Exam "Modeles non-linéaires en mécanique quantique".
March 23, 2022 D. Gontier, david.gontier@ens.fr

Exercice 1. Hartree term in one-dimension.
For f € C§°(R), we set

. 1
Vite) = [ f@ =Gy, with Gly) = 3l
1/ Let R > 0 be big enough so that f(z) =0 for |x| > R. Prove that
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Vo> R, Vi) =5 [ £+ [ Fwudy
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2/ Compute V.
3/ Prove that —V}' = f for all z € R.

We now set, for f € C§°(R),

D)= =5 [ T@ile = yldady,

4/ Let f1, f2 € C§°(R) and t € R. Prove that
D(tfi+ (1 —t)f2) —tD(f1) — (1 = 1)D(f2) = —t(1 = 1)D(f1 — f2)-

What happens if fi; — fo > 07 Is the map f — D(f) convex on C§°?
5/ Prove that, if [, f =0, then V; € C§°, and

D(f) = / Vi

Deduce that f — D(f) is strictly convex on Cg5 := {f € C§°, [, f=0}.

Since f — D(f) is a positive definite quadratic form on C§3, it defines a norm. One can close C§y for
this norm to obtain a Banach space C, called the (one-dimensional) Coulomb space. Elements in C§5 have null
integral. We admit that for f € C, we have

lim Vi (z) = % /R f(y)ydy, and  lim Vi(x) = —% /R f(y)ydy.
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Exercice 2. One dimensional Thomas—Fermi.
Letp > 1 and let m € C§°(R) be a positive charge distribution (fized once for all). We introduce

R:={peL’(R)NL'(R), p>0, p—meC},

(in particular, f p—m=0), and, for p € R, we define

1 1
R ]

We admait that ETF(p) has a minimizer prr in R, and we set ®rr := V, . _m, defined previously. We also admit
that ®rp is continuous, and that ®hp goes to 0 at infinity.

1/ For which power p do we have the «kinetic» scaling

/p’;\ :)\Q/pp, where py 1= Ap(A\x) ?
R R
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2/ Prove that R is a convex set. Deduce that prp is the unique minimizer of ETF on R.
3/ Prove that if m is even m(—z) = m(x), then so is prg.
4*/ Prove that there is p € R so that

Ve € R, phpl(@) = (- Bre(a)), .

5/ Define Q := {x € R, u — ®1p < 0}. Prove that for all z € £, we have (u — ®rr)”(x) < 0.
6/ Deduce that ®rp < p point-wise !.
7/ Prove that

lim ®pp(z) = lim Prp(x) = p.
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8/ Deduce that

/ (prr —m) (x) - xzdx = 0. (we say that the dipolar moment of m is perfectly screened in TF).
R

Exercice 3. Sommerfeld estimates
We now focus on the Thomas-Fermi equation

P ) = (- D), (2) = mlx) - pla).

Recall that m is compactly supported, and set R > 0 big enough so that m(z) =0 for |z| > R.
We admit that p(xzo) > 0 for some zg > R, and that ' — 0 at oco.

1/ Prove that the function f := (u — ®) satisfies
Vo >R, f'(x)=fo0 ().

2/ Deduce that

1, 2_p—1%1
Va > R, 2|f(w)|—7 [

3/ Prove that f’'(z) <0 for x > R, and deduce that

N2
Vo >R, f'(x)=- (W) f2-1 (z).

4/ Assume 1 < p < 2. Prove that Cauchy-Lipschitz theorem applies. Deduce that there are constants ¢; > 0

and co > 0, independent of m, and a constant xg € R so that
C1 C2
Ve >R, f(z)= o and p(r) = —————.
(x —x9) 277 (x —x0)72

5%%/ Assume p > 2. Prove that f and p are compactly supported.

1. In the one-dimensional case, p can be different from 0



