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Abstract

This paper is dedicated to the study of viscous compressible barotropic fluids in
dimension N = 2. We address the question of the global existence of strong solutions
with large initial data for compressible Navier-Stokes system and Korteweg system
with friction. In the first case we are interested by slightly extending a famous
result due to V. A. Vaigant and A. V. Kazhikhov in [34] concerning the existence of
global strong solution in dimension two for a suitable choice of viscosity coefficient
(u(p) = u > 0 and A(p) = A\p? with B > 3) in the torus. We are going to weaken the
condition on B by assuming only S > 2 essentially by taking profit of commutator
estimates introduced by Coifman et al in [7] and using a notion of effective velocity
as in [34]. In the second case we study the existence of global strong solution with
large initial data in the sense of the scaling of the equations for Korteweg system
with degenerate viscosity coefficient and with friction term. It allows us in particular
to prove the existence of global strong solution with large initial data in energy space
when N = 2. Let us point out that these results depend in an essential way on the
structure of the viscosity coeflicients.

1 Introduction

The motion of a general barotropic compressible fluid with capillary tensor is described
by the following system, which can be derived from a Cahn-Hilliard free energy (see the
pioneering work by J.- E. Dunn and J. Serrin in [9] and also in [2, 6, 12]):

{ Op + div(pu) =0,
A (pu) + div(pu ® u) — div(2u(p)Du) — V (A(p)divu) + VP(p) + apu = divK,
(1.1)

where divK is the capillary tensor which reads as follows:

divK =V (pr(p)Ap + %(F»(p) +pr (p))|Vpl?) = div(k(p)Vp® Vp).  (1.2)

The term divK allows to describe the variation of density at the interfaces between two
phases, generally a mixture liquid-vapor. P is a general increasing pressure term that we
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assume in the sequel under the form P(p) = bp” with b > 0 and v > 1, apu is a friction
term with a > 0 (see [27]). D(u) = 3[Vu+' Vu] being the stress tensor, y and A are the
two Lamé viscosity coefficients depending on the density p and satisfying:

©w>0 and 2u+ NA > 0.
In the present paper, we are interested in dealing with two different situations:

e The case of the compressible Navier-Stokes system where we assume no capillarity
et no friction, x(p) = 0, a = 0 and where u(p) = 1 is a constant and A(p) = A\p®
with 8 > 2.

e The case of Korteweg system with friction a > 0 where the viscosity coefficients
and the capillarity coefficient verify:

w(p) =pp Ap) =0 and k(p) = % with x>0, u> 0.

In this paper we are interested in showing the importance of the viscosity coefficients
when we want to deal with the existence of global strong solution for the system (1.6).

In the first case we would like to extend the famous result of global strong solution in two
dimension in the torus discovered by V. A. Vaigant and A. V. Kazhikhov in [34]. Indeed
in [34], the authors assume that A(p) = Ap® with 8 > 3, A > 0 and pu(p) = 1. Let us
emphasize that a such choice on the viscosity coefficients allows to exhibits two different
phenomena; the first one concerns the notion of effective velocity introduced by Lions
in [26] which is crucial in this context for getting a priori estimates on the divergence
and the rotational of the velocity; the second reason to choose such coefficient concerns
the possibility to provideL®(LP(T?)) estimates for any p > 1 and any 7 > 0 on the
density. Indeed the viscosity coefficient A(p) take the role of a weight which contributes
to furnish such estimates on the density (see the pl115 ”Second a priori estimate for
the density” in [34]). In the first part of this paper we wish to improve this result by
assuming only A(p) = Ap? with 8 > 2 and A > 0. The key point will consist in using
commutator estimates for dealing with term of the form [R;;, u;](pu;) (we refer to [7] for
such estimates, let us also mention that such commutator plays a crucial role in [26] for
proving the global existence of weak solution for compressible Navier-Stokes equations).

In the second case we are interested in proving global existence of strong solution for
the Korteweg system with friction term when the physical coefficients verify:

K 2

n(p):;,ﬁ:,u, v=1 and b= apu, (1.3)

with g > 0. This system without friction has been widely studied this last year in
particular concerning the existence of global weak solution and global strong solution with
small initial data. We refer in particular to the following works [5, 8, 16, 17, 18, 19, 20, 22].
Let us introduce a other notion of effective velocity used in particular in [16, 22] which
allows us to simplify the system (1.6). Indeed by computation (see [16]), we obtain the
simplified system:

Oyp + di —pAp=0
{ ip + div(pv) — pAp =0, (1.4)

pov + pu - Vo — div(up Vv) +apv =0,



with v = v + puVInp the effective velocity. For more details on the computation, we
refer to [17]. When we write the system (1.4) in function of the momentum m = pv, the
system reads as follows:

Osp + divimm — ulAp =0,

atm+div(%®m)—pAm+am:0, (1.5)

In particular we observe that (p, —uV In p) when:
Op — pAp =0,
is a particular global solution of the system (1.6).

Remark 1 Let us mention that we can choose initial density which admits vacuum. In
general it is not always possible to obtain global strong solution with initial density close
from the vacuum.

We would like also to mention that as in the case of the paper of Vaigant and Kazhikhov
[84], the wviscosity coefficient plays a crucial role since they allows us to exhibit explicit
irrotational solutions.

In the sequel we will be interested in working around this global particular solution (see
remark 1) in order to prove the existence of global strong solution with large initial data
on the irrotational part. More precisely we shall obtain global strong solution in critical
space for the scaling of the equations with a small initial data mg and a large initial
density go = po — 1 (let us point out that it implies that via the definition of v, ug can
be large). Let us briefly recall the notion of invariance by scaling of the equation and by
what we mean by critical initial data. By critical, we mean that we want to solve the
system (1.6) in functional spaces with invariant norm by the natural changes of scales
which leave (1.6) invariant. More precisely in our case, the following transformation:

(p(t,z),u(t,x)) — (p(I%t,1x), lu(l’t,lz)), 1R, (1.6)

verify this property, provided that the pressure term has been changed accordingly. In
- N - N

particular we can observe that H2 x Hz ! is a space invariant for the scaling of the

equation, more generally such Besov spaces:

N N _q
(po—1) € By, ug € B];’EJ ,

with (p,p1) € [1,400[ are also available.

1.1 Results

Let us state the two main result of this paper. The first one is an improvement of the
results of Vaigant and Kazhikhov [34].

Theorem 1.1 Let us assume the following hypothesis on the viscosity coefficients:

w(p) =1 and Xp) = \p® with 5 > 2.



Let ug € H?(T?), po € WH4(T?) with q > 2 and:
0<c<po(z) <m< +oo V€ T?,
then it exists a unique global strong solution to (1.6) such that:
we Wy (Qr) and p e W)k(Qr) VT >0,
with Qr = (0,T) x T2,

Remark 2 As mentioned above, the main point compared with the result of [34] concerns
the fact that we can improve the range of B by assuming only 8 > 2. It would be possible
also to improve the reqularity condition on the initial data by working in Besov space
invariant for the scaling of the system, but it is not the object of this paper.

Let us mention that this result has also been improved independently by Huang and Li in
[21] when B > 3.

We are going to give our second result on Korteweg system with rcritical smallness
condition on the initial data; before let us give the following definition:

Definition 1.1 We setg=p—1, m = pv.

In the following theorem we are dealing with the euclidian space R with N > 2.

N_g
Theorem 1.2 Suppose that we are under the conditions (1.3). Assume that mo € By’
N
and qo € 32271 with pg > ¢ > 0. Then there exists a constant g depending on p% such

that if:

||m0HB§;1 < ¢o,

then there exists a unique global solution (q,m) for system (1.5) with p bounded away
from zero and:

c G(RY, B2 )N L'(RY, B2 and (R B2 )N Lt >l gt
q y Do’y » Doy and m € C(RT; By, )NL (R+,ByY; NBY ).

Remark 3 The main interest of this result consists in getting the existence of global
N

strong solution with large initial densily qo € 327,1 and with large initial momentum

N_
ug € By ' Indeed let us recall that m = pv = pu+ uVp such that:
m
u=-———uVin(l+gq).
T1q (1+4q)

N_
We observe that V In(1+qo) belongs in By’ " via the lemma 4 and can be choose arbitrary

N
. T .
large whereas % =g s small in By, ~ via the lemma 4 and the smallness assumption

N_1
on mg. It implies that ug can be large in By’y ~ when N > 2.
Let us mention that when N = 2 the initial data belongs in Besov space which are very
close from the energy space.



Remark 4 Let us mention that this result improves also the choice of the initial data

N N
compared with [8] where the initial density belongs in Bgfl N Bfl. Indeed here via
the introduction of the effective velocity we cancel out the coupling between density and
velocity since the addition of the pressure and of the friction term gives a damping term
in v. In other words at the difference with [8], the low frequencies on the density do not
N

play any role here, that is why we assume only qo € Bfl.

Let us give the plane of this paper, we shall remind in section 2 some auxiliary results of
Gagliardo-Nirenberg’s inequality and in section 3 the Litllewood-Paley theory. In section
4 and section 5, we will prove different a priori estimates on the density and the velocity
which show the theorem 1.1. We will conclude in section 6 by the proof of theorem 1.2.

Notation

In all the paper, C will stand for a harmless constant, and we will sometimes use the
notation A < B equivalently to A < CB.

2 Auxiliary Assertions

We are going to recall some lemma which are also present in [34] and that we prefer to
state for the sake of the completnes.

Lemma 1 Let Q € RN be an arbitrary bounded domain satisfying the cone condition.
Then the following inequality is valid for every function u € W5H™(§), Joudz =0

ull Lagq)y < ClHVUH%W(Q)HquL:(aQ)v (2.7)

1_1
where o = %_T%i%, moreover if m < n then q € [r, 2] for r < T and q € [V 7]
forr > -0 [fm > n then q € [r,400) is arbitrary; moreover if m > n then equality

(2.7) is also valid for g = +o0.

Inequality (2.7) is a particular case of the more general inequalities proven in [10, 23, 11].
Let us mention that an inequality of the form (2.7) is valid for the function of class
Whtm(Q) when M = ﬁ Jowdz is not null. It suffices to consider v = u — M and apply
inequality (2.7) to the function v. We obtain then the inequality

lull ooy < CollIVullEm ey lull 1) + lullzie)), (2.8)

Lemma 2 Let Q € R? be an arbitrary bounded domain satisfying the cone condition.
Then every function v € W™ (Q) with fQ udx = 0 satisfies the inequality

1
Jull g g < Co(2 = ) 2 Vullpmey, 1< m <2, (2.9)
where C3 is a constant independent of m and the function u.

For a proof of this inequality see [35, 32]. The exact constant in inequality (2.9) is
obtained in the article [32].



Lemma 3 Let Q € R? be an arbitrary bounded domain satisfying the cone condition.
2m

Then for an arbitrary number €, 1 > 2e > 0, every function h € whmts (Q), m > 2,

1> 6 >0, satisfies the inequality

i —s
1l z2m () < Calllhllr () +m2 VAL,

Lm+6(

Q)HhHL?(lfs)(Q)% (210)

where s = (1 — 5)#{15) and Cy is a positive constant independent of m,e,6 and the

function h.

3 Littlewood-Paley theory and Besov spaces

Throughout the paper, C' stands for a constant whose exact meaning depends on the
context. The notation A < B means that A < CB. For all Banach space X, we
denote by C([0,T], X) the set of continuous functions on [0,7] with values in X. For

€ [1,4o0], the notation LP(0,T, X) or L%.(X) stands for the set of measurable functions
on (0,7) with values in X such that ¢ — || f(¢)||x belongs to LP(0,T"). Littlewood-Paley
decomposition corresponds to a dyadic decomposition of the space in Fourier variables.
We can use for instance any ¢ € C*°(R"), supported in C = {¢£ € RV/3 < |¢| < 3} such
that:

D w7 =1 if £#0.

lEZ

Denoting h = F 1y, we then define the dyadic blocks by:

A= (27 Dyu = 2lN/

h(2'y)u(z —y)dy and Sju = Z Agu .
RN

k<i—1

Formally, one can write that:

U:ZAkzu

kEZ

This decomposition is called homogeneous Littlewood-Paley decomposition.

3.1 Homogeneous Besov spaces and first properties

Definition 3.2 For s € R, p € [1,400], ¢ € [1,+0], and u € S (RN) we set:

1
lullsy, = Q%1 Awl|ze)")7.

leZ

The Besov space By, is the set of temperate distribution u such that ||ul|ps < +oo.

Proposition 3.1 The following properties holds:
1. there exists a constant universal C such that:

O Uullsy, < |IVullgs-r < Clulls,-

2. If p1 <p2 and r1 < ry then By . — B;;g(l/m—l/pz).

p1,71



Let now recall a few product laws in Besov spaces coming directly from the paradiffer-
ential calculus of J-M. Bony (see [4]) and rewrite in [?].

Proposition 3.2 We have the following laws of product:

e Forall s € R, (p,r) € [1,4+00]? we have:

luvllsg, < C(llullLe<lvllsg, + [[vllzeellulls;,) - (3.11)

p,r =

o Let (p,pl,pQ,T,)\l,)\Q) € [1,+OO]2 such th(lt% < pil + p%z P < )‘2) b2 < )‘1; % <
p% + % and % <Ll %2 We have then the following inequalities:

P2
z'f31+32—|—Ninf(0,1—p%—pi2) >0, sl—i-% < % and82+% < p% then:
vl oivio-vigs - S luls 0l (3.12)

p,r

when s1 + % = pﬁl (resp so + /\ﬂl = p%) we replace ||uHB;}7T||vHB;§700 (resp HU”Bég,oo)

by lullgs ol (resp lvllgz nre ) if 51+ L= 2 and sy + 5o = I we take
=1.
;f51+3220, 51 € (%—pﬂg,pﬂl—%] andp%—l—p% <1 then:
HUUHB;LVO%+%_%> S lullgsr vllggs - (3.13)
If |s| < % forp>2 and —g <s < % else, we have:
luvllsg, < Cllullsg, lloll_» - (3.14)

p,00

The study of non stationary PDE’s requires space of type LP(0,T,X) for appropriate
Banach spaces X. In our case, we expect X to be a Besov space, so that it is natural to
localize the equation through Littlewood-Payley decomposition. But, in doing so, we ob-
tain bounds in spaces which are not type L”(0,T, X) (except if » = p). We are now going
to define the spaces of Chemin-Lerner in which we will work, which are a refinement of the
spaces L.(Bj ).

Definition 3.3 Let p € [1,+00], T € [1,4+00] and s1 € R. We set:

lallze ey = (D 27 1A o (1))
leZ

S =

We then define the space E’%(Bf,}r) as the set of temperate distribution u over (0,T) x RY
such that Hu”Z;(B,flr) < 400.

We set éT(E;IT) = E%O(Eglr) N C([0,7T], ByL). Let us emphasize that, according to
Minkowski inequality, we have:

Hu“fg(]gg}r) < Hu”L%(Bf,}T) if 2> p, HUHfg(B;}T) 2 HUHL%(BZ}T) if r<p.



Remark 5 It is easy to generalize proposition 3.2, to zf}(B;}T) spaces. The indices sq,
p, T behave just as in the stationary case whereas the time exponent p behaves according
to Holder inequality.

In the sequel we will need of composition lemma in E{}(B;m) spaces.
Lemma 4 Let s >0, (p,7) € [1,400] and u € E;(B;T) N L (L>).

1. Let F € W/I[SHZ’OO(]RN) such that F'(0) = 0. Then F(u) € f@(B;m). More precisely

oc

there exists a function C' depending only on s, p, r, N and F such that:

1 @ze (55 ) < Cllullzg =) lullze s )

2. Ifv,u e E%(B;r) N LFP(L>®) and G € WlElJr?”OO(RN) then G(u) — G(v) belongs to
E’%(B;) and there exists a constant C depending only of s,p, N and G such that:
1G(w) ~ G)lizp s ) < Cllulige . Ioligezmy) (e = llzp gy 3L+ el e

ol ey) + 10 =l ullzp g + 10070 55 )))-

Let us now give some estimates for the heat equation:
Proposition 3.3 Let s € R, (p,7) € [1,+]? and 1 < ps < p1 < +oo. Assume that

uog € By, and f € Lo (B;;ZH/’)Q). Let u be a solution of:

{8tu—uAu:f

Ut=0 = UQ -

Then there exists C' > 0 depending only on N, u, p1 and py such that:
|
il zos 2oy < C ol + 172 1Sl p-2e2rem))-

If in addition r is finite then u belongs to C([0,T], B, ).

4 Proof of theorem 1.1

In the sequel we shall work on the torus = T?. Let us start with recalling the energy
estimate, when we multiply the momentum equation we get:

(olul(t,2) + 7o)t )+ [ [ (ul(s, x)dsda
/ iy

" /0 /Q (1+ A(p) (5, 2))(dive) (5, 2)dsdar < /Q (p0() [0 (@) + TL(po) (x)) dx

with 7 defined as follows:
1
v—1

m(p) = a( (p" —p)—p+1) fory>1.



Let us recall that P'(p) = pr (p) what implies by convexity that 7(p) > 0. Finally as
we assume that:

€1 = [ Gool@)lun@)f +w(m)(@) + po(o)da

is finite, we obtain at least formally (if p and u are enough regular for performing inte-
gration by parts) by energy estimate (4.15) and via the transport equation that:

/Q(p\u|2(t,x)+7r(p)(t,x)+p(t,x))da:+/0 /QIVUIQ(Sw”C)dem (4.16)

¢ .
+/0 /Q(l+)\(p)(s,m))(d1vu) (s, 2)dsdz < Cy

Let us now explain how to get L?((0,7) x Q) estimates on u, we are going to follow Lions
in [26] p4. Indeed by the momentum equation we have:

|| putt.opdsl =1 [ pouate)dz] < ool o

Next we use the Poincaré-Wirtinger inequality and we have:

!/Qp(t,w)[U(W)—/QU(t,y)dy]dﬂf\ < Cllp(t, e [IVullz2@)-

Hence for all ¢ > 0:

1
|/ u(t, z)de| < ————=([lpouollLr (@) + Cllo(t, )l [[Vull L2@))-
0 (Jo podz) v b
We conclude by Poincaré-Wirtinger inequality which implies that | [, u(t, z)dz|+||Vu| r2(q)
is an equivalent norm to the usual one in H'(). O

Now we are just going to explain where in the proof we can slightly improve the range
of the coefficient 8 in [34]. One of the main point of the proof in [34] consists in get-
ting a priori estimates on the density in L>(LP(T?)) for any p > 1. This is possible
due to the viscosity coefficient A(p) = p® which provide such estimate at least if 3 is
large enough. Let us follow the arguments of the proof of [34] and explain where by
commutators estimates we can weaken the hypothesis 5 > 3.

5 A priori estimates on the density and the velocity

First as in [34], we are going to recall some estimates for solutions to the following two
Neumann problems:

Al = diV(PU)7 /Qfdx =0, 8z1§|x1:0,x1:1 = 8x2§|x2:0,x2:1 =0. (5‘17)

AT, = le(le(p'LL & 'U,)), / ndx = 07 ) 8ﬂ)1n|x1:0,x1:1 = 87:27]‘1‘2:0,1‘2:1 =0. (518)
Q

9



Therefore by [25] we have solution to the problems (5.17) and (5.18), whereas the esti-
mates for singular integrals in [30] provide the following inequalities:

I9(A) div(pu) | e S mlloul oy 1< m < +o00,
I9(A)div(pu) | - S lpullgar, 1320 >0,
[1Rij(pustj)|| Lom < mllpu @ ullpzm, 1 <m < +oo,

Here we have roughly written & = (A)~!div(pu) and n = R; ;(pusu;) (with the summation

notation).
By Holder’s inequalities we obtain:

IV(A) = div(pu)l| 2 S mllpll g [l g2,

~

1
IV(A) " div(pu) || o S llpll 2=r [1V/pull 72, (5.19)

T

1Ra s (i) 2m S mllpll gomt 12l e

where k> 1, m>1landr>1,1>2r > 0.
From the estimate of lemma 1-3, we obtain:

lull o S M|Vl 2, m > 2,

SN (5.20)
1(A) div(pu)llen S m? V() div(pu) | 2, m >2,

We set now:
o(t) = /Q (curlu?(t, 2) + (2 + A(p))divu®(t, 7)) dz,

we obtain then by using (5.20), (5.19) with r = miﬂ and the energy inequality (4.16):

1
1(A) div(pu) || om < mE (o] Fm, m > 2, (5.21)
Similarly we have:

IV () div(pu) [ om S m2k2 (2(0)7 ol g, m>2, k> 1,
- (5.22)
1R (puis)llzn S m*ke@)llpll gme, m > 2, k> 1.

5.1 Gain of integrability for the density

Following [34] the plan of the proof of [34], we are interested in getting a gain of inte-
grability on the density. We follow here the method of Lions in [26] to get a gain of
integrability on the pressure and the argument developed in [34]. Apply the operator
(A)~1div to the momentum equation, we obtain:

0

57 (A div(pu) + [Rij, w](pus) = (2 4+ Alp) divu
(5.23)

+ P(p) — |é| /Q (P(p)(t, &) — (2 + A(p))divu)da = 0.

10



We will set in the sequel:
B = (2+ X(p))divu — P(p). (5.24)

Next if we renormalize the mass equation we have:
8:0(p) + u - VO(p) + pb (p)divu = 0.

where we have set:
P11 1 3
0(p) = ;(2+)\(s))ds:2lnp+ B(,O —1).
1

Finally we get the following transport equation:

0 1(a)div(pu) + 0(p)] + - V[(A) div(pu) + 0(p)] + [Rij, us) o)

o . (5.25)
P(p) ] / — (2+ A(p))divu]dz = 0,

Denote by f the function:
f(t,z) = max(0, (A) " 'div(pu) + 0(p))

and multiply the equation (5.25) by the function pf?™~! with m € N and m > 4 and
integrate over {2 , we obtain:

1 d
gt [ mda [ PP o+ [ Ry (pu)p e -
2m—1 _
—l—/Qde/pr dr =20
As in [34] we set:
2= ( [ pfm(t.o)™ (5.27)

Using Holder’s inequality (27;7;1 + ﬁ =1, ngﬂ + 2m(2rtﬁ+1) = ﬁ), we begin with
estimating the term | [,[Rij, u;](pus)pf*™ tda in (5.26) as follows:

2m—

‘/ Rl],uj (puz)prm 1d1“ </ ’ Rz]7uj] puz ’pgmp 2m f2m 1dx

1 —
< ![Rz‘j,uj](/)uz')!p% 2m () 22 (1) (5.28)

< ”p||L2mB+1 )H[RZ]’UJ](pu’)”L2M+%(Q) 2m71(t)

Next we recall a result of R. Coifman, P.-L. Lions, Y. Meyer and S. Semmes in [7], which
says that the following map:

W (TN)N % L2(TV)N — whrs(TV)N
(a,b) = lag, Ri;]bi

11



1 _ 1 1 :
7o = 7, + ;.. Hence we obtain that [R;j, u;](pu;)

. 1p 1_1 1 k-1 : —9__ 2
belongs in W (wherep—2+2(m+%)k+2(m+ﬁ)kW1thk>1andp—2 m+1+%<2)

is continuous for any N > 2 as soon as

with the following inequality:

IRy o) oy < UVl Nl s e 1P sy
L=t @ (5.29)
< CHVU||L2(Q)||UHL2(m+ﬁ)k(Q)||PHL2mﬂ+1(Q),

2(m+ 5 )k
where we have choose k such that On,:rfﬁﬁ) =2mp+1, let k = % We verifies
B
that % = % — % = —L . Next by using lemma 2 and (5.29) we get:

2m—+ 3

IR:j, wsl(pua) (8 )| 2y (t, )l L2ms+1(0)

1
by S IV ()

(Q)Ilp
T /Q [Ruj, i) (pus) (t, ) ).

We can easily bound the last term on the right hand side by using the continuity of the
Riez transform in LP(w) with 1 < p < +o0:

\/Q[Rz‘j,ug'](wi)(tw)dw\ S ot e llults )i ) -
By (5.20) and the previous inequalities we obtain finally:
1B ) o) . sy o < Ol Tl gyl osss ) + M enllalt, ) s

(5.30)
We have then from (5.28) and (5.30):

m— I g m—
\/Q[Rz'j,uj](pui)pr 1dw\S(melleiZ;l(Q)w(t)+Hp(t,-)Ilm(mHU(t,')Ilin(g))ZQ L),

Next as in [34] we get:
| /Qde/prQm—ldx\ S 22N ) |pll 2 /Q ((2 + \)|divu| + P)dz
S 201+ (o) | 2+ Mpdo)?)
< 27O+ @)} + 10l Zamsr oy 0(DF):

Collecting all the above inequalities, we obtain:

t t 4L
200 S1+ / ol () lul2 g () + / (1)l 25 g (7T
0 0 (5.31)

t 1 B
+ [ e 0l s oy (P
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As we have seen that u belongs in L2((0,t), H'(Q)) we have:

/ Il () s gy () S 1.
We obtain then:
t B8
1+ 1 8
) S 1+/ m(T HpHLQWZLErL‘FI(Q( )dT+/() (P(T)2HPHz2mﬁ+1(Q)(7)dT' (5.32)

Next following [34] we introduce the measurable sets:
Q) ={zcQ/p>2m'} and Q(t) = {z € N (t)/0(p) + (A)"'div(pu) > 0}.

We then have: ,
”10||§2m5+1(9) S (/Q ()p2mﬁ+1d£ﬂ) AT 4], (5‘33)
1

Moreover by the definition of the function 6(p), we have:

_B _B
([ pmosaymsin < ([ papyran) =i (530
Qi (t) (1)

Using the fact that on Q(t) \ Qa(t) we have 0 < 0(p) < |(A)~tdiv(pu)|, we derive the
following estimate:

/ pB(p)?mdr = / p(0(p) + () Ldiv(pu) — (A)'div(pu))?™dz
Qq(¢)

Qa(t)
+ / p0(p)*"dx
Q1 ()\Q2(t)

<2 ([ pf(pmdn e [ pa) div(pw)fda)
Qa(t) Qa(t)
4 / pl(A)div(pu) " da
Q1 (1)\Q2(t)
< 22m(Z2m (1) + / pI(A) " div(pu) )
Q

From estimates (5.33) and (5.34) we deduce:

’ 2mp o . m B
1001 amses iy < C((m)? + Z(8) 2557 (1) + ( /Q pl() " div(pu) ) 75T

In view of estimate (5.21), (5.22), we have:
o) i < ol oA i
)2m

SHP||L277LB+1( (( Qﬁ) ||p||2m+1(9)

< ™ pl T
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Finally:
B(m+1)

2mp 1 -
1m0y S (2O (8) 4+ mE ] i ) (5.35)
By Young’s inequality (with ¢ = 2:;1&—‘1_1 and p = 252%1 + W), we obtain:

1 L_A'_%
10l amssn(ay S (Z(8) + ZmF T FCTD 4 o] P )
By bootstrap, we get:
8
16117 2pr S Z (1) +mFT. (5.36)

Therefore (5.31) and (5.36)give the following inequality:

B t 1455 t 8
ol amsssay S 3+ [ a2 oy (D + [ o) 0l Famas (7))

Next by Young’s inequality, we have:

B t 1+ -1 t
||pH§2mﬁ+l(Q) S (1 +m?2-t +/0 m‘P(T)HpHLGQL%nH(Q)(T)dT +/0 ||P\|§zmﬁ+1(9)(7)d7)

Using the fact that (t) € L1(0,T) and applying Grénwall’s inequality, wehave that:

_B t 14+
ol amsssqy < CO+m 4 [ mo(ool 235, g (7))

where C depends on t. Denote:
1
y(t) =m #-1 ||pHL2mﬁ+1(Q), tc [0, T]. (5.37)

Then:
1

8 B a1 1
yP(t)ymF1 < C(14 m?»—1 + (1 2m) o1 /0 @(T)yl+ﬁ(7)d7)

and we have:

1 1 B 1
mm Tz 5=1 = -1 T I

We have then:

—p? 1

t
P(0) < C(1+mTTD 4wzt [y (r)ar)
0

2
Wherewi_l—%zm<0.
Recalling that 8 > 1 and ¢(t) € LY(0,T) we find that for m big enough:

yﬂ<t>f;c7(ca+-jf ()P (r)dr)
0

whence by Gronwall inequality:



where C depends on t. We thus have:
1
IpllL2ms+r < CmB-T, te[0,T].
Hence the inequality:
_1
ol ey (t) < CkF=T, t €[0,T]. (5.38)

is valid for every k > 1, with C a positive constant independent of k£ > 1 but depending
of the time. O

Remark 6 Let us point out that the estimate (5.38) is the key point in order to improve
the range on B. Indeed this last one is a refinement of the corresponding one in [34]. In
particular we will be able to obtain the energy estimates (5.66) only with assuming 3 > 2.

5.2 Second a priori estimate for the velocity

In this section, we are going to furnish estimates on the velocity by using the gain of
integrability on the density proved in the previous section. We are going essentially to
follow the proof of [34] and to emphasize on the key point where we will only need the
hypothesis 5 > 2. We begin with recalling some equation on the effective pressure defined
in [26] and the rotational curl. We set:

A=curlu and B = (2+ A(p))divu — P(p),
1 1
L= ;(@JA +90,B) and H = ;(—axA + 0yB).

We now want to obtain some estimates on the unknowns A and B, let us start with
rewriting the momentum equation under the following eulerian form:

1 1 P
Ou+u-Vu——-Au—=V((u+ A(p))divu) + V(ﬂ) =0 (5.39)
p p P
Next if we apply the operator curl, we get:
O4A+u-VA+ Adivu = 0yL — 0, H. (5.40)

Next we apply the operator div to the momentum equation (5.39):

Odivu + u - Vu — 1Au — 1V((u + A(p))divu) + V(@) =0, (5.41)

P P P

and via the mass equation we have:

L)/Jr(i
2+ A 2+ A
+ (24 N(UZ 420, Vz + V) = (2+ A)(Le + Hy).

8B +U-VB—p(2+ \)(B( ) )divu

(5.42)

As in [34] multiplying the equation(5.40) by A and integrate over {2 we obtain:

1d 1
/ 5%[A%x +5 / divu A%dx + / (LOyA — H9,A)dx = 0. (5.43)
Q Q Q

15



Similarly multiplying the equation(5.42) by QJ%\B and integrate over {2 we have:

1 d., 1 1 B2 1 1
—~ Z(IB:dr - = i = .V (——)B?
Q2+Adt(2 )z Q/QdWUQjLAdx 2/9“ (2+,\) dx

. 1. P , )
_ 5.44
/Qdelvu(B(Q—F)\) —|—(2+>\))daz—}—/QB(Um+2Uny+Vy)dx (5.44)

+ / (L8, B + HO,B)dz = 0.
Q

We recall now that:

1
24 A

/ 1
) pdivu + V(=——) -u = 0.

O 2+ A

1
RCF
By combining the previous equality and (5.44) we get:

1 d 1 1 1 1
S Y Bdr - - [ divuB? - d
Q/th(2+)\ Jdz Q/Q vuB (5 — gy )de

—/Qdeivu(B(Zi)\)/+(2_]:)\)/)dx+/QB(divu)2dx (5.45)

42 / B(9,U0,V — 0,U0,V)da + / (L&, B + HO,B)dz — 0.
Q Q

Summing (5.43) and (5.45) we have:

1d B? 1 (Ay + B2)? 4+ (— Ay + By)?
——[(A? d —divuA?d / vz e (
/det[( +2+)\)]$+/Q21vu T+ A P x

| 1 .
_ 2/QB leU(2+)\ —p(m) )d:ﬁ+2/QB(Uny—UxVy)da:

1 P
—/Qdeivu(B(2+)\) +(2+>\) )d:c—l—/QBdivu2da::0.

As:
+ i)
24X 24N\

divu? = divu(

we deduce:

1d B? 1 (Ay + By)? + (— Ay + By)?
~ (A% 4+ d+/d‘ A2d+/ y_ T Y g
P

1 5. 1 1 . P /

- — — 5.46
+/Q 2B d1vu(2+)\ p(2+)\) )d:c+/QBd1vu(2+)\) p(2+)\)) )dx (5.46)
1 )/+( P
24+ A 2+

)/)dw =0.

+2/ B(U,Vy — U, Vy)dx — / pBdivu(B(
Q Q

Let us set: )

2 = ( [ (42 + 525)do)’

aft) = (/Q (A, + By)? —|—p(—Ax + By)2dq;) Ctep)

(5.47)

N
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Next we have:
/Q ((Ay + By)?* + (— Ay + By)?*)dx = /Q(Ai + A2+ B} + B})da.

Let us observe that for every r, 1 > 4r > 0, from the result on elliptic system and by
Holder inequalities we get as in [34]:

A, + B2+ (=A, + B,)? .1
IV Al ey + VBl ooy < O [ St B ) 4y)3
(/plrrdx)Q(lr—’“)
Q
From (5.38), we have:
1.1
(IV Al p20-n 0y + VBl p20-m(q)) < C(;)w*”a(t) (5.48)

Remark 7 Let us point out that the estimate (5.48) is better than the corresponding one
in [34] due to the better estimate (5.38).

Moreover via (5.38) we also obtain the following inequality:
(IVull 2y + Al 2y + V2 F Adivallpz@) < CO+ Z(1), te[0.7).  (5.49)

Now, are interested in providing other estimates for the non positive terms of the equality
(6.76).

Estimates for the terms of (6.76)

Following [34], using the lemma 1 (with o = 2(1:35)) and Young’s inequality (with
p= 20 (M) g py = 02008 () GBI e o obiain:

1 1
E / diva 42| <2 diva(t)]| 2 | A()|2a
2 Jo 2
) 1 1-3c 1 e
< Clldivall Gl All2) ZE G IV A p200) 55
—3e 1 1—e
< C(L+ Z(H)Z() 75 ()T a(t) 5

2(1—2¢)

< 6a%(t) + C(8)(1+ Z(t) 13 Z(1)2(

< 6a?(t) 4+ C(6)(1+ Z(1)?) 15 (

1.1
Z)B—1,
-)

We now are interested in estimating the term in (6.76) corresponding to:

_ 1 2 9. 1 - ]. /
Il—|2/QBdlvu(2+)\ p(2+>\))dac‘
P 1 1

1 (., B
_‘2/9 G tan G e

)/)d:):|

17



Fasily there exist a positive constant C' > 0 such that:

1
5o ) | s
2+A G

for all p € [0, 4+00). We deduce that:
/ BJ? |B|?
I <C(m)? |7d / ——|Pldx).
1< O )(Q2+A“”'92+A"@
By Young’s inequality we have:

P P P P
L/Bmw‘ Py el = ‘/‘ 2+A+2+AM2+A Plan) )dal

<C(l+ 2‘+’)\dm)

Now, the last term in (6.76) can be treated as follows:
p/m%m—mmmg/ﬁwﬁ+@+ﬁ+ﬁm:
Q Q
Via the previous estimate, the notations (5.47), and using the equality (6.76), we get:
2
=

1B / 2 2 2 2
1 B :
+U(ﬁé%%wH-JK%+%+%+%W$

S(Z2(0)) +a*(1) < Sa2(t) + CO)(1 + Z(H)

™ | =

(5.50)

It remains to estimate the two last terms on the right hand side of (5.50). In this goal,
from (2.10) we have:

1 _
1Bl L2m(0) < CUIBllL1(o) W”HVBH;%%QJUﬂEuhamQ (5.51)

(1-¢)

where: s = (=2 and C > 0 is a positive constant independent of m > 2.

Now in inequalities (5.50) and (5.51) we fix € = 27 with m > 2. Using estimate (5.38)
for the density, we derive the inequalities:

1Bl = [ 181 = [ GBI+ X e < 12+ i 10, 2(0)

< CZ(t).

s 1
HBHLZU*E)(Q) = (/(2+>\)1 €|B‘21 € (2+>\)1 sdx)z(l B)

s

Bs
Zay R+ M < CQITE 2N < 022 1),

< CZ5(t).
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From inequalities (5.48) and (5.51) we finally obtain:

1Bl oy < CZ(E) +m? (‘)T (a(t)) 2 2°(2)),
(5.52)

Now dealing with the integral with |B|3, we have:

B3 B> w1 1 1
/ o :/ BE (L e
Q2+ A Q(2+)\)1—m 2+ A

|B‘2_ﬁ _m_ 1 o
< [P s < 20 7 B
Q(2+)\) 2(m—1)

BP it [ o .
S ( dx) 2(m—1) ( |B‘ dx) 2(m—1) S 2(m—1) Z(t) m— 1 ”BH m—
Q

o 2 + )\ L2m
m m m(1—s) m(l—s) ms
< CZPTR(1)(Z(0)7 T +m D ()00 (aft) T 2T (1)),
g
m m(l—s) m(l—s) ms—
< C(Z(0) +mT (D) T (a(e) W 22 (1),

3

where C' > 0 is a positive constant 1nde endent of m > 2 and € = 27", Finally applying

applying Young’s inequality with p = and ¢ = 2(m—1)

m we have:

1 s)

) ms

|B|3 3 1m,_ 1 __ m-s) 9 ms=1
dx < Z°(t —)2B-D g m=T (£)Z°" m=T (¢t
| amde < 0230 + mt (00 (0255 ),

(5.53)
< 6a2(t) + C(8)(Z3(t) + mmtin= () Grntntrs Z a2 ()
€
From (5.51), we verify that:
— )2 — —
| —ms—1— m(l —e) :am(2 £)+e¢ 1’ (5.54)
m—e(l—e¢) m—e(l—e¢)
and then:
. miq _ _
lim (2" (1 ms) =2
hence via (5.53) and (5.54) we get:
B 2(4))2 m 20\ 2t s
2+)\da:<(5a t)+CO)((1+ Z%(t)) +m(€) T(14 Z%(t))" " =G+0=2).  (5.55)

Now, consider the last term in (5.50):

2 2 2 2 2\ 52 1— L
I = / BI(U2 + U2 4V, +V2) < | Bl samey / (IVUP + [VV ) 521 dr) 3
Q Q

Recalling the relation 3 > 2 e > 2,m > 2, from the properties of elliptic system [?] we
derive the inequality:

).

( / (IVUP + [VV )55 d2) 5 < O(|divul? aw -+ AP
Q LQm—l (Q) LQm—l (Q)
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Thus the previous inequality furnish the estimate:

). (5.56)

Iy < OBl ooy (vl g+ 1A g

Next we have as A vanishes on the boundary of the domain €2, we applythe Gagliardo-
Niremberg inequality:

—&

1A < C||A||L2 ot QE)IIVAHZJ(II Sy

) , 1 1 (5.57)
1—¢ - —e —&
< CZ* mi= )(t)((,)Q(Bfl)a(t)) =20 < CZ* w2 (¢)(a(t)) ™12 .
£
Since B = (2 4+ \)divu — P, estimate (5.38) provides:
P
d 2 . _ 2 ’
||wm|%ﬁﬂz 555 * 35 ek -
2
+1).
< Cllg 75ty ) + D)

We can now deal with the right-hand side of (5.58) as follows:

m(2m—23)
B P, I
N Bl m-1)2m-1) 2m7
”2+/\+2+)\HL2 / 2+ A | B x)
’B‘Q 2m— ‘B’2 om—3
< 1B e | BP _aE <y ABE g
ol Q(2+A)% " e, @™

< HBHLzm (Z(t))2 - —HBHLQm (Z(t))2*ﬁ_

Thus,

dival? < OO+ (2O TN ) (5.59)

Using estimates (5.57) and (5.59), from (5.56) we have:

[

Iy < OBl ey (1 + 2277055 (1) a(t) 75 + 22755 (0] Bl| Tk )

Using estimate (5.52) for || B||12m(q), we finally get:

2 < C((Z()* 705 ((e) T+ Z(1) + Z()
+ma?VWDZ“SMIM@xa»P”W%% (5.60)
+ m%(?)uam%(yi) 0 72t (t)(a(t))% + m%(%)ﬁZs(t)(a(t))l_s).
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Using Young’s inequality, we treat the summand in (5.60) as follows:

C(Z(1))* 71 (a(t)) 7 < 6a2(1) + C(1+ Z3(1))?,
C(Z(t) + Z2%(1) < C(1+ Z*(1))*,

Cm (2307 72495 (1) (aft)) o <
g
1 _A=ms+(@2ms—1)e
Sa2(t) + Cm( )71 (1 + Z2(t))* Tromt-2o-12
€

Cm (Y550 25 (1) (a(t)'—* < 6a2(t) + Cm(2) 571 (1 + Z23(1)),
e E
m2 (?) SEEID 22T (#) (a(t)) T <

Sa2(t) + Cm(= : VT (1 4 Z2(1)) > T

Here § is a small positive constant to be mentioned below. From inequality (5.60) we
derive that:

1—ms+(2ms—1)e

I, < 5@2(1‘) -+ C( (m) -1 (1 + Zz( ))2+(1+s>m(1—2s)—1+s
€
m

m. 1 N (5.61)
(14 Z20) 4+ m(T) T (L4 Z2(0) + m(D) T (1 + 23()
From (5.55) and (5.61), and inequality (5.50) we have:
5 (220 + @2(1)) < 6a2(1) + CO)(1 + 22(1)* 755 (D)7
+C(1+6a2(t)) + CC)(1 + Z%(t))2 + CC(5) (m (m> (14 Z2(1)> et .
5.62

+46a2(t) + C((1+ Z2(1)% + m(2) 71 (1 + Z2(t))* Tromt—20-1+¢

m 1—ms+(2ms—1)e
3
1

+m(Z)FT (1 + Z2(8) 4+ m

—ms

)T (1 + Z3(t)) D 2).

Choose 6 > 0 such that:

1
55 + 6C' = —.
+ 2
Sj _ _(1=¢)? —9—m .
1nce3—mand€—2 , m > 2, we have:
lg%’ 1—ms+ (2ms —1)e <4e and € < fe.
m(s+1)—2 (I+sm(l—2e)—1+¢ 1—-3¢

Then by (5.62) and the fact that Z2(t) € L'(0,7T), we obtain the inequality with 0 <
T <
1d

S

SPTACR Z%(1) + a*(t) < m(— . )P (1+ Z2(1) (5.63)
From (5.63) we have for 0 <t < T
1 1 m
220" a2 o 7T 20
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Remark 8 Let us point out that the last inequality is better than in [34] and allows us
to assume only B > 2.

Now, take N > 2 such that:

My 2@ > 1
5 — 2’
Here the fact that S > 2 allows to conclude and by this fact improve the results of [34].
We get finally that for 0 <t < T

722 < 22" (1 + Z22(0) — 1, telo,T). (5.64)

1 —CNeg( e=2"N,

Now, from inequality (5.63) we get moreover that:

T
/ ()t < C. (5.65)
0

Now by estimate (5.38) for the density, there exists a positive constant C' depending
continuously on the data of the problem and such that:

2 1 . 2
oiltlET/Q <(curlu) + T/\(p)(@ + A(p))divu — P(p)) >(t, x)dx < C,

sup / ((Curlu)2 +(2+ )\(p))(divu)Q)(t,a:)dx <C, (5.66)
0<t<T JQ

/T/ (Ay+B””)2+(_A”By)2dxdy<C.
0o Jo p B

The rest of the proof follows exactly the same lines than in [34] and then we refer to [34].

6 Proof of theorem 1.2

We are interested in proving the existence of global strong solution with small initial
data for the system (1.5). W is the semi group associated to the following linear system

(6.67) with (g1,m1) a solution:
0iq1 + divmy — ulAgr =0,
- LR (6.67)
Oymy — pAmy +amy =0,

Denote ¢ = qr, + @, m = mp, + m where (qr,mp) are solutions of (6.67) with initial data
(go, mp). We are going to use a contracting mapping argument for the function ) defined
as follows:

t
0
q,m) = Wt — _ _ ds . 6.68
0@ = [ W9 (gt o ) @ (6.69)
where The non linear terms G is defined as follows:
m
G(q, = —di ®q). .

(g, m) W(l—i—q q) (6.69)

We are going to check that we can apply a fixed point theorem for the function ¢ in E 5

N
defined below, the proof is divided in two step the stability of ¥ for a ball B(0, R) in E=z
and the contraction property. We define £ 3 by:

N
N

N ~ N =, N4 ~ o8-~ T+1\N
Ez = (C(Bf)NLY(B2.)) x (C(BZ )NLYBY NBy ).
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1) First step, stability of B(0, R):

Let:

n=llgll x +llmoll x_, .
2,1 By

We are going to show that i) maps the ball B(0, R) into itself if R is small enough.
According to proposition 3.3, we have:

Wi, )« ( .o ) oy < Cllaoll_y +lImoll _y)=Cn. (6.70)

21 2,1

According to the proposition 3.3 it implies also that it exists C' > 0 such that:

_ < .
@ ml5 < CIGaml, vy (6.71)
Making the assumption:
1
|l oo m+ xrN) < 3 (6.72)
The main task consists in using the propositions 3.2 to obtain estimates on ||G(q, u)|| o %71).
LY(BR
Hence by proposition 3.2 and lemma 4 it yields:
m m
Jaiv( g @ml, ey S I oml,
1
< Clm| I =1y + 1), 6.73
ey T gy T (6.73)
<Clml? (gl _ x +1),
L3.(B ( L¥(Byh) )

We are now going to assume that (g, u) belongs in the ball B(0, R) of E% with R > 0.
Combining the estimates (6.70), (6.71), (6.72) and (6.73) we get:

lw(@,m)ll .y < CUC+1)n+ R)% (6.74)
By choosing R and n small enough we have:
C((C+1)n+R?<R. (6.75)

To do this it suffices in a first time to verify the assumption (6.72), let ¢ be a constant

such that | - || y < cimplies | - |l < 3, we choose R < ¢ and finally we can choose R
By
and 7 such that:
inf(R, c)
C+1

It implies that the ball B(0, R) of E 7 is stable under 1, indeed we have:

R <inf((3C) 71, ¢, 1), and n < (6.76)

$(B(0,R)) € B0, k),
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2) Second step: Property of contraction

We consider (¢1,m1), (G2,m2) in B(0, R) and we are interested in verifying that v is a
contraction. According to the proposition 3.3 we have:

14(g2,m2) = (@1, M)l Ly < CllG(g2,ma2) - G(Q17m1)llzl(3§171)' (6.77)
We set:
0q=qgs—q1 and dm = mo — mq.
We have then:
G(q2,m2) — G(q1,m1)
q2 g1\ m2®dm+0omem

=div(mi @ m — .
v(m 1(1+Q2 I+aq 1+ g )

Applying proposition 3.2 and lemma 4 we obtain:

G gz, ma) = Glarma)l, < IO, om) | (N )y + 20 az.me) ).

HZI(B2

-

Now, if (R,n) satisfies (6.76)(for a greater constant C' if necessary), it yields:

o o 1
14(g2, m2) = Y@, ma)ll Ly < 511(8q, om)ll -

Since E* is a Banach space, we have proved via the fixed point theorem the existence

of a unique global solution of the system (1.5) in the ball B(0, R) of E%. Tt concludes
the proof. O
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