition (wy(T"),w2(T)) = (0,0). The main result in this section (see
below Theorem 2.9) is derived in following a strategy inspired in part from Coron’s return
method. It is organized as follows:

e STEP 1. We construct a (non trivial) trajectory (g,p,w) such that
(@(0),p(0)) = (a(T),p(T)) = (0,0). (2.39)

To do that, proceeding as in the flatness approach by Fliess et al. [8], we consider
a particular trajectory (g;,p;) of (2.30) and next define the control input w; by
solving the Cauchy problem (2.31) together with the initial condition @ (0) = 0.
Notice that w;(7") may be different from 0, and that w; is not required to be odd
with respect to the time 7'/2. On the other hand, Wy = 0 so that o =Dy =G5 =
p3 = 0.

e STEP 2. We show that the linearization along this trajectory is controllable (under
suitable assumptions) by combining the classical Silverman-Meadows criterion to
a test for the controllability of a linear system involving a control input together
with its time derivative.

e STEP 3. The local controllability of the nonlinear system (2.25)-(2.26) is then
established with the aid of a linearization argument.

For notational convenience, we introduce the matrices

ar 0 0 by +aby 0
A= 0 a as + aay andB=1{ 0 bz +aby |, (2.40)
0 as+aag a7+ aag 0 bs + « bg
where
ay = —/ X101 @1 do, ap = —/ X102P2 do, a3z = —/ Y2V - 7 do —/ X102®3 do,
Ely) o9 Ely) o9
ay = —m — Ve - 7do, a5= / 1o VW, - Tdo —/ Y1V - yL do,
Ely) o0 o9

a6:/ y1V<I>2-7'd0—|—/ 1o V&1 - Tdo, a7:—/ leq)g'yldO', agz/ 111 V®3 - ndo,
o0 o0 o0 o0

and

by = —2/ X101¥1do, by = —/ X101®1do, b3 = —/ X152\I’2d0—/ X202¥1 do,
o0 o0 o0 o0

by = —/ X20o®1 do, by = —/ x1VVs -yt do —/ X2V - y* do,
50 o0 o

b6 == / y1V\I'2 -1Tdo — / XQVq)l . yl do.
o0 o0
Simple but tedious computations give

bg = —/ (V\Ifl . V\Ifg)ng do and b5 = —/ (V\Ifl . V\Ifg)(n . yl)da. (2.41)
o0 o0

We also need to introduce the matrix

D =

o oo
oo o
oo o
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The following result shows that, under suitable assumptions, the local controllability
holds with only two control inputs.

Theorem 2.9. If both rank conditions

rank (C,B +AJ'C) =3, (2.42)
rank (C, %ij—lc +B+AJ'0) =3, (2.43)
are fulfilled, then for any T > 0 the system
¢ = Qap, (2.44)
Jp = Cuw+ F(p,w), (2.45)

with state (¢, p) € RS and control w € R? is locally controllable around the origin in time T
We can also impose that the control input w satisfies w(0) = 0. Moreover, for somen > 0,
there is a C' map from Bgi2(0,n) to H?(0,T,R?), which associates to (qo,po,qr,PT) @
control satisfying w(0) = 0 and steering the state of the system from (qo,po) at t = 0 to
(gr,pr) att="T.

Remark 2.10. (1) In the limit m — oo and J — oo, (2.42) and (2.43) become |ci| +

co b3

|b1| > 0 and rank [ - =2.

Co b5

(2) The condition w(0) = 0 means that the boundary condition for the fluid velocity
at t = 0 reduces to v-n = (I +ry*) - n.

(3) If instead of (2.42) the slightly stronger assumption rank ((¢; 0 0)*, B+AJ!C) =
3 holds, then we can impose that w;(0) = wa(0) = wa(T) = 0. Nevertheless, it
seems that w;(T") # 0 in general, unless v + a8 = 0 (see Theorem 2.14 below).

Ezxzample 2.11. Let us consider again a boat with an elliptic shape, which is equipped with
two tunnel thrusters parallel to the y;-axis (see Figure 4).

Ay2

FIGURE 4. Elliptic shape with two tunnel thrusters

Assume that the normal component of the velocity is controlled as follows
ven=(+ry") - n+adn(t)x(y) + D)X ()

where 3 = (y1,—y2), Supp x C {y2 > 0}, and x(—y1,92) = —x(y1,92) for y € 9S.
Introducing x1(y) = (x(y)+x(¥"))/2 and x2(y) = (x(y) —x(y'))/2, we note that (1.16) and
(1.17) are satisfied, and that (1.20) holds with m = 2 and wy := W1 + W3, we := W —wWs. It
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is easy to see that ¢; #0, a # 0, cog = — faﬂ x2®odo = 0, and that é; = — faQ xoP3do # 0.
Thus the rank condition in Remark 2.10 (i) is satisfied if and only if

by = —/ (VU - VVUsy)nedo = —1/ VU [*ny do # 0,
59 2 Jaq

where U solves (2.17)-(2.18) with g = x.

The rest of Paragraph 2.3 is devoted to the proof of Theorem 2.9. We divide the proof
according to the three steps described above.

2.3.1. Step 1. Construction of a loop-shaped trajectory. Pick any Ao > 0 and let A €
(0, Ao). Set

G, (t) = M1 —cos(2nt/T)), D(t) = X2r/T)sin(2nt/T)
and define w; as the solution to the Cauchy problem

W = o (P — Bwipr — ywi) (2.46)

wi(0) = 0 (2.47)

By a classical result on the continuous dependence of solutions of ODE with respect to a
parameter, we see that the solution wy of (2.46)-(2.47) is defined on [0, 7] provided that

Ao is small enough. We “complete” (q;,D,,w1) into a solution (g,p,w) of (2.25)-(2.26) be
letting g; = p; = 0 for ¢ = 2,3 and wy = 0. Then (g,p)(0) = (0,0) = (g,p)(T).

2.3.2. Step 2. Controllability of the linearized system. Writing ¢ = ¢+ z, p = p + k,
w =w+ f, expanding in (2.25)-(2.26), and keeping only the first order terms in z, k, and
f, we obtain the following linear system

(i) = (3 ) (2)+ (ot ) (2) (5% ) ()

— A ? +Bt<fl>+c<f-1> 2.48
()0 A (2.49)
where
aiwy; 0O 0
A(t) = 0 as Wi a3wi +aspy |,
0 as w1 +agPy  ay Wi + agPy
byw, +b2p; O
Bt = [ o b3y +baBy |
0 bs w1 + b Py
0 0 O
and D(t) = 0 0 Py
0 0 O

For a time-varying linear system
= A(t)z + B(t)u, xeR" ueR™ (2.49)
we denote by Rr(A, B) the reachable space in time T from the origin, i.e.
Rr(A,B) = {zr € R";
Ju € L*(0,T;R™), 27 = x(T) where x(-) solves (2.49) and 2(0) = 0}.
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If ¢(t,s) € R™™"™ denotes the fundamental solution associated with A(-), i.e. the solution
of the Cauchy problem

% = A(t)p(t, s), (2.50)
o(s,s) =1, (2.51)

then .
Rr(A,B) = {/0 (T, t)B(t)u(t)dt; u € L*(0,T; Rm)}. (2.52)

We shall apply a controllability test due to Silverman-Meadows (see [7]) in a slightly
extended form. For the sake of completeness, we prove it in the appendix.
Define a sequence of matrices M;(t) € R"*™ by

Mo(t) = B(t) and Mi(t) = Mi_1(t) — AOMi_1(t) Vi=1, Vte[0,T].  (2.53)

Proposition 2.12. Lete >0, A € C¥((—¢, T+¢); R™") and B € C¥((—¢e, T +¢); R™*™),
and let (M;)i>o be the sequence defined in (2.53). Then for all to € [0,T], we have

Ry (A, B) = Span {o(T,tg) M;(to) u; v e R™, i > 0}, (2.54)
where ¢ denotes the fundamental solution defined in (2.50)-(2.51).

Consider now the system
&= A(t)x + B(t)u + Cu, (2.55)
and denote by R the reachable set from the origin, i.e.
R = {zr € R"; Ju € H'(0,T;R™), x7 = z(T) where z(-) solves (2.55) and x(0) = 0}.

Note that w may take arbitrary values at ¢ = 0,7. It may be necessary to impose that
u(0) = 0 and/or that u(T) = 0. Accordingly, we introduce the spaces

Ru@©)=0 = {21 € R associated with some u € H(0,T;R™) with u(0) = 0},
Ru©)=u(m)=0 = {z7 € R associated with some u € Hé(O, T;R™)}.

Note that, by an obvious density argument, we may as well assume that v € C°°([0, T], R?)
in the above definitions of the reachable spaces, without changing these spaces.

Then the following result holds true.

Proposition 2.13. The reachable sets from the origin for the system (2.55) are respec-

tively
R = Rp(A B+ AC)+CR™+ ¢(T,0)CR™, (2.56)
Ruoy=0 = Rr(A B+ AC)+CR™, (2.57)
Ruy=u(r)=0 = Rr(A B+ AC). (2.58)

Proof. Any element of R takes the form x = fOT o(T,t)(B(t)u(t) + Cu(t)) dt for some u €
H(0,T;R™). Integrating by part, and using the fact that 9[¢(T,t)]/0t = —¢(T,t).A(t),
we obtain

T = / ' o(T,t)(B(t) + A(t)C)u(t) dt + Cu(T) — ¢(T,0) C u(0), (2.59)
0

hence
R CRr(A, B+ AC)+CR™+ ¢(T,0)CR™.
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As we may assume in (2.52) that u ranges over C§°(0,7,R™) (hence u(0) = u(T") = 0),
we infer that

Rr(A,B+ AC) C R. (2.60)
On the other hand, taking u(t) = tuy (resp. u(t) = (T — t)up) where ug is an arbitrary
constant vector, and using (2.59), we obtain that CR™ C R (resp. ¢(7',0)CR™ C R). This
completes the proof of (2.56). (2.57) and (2.58) follow at once. [ |

We shall establish the controllability of (2.48) by combining Propositions 2.12 and 2.13.
We denote by (M;);>o the sequence of matrices associated with the pair (A, B + AC)
(hence, My(t) = B(t) + A(t)C).

Straightforward but tedious computations give
_ g-1c
Mo(t) - < j_l(B(t)—i-A(t)j_lC) >,

-DJ'C—-JYB@®) + At)TL0)
Mu(t) ( TUB() + A()T-1C — A()T-YB(t) + AR T-1C)] > ’
—DJ'C+DDITC+ T HB(t) + A(t) T *C)]
—J2B@t)+ A(t)T1C) = AT N (B(t) + A(t)T ~O))]
Ma(t) =

THBW) + AT IO~ FIAT B+ AT

AT B +AGT I~ AT HB(t) + A(t)J‘lc)]}
From Propositions 2.12 and 2.13, we know that
Ryo)=o = CR* + > M;(T)R?.

i>0

Now to establish the controllability of the linearized system, we distinguish between two
cases.

CASE 1: v+ af = 0. We begin with the “simplest” case when v+ af = 0. We infer from
(2.36) that z1 := P, — aw; = 0, hence W1 (T) = o~ 'p,(T) = 0 and wy(T) = o~ 'p,(T) = 0.
It follows that

A(T) = A(T) = 0,B(T) = B(T) = 0 and D(T) = D(T) = 0. (2.61)
On the other hand, w,(T) = a~'p,(T) = a1 (2m/T)?X # 0, hence
A(T) =wy(T)A, B(T) =w(T)B, D(T) =w(T)D. (2.62)
It follows that
Riomo O CR*+ Y M(T)R?

0<i<2
-1
0 9 JHIDIIC +2(B+ AT 10)] 9
+< T B +ATC) )R * < 0 R

= RS
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thanks to (2.42)-(2.43). We have proved that (2.48) is controllable.

CASE 2. v+ af # 0. We claim that for 7' > 0 arbitrary chosen and )y small enough, we
have for 0 < A < Ag,

rank (C, Mo(T), M(T), M2(T)) = 6.
First, Dy |lw2e(or) = O(X) still with py(T) = py(T) = 0. From (2.46)-(2.47), we infer
with Gronwall lemma (for Ao small enough) that w; is well defined on [0,7] and that
W1 peoe0,r) = O(A). This also yields (with (2.46)) |[w1|ly2.000,r) = O(A). Next, in-
tegrating in (2.46) over (0,7) yields w;(T) = O(M\?). Finally, derivating in (2.46) gives
w1 (T) = O(\2). We conclude that
(A(T), B(T), A(T), B(T)) = O(\?), D(T)=0,
while
(A(T), B(T), D(T)) = o~ (27/T)*A\(A, B, D) + O(X"),
for py(T) = awy (T) + O(A*). Tt follows that
rank (C, Mo(T'), M1 (T'), M2(T))

(2% )(73°)

< 0 >< JHIDIC+ 2B +AT10)) )

= rank

2
J (B +ATC) 0 R

=6,
for 0 < A < A\p with A¢ small enough. This proves that (2.48) is controllable.

2.3.3. Step 8. Local controllability of the monlinear system. Let us introduce the Hilbert
space
H:=R3xR® x {f € H*(0,T,R?); £(0) =0}
endowed with its natural Hilbertian norm
(@ 2. HIF = lal® + 11 + 11 Zr207)-
We denote by By (0,0) the open ball in ‘H with center 0 and radius 0, i.e.
By(0,0) ={(q,p, f) € H; [l(g;p, [l <6}
Let us introduce the map
I': By(0,6) — R'?
(g0:p0, /) = (q0,p0,q(T),p(T))
where (q(t),p(t)) denotes the solution of

¢ = 9q)p, (2.63)
Jp = Cw+f)+F(p,w+ f), (2.64)
(¢(0),p(0)) = (go:po)- (2.65)

Note that I' is well defined for § > 0 small enough. Using the Sobolev embedding
H?(0,T) ¢ WhH%°(0,T) combined to [22, Theorem 1], we infer that I' is of class C! on
B3(0,6) and that its tangent linear map at the origin is given by

dl'(0) (20, ko, f) = (20, ko, 2(T), k(T)),
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where (z(t), k(t)) solves the system

(i) = ao(;)+so(p)+e(t). (2.66)
<228§> = <Z§> (2.67)

We know from Step 2 that (2.66)-(2.67) is controllable, so that dT'(0) is onto. Let V :=
(ker dT'(0))* denote the orthogonal complement of ker dI'(0) in H. Clearly dT'y (0)
is invertible, and therefore it follows from the inverse function theorem that the map
Py: V— R'? is locally invertible at the origin. More precisely, there exists a number
§ > 0 and an open set Q C R'? containing 0 such that the map I' : By(0,8) NV — € is
well-defined, of class C', invertible, and with an inverse map of class C'. Let us denote
this inverse map by '™, and let us write T'"*(qo, po, g7, pr) = (40, P0; f(q0, D0, a7, PT))-
Finally, let us set w = @+ f. (Note that w(0) = 0.) Then, for > 0 small enough, we
have that

w € CH(Bgi2(0,n), H*(0,T,R?)) (2.68)
and that for ||(qo, po, ¢r,pr)|| < 1, the solution (q(t),p(t)) of the system
¢ = Qa)p, (2.69)
Jp = Cu+ F(p,w), (2.70)
(¢(0),p(0)) = (g0, p0) (2.71)
satisfies (¢(T),p(T)) = (qr, pr). The proof of Theorem 2.9 is complete. [ |

2.4. A global steady-state controllability result.

Theorem 2.9 is a local controllability result. A global controllability result may be
obtained when v+ o8 = 0.

Theorem 2.14. If v+ af =0 and

rank (C, %jDJ‘lc’ +B+AJ0) =3, (2.72)
rank (B+AJ'C, AT 1B+ AT 1C)) =3, (2.73)

then for any (qo, qr) € RS there exists a time T > 0 and a control input w € H*(0,T;R?*)N
H(0,T;R?) driving the system

qg = Q)
Jp = Cw+ F(p,w)

from (qo,0) at t =0 to (¢r,0) att ="T.

Proof. Tt may be assumed without loss of generality that ¢o = (0,0,0). We first establish a
local controllability result around the equilibrium point (gg,0). This is done along the same
lines as for Theorem 2.9, using again the return method with the same reference trajectory
(7,p,w). (Note that w(0) = w(T) = 0.) However, the new constraint w € Hg(0,T;R?)
impose to consider the reachable set R () )= instead of the reachable set R )—o-
Recall that from Proposition 2.12

R f(0)=f(T)=0 = Z M;(T)R?,

i>0
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where the sequence of matrices (M;);>o is the one associated with the pair (A, B + AC).
As a continuation of the computations performed in the proof of Theorem 2.9, we obtain

~DJ'C+ {DDIT'C+ T (B +AT O}
D {—Dj‘lc’ +D[DIT'C+ T Y B+ AT '0))]
~TTRB+ ATTIC) - ATTN(B+ ATTC)])
_ g1 {3[B +ATIC) - 24 (AT (B + AT 10))
Ma(t) = —AT B+ ATIC— AT TN B + ATO))}
I HB+AT O~ S[AT B+ AT C)]
~4 (47 B+ ATC - AT B+ ATC)))
AT [B +ATIC - LAY (B + AT10))]
+B+AgTiC - Ag TN (B+AT'0)]}

Using (2.61)-(2.62), we obtain

0
Ms(T) = ( J! {E(T) +A(T)TLC = BA(T)THB(T) + A(T)J‘lc]} ) '
Since W1 (T) = o~ '3, (T) and w1 (T) = o' (T), we infer that

Rf(O):f(T)ZO D) Z MZ(T)Rz
0<i<3

_ Jc 2 0 2
_< 0 >R+<j‘1(B+Aj‘1C)>R

< JHIDITIC+2B+ATI(C)) > 2
+ 0 R

0 2
i < TIAT (B +ATC) > R
= RS
by (2.72)-(2.73). A local controllability may be deduced as in Theorem 2.9. Since w
vanishes at ¢ = 0,7, it follows from an iterated application of the previous result that
any state of the form (0,0,6,0,0,0), 6 € [0,27), may be reached from 0. On the other

hand, a (long) longitudinal displacement along the y;—axis from (¢,p) = 0 to (¢,p) =
(L,0,0,0,0,0) may be obtained by taking any w = (wy,0) € H?(0,T,R?) N H}(0,T,R?)

with
T
L
/ wl(t) dt = —.
0 (6

A trajectory from the origin to any state (¢7,0) = (hT,hi,67,0,0,0) may therefore be
obtained as a concatenation of

(1) a trajectory from the origin to (0,0,6,0,0,0) with 6§ = arg (kT + i hl);
(2) a straight line from (0,0,6,0,0,0) to (h{,h36,0,0,0);
(3) a trajectory from (kT Rl 6,0,0,0) to (¢7,0).

The proof of Theorem 2.14 is complete. [ ]
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3. WELLPOSEDNESS OF THE SYSTEM (1.18)-(1.25) WITH VORTICITY

In the previous section we considered the system (1.18)-(1.25) assuming that no vorticity
was present. In this section, we prove that in presence of vorticity one can still construct
a regular solution of (1.18)-(1.25) having a prescribed normal velocity, as for the solution
we had constructed in Section 2. Using the results of Sections 2 and 3 and a time-scaling
argument, we shall derive in Section 4 a controllability result for the whole system (with
vorticity).

3.1. Statements of the results.

We are concerned with the existence of solutions to the following system:

ov

Fn +w—=1—ryt) - Vv +rvt +Vg=0 in [0,7] x Q, (3.1)
divo =0  in [0,7] x , (3.2)
v-on=(0+ryt) n+ Z w;(t)x;(y) on [0,7] x 09, (3.3)
1<G<m
| 1‘1m v(t,y) =0 in [0,77], (3.4)
y|—o0
ml = / gndo — mrl* in [0,7], (3.5)
[2}9]
Jr = / qn - y*tdo in [0,77, (3.6)
o0
v(0,9) =w(y)  in Q (3.7)
(1(0),7(0)) = (lo, r0)- (3.8)
Once (I,7) is known, the motion of the boat is described by the system
h = Q) (3.9)
é = 7"7 (310)
(h(0),0(0)) = (ho, bo)- (3.11)

For k € N and a € (0,1), let C**(Q) denote the classical Holder space endowed with
the norm

fllora@ = 2 (110° Il +10°Flo.a)

BENZ, |B|<k
where
Vba—ﬂmﬂu%l—jéﬂ; reQ, yeQ, z#y},
and for any § > 0 and any p € [1,00), let LF(€2) denote the weighted space LP(€2; (1 +

ly|®)dy) endowed with the norm

111250 = ( /Q FPa+ |y|9>dy>%

We prove in this section the following
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Proposition 3.1. Let k € N, a € (0,1), 6 € (2,00), and T > 0. Assume given (ly,70) €
R3, wy € CF(Q)NLL(Q), and a control function w € CH([0,T],R™) (not necessarily such
that w(0) = 0). Assume finally that the initial velocity field vo € C*T52(Q) fulfills the
following compatibility conditions
curlvg = wg in €,
divug =0 in €,
vo-n = (lp +royt) - n + > wi(0)x; on 0L, (3.12)
hm|y\—>oo UO(y) =0,
faQ 'UO(y) ‘Tdo = — fQ WO(y)dy'
Then there ezists a solution (v,q,l,r) of (3.1)-(3.8) in the class
v e L®(0,T;CHL(Q)) n HY0,T; L*(Q)), Vv e L¥(0,T;L3(Q)), (3.13)
Vq € L>(0,T; L*(Q)), (3.14)
(I,7) € Whe(0,T;R?). (3.15)
Moreover, this solution satisfies for some constant C' > 0 (depending on the geometry,
[wllcr, llwollcrogmy: llwoll Ly, and [(lo, 0)| increasingly) that

10.7) = @P)llzm0ir) + 10(8) = Tl o ety < € (Iollenaey + lwollzyey ) -
] (3.16)
where (I,7,0) is the potential solution of (3.1)-(3.8) associated with ly, 7o, w, and Wy = 0.

Remark 3.2. (1) The above solution v is of course not unique, because we can fix to
some extent the vorticity at points entering the fluid domain (see [11]). What we
show is that for some reasonable choice of the vorticity on that part of 02, we can
have a regular solution of the nonhomogenous boundary value problem (3.1)-(3.8).

(2) We do not assume here that w(0) = 0, as we shall consider later maximal solutions
obtained by concatenation of solutions over time.

3.2. Proof of Proposition 3.1.

3.2.1. Notations. Let w be a continuous linear extension operator from functions defined
in Q to functions defined in R%, which maps C**(Q) to C**(R?) for all k¥ € N and
all @ € (0,1), and the space L£L(Q) of log-Lipschitz functions on Q to £L(R?). (The
construction of such an “universal” extension operator is classical, see e.g. [23].)

We may also ask that m preserves the divergence-free character (acting on the stream
function if necessary).

We will use again the functions ®;, 1 <1 < 3 and ¥;, 1 < j < m and the matrix M
introduced in (2.11)-(2.13), (2.14)-(2.16), and (2.22), respectively.

3.2.2. Rephrasing the system. Now we rephrase a little bit the system. As before for
potential flows, we show that the pressure solves some elliptic problem. Next, we replace
the pressure by its expression in (3.5)-(3.6) to formulate in a new way the dynamics of the
boat. The Laplacian of the pressure ¢ is given by

~Aq = div([(v—1—ryt) - Vo) +div(rot)
= ai(?)jaj?)i) — ai(lj(‘)jv,-) — 8i(r(yL)j8jvi) +r diV(’UJ')
= (8i))(05vi) — r(Bi(y™);)jv; — rw

(8ﬂ)j)(aj1)i) — 7’(82?)1 — 81?]2) —Trw

= tr(Vov- V),
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where we used Einstein’s convention of repeated indices and the fact that div(v) = 0.
Next, we compute the normal derivative of ¢ on 0f2.

%

5 = —(Z?tv—i-[(v—l—ryL)-V]v—i-mL) n

= O [l +ryt+ ijV\I/j] n | — ([(v —1—ryt) Vv + rvl) ‘n
j=1

= —(I+7yt)-n— ijxj - ([(v —1—ryt)- Vo —|—rvL> ‘.
j=1

Next, we introduce the function yu defined as the solution of the following elliptic prob-
lem:

—Ap = f:=tr[Vv - V], in [0,7] xQ, (3.17)

=9 =" Zu’)jxj - ([(v —1l—ryt) - Vo + TUJ‘> -, on [0,7] x 0. (3.18)
j=1

Note that for v € C*1(Q) with Vv € L2(Q)NL4(Q) and ¢’ > 2, then f € LY(Q)NL3,(Q),
g € CP2(9Q) with the compatibility condition

/Qf(y)dy = —/8Q 9(y)do

satisfied, and it follows from [1] that the problem (3.17)-(3.18) admits a solution p €
H'(Q), which is unique up to a constant, with

IVillr2) < C[D>_ il + IIUIIékH,a@ + IIWIIig,(g) + (1, 7)[7]. (3.19)
j=1

Vg =Vp - <V<I>j>j:1,2,3 (7{) )

/ indaz/Vq-V@dy
o0 Q
we deduce the following form of (3.5)-(3.6)

([médz 3] +M> <i> = </Q Vit y) - Vi(y) dy>i:172’3 - <mglL> . (3.20)

After these preliminaries, we prove Proposition 3.1 in several steps. First, we prove the
local-in-time existence of solutions (that is, up to some time 7" which may be less than
T'), by means of Schauder’s fixed point theorem. Next, we prove that such a solution can
be extended up to time T by using some a priori estimates.

We see that

Noting that

3.2.3. The operator. We first define an operator whose fixed points will give local-in-time
solutions of (3.20).

Introduce
M:=e- HLD0||Ck,a(R2) + (1 + 229)”‘1’0HL},(R2)'

Here wq stands for the extension 7(wp) of wp (see (3.29) below).
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Given T" € (0,T], N > 0, and 6 > 2, we introduce the set
C = {(t,r,w) € CO0, T R) x CO(0, T’ R) x L¥(0,T; C5(Q) N LH(Q));

11— lollLee 0,7y + lIr = 7ol o) < N, @l poo 0,17, 0m0@)) + 1@l zoc 077,28 () < M}

(3.21)
Let us now define the operator 7 on C: to any (I,r,w) € C, we associate
T(,r,w) = (I, ), (3.22)
as follows. First, we introduce the “fluid velocity” v as the solution to the system
curlv = w in [0,7] x €, (3.23)
dive =0 in [0,77] x £, (3.24)
von=~1+ry") n+ ij(t)xj(y) on [0,7] x 09, (3.25)
j=1
/ v(t,y) -Tdo = — / w(t,y)dy in [0, 77, (3.26)
o0 Q
‘ l|im v(t,y) =0 in [0, 7. (3.27)
yl—oo
Next, we extend the velocity field and the initial vorticity by letting
@(t7) = F[U(t,-)], (328)
of)() = F[wo]. (329)

The flow & associated with © — [ — ryL is defined as the solution to the Cauchy problem

{ Dbt s,p) = 2(1, (1 5,9) — UD) — r(H(1,5,3),

A

O(s,5,9) = y
where (t,s,y) ranges over [0,7"]? x R?. The vorticity part of 7 (I,r,w) is then given by

A

O(t,y) == wo(P(0,t,9)). (3.30)
Note that @ satisfies
O+ (0 —1—ryt) - Vo =0. (3.31)
Finally, to define the pair (I,7), we introduce the function y : [0, 7] x € — R which solves
—Ap = tr[Vov - Vv in [0,77] x €,
g—z = —]f;wjxj — ([(v —1—ryt) - V]o+ TUJ') -n, on [0,T] x 9. (3:32)

We define [ and 7 as follows:

)14

(o [ s ()

This completes the definition of 7.
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3.2.4. Fized point argument and local-in-time existence. Our first step consists in proving
the following result.

Lemma 3.3. Given any N > 0, there exists some time T' > 0 such that T has a fived
point in C.

Proof of Lemma 3.3: Let
N := N + |lo| + |rol-

In the sequel, the various positive constants C; will depend on the geometry, on (m,J)
and on the size of the controls ||w;||c1 only (hence, possibly also on 7, but not on ly, 79,
wo, N, etc.).

1. Let (I,r,w) € C. Consider ¥ := v — > ", w;V¥;, where v is defined by (3.23)-(3.27).
It satisfies

curl v = w in [0,7"] x Q,
divi = 0 in [0,77] x Q,
von=1I+ryt)-n on [0,7"] x 99,
Joq 0(t,y) - 7do = — [w(t,y)dy in [0,T7],
limyy oo 0(t,y) = 0 in [0,77].

It follows from [19, Proposition 2.2] that for all p € (2, c0),
5@ i < CU@le + @l +1AO.FEOD. (339
Standard Schauder estimates give
||17||Loo(o,T/;ck+1,a(§)) <0 (‘|W||Loo(o7:r/;ok,a(§)) + Ul oo 0,77y + 17l Loo0,77)
Flwll Lo 0,221 (0)) + 191l oo (0. 77;c0.0 @) )- (3.35)
Combining (3.34) with (3.35) and Sobolev embedding, we infer that
v — Z Wi V\I’j”Loo(o,Tf;ckH,a(ﬁ)) < Ci(N + M),
j=1
and consequently, using the continuity of 7 we obtain
|0 — ij T(VE)|| oo (0,77;00+10r2)) < [|7]|CL(N + M), (3.36)
j=1
where ||7|| denotes the norm of 7 as an operator in £(CkT1(Q), C*+1:%(R2)). Therefore
01| Lo (0,770 +1.0(R2)) < C2(N + M +1). (3.37)
2. It follows from Gronwall’s lemma (see also [3, Lemma 4.1.1]) that
H‘*A)HLOO(O,T’,CI“Q(R%) < H‘DO”CIC»Q(R%eXP(CST,HV(@ —1l- T?Jl)\’Loo(o,T/,Ck*La(RZ))a (3.38)
hence
”a)HLoo(O7TI7Ck,a(R2)) < H(:)()Hck,a(Rz) exp(CﬁT'(W + M + 1)) (339)
Using (3.37) once again, we infer that

W(s,t) € [0, T, Yy € B2, [b(t,5,9)| <2 (Iyl + CsT'(N + M +1)) .
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It follows that for any t € [0,7"], with Liouville’s theorem,
[ 6t + ol do = [ 1@l +18(.0.6)") dy
< [ o)l (1+ 20yl + C5T' (¥ + M+ D)) dy
< [ o) (14+29710 4 [CT'(F + M+ 1)1+ ol"))

< (1 + 220711+ [C5T' (N + M + 1)]9)) ol - (3.40)

Assuming that C5 > Cy, we infer that the condition about w for 7 (I,r,w) to belong to C
is satisfied provided that

e 1 . (3.41)
Cs(N+M+1)

nd [19, Proofs of Proposition 2.2 and

3. Let us turn our attention to (/,7). From (3.26) a
) € L3(Q) and (1 + |y|)Vo(t) € LP(Q) for

Lemma 2.6] we see that for a.e. ¢t € (0,7"), v(t
all p € [2, 0] with

o)l 2(0) + 11+ [y Vo) Lr () < Co <||W(t)||L°°(Q) Fllw®llzy @) + I(l(t),r(t))|>
(3.42)
An application of Holder estimate with (3.34) and (3.42) gives that for some 6’ € (2, min(6,7))
and a.e. t € (0,7)
V521, < Cr (Il (o) + @)y + 1AE), (1)) -

Combined to (2.19), this yields

HVUHLOO(O,T’,L‘l,(Q)) Cy (N + M + )
and then, with (3.37) and (3.19)

IVl e 0,17, 12(0)) < Co(N + M +1)%, (3.43)

One deduces that
(1, 7) = (I, 70)||oe < CroT"(N 4+ M + 1)2. (3.44)

~

Therefore, the condition about (I, ) for 7 (I, r,w) to belong to C is satisfied provided that
T < — N .
Clo(N + M + 1)2

Hence for 7" satisfying (3.41) and (3.45), one has 7(C) C C.

(3.45)

4. It is easy to check that C is convex and closed for the uniform topology on (I,7,w), i.e.
in B = L>2(0,7",R? x R x L>(Q2)). We claim that 7(C) is relatively compact in E. For
the (I,7) component, it is sufficient to use (3.33) and the compactness of the embedding
Whee(0,T') € C([0,T"]). For the w component, this is established thanks to Aubin-Lions’
Lemma (see e.g. [21]), (3.31), and the compactness of the embedding

CO Q) NLH(Q) € CO¥ Q) N Ly (Q),

for0 <o <a,and 2 <6 <0.
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Finally, let us show that 7 is continuous for the L topology. Suppose that (I,,, 7y, wy,)
converges to (I, r,w) uniformly. We notice that the set

K= {w e P @ N L), [wlgra + Iwlzye) < M},

is compact for both the L>(£2) topology and the C%*'(Q) N L}, () topology (where again
0 <d < a,and 2 < ¢ < 6). Consequently the map K — K, f — f is uniformly
continuous in both directions. As a consequence, the uniform convergence of w, towards
w implies the convergence in L>(0,7";C%'(Q) N L},(Q2)). Combined to the uniform
convergence of (I,,,7y,) to (I,r), this yields

vy — v in L®(0,7;CH(Q)) Vo' € (0,a),
and Vv, — Vo in L>®(0,7';L4(Q)) for some 6 € (2,6).
It follows that
Vi, — Vup o in L®(0,T"; L*(Q)),

hence  (In,7,) — (I,7) in WH(0,7").
On the other hand, @n(s,t,y) — @(s,t,y) uniformly on compact sets of [0,7']? x R?, so
that @, (t,y) — @(t,y) uniformly on compact sets of [0,7"] x R2. Since 7 (C) is relatively
compact in E, we conclude that &, — & in L>(0,7”,L>°(Q2)). The continuity of 7 is

proved. The conclusion of Lemma 3.3 follows then from Schauder’s fixed point theorem.
|

Let us now check that the fixed point solution (I,7,w) given in Lemma 3.3 yields a
solution of (3.1)-(3.8). Let v and u be given by (3.23)-(3.27) and (3.32), respectively, and
let

q:i=u— (11(1)1 + ig@g + 7P3). (3.46)
Then (3.5)-(3.6) follows at once from (3.33). Using (3.25), (3.32) and (3.46) we see that
for a.e. t € (0,T"), ¢(t,.) satisfies

—Aq = div((v =1 —ryt) - Vo+rovt), in (3.47)
S—Z = —(u+@—=1—ryt) - Vo+rvt) n, on 0f). (3.48)

Introduce the function
t
F(t,y) =v(t,y) —vo(y) + / [(v—1—ry") - Vu+rvt+ V(s,y) ds.
0

Then it follows from (3.31), (3.47), and (3.48) that

div F =0 in Q, (3.49)
curl F =0 in €, (3.50)
F-n=0 on 0f). (3.51)

Clearly F(t,.) € L*(Q) N Cl]f)f(Q) for a.e. ¢t € (0,7"). Pick such a time ¢t. Using (3.49)-

(3.51), we see that F(t,.) € H'(Q N B(0,R)) for all R > 0. It follows then from [19,
Lemma 2.5] that

/ F(t,y) -7 do=0.
o0

Clearly, there exists some harmonic function ¢ on  such that F(¢,y) = V¢ (y). From the
proof of Lemma 2.2 we easily see that Vi (y) has a limit as |y| — oo. That limit has to
be 0, for F(t,.) € L?(Q2). This shows that F(t,.) = 0 for a.e. t € (0,7"), hence (v,q,l,7)
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satisfies (3.1)-(3.7). (3.8) follows from (3.33). This gives the local-in-time existence part
of Proposition 3.1.

Remark 3.4. (1) If k > 1, it is possible to show that the operator 7 contracts for small
T in the norm || - ‘|L°°(0,T;Ck71’a(ﬁ))7 using a priori estimates on v in C*T12(Q) and
Gronwall’s lemma.

(2) One easily sees that for all o/ € (0,«) and all 8" € (2,0) it holds

we C(0,77,CH (Q)NLYQ) and v e C([0,T7],CF 1 (Q)).

3.2.5. A priori estimates and global existence. Let us consider a solution of (3.1)-(3.8)
defined on a maximal interval of existence (0,7%) (with 0 < T < T), fulfilling (3.13)-
(3.15) for all 7" < T™*, and satisfying as the solution constructed above that

curl(v) = @q,

where & (t, y) = @o(P(0,t,)) and & denotes as above the flow associated with 7 (v)—I—ry=..
In particular, v satisfies

(| curl(v) || o 0,7+, zr(0)) < Cs ¥p € [1, +oc].

We will establish an a priori estimate on (I,7,w) in a suitable space. With Lemma 3.3
and a standard procedure, this will give that T* =T

1. First, we perform an energy estimate. Since the boundary condition is not homoge-
neous, the energy in 2 may not be conserved. From (3.1) we obviously obtain that

0

En U—ijv\lfj +[(v—l—ryl)-V]U+TUL+Zu')jV\Ifj—|—Vq:0 in [0,7] x Q.

J=1 J=1

Multiplying by 0 :=v — >

=1 w;VV¥; and integrating over ), we obtain

1d

2 2
o ( y)2dy — /9’2’(ty)dlv(v—l )dy+/69’2’(ty)(v—l—ry) ndo

—Zw] {/UV\P div(v — I — ry*) dy — /{U—l—ry) VIV, - vdy
+/m[v-wfj] (U—Z—ryi)-nda}

—ij(t)/Tvl’V‘I’jderZ/ij‘I’j’@(t,y) dy+/ Va(t,y) - o(t,y) dy
sl Q Pt Q
=0L+L+---+1;=0.

The above computations are legitimate thanks to (3.13)-(3.15) (with 7" replaced by any
T" < T*). Note that (3.26) is essential here to have a solution with a finite energy.

a. From div(v — [ — ryt) = 0 we infer that Iy = 0 and that the first integral term in I is
nul.
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b. We integrate by parts in I7 to get with (3.5)-(3.6)
I; = /quﬂmﬁnw
o0
= /qmwmymw+/qmwmw+nw
o0

o0
1d, ,
c. Integrating by parts in Ig yields
IGZZ/ U;(y)o(t,y) - nda—Z/ WV (y) (L +ry*) - ndo.
= Jon

d. Denote by E the total energy of the system, namely

1
E = 3 </ 162(t,y) dy + mi* + Jr2> .
Q

m
ol1Z2 < (m+1) {1972 + > wilIVE] |,
j=1

Since

the total energy allows to control v in L?(£2) as well. Consequently, we have

d 1
aE: an(t,y)- —§vty —|—]§:1wj 1)V ( (Zwl Xi(y ) do+ F, (3.52)
where F' satisfies
F<LCOA+E)

for some constant C' > 0 depending on [[W;|[12 90y, [[VV;l|12(q), HyV2\I'j||L2(Q), V205 || oo ()
(which are finite thanks to (2.19)) and |Jw;|c1(o,77) for 1 < j < m.
2. We infer from (3.34) that

lllomy < Cllwllni@) + llwllze@) + 1) + l[wller o))

It follows that

d
_ < .
ﬁE\Cu+m

Hence, by Gronwall’s lemma, F remains bounded up to time 7.

3. In particular (I,r) is bounded up to time 7%, hence v € L*°(0,7*; L*°(£2)). We infer
from [13, Lemma 2.4] that for some constant K > 0

lv)|lce < K for ae. t € (0,TF).

An application of the well-known Wolibner-Yudovich theory yields that the flow ® of
7(v) — I — ry*t is defined up to time 7% > 0 and that, as a function of (¢,s,y), it is
Holder continuous with Hélder index § = exp(—T*K) (see [13, Lemma 2.5]). It follows
that w € L>(0,T*;C%*9(Q)), and therefore v € L>®(0,T*;C1*(Q)). Consequently, w €
L>(0,T%;,C%*(Q)). Using a straightforward bootstrap argument, we conclude that v €
L2(0,T*; C*1(Q)). This yields w € L0, 7% CH*(Q) N LL(Q)). If T* < T, we may
construct a solution defined on an interval (0,7* + ¢) (for some € > 0), which contradicts
the fact that 7™ was maximal. We conclude that 7% = T.
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3.2.6. Proof of (3.16). First, we notice that (I,7,D) is obtained in the following way. Since
Wo = 0, (@) = 0 on R?, hence with (3.30) the vorticity @ is null as well as the circulation
Joq T - Tdo. Thus (3.23)-(3.27) gives

o) = (Vo) (1) + gjle@)wj(y).

It follows from Proposition 2.4 that (I,7) satisfies the (algebraic) ODE (5.32)-(5.34), whose
solution is unique.

Now consider a solution (I,r,w) as constructed above. Following Section 3.2.5, we see
that for some constant C' = C’(HwOHCk,a@), HwOHLé(Q)’ o], |ro|) (also depending on the
geometry and w;), growing in its arguments, we have

@l oo (0,7, 000@)) T 1@l Lo 0,1, L3 (02)) < CN
where
N = [lwoll gk @) + lwollLyo)-
Now, from (3.23)-(3.27), we easily infer that

(@) =Tl crsra@) + 1VOE) = VO@)llLs @) < C (N +[UE), 7)) — 1), 7)) -
Injecting in (3.32), we deduce that
IV0(t) = V() 120y < C (N + (1), () — A1), F))]) -
Combined with (3.20), this gives

(@), 7 (1) = (1), 7(E)] < C (N + [(U1),r(#)) = (U(1), 7(2))]) -

Hence the claim for |(,r) — (I,7)| follows from Gronwall’s lemma. The proof of Proposition
3.1 is complete. ]

The next result is concerned with the uniqueness of the solution (v, ¢,,7) of (3.1)-(3.8),
when the vorticity w = curl v fulfills
w(t,y) = m(wo)(®(0,,)), (3.53)
with the flow ® defined by
0
&q)(t S, y) = W(U)(t, (I)(t7 S, y)) - l(t) - T(t){)l(t, S, y)7
O(s,s,y) = v.
Proposition 3.5. Let ly, 9, wp, vy be as in Proposition 3.1 and assume further that wy €
Who(Q). Then the solution (v,q,1,r,w) of (3.1)-(3.8) and (3.53)-(3.54) is unique in the
class (3.13)-(3.15). On the other hand, for any given initial data (ly,T0,wo) as above, the
map w € H?(0,T) + (I,7) € C([0,T)) is continuous.

(3.54)

Proof: Assume given two solutions (v',q¢',I',r) and (v?,¢? 12,r%) of (3.1)-(3.8), cor-
responding to the same initial data (lp,r0,v0) and to the same control w, in the class
(3.13)-(3.15), with w* = curl v* fulfilling for i = 1,2

W' (t,y) = m(wo)(2(0,1,9)),

where ®' denotes the solution to

O wi(ts,y) = w0 B 5,9) — E0) — PO )1, 5,3),

Pi(s,s,y) = y.
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We introduce the functions

v=ovl =%, qg=q¢" —¢ r=rt—1r% 1=01'-1% (3.55)

which satisfy the following system
ov

o T (0 =1 = rlyh) - VYo + (v — 1 —ryh) - V)2

+rlvt 4 r?t £ Vg =0, in[0,T]xQ, (3.56)
dive =0, in[0,7] x Q, (3.57)
v-on=(+ry")-n, on[0,T]xdQ  (3.58)
| l‘im v(t,y) =0, in [0,T], (3.59)

y[—o0
ml = / qndo —m(rtit +r*t),  in (0,7, (3.60)

o0

Ji = / qn-y*tdo,  in 0,77, (3.61)

o0
v(0,y) =0, VyeQ, (3.62)
100)=0, r(0)=0. (3.63)

In order to prove that (v,l,7) = (0,0,0), we establish some energy estimate for (3.56)-
(3.63).

Multiplying (3.56) by v and integrating over (0,¢) x 2, we obtain that

t t ¢
0:/ /vt-fudyds—i—/ /((vl—ll—rlyl)-V)v'v dyds+/ /((v—l—ryl)'V)v2'vdyds
0 Jo 0 Jo 0 Jo

t t
+/ /mﬂ.vdde/ /Vq-vdyds:11+lg+13+l4+l5.
0 JQ 0 JOQ

We now study each integral term. We easily have that
1
=5 [ PPy
Q
Next, some integrations by part give that

S w t
2 /O/é)ﬂ(jzz:lexj) 9 dods C||w||cl([0’T])/0 ||U||H1(QR)dS

where Qp = {y € ; |y| < R} and R is chosen so that R > 1 + sup,csq |y|- Note that v
solves

curlv = w,
dive = 0,
v-n = (I+ryt)-n,
/ v(t,y) - Tdo = —/w(t,y)dy,
0N Q
lim v(t,y) = 0.

|y|—o0
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Pick a cutoff function x € C§°(R?) with s(y) = 1 for |y| < R, k(y) = 0 for |y| > R+ 1.
Note that v = kv on Qp, and that

curl (kv) = —Vk-v' +kw,

div (kv) = Vk-v,

— {(l—l—ryL)-n for y € 09,

ro 0 for |y| = R+ 1.

It follows from standard elliptic estimates that

Wllarer) < llsvlla Qg
< C(IPllzz@ps) + Iwllzz@pyy) + 11+ 170 -

Therefore
L < C /0 ()2 + 1) + 1 Brgy + () By ) s (364
Let ® = ®! — ®2. Then
%—f = (mo!)(t, @1 (t, 5,9)) — (w0')(t, ®*(t,5,9)) + (0)(t, D2(t, 5,7))

1) = (D (t5,9)" +r(H(E5,)")
with ®(s,s,y) = 0.
Since 7(vt) € L0, T; WhH*°(R?)), this gives for 0 <t < s < T and |y| < R that
‘3|¢|2
ot

Thus, with Gronwall Lemma,

(0,5, y)* < C/Os (I(mo)(7, @2 (7, 5,9))[* + [U(T)]* + [r(7)]?) d7.

<C(12(t 5, 9)P + (o) (8, @2(t, 5,9))1 + [E)° + (1)) -

Therefore

/0 w($)] 220, yds < /0 /Q  mn)(@'(0,5,9) — mle0) (¥(0,5.0) Py

S C/O/Q (o) oo e /0 (1) (7, 92, 5,) + () + () ) drdyds
<cf t J U sy + WO + 1r(r) Pl
S C/Ot(t = 5) (I[N + 1) + |7 (s)[2) . (3.65)
Combining (3.64) to (3.65), we infer that
| I2] < O/Ot <|l(s)|2 +r(s)? + ””“)”%2«2)) ds

On the other hand, we have that

t t t
b= [ [evitedids— [ [ @9 vdyds— [yt 90 vdyds
0 Q 0 Q 0 Q

= I31 + I3o + I33.
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We can estimate each part:

t
| < 90| o) /O /Q (o[ dyds,

¢ 1/2 1/2
ol < [ i) ( / rw?r?dy) ( / \v\2dy) s
0 Q Q
< 1|yv2u - " /t /\Udesz? ds
S glotlle=rm@y | A ), .

¢ 1/2 1/2
Tl < [ 1r(9) ( / |y|2|w2|2dy> ( / |v|2dy> s
0 Q Q
1 2 ¢ 2 2
< 5” [yl Vo[ Loo (0,7:12(02)) [v|[7dy + || ) ds| .
0 Q

On the other hand,

¢ 1/2 1/2
ni< [ ) ( / rv212dy) ( / \v\2dy) s
0 Q Q
<1 2 t 24 2)a
< ZHU | Lo (0,7:22(0)) lv|*dy + [r[" ) ds| .
0 Q

Finally we have that

and

t
I; = // q(l +ryt) -ndods

0 Joo
m 2 J 2 ! 21
E‘l(t)’ +§\T(t)\ +m ; L-(rl*)ds

= 51+ Iso + I3

with

t
m
ol < G0 miomy [ (P +Irs

Thus, we have that

t
/ ()2 dy + mll(E)? + Tr(t) < C [/ (/ [of2dy + mlif? + JW) ds}
Q 0 Q
which gives with Gronwall’s Lemma,
v=0 in (0,7)xQ and (I,r)=(0,0) in (0,7).

Using (3.56) we conclude that Vg = 0 in (0,7") x . We have proved the uniqueness of
(v,q,1,7) in the class (3.13)-(3.15). Let us show now that the map w € H?(0,T) — (I,7) €
C(]0,T7)) is continuous. Assume that w* — w in H?(0,T), and let (v*, ¢, 1% r¥) denote
the solution of (3.1)-(3.8) and (3.53) associated with the initial data (vg,lo,r) and the
control w*. Since

|[w*[ler o7y < Cllw |20, < C,
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we infer from the bootstrap argument in the proof of Proposition 3.1 that
WP is bounded in  L™(0,T; L}(Q) N C**(Q)),
vF is bounded in  L(0,T; C*TL(Q)) n H(0,T; L*(Q)),
ly|VoF  is bounded in  L°°(0,T; L*(Q2)),
V4" is bounded in  L*(0,T; L?()),
and that (I*,7F) is bounded in ~ W1*(0,T).
Extracting subsequences, we can assume that
w* —w in CY[0,T)),
and that for some functions [, r, w
(% — (I,r) in C([0,77)), (3.66)
Wb w in O([0,T); L (@) N CR(9)),
for all 2 < 0’ < 0 and all 0 < o/ < . This yields for some fonctions v, ¢ that
ofF = w in C([0,T); CFLY @) N WP(Q)),  for all p € (2, 00),
oF i HY0,T; LA(Q)),
y|Vo* 5 [y[Vo in L0, T; L*(Q)),
Vgt N Vg o in L0, T; LA(Q)).
We can therefore pass to the limit in (3.1)-(3. 8) We also notice that if ®* (resp. @)
denotes the flow associated with 7(v*) — I*¥ — r¥yL (vesp. with 7(v) — 1 — ryt), then

wk(t7 y) - F(WO)((I)k(Ov t, y)) - F(WO)((I)((L t y))
pointwise. Thus (3.53) holds. We conclude that (v, q,[,r) is the unique solution of (3.1)

-(3.8) and (3.53) associated with the data (vg,ly,7¢) and the control w in the class (3.13)-
(3.15) (with « replaced by o). The proof of Proposition 3.5 is achieved. [ |

4. MAIN RESULT

From now on, the pressure will be denoted by q. It should not be confused with the
state vector ¢ = (hq, ha,0). We are now in a position to state and prove the main result
in this paper.

Theorem 4.1. Assume that the rank conditions (2.42) and (2.43) are fulfilled, and pick
any Ty > 0. Then there exists 1 > 0 such that for any (ho,00,lo,70) € RS and any
(hT,QT,lT,TT) € RS with

|(ho,0o)| <n, |(hr,07)] <mn,

and for any wy € WhH(Q) N LY(Q) with § > 2, if vy denotes the solution of (3.12)
with wj(0) = 0 for 1 < j < m, then there exist a time T € (0,Tp] and a control in-
put w € H%(0,T,R?) wzth w(0) = 0 such that the system (3.1)-(3.11) admits a solution
(h,0,l,r,v,q) satisfying

(h,0,1,7) 4= = (hr, 01,1, 7T).

Proof. Let wg € WH(Q)NLy(Q2), and write (g0, po) = (ho, 00, lo,70), (g7, pr) = (b, 07, I7, 7°7).
The proof is done in two steps. In a first step, we prove the result for ||wg||co.a, ||woll b

llo], |70, |l7| and |rp| small enough, and in a second step, we remove that assumption by
performing a scaling in time.
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STEP 1. Let w be as in (2.68) for T = Ty. We may pick a number 7; > 0 such that
w(qo, po; g7, pr) is defined for |(go, po)| < m and [(gr,pr)| < m, with [[wl[c1 o)) < 1.
Pick any initial state (go,po) = (ho, 0o, lo,70) with |(qo, po)| < m. For any given (qr, pr, vo)
we denote by (h,0,l,r,v,q) the solution of (3.1)-(3.11) and (3.53) corresponding to the
velocity vp and to the control w = w(qo, po, qr, pr) (see (2.68)), and by (h,0,1,7,7,q) the
solution corresponding to (qo,po) together with the velocity Ty which solves

curl vy = 0,

div 7y = 0,

Tg - n = (lo —I—royL) ‘n,

/ vy - Tdo =0,
o0

lim ﬁo(y) =0

ly|—o0

and the (same) control w. Pick any o € (0,1). Obviously, Wh>(Q) c C%*(Q2). From
(3.16) we infer that there exists some constant C; > 0 such that

(I = 1,7 = 7)|| e 0,r) < C1 <||w0||co’a(§) + ||w0||Lg)(Q)> (4.1)
whenever
[(o,m0)l < 1, [lwollgo.am) +[lwolly) <1, and Jjwllerory <1 (4.2)
Combined to the equations
h=Q@)I, §=r
h=QO), 0=r,

this gives for some constant Cy > 0
102 =8 = D)l (0.1 < C2 (Iwolloam + ol zy(ey ) - (4.3)
provided that (4.2) holds. Let f: B = {z € R%; |2| <1} — RS be defined by
fler) =07 (a(T), p(T))

where (qr, pr) =: mar.

We notice that f is continuous, by virtue of Proposition 3.5 and (3.9)-(3.11). Pick any
e € (0,1). From (4.1) and (4.3), we deduce that for

|(losm0)| < 1, (4.4)
[lwollco.a @y + llwolly @) <6, (4.5)
with § small enough, we have that
|f(zr) — 27| <€, for |zp| < 1.
We need the following topological result.

Lemma 4.2. Let B={z € R"; || <1} and S = dB. Let f : B — R" be a continuous
map such that for some constant € € (0,1)

f(z) —z|<e  Vzes. (4.6)

Then
(1-¢)B C f(B). (4.7)
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Proof. We shall use classical results from degree theory (see e.g. [7, Appendix B] or [17]).
Assume that (4.7) is not true. Then there exists x* € R™ with

|z*] <1 —¢ and 2* # f(x) Vo € B. (4.8)
Let us introduce the continuous map H : [0,1] x B — R" defined by
g 1
Hi(s,2) :{ f(2sx) —x ) if 0<s<3, z€B;
(2s —1)xz+2(1—s)f(z) —= f§<s<1 r € B.

We claim that H(s,x) # 0 for all (s,z) € [0,1] x S. Indeed, for any (s,z) € [0,1/2] x S,
we have f(2sz) # x* by (4.8). On the other hand, for any given (s,z) € [1/2,1] x S, we
have

[(2s = Do +2(1 =) f(x) —2™| = |z 4201 —s)(f(z) —2)] — |2
> 1-2(1—-98)e—(1—-¢) >0

which yields the result. It follows from the homotopy invariance of the degree (see e.g. [7,
Proposition B.8]) that

deg (f(O) - ZE*,B,O) = deg (33‘ - l‘*,B,O)-

This yields a contradiction, since deg (f(0) — x*, B,0) = 0 by [7, Proposition B.10] while
deg (z — z*,B,0) =1 by [7, (B.4) p. 380]. [ |

Thus, we infer from Lemma 4.2 that if (go, po, qr, pr) € R'? is such that

[(qo,po)| <m1, |(gr,p7)| < M2 :=m(l—¢),

and (4.4)-(4.5) are satisfied, then there exists a control w = w(qo, po, ¢r, pr) for which the
solution of (3.1)-(3.11) satisfies (h(T),0(T),1(T),r(T)) = (¢(T),p(T)) = (g, pT)-

STEP 2. To drop the assumptions (4.4)-(4.5) (corresponding to a given time Ty > 0),
we use a scaling in time introduced in [6] for the control of Euler equations. Let (qo, po),
(qr,pr), and vy be given data with

lqol < m2, lgr| < m2.
We set p())‘ = \po, p% = Apr, and US‘ = Avg. Then for A > 0 small enough, we have that
(q0.p)| <72, [(ar.pP)| <72, I3l <1
and w()\ := curl v())‘ satisfies
A
llwo o ey + e Il () < -

By Step 1, there exists some trajectory (¢*,p*) for the boat connecting (qo,p}) at t = 0
to (qT,p%) at t = Tp, with corresponding fluid velocity v*, pressure q*, and control w*.
Let us set

gt) = (M),
p(t) AT (AT,
v(t,y) = A 11))‘()\ %),
alt,y) = A~ qu(A 't,y),
wt) = AN,
fory € Qand 0 <t < T := ATj. Then (g, p) is a trajectory for the boat connecting (qo, po)

at t =0 to (qr,pr) at t = T and corresponding to the initial fluid velocity vyg. [ |
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5. APPENDIX

5.1. Proof of Proposition 2.1.
Applying the operator curl in (1.18) yields
wi + (v —1—ryt)-Vw=0. (5.1)
Let 9(t,y) := v(t,y) — [(t) — r(t)y* and let p = (t, s,y) denote the flow associated with
v, 1.e.
dp
a = U(ta 90)7 Plt=s = Y- (52)

Following Yudovich [11], we introduce the time t*(¢,y) at which the fluid element first
appears in the domain, and set y*(t,y) = @(t*(t,y),t,y). Then either t* = 0, or t* > 0
and y* € 0Q with 3770 w;(t*)x;(y*) < 0. Integrating in (5.1) yields

w(t,y) = w(t”,y") (5.3)

which, combined to (2.1) and (2.3), gives (2.4). For (2.5), we compute the time-derivative
of the circulation using (1.18)

v(t,y) - Tdo = /’Ut'TdO'
o

= —/ [(v—l—ryl)'Vv]-Tdo——r/ vt - 7do.
o0 [2/9]

569

As
curl[(v — 1 —ryt) - Vo] = (v — 1 — ryt) - Vw = 0,

we obtain by Stokes’ theorem

/ [(v—1—ryt) Vo] 7do =0
o0

provided that (v — [ — ryt) - Vo € L2(Q) N CL(Q) (see [19, Lemma 2.5]). On the other
hand,

/mvi.Tda:—/mv.nda:_/m(lJrryL).n_ 3 ’wj(t)/mxj(y)dazo.

1<j<m

This completes the proof of (2.5).

5.2. Proof of Proposition 2.4.

We first express the pressure ¢ in terms of [,r,v and their derivatives. Using (2.4), we
easily obtain

2
v- Vo :V% and —ry® - Vo+rot =rV(y-vh) (5.4)
Thus (1.18) gives
_ v [o]? i
-Vq = E%—V(T—l'v—ry v

2
: . . v
= V E 1;P; + 7Pz + E wﬁl@-%—%—l-v—ryl-v

1<i<2 1< <m
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hence we can take
| 2
qg=- Zlq) +7P3 + Z (I +——lv—ry . (5.5)

162 1<j<m

Replacing ¢ by its value in (1.22) yields

ml = / qndo — mrl*
o0

= —mrlt — Zz/ <I>nda+r/ Ogndo+ » wj/ Uindo
[2/9]

162 1<j<m

—1—/69<¥—(l+ry ) >nda}- (5.6)

Using (5.4), (1.19)-(1.20) we obtain

[o]? / v
do = —d
/E)Q 5 —ndo QV 5 Y
= /U-Vvdy
Q

= —/Q(divv)vdy—k/ (v-n)vdo

o0

= /aQ[(l+ryl)-n]vd0—|—/aQ ( Z wj(t)xj(y)) v do.

1gsm
Using the following identity
(w-n)v — (w-v)n=—(v-1)w" Vo, w € R?, (5.7)

we obtain that
/ (14 ryt) -nv — (14 ryt) -on]do = —/ (v-7)(1* —ry) do
o o0

hence, using (2.5),
[v[?
—(l+ryt)-v)ndo=r y(v-1)do + Z w;(t)x;(y) | vdo. (5.8)
o0 \ 2 o0 00 \1552m
Therefore, from (5.6) and (5.8), we obtain

mi = —mrlt — Zl/ <I>Z-nd0—|—7"/ P3ndo + Z wj/ V;ndo
0N

162 1<g<m

—|—r/89y(v . da+/m< Y wixg | v 0}- (59)

1<G<m
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Let us turn our attention to the dynamics of r. Substituting the expression of ¢ given in
(5.5) in (1.23) yields

Jr = - lz/ @,-yl-nda—i-f’/ Pyt - ndo + w/ Uiyt -ndo
Z o0 o0 Z ! o0 !

162 1<5<m

+/m <¥ — (I+ry?) -v> (vt n)da} .

Using (5.4) and the fact that div (y*) = 0 we obtain

2 2
/ ﬁ(yL-n)dU = /div ﬁyl dy
o0 2 Q 2

= /Q(U'Vv)-yldy

= /Q Z v;O | - yTdy

1<<2

/69 <¥ = (+ry)- U> (y* - n)do

= aQ[(l +ryt) n-yt) — U+ ryt) v (n-yh)]do + /aQ(lggmijj)(v -y H)do

:—/m(l—kryL)L-yL(v-T)da—k/ Z wixj | v-ytdo

o2 \1<i<m

where we used again the identity (5.7). We conclude that

Jr o= - Zl/

Oyt - ndo + 7"/
1<ig<e /o9

Pyt - ndo + w/ Uiyt -ndo
o2 Z ! o0 ’

1<j<m

o . v-T)do wiv: | v- J-O- . .
/ma o-ndot [ 3w | oyt (5.10)

o2 \1<<m

Before expanding the bilinear terms in (5.9)-(5.10), we exploit the symmetries in the
shape of the rigid body and in the location of the control inputs in order to write only the
nonvanishing terms in the final system. Recall that we have assumed that S (hence also
Q) is symmetric with respect to the yj-axis, i.e.

(y1,y2) € S = (y1,—y2) €5 (5.11)
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Lemma 5.1. Let Q, g and ¥ be as in Lemma 2.2, with s > 1 and lim}y_o ¥(y) = 0.
Assume that for some ¢ € {£1}, we have

gy, —y2) = eg(yr.y2) (Y1, 92) € 0Q. (5.12)
Then
U(y1, —y2) = e¥(y1,y2), (y1,y2) € Q (5.13)
and
(/ Unido, O> ife =1,
a0
/ Undo = (5.14)
0

<O,/ \I/ngda> ife =—1.
0N

Proof. Let \If(yl,yg) = E\I’(y}, —1y9) for y = (y1,y2) € Q. Then S f[”l(Q) and it fulfills
AV =0 in Q and lim|,_,o ¥(y) = 0. On the other hand, for any y € 99

VU(y1,y2) = e(¥(y1, —y2), —R¥Y(y1, —y2))
and n(y,y2) = (ni(y1, —y2), —n2(yi, —y2)).

Therefore

g—:(yl, y2) = (V- n)(y1, 42) = e(VV - n)(y1, —y2) = eg9(y1, —y2) = 9(y1,72),

hence ¥ = ¥, i.e. (5.13) holds. To prove (5.14), we notice that when ¢ = 1

(Uno)(y1, —y2) = —(Yn2)(y1,y2) in 0N

hence [, Unydo = 0. The proof of (5.14) when ¢ = —1 is similar. [ |

Let s denote the orthogonal symmetry with respect to the y;-axis, and let
y' = s(y) = (y1, —v2) (5.15)
be the point symmetric to y = (y1,y2). Then
n(y) = s(n(), ¥ = —sy") and n(y) ¥ =-n@) -y o2 (5.16)
Recall that the functions x; fulfill the following symmetry properties

xiv) =x1v), x;()=—x;ly) forj>2. (5.17)

An iterative application of Lemma 5.1 gives the following
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Proposition 5.2. 3’ and s being as in (5.15), we have

(4) 1(y) = P1(y), V1Y) = s[VPi(y)] (5.18)

/(99@171610:(/89(1)1711(10,0 , /aQ<I>1yL-nd0:0; (5.19)

(i) Do(y') = —Pa(y), VOa(y') = —s[VPa(y)] (5.20)
/89 Pondo = (0, /89 Ddoyng da) : (5.21)

(idi) D3(y') = —P3(y), Ve3(y) = —s[VP3(y)] (5.22)
/89 $3ndo = <0, /89 D3ng d0> ; (5.23)

(iv) Ui(y') =Vi(y), V() = s[V¥i(y)] (5.24)
/aQ\IdeJ:</aQ\If1n1da,0>, /aQ\Iflyl-ndo*:O; (5.25)

(v) For2<j<m, U;(y')=—-T;(y), V() =—-s[VT(y)] (526)

/aQ \I/jnda = <O,/aQ \I/jng d0'> . (527)

Notice that faﬂ Pyt -ndo, faﬂ P53yt -ndo and faa Uyt -ndo (j > 2) may be different
from 0.

(5.19), (5.21), (5.23), (5.25), and (5.27) will be used to simplify the linear terms in
(5.9)-(5.10). Let us focus on the bilinear terms in (5.9)-(5.10). Let us begin with

7‘/ y(v.T)da:r/ y(z VP, + rVos3 + Z ij\I’j) -7 do.
0N oN

1<i<2 1<j<m

Since 7(y') = —s(7(y)), we deduce from (5.18)-(5.26) that V&, -7, VU -7 (resp. V®Py -7,
V®3-7, VUsy-7) are odd (resp. even) functions with respect to the transformation y — /.
Therefore

7‘/ y(v-7)do
a0
:r{h( 0 >+12<f69y1V§2'TdU>+r<fmylvq)g.ng)

fé)ﬂ yQVCI)l -Tdo 0

0 A JoqunV¥; - Tdo
o < fag Y2V - Tdo > * Z Wi ( 0 ’ (5.28)

2<j<m
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On the other hand

—/ (ly)(w-7)do
o0

= _/ (llyl + l2y2) ( Z L,iV®; +rVos + Z u)jV\Ijj . 7do
[2}9]

1<i<2 1< <m

S 12/ ylvq>2-7da+r/ nV®s-rdo+ Y wj/ VU, - rdo
0 o) o< <m o)

—ls <ll/ Yo VP - 7do + wl/ Yo VU - Td0'> . (529)
o0 o0

Finally, using (5.17) and (5.18)-(5.27), we obtain

/8 (Y wi(t)vdo

 1G<m
= Z ZUj(t) ( Z l; /aQ vaq)idd —I—T‘/aQ vaq)ng' + Z Wy, /8Q va\l’k do
1<<m 1<i<2 1<k<m

01 P1do 0 0
= l faQ X101%1 > I < > < >
o { ' < 0 o faQ X102®Podo T faﬂ X102P3do

faﬂxlal\lfldd ] 0
—I—w1< 0 + > w, Lo 10200

2y <m
; f Xj01P2do f X;01Psdo
+ Wi l1< >+l2< o AJ >—|—7‘< 50 X
2§<:m J{ Jaq Xj02®1do 0 .
v f x;01Vdo >
+ + o Xj ' 5 30
o ( Joq Xj02¥1do > 2@2mwk ( 0 (5.30)

We notice that the functions V&, -y, VU -yt (resp. V®y-yt, VO3 -yt, Vs yt) are
odd (resp. even) with respect to the transformation y — /. It follows that

/ Z WjX; v-ytdo
o0

1<G<m
= Z wj Z l,-/ vatI),-'yLda—i—r/ vatI)g-ylda—F Z U)k/ ij\I’k'yLda
1<G<m 1<z /o0 o0 1<k<m o8
= w lg/ x1 VP - yLdo— + r/ x1V®P;3 - yLdo— + Z wk/ x1VVYy - yLdo—
a0 a0 ohem a0
+ Z wj (ll/ vaq)l : yJ‘dO' + ZU1/ va\Ifl : yld0> . (5.31)
oN oN

2<j<m
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Gathering together (5.9)-(5.10) and (5.18)-(5.31), we derive the following system for the
controlled dynamics of the rigid body.

mil =mrly — {ll/ P iny +1i)1/ Uing
o0 o0

+r 12/ y1V‘I)2’T+7’/ y1V®s -7+ Z wk/ VU -7
[2)9] [2)9] [2)9]

2<k<m
+wy <ll/ X131(I31+w1/ X131\I’1>
o0 o0

+ W; 12/ X-81<I>2+r/ xX;01P3 + wk/ Xi01 Vi
Z ’ o0 ’ o0 ! Z 0N !

2j<m 2<km

mly = —mrl; — iz/ ‘1327124-7"/ P3ng + Z wj/ Wy
o0 o0 o0

2gj<sm
+r <ll / Yo Ve - 7+ wl/ TAASE T)
0N 0N

w1 12/ X152<I>2+7’/ X102®3+ Y wk/ X102 ¥,
20 20 20

2<k<m

+ Z wj <l1/ Xj82(1)1+ZU1/ Xj@g‘lﬁ) s (5.33)
o o0

2gysm

(5.32)

iz/ <I>2yl-n+7'"/ byyt - n+ Z wj/ Yyt -n
oN oN 0N

2ysm
g (

lo y1V<I>2-T+r/ 11 VP37 + Z wk/ 11V - T
o0 o0

/89 2<k<m
/E)Q

Jr =

l1 ygv\l’l . T>

lo Yo VP - 7+ wl/

o0

+wq 12/ X1¢2'yl+7”/ x1V®;3 -yt + Z wk/ 1V -yt
o0 o0 o0

2<k<m

+ Z wj <ll/ vaq)l -yL +w1/ va\lfl 'yl> . (5,34)
o0 o0

2<j<m
This gives the result.
5.3. Proof of Proposition 2.12.

Let R = Span {¢(T,tg) M;(to) U; U € R™, i > 0}. To prove that Rp(A,B) = R, we
have to check that (i) Ry(A, B)t € R+ and that (ii) R+ C Rr(A4, B).
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(i) Pick any p € Ry (A, B)*. We aim to show that p € R+, i.e. that p*¢(T, o) M;(ty) =
0 for all ¢ > 0. For any = € Ry(A,B) written as x = fOT &(T,t)B(t)u(t) dt with u €
L?(0,T,R™), we have that

T
0=p'z= / p* (T, t)B(t)u(t) dt.
0
This yields p*¢(T,t)B(t) = 0. We claim the following: for all i > 0, we have
P o(T, ) M;(t) = 0. (5.35)

We prove this claim by induction on i. For i = 0, (5.35) is obvious, since My(t) = B(t).
Assume that (5.35) is true for ¢ — 1. Derivating with respect to t in p*¢(T,t)M;_1(t) =0
yields

0= p 0T, 1) (—ABMi-r(t) + Mia (1)) = 6T, )M (1).
The claim is proved, and we infer that p € R*.
(ii) Let p € R+. From the proof of (5.35), we infer that
a
dt’
Thus t — p*¢(T,t)B(t) vanishes everywhere, by analyticity. It follows that

[P O(T,t)B(t)]j1=t, = " ¢(T,to) Mi(to) =0 Vi > 0.

T
/ p* (T, t)B(t)u(t)dt = 0 for all u € L*(0,T,R™),
0

that is p € Rr(A, B)*. [ |
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