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Exercice 1. Hartree term in one-dimension.
For f ∈ C∞

0 (R), we set
Vf (x) :=

∫
R
f(x− y)G(y)dy, with G(y) := −1

2
|y|.

1/ Let R > 0 be big enough so that f(x) = 0 for |x| > R. Prove that

∀x > R, Vf (x) = −x

2

∫
R
f(y)dy +

1

2

∫
R
f(y)ydy

∀x < −R, Vf (x) =
x

2

∫
R
f(y)dy − 1

2

∫
R
f(y)ydy.

2/ Compute V ′
f .

3/ Prove that −V ′′
f = f for all x ∈ R.

We now set, for f ∈ C∞
0 (R),

D(f) := −1

2

∫∫
R×R

f(x)f(y)|x− y|dxdy,

4/ Let f1, f2 ∈ C∞
0 (R) and t ∈ R. Prove that

D(tf1 + (1− t)f2)− tD(f1)− (1− t)D(f2) = −t(1− t)D(f1 − f2).

What happens if f1 − f2 > 0 ? Is the map f 7→ D(f) convex on C∞
0 ?

5/ Prove that, if
∫
R f = 0, then V ′

f ∈ C∞
0 , and

D(f) =

∫
R
|V ′

f |2.

Deduce that f 7→ D(f) is strictly convex on C∞
00 :=

{
f ∈ C∞

0 ,
∫
R f = 0

}
.

Since f 7→ D(f) is a positive definite quadratic form on C∞
00 , it defines a norm. One can close C∞

00 for
this norm to obtain a Banach space C, called the (one-dimensional) Coulomb space. Elements in C∞

00 have null
integral. We admit that for f ∈ C, we have

lim
x→∞

Vf (x) =
1

2

∫
R
f(y)ydy, and lim

x→−∞
Vf (x) = −1

2

∫
R
f(y)ydy.

Exercice 2. One dimensional Thomas–Fermi.
Let p ≥ 1 and let m ∈ C∞

0 (R) be a positive charge distribution (fixed once for all). We introduce

R :=
{
ρ ∈ Lp(R) ∩ L1(R), ρ ≥ 0, ρ−m ∈ C

}
,

(in particular,
∫
ρ−m = 0), and, for ρ ∈ R, we define

ETF(ρ) :=
1

p

∫
R
ρp +

1

2
D(ρ−m).

We admit that ETF(ρ) has a minimizer ρTF in R, and we set ΦTF := VρTF−m, defined previously. We also admit
that ΦTF is continuous, and that Φ′

TF goes to 0 at infinity.

1/ For which power p do we have the «kinetic» scaling∫
R
ρpλ = λ2

∫
R
ρp, where ρλ := λρ(λx) ?
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2/ Prove that R is a convex set. Deduce that ρTF is the unique minimizer of ETF on R.
3/ Prove that if m is even m(−x) = m(x), then so is ρTF.
4*/ Prove that there is µ ∈ R so that

∀x ∈ R, ρp−1
TF (x) = (µ− ΦTF(x))+ .

5/ Define Ω := {x ∈ R, µ− ΦTF < 0}. Prove that for all x ∈ Ω, we have (µ− ΦTF)
′′(x) ≤ 0.

6/ Deduce that ΦTF ≤ µ point-wise 1.
7/ Prove that

lim
x→+∞

ΦTF(x) = lim
x→−∞

ΦTF(x) = µ.

8/ Deduce that∫
R
(ρTF −m) (x) · xdx = 0. (we say that the dipolar moment of m is perfectly screened in TF).

Exercice 3. Sommerfeld estimates
We now focus on the Thomas-Fermi equation

ρp−1(x) = (µ− Φ(x)), Φ′′(x) = m(x)− ρ(x).

Recall that m is compactly supported, and set R > 0 big enough so that m(x) = 0 for |x| > R.
We admit that ρ(x0) > 0 for some x0 > R, and that Φ′ → 0 at ∞.

1/ Prove that the function f := (µ− Φ) satisfies

∀x > R, f ′′(x) = f
1

(p−1) (x).

2/ Deduce that
∀x > R,

1

2
|f ′(x)|2 =

p− 1

p
f

p
p−1 .

3/ Prove that f ′(x) ≤ 0 for x > R, and deduce that

∀x > R, f ′(x) = −
(
2(p− 1)

p

)1/2

f
p

2(p−1) (x).

4/ Assume 1 < p < 2. Prove that Cauchy-Lipschitz theorem applies. Deduce that there are constants c1 > 0
and c2 > 0, independent of m, and a constant x0 ∈ R so that

∀x > R, f(x) =
c1

(x− x0)
2(p−1)
2−p

, and ρ(x) =
c2

(x− x0)
2

p−2

.

5**/ Assume p > 2. Prove that f and ρ are compactly supported.

1. In the one-dimensional case, µ can be different from 0


