Existence of global strong solutions in critical spaces for
barotropic viscous fluids

Boris Haspot *

Abstract

This paper is dedicated to the study of viscous compressible barotropic fluids in
dimension N > 2. We address the question of the global existence of strong solutions
for initial data close from a constant state having critical Besov regularity. In a first
time, this article show the recent results of [6] and [10] with a new proof. Our result
relies on a new a priori estimate for the velocity, where we introduce a new structure
to kill the coupling between the density and the velocity as in [19]. We study so a
new variable that we call effective velocity. In a second time we improve the results
of [6] and [10] by adding some regularity on the initial data in particular pq is in H?!.
In this case we obtain global strong solutions for a class of large initial data on the
density and the velocity which in particular improve the results of D. Hoff in [22].
We conclude by generalizing these results for general viscosity coefficients.

1 Introduction
The motion of a general barotropic compressible fluid is described by the following system:

Ip + div(pu) =0,
I (pu) + div(pu ® u) — div(u(p)D(u)) — V(A(p)divu) + VP(p) = pf, (1.1)
(p, U)/t:o = (po, uo)-

Here u = u(t,z) € RN stands for the velocity field and p = p(t,z) € R* is the density.
The pressure P is a suitable smooth function of p. We denote by A and p the two viscosity
coefficients of the fluid, which are assumed to satisfy p > 0 and A+ 24 > 0 (in the sequel
to simplify the calculus we will assume the viscosity coefficients as constants). Such a
conditions ensures ellipticity for the momentum equation and is satisfied in the physical
cases where \ + QW“ > 0. We supplement the problem with initial condition (pg,ug) and
an outer force f. Throughout the paper, we assume that the space variable z € RV or
to the periodic box 7.V with period a;, in the i-th direction. We restrict ourselves the
case N > 2.

The problem of existence of global solution in time for Navier-Stokes equations was
addressed in one dimension for smooth enough data by Kazhikov and Shelukin in [27], and
for discontinuous ones, but still with densities away from zero, by Serre in [33] and Hoff in
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[20]. Those results have been generalized to higher dimension by Matsumura and Nishida
in [29] for smooth data close to equilibrium and by Hoff in the case of discontinuous data
in [23, 24]. All those results do not require to be far from the vacuum. The existence
and uniqueness of local classical solutions for (1.1) with smooth initial data such that
the density pg is bounded and bounded away from zero (i.e., 0 < p < pg < M) has
been stated by Nash in [31]. Let us emphasize that no stability condition was required
there. On the other hand, for small smooth perturbations of a stable equilibrium with
constant positive density, global well-posedness has been proved in [29]. Many works on
the case of the one dimension have been devoted to the qualitative behavior of solutions
for large time (see for example [20, 27]). Refined functional analysis has been used for
the last decades, ranging from Sobolev, Besov, Lorentz and Triebel spaces to describe the
regularity and long time behavior of solutions to the compressible model [34], [35], [22],
[26]. Let us recall that (local) existence and uniqueness for (1.1) in the case of smooth
data with no vacuum has been stated for long in the pioneering works by J. Nash [31],
and A. Matsumura, T. Nishida [29].

Guided in our approach by numerous works dedicated to the incompressible Navier-Stokes
equation (see e.g [30]):

(NS)

v +v-Vu— puAv+ VII =0,
dive = 0,

we aim at solving (1.1) in the case where the data (pg,uo, f) have critical regularity.
By critical, we mean that we want to solve the system functional spaces with norm in
invariant by the changes of scales which leaves (1.1) invariant. In the case of barotropic
fluids, it is easy to see that the transformations:

(p(t, ), u(t,x)) — (p(I%t,12), lu(l®t,1z)), |E€R, (1.2)

have that property, provided that the pressure term has been changed accordingly.

Fi

IS}

Definition 1.1 Let p > 0. In the sequel we will note: ¢ =

The use of critical functional frameworks led to several new weel-posedness results for
compressible fluids (see [12, 16, 17, 19]). In addition to have a norm invariant by (1.2),
appropriate functional space for solving (1.1) must provide a control on the L> norm
of the density (in order to avoid vacuum and loss of ellipticity). For that reason, we
restricted our study to the case where the initial data (pg,up) and external force f are
such that, for some positive constant p:

X oyl 1 o+ T
q € By, uo € Byl and f € L, (RT,€ Bl )

with (p,p1) € [1,4+00] good chosen.

Concerning the global existence of strong solutions for initial data with high regularity
order and close to a stable equilibrium has been proved by Matsumura and Nishida in
[29] for three-dimensional polytropic ideal fluids and no outer force. More precisely for
p > 0, the initial data are choosen small in the following spaces (po — p,uo) € H® x H3.
More recently D. Hoff in [22, 21] stated the existence of global weak solutions with small



initial data including discontinuous initial data (namely go is small in L? N L™ and ug
is small in L* if N = 2 and small in L® if N = 3). One of the major interest of the
results of Hoff is to get some smoothing effects on the incompressible part of the velocity
u and on the effective viscous flux F' = (2u + X)divu — P(p) + P(p) are also pointed
out. D. Hoff is the first author to have introduced the notion of effective flux which
play a crucial role in the proof of P-L Lions for the existence of global weak solution.
However if the results of Hoff are critical in the sense of the scaling for the density, it
is not the case for the initial velocity. In [23], D. Hoff show a very interesting theorem
of weak-strong uniqueness when P(p) = Kp with K > 0. To speak roughly under the
conditions that two solutions (p,u), (p1,u1) check a control L* on the density and a
control Lipschitz on the velocity, with additional property of regularity on the strong
solution (p1,u1) then we obtain (p,u) = (p1,u1). D. Hoff use this result to show that
the solutions of [23] are unique. We will use this theorem in the sequel, by showing
that our solutions verify the hypothesis of D. Hoff in [23]. Finally R. Danchin in [13]
show for the first time a result of existence of global strong solution close from a stable

equilibrium in critical space for the scaling of the system. More precisely the initial data
N N

N

are choose as follows (o, u0) € (Byy N Bfl_l) X Bfl_l. The main difficulty is to get
estimates on the linearized system where the velocity and the density are coupled via the
pressure, and what is crucial in this work is the smoothing effect on the velocity and a L!
decay on p — p (this play a necessary role to control the pressure term). In this work, R.
Danchin use some astucious inequality of energy on the system in variable Fourier where
he has decomposed the space in dyadic shell. This explain in particular why the result is
obtained in Besov space with a Lebesgue index p = 2. In the same time of the redaction
of this paper, Q. Chen et al in [10] and F. Charve and R. Danchin in [6] improve the
previous result by working in more general Besov space by studying the linear part of
the system.

The goal of this article is to make a connection between the article of D. Hoff [22, 21] and
those of Q. Chen et al and F. Charve and R. Danchin in [6] and [10]. In fact we extend

the results [6] and [10] to the case where the Lebesgue index of Besov space are more
N N

general, it means ¢y € Bgl and ug € B ' with p and p; good choosen. In [6] and [10],
the authors obtain global weak solutions when p = p; < 2NN and strong solution when
p =p1 < N, the restriction on the choice of p come from a very strong coupling between
the pressure and the velocity. Indeed in this case the coupling is very strong in high
frequencies because of the term of pressure, that’s why we need to integrate completly
the pressure term in the linear part. In the case of lows frequencies, according the point
of view of the Fourier frequencies, the term of pressure is very regular so it does not make
problem to consider in the rest. The study of the linear part in this case is crucial to get
a gain L' of integrability on the density, and for low frequencies we follow the method of
R. Danchin in [13]. In [22, 21], D. Hoff get global weak solution with a critical regularity
on the density in the sense that pg — p is small in L*°. It means that he does not ask
any regularity on the initial density which is of this point of view besser than [13], [6]
and [10]. However the velocity in his case in only L! log Lipschitz, that is why he can
not obtain the uniqueness and have only weak solution. In this paper we improve the
results of [22, 21] by the fact that we get strong solutions, and we will show that it is
just enough to ask a arbitrary small € regularity on the initial density to get uniqueness.



In [19], we improve the results of R. Danchin in [12, 16], in the sense that the initial

N

density belongs to larger spaces Bgl with p € [1, +o0o[. In the present paper, we address
the question of global existence of strong solution in the critical functional framework
under the assumption that the initial density belongs to critical Besov space with a index
of integrability different of this of the velocity. To do that, as in [19] we introduce a new
variable in high frequencies than the velocity that we call effective velocity in the goal
to kill the relation of coupling between the velocity and the pressure. We observe that
this new notion of effective velocity allow us easily to get as R. Danchin in [13] a L!
decay on gq. However this new variable is interesting only in high frequencies, indeed
in low frequencies the term VP(p) is small in Fourier analysis. Moreover in the low
frequency regime, the first order terms predominate and the viscous term Awu may be
neglected in Fourier analysis, so that (1.1) has to be treat by means of hyperbolic energy
methods (more particularly the velocity verifies in some way a wave equation). This
implies that we can treat the low regime only in space construct on L?, it is classical
that the hyperbolic system are ill-posed in general LP spaces. So as in [10] and [6], the
system has to be handled differently in low and high frequencies. In short, we will use the
analysis of R. Danchin in [13] in low frequencies and the introduction of this new variable
the effctive velocity introduced in [19] in high frequencies. To simplify the notation, we
assume from now on that p = 1. Hence as long as p does not vanish, the equations for
(¢ = p— 1,u) read:

oq+u-Vg=—(1+ q)divu,

1
1+un+V (1+4q) =1,

1.3
o+ u-Vu — (13)

In the sequel we will note A = pA+ (A4 p)Vdiv and where ¢ is a smooth function which
may be computed from the pressure function P. One can now state our main result.

Theorem 1.1 Let P a suitably smooth function of the density such that P,(l) > 0,
N N
Tl 2 TUn 1 1 1
f 5 L ]SBZPLI "L and 1 %pl NS p < 40 suchNthcuth—1 <5t 5 Assume that ug €
B2 m T perl (RYBE M) andgo € B2 7 . Then th st tant
211 , loc By pia qo op1 | -Then there exists a constant g

such that if:

ol v v +uwl v~ +]f N N, <¢p
I B

then if % + % > %, p < max(4, N) and % < % + pil there exists a global solution (g, u)
for system ﬁl) with 1 4+ q bounded away from zero and,

~N N
P

g€ C(R, B;,pjl

N N
F+1,¥

)N LY(R, EQ,ZLI ) and

N N
1 >

N
ueCR; By, "+ B,

N N N
AN N Ny
p1 C)NLIR By, " ).

Moreover this solution is unique if % < % + p%'

Remark 1 This theorem is the same than Chen et al obtained in [10]. In particular
we have strong restrictions on p, it means p < max(4,2N). This fact is due to the



interactions between low and high frequencies in the paraproduct laws. However we obtain
this result with a mew method which seems more flexible and we will explain why in
thecorrolary 1.

Remark 2 It seems possible to improve the theorem 1.1 by choosing initial data qg in

L= N_1,0 . . :
Bé 1, (Iioo) N B(2 1),(00,1)7 however some supplementary conditions appear on py in this
case. Here B(S;I"?l)m’rz) is a Besov space where the behavior is By . and B2 . in high
frequencies.

The key to theorem 1.1 is to introduce a new variable v; to control the velocity where
to avoid the coupling between the density and the velocity, we analyze by a new way
the pressure term. More precisely we write the gradient of the pressure as a Laplacian
of the variable v, and we introduce this term in the linear part of the momentum
equation. We have then a control on v; which can write roughly as u — GP(p) where G is
a pseudodifferential operator of order —1. We will call u — GP(p) the effective velocity.
By this way, we have canceled the coupling between v; and the density, we next verify
easily that we have a control Lipschitz of the gradient of w (it is crucial to estimate the
density by the mass equation). In the previous theorem 1.1, we have as in [10] very
big restrictions on p (p < max(4,2N)) because the behavior in low frequencies. At the
difference with the results of strong solutions in finite time (see [19]), we can not choose p
arbitrarly big. To overcome this difficulty, we need to add some additional conditions on
(qo,up) in low frequencies as in [6] to avoid these restrictions in the use of the paraproduct
laws. We obtain then the following corollary:

Corollary 1 Let P a suitably smooth function of the density with P'(1) > 0, f €

N N

-1,N 1
Ll(sz1 N Bgr) and 1 < p; < p < 400 such that i ++ %. Assume that
N N N
—1,N N N
b 0,1 g

UOEBZP1 1p1 2r7 feLloc(R+aBQ2,p1,lp1 ) andq0632p1 B mBZ,r with r = +00
if N >3 andr = 1 if N = 2.Then there exists a constant €y such that if:

laoll _yy v Al OH yoaro Ly < €o,

B2,p,1 me2 2p11 n S,r Lt 2,p1,1p1 mBg,r)

then z'f%—l—p% > %, there exists a global solution (q,u) for system (1.1) with 14q bounded
away from zero and,

qu(RB2p1 ¥ 0B DN IR, 22p+1’PmB D and
N

N

~ ~N1 N
)N BY,)NI'R, B2, " N B3).

AN
’p

—1,
(= C( ; (B 2101,1191 +BQp1
Moreover this solution is unique if 2 ~ <1 + -

Remark 3 We can observe that when p tends to mﬁm'ty, we are close to get weak so-

. . o 1,0 N_o11 .
lution with the following initial data (qo,up) in B200 1 X BSyny . It means that this

theorem rely the result of D. Hoff where the initial denszty 1s assumed L*° but where the
initial velocity is more regular (it means not critical) and the results of R. Danchin in
[16].Moreover it is right for general pressure when in the works of D. Hoff the pressure
verify P(p) = Kp with K > 0.



Remark 4 If r = 400, then we replace above the strong continuity in B3, by the weak
continuity.

Remark 5 In some some sense, we could consider that the case p > N is not so im-
portant because we obtain only the existence of global weak solution as in the works of
D. Hoff in [22], [23]. However it stays very interesting, indeed as in the work of F.
Charve and R. Danchin in [6], we could add some additional condition on the data such
uy € B?\Ll' In this fact, it would be easy to show some results of persistency as for
Navier-Stokes wz’thout condition of smallness on HuOHB?“, in particular the fact that

oo (310 Ly A TR E ! o thi : :
uwel (BQN1 + B2p1 )N LBy, 1 ). And in this case, we will case the exis-

tence of global strong solutions but with only a condition of smallness for the density on
llqo]] ~ﬂ7 y o, In particular it improves widely the results of [10] and [6], this result
"2NBY

1,73
2,7
is close from the results of D. Hoff in [22] and [23] e:ncept that we are in critical space
for the scaling (except concerning the fact that qo € B )
In particular as in [6], we can take up(x) = ¢(x)sin(e™ 1:6 -w)n where w and n stand for
any unit vectors of RN and ¢ for any smooth compactly supported function then we have
if pr > N:
1-N
luol| »_, <Ce 71,
p1
P11
so that the smallness condition is satisfied by ug if € small enough. However we remark
that ug is arbitrarly big in L3. On the other hand, ug belongs to Scwartz class S hence
also to B?V,l so that uniqueness holds true by persistency results.

Remark 6 We can observe that ug € BY » corresponds ezactly to the energy space when
r = 2, in this sense this additional regulam'ty on the velocity seems very natural. We
will explain in the corollary 2 why it is perfectly adapted in the case of specific viscosity
coefficients. Indeed in the general case qo € Ba s mot in the energy space.

We want treat now the special case of the BD wviscosity coefficients. Indeed in [5] Bresch
and Desjardins have discovered a new entropy inequality when in (1.1), we have:

Mp) = pit (p) — 1(p)-

In this case they show that we can control \/pVe(p) in L°(L?) where ©'(p) = “ﬁ()p).

Roughly it means that we controll the density p in L (H?'). It is the additional condition
that we ask in the corollary 1. In the following result, we prove that we can extend the
corollary 1 to the case of general viscosity.

Corollary 2 Let P a suitably smooth function of the density with P'(1) > 0, f €

N N

Ll(B 91, N ngr) and p, \ are general regular functions such that p(1) > 0 and

p(1 )—1—)\() >0and 1 < p < p < +oo such th,ati < i—l—%. Assume that
N_ 1N 4 1N _N_4 N
u0632p11p1 B, €L (R Blep1 )andq06322p1 ”HBS”; with r = +00
if N >3 andr = 1 sz = 2.Then there exists a constant €y such that if:
lqoll 5y 1 & + lJuoll _y_y I yom < €0
BQ?p,ll,pm S:’r 2p111p1 10B8,r Lt BQ?p1,117p1 1038’7,) ’



then Zf%—l—i > %, there exists a global solution (q,u) for system (1.1) with 14q bounded
away from zero and,

~ ~N_1 N 0.1 ~ ~N N 91
g€ C(R,By,, " NBy,)NL'(R, B;pl " NBy,) and
N N N N N+

~H 1N ~ ~ 541,541

= 0 1 ’ 2
UGC( ( 2,p1, 1?1 +B2p1 )HBQ,T)HL (RaB;,p,l : OBQ,T)'
Moreover this solution is unique if 2 v < % + —

Remark 7 This result is very interesting in the case of the BD wviscosity coefficients. In
this case our result is very close of the energy initial data with the optimal condition for
the scaling (qo,uo) € BgoJ X B?V,l)‘ In particular it concerns the shallow-water system.

Remark 8 Moreover our method is more flexible than the proofs of D. Hoff in [23],
[24], [22] as these works are based crucially on the notion of effective pressure and on a
gain of integrability on the velocity which are right only in the case of constant viscosity
coefficients.

Our paper is structured as follows. In section 2, we give a few notation and briefly
introduce the basic Fourier analysis techniques needed to prove our result. In section
3, we prove estimate on the transport equation. In section 4, we prove the theorem
1.1.In section 5 we prove the corollaries 1 and 2. Two inescapable technical commutator
estimates and the proof of paraproduct in hybrid Besov spacesare postponed in appendix.

2 Littlewood-Paley theory and Besov spaces

Throughout the paper, C' stands for a constant whose exact meaning depends on the
context. The notation A < B means that A < CB. For all Banach space X, we
denote by C([0,7],X) the set of continuous functions on [0,7] with values in X. For

€ [1,400], the notation LP(0, T, X) or L%.(X) stands for the set of measurable functions
on (0,T) with values in X such that ¢ — || f(¢)||x belongs to LP(0,T"). Littlewood-Paley
decomposition corresponds to a dyadic decomposition of the space in Fourier variables.
We can use for instance any ¢ € C°(R"), supported in C = {£ € RV/3 < |¢| < 3} such
that:

D el =1if ££0.

leZ

Denoting h = F 1y, we then define the dyadic blocks by:

A= p(27'Dyu = 2!V h(2'y)u(z — y)dy and Sju = Z Agu.
RY k<i—1

Formally, one can write that:

u:ZAku.

keZ

This decomposition is called homogeneous Littlewood-Paley decomposition. Let us ob-
serve that the above formal equality does not hold in &' (RY) for two reasons:



1. The right hand-side does not necessarily converge in &' (RV).

2. Even if it does, the equality is not always true in S'(RY) (consider the case of the
polynomials).

2.1 Homogeneous Besov spaces and first properties

Definition 2.2 For s € R, p € [1,+], q € [1,400], and u € S’ (RY) we set:

1
lullgg,, = Q2% Auwlz0)?)s.

leZ

The Besov space By, is the set of temperate distribution u such that ||ul|ps < +oo.

Remark 9 The above definition is a natural generalization of the nonhomogeneous Sobolev
and Holder spaces: one can show that B, ., is the nonhomogeneous Holder space C* and
that B5 5 is the nonhomogeneous space H?®.

Proposition 2.1 The following properties holds:

1. there exists a constant universal C' such that:
CHullps, < IVull gs-1 < Cllulgs,-

o B;;i\g(l/m—l/pz)‘

2. If p1 < p2 and r1 < 12 then B,

1,71

/ . / . /
3. By, —Bp,ifs >sorifs=s andry <.

Let now recall a few product laws in Besov spaces coming directly from the paradifferen-
tial calculus of J-M. Bony (see [4]) and rewrite on a generalized form in [1] by H. Abidi
and M. Paicu (in this article the results are written in the case of homogeneous sapces
but it can easily generalize for the nonhomogeneous Besov spaces).

Proposition 2.2 We have the following laws of product:

e Forall s € R, (p,r) € [1,+00]? we have:

luvllpy, < Cllullr=<lvlz;, + vllz=llulB;,) - (2.4)

p,r —

e Let (p,p1,p2,7, A1, Aa) € [1,+00]? such that.% < p% + p%, p1 < A2, p2 < Ay, Il, <
1 1 1_ 1
pr T ol S

if51+52+Ninf(0,1—p%—pi2)>0, 81+%<pﬂ1 and82+f\l1<pﬂ2 then:

+ )%2 We have then the following inequalities:

[ T P P (2.5)
p,T

when s1 + % = pﬂl (resp so + )\ﬂl = }%) we replace ”“”Bz},TH”HB;gm (resp HU”Bzg,m)
N

by Hu||B;i’le||B;§’r (resp HUHB;;OOOLOO)’ if 81+ % = pﬂl and sy + )\ﬂl = o, we take



r=1.

Ifsi+s2=0,s€ (5 — 2,5~ and - + - <1 then:
luvll wie-1) S lullps vllpg (2.6)

b,

If |s| < = forp > 2 and - & < s < X else, we have:

HUUIIB;T < Cllullg, llvll ~ . (2.7)
Bp oNL>®
Remark 10 In the sequel p will be either p1 or pa and in this case % = p%—p% if p1 < poa,
resp 5 = oo — oo if P2 <p1

Corollary 3 Letr € [1,400], 1 <p <p; < +o0o and s such that:

o sc(—X N zf + L <

pl p1 pl_
e s€ (- NE+L—1),2)if 2+ >1,

N
then we have if u € By . and v € By} o N L>:

[uols;, < Cllulis;, (]

Pp1,00

The study of non stationary PDE’s requires space of type LP(0,7,X) for appropriate
Banach spaces X. In our case, we expect X to be a Besov space, so that it is natural to
localize the equation through Littlewood-Payley decomposition. But, in doing so, we ob-
tain bounds in spaces which are not type L”(0, 7T, X) (except if » = p). We are now going
to define the spaces of Chemin-Lerner in which we will work, which are a refinement of the
spaces Lf.(Bj ).

Definition 2.3 Let p € [1,+00], T € [1,4+00]| and s1 € R. We set:

lullze 531y = (D2 A1 10y

lEZ

S =

We then define the space Z%(B;}T) as the set of temperate distribution u over (0,T) x RN
such that ||lul|z, By < +oo.
T p,r

We set GT(E;T) = E%’ (E;l,,) N C([0,7], ByL). Let us emphasize that, according to
Minkowski inequality, we have:

HUHEPT(B;%) < HUHL"T(B;}T) if 7> p, HUHEPT(B;%) z HUHL"T(B;}T) it r<p.
Remark 11 It is easy to generalize proposition 2.2, to E’%(B;}T) spaces. The indices sq,

p, T behave just as in the stationary case whereas the time exponent p behaves according
to Holder inequality.

In the sequel we will need of composition lemma in Z{}(B;T) spaces.



Lemma 1 Let s >0, (p,7) € [1,400] and u € Z{}(B;,T) N LF(L>).

1. Let F € VVl[SHZ (RN such that F(0) = 0. Then F(u) € EQ(B;J). More precisely
there exists a function C' depending only on s, p, r, N and F such that:

IE@ze (55 ) < Cllulzga=llulzs s, -

loc

precisely there exists a function C depending only on s, p, r, N and F' such that:

2. Let F e W H_SOO(RN) such that F(0) = 0. Then F(u)—F (0)u € E%(B;’T). More

/ 2
1P(w) = ' O)ullzg 5, ) < Cllulligeeoe) uly g, -

Here we recall a result of interpolation which explains the link of the space B | with the
space B3 . see [11].

p,00°

Proposition 2.3 There exists a constant C such that for all s e R, e >0 and 1 < p <
+00,

14+¢

HUHLP (BH-E)
”uHE%(B; 1) < C?HUHZ%(BZ“;’OO) (1 + 10 ) .

HUHL‘%(B;,OO)
Now we give some result on the behavior of the Besov spaces via some pseudodifferential
operator (see [11]).

Definition 2.4 Let m € R. A smooth function function f : RN — R is said to be a S™
multiplier if for oll muti-index o, there exists a constant C,, such that:

VEERY, [9°(€)] < Cull + €)1,

Proposition 2.4 Let m € R and f be a 8™ multiplier. Then for all s € R and 1 <
p,7 < 400 the operator f(D) is continuous from B, . to By.™.

Let us now give some estimates for the heat equation:

Proposition 2.5 Let s € R, (p,r) € [1,400]? and 1 < py < p1 < +o0. Assume that

ug € By, and f € Lp2 (Bs 2+2/p2) Let u be a solution of:

pT‘

Ut=0 — UQ -

{atu—uAu:f

Then there exists C' > 0 depending only on N, u, p1 and py such that:
|
Il g0 s t27eny < C lollsg, + 1575~ 1l o-21270my)

If in addition r is finite then u belongs to C([0,T], B; ).

10



2.2 Hybrid Besov spaces

The homogeneous Besov spaces fail to have nice inclusion properties: owing to the low
frequencies, the embedding B, — B}Z,l does not hold for s > t. Still, the functions
of By are locally more regular than those of B;),f for any ¢ € C§° and u € By, the
function ¢u € B]’;l. This motivates the definition of Hybrid Besov spaces introduced
by R. Danchin in [13] where the growth conditions satisfied by the dyadic blocks and
the coefficient of integrability are not the same for low and high frequencies. Hybrid
Besov spaces have been used in [14] to prove global well-posedness for compressible gases
in critical spaces. We generalize here a little bit the definition by distinguishing the
coefficients of integrability.

Definition 2.5 Let s,t € R and (p,q) € [1,+00]|. We set:
[ > 2 Au e + Y 2| Al L.
<o 1<0
Notation 1 We will often use the following notation:
UBF = ZA[U and UHF = ZA[U
1<0 >0
Remark 12 We have the following properties:
e We have E;:;l =By,

o If sy > s3 and sy > s4 then B;:*q’sf — B;lq’sf.

We shall also make use of hybrid Besov-spaces. For them, one can prove results analogu-
ous to proposition 2.2, we refer to proposition 6.9 in the appendix.

3 The mass conservation equation

We begin this section by recalling some estimates in Besov spaces for transport and heat
equations. For more details, the reader is referred to [3].

Proposition 3.6 Let 1 < p; < p < +oo, r € [1,400]| and s € R be such that:
1 1 N
—Nmin(—, =) <s<1l4 —.
p1 p P1

Suppose that qo € Bs,, F € L'(0,T,B5,) and that ¢ € L (B5,) N C([0,T];S") solves

the following transport equation:

Oiq+u-Vqg=F,
q t=0 = qo-

There exists a constant C' depending only on N, p, p1, v and s such that , we have for
a.ete[0,T]:

t
lallzge s, ) < €O (laollg, + /0 " VDN F ()| 5, dr), (3.8)

with: U(t) = [ [|Vu(r)| I dr.

Byl eoNL™>
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We want study now the following problem:

oq+u-Vqg+aq=F,
(H) {

q t+=0 = qo-
Above a is the unknown function. We assume that F' € L"(0,T; B;vr), that v is time

|
dependent vector-fields with coefficients in L'(0, T} Bjl, ) and a > 0.
Indeed we recall that we can rewrite the transport equation on the following form:

hqg+u-Vg+ (¢g+ 1)(P(1+¢q) — P(1)) = —(1 + q)divoy,
where we refer to the section 4.1 for the definition of vy.

Proposition 3.7 Let 1 < p; < p < +oo, r € [1,400]| and s € R be such that:

1 1 N
—Nmin(—, =) <s< 14 —.
p1 p p1

There exists a constant C depending only on N, p, p1, r and s such that for all a €
L>([0,T],BS,) of (H) with initial data ag in Bj, and g € L'([0,T], B ), we have for
a.ete[0,T):

t
lalz 5. + 1907355, < €<V laollg, + /0 VO F(r)||gy,dr),  (3.9)

with: U(t) = [7 |Vu(r)| ~ dr.

Byl onL®>®
Proof: Applying A; to (H) yields:
OAg+u- VA + aldig = R+ AF,

with R; = [u -V, Aj]g. Multiplying by Aya|A;alP~2 then performing a time integration,
we easily get:

t t
1, ..
A+ a / | Avg(s)l|eds < Aol + / (1Rl + 5 vl = | Arglo
0 0
+ | AF || o ) dr.

Next the term || R;||z»may be bounded according to lemma 2 in appendix. We get then:

t
lall g5, + @l sy s < 18005, + /0 (IE@l55, + OV (a5,

We end up with Gronwall lemma by letting X (¢) = Hq”ZfO(B;,T) + O‘”qHZtl(B;,’T)'
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4 The proof of theorem 1.1

4.1 Strategy of the proof

To improve the results of Danchin in [13], Charve and Danchin in [6] and Chen et al in
[10], it is crucial to kill the coupling between the velocity and the pressure which exists
in these works . In this goal, we need to integrate the pressure term in the study of the
linearized equation of the momentum equation as in [19]. For making, we will try to
express the gradient of the pressure as a Laplacian term, so we set for p > 0 a constant
state:

dive = P(p) — P(p).

Let £ the fundamental solution of the Laplace operator.

We will set in the sequel: v = VE« (P(p) — P(p)) = V(£ [P(p) — P(p)]) ( * here means
the operator of convolution). We verify next that:

Vdive = VA(E # [P(p) — P(p)]) = AV(E = [P(p) — P(p)]) = Av = VP(p).

By this way we can now rewrite the momentum equation of (1.3). We obtain the following
equation where we have set v = 2u + A:

O+ u - Vu — %A(u - lv) — )\—i_pMVdiv(u — %v) = f.

v

We want now calculate d;v, by the transport equation we get:
v =VExP(p) =—VE x (P/ (p)div(pu)).

We have finally:
A(OF) = —P (p)div(pu).

Notation 2 To simplify the notation, we will note in the sequel
VE * (P'(p)div(pu)) = V(A) (P (p)div(pu)).

Finally we can now rewrite the system (1.3) as follows:

O0iq + (v1 + %u) Vg + %(1 +q)(P(p) — P(1)) = —(1 + ¢)divoy,
dyvy — 1iq,4u1 =f-u-Vu+ %V(A)*l(P’(p)div(pu)), (4.10)
q/t=0 = ao, (v1)/t=0 = (v1)o-

where vi = u — %v is called the effective velocity. In the sequel we will study this system
by exctracting some uniform bounds in Besov spaces on (g,v1). The advantage of the
system (4.10) is that we have kill the coupling between v; and a term of pressure. Indeed
in the works [6] and [10], the pressure was included in the study of the linear system, it
means mandatory a coupling between the density and the velocity. In particular it was
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impossible to distinguish the index of integration for the Besov spaces.

However we can remark that this change of variable v; is interesting only in the case of
low frequencies, indeed heuristically in low frequencies V P(p) is small in Fourier variable
so it is not a matter.

It is natural in this case to study the variable u in low frequencies. Moreover as explained
in the introduction, the system (1.1) has a hyperbolic behavior, which means that we
can work only with spaces builtet on L? (indeed classicaly the hyperbolic system are
ill-posed in space constructed on general LP). In the following ssection, we will explain
how to treat the case in low frequencies and how we will use the fact that ¢ behaves in
low frequencies as an heat equation.

4.2 A linear model with convection

In this section, we will explain how we treat the low frequency regime by following
the approch of Charve and Danchin in [6]. In low frequencies, the first order terms
predominate and the viscous term Au may be neglected so that (1.1) has to be treated
by means of hyperbolic energy methods. It means that we can only work in spaces
constructed on L?. Moreover in the case of low frequencies the effective velocity is not
a adapted variable in the sense that it is less regular than u as (A)~'VP(p) is not very
regular. It is better in this case to work with u.The first idea would be to study the
linear system associated to (1.1), it means:
(P { g + divu = F', |
Ou — pAu — A\Vdivu + Vg =G .

This system has been studied by D. Hoff and K. Zumbrum in [25]. There, they investigate
the decay estimates, and exhibit the parabolic smoothing effect on v and on the low
frequencies of ¢, and a damping effect on the high frequencies of q.

The problem is that if we focus on this linear system, it appears impossible to control
the term of convection u - Vg which is one derivative less regular than q. However in low
frequencies the Green matrix of the linearized systems behaves as the heat kernel (see
[10]), the terms v - Vg and v - Vu can be handled as the perturbation terms. We study
then the following system:

(LH)

0yq +divu = — +v-Vq+ F,
Ord — pAu — AVdivu + Vg = —v - Vu + G,

We obtain then the following proposition:

Proposition 4.8 Let (q,u) a solution of (LH)', let s € R. The following estimate holds:

(g, W) BF Il zoe (g ) + 1@ W BPITy B2y < (@0 w0)BFl 5, + I(E G)BrlzE; )

+ (- Va, v Vu)BE|p g, -

Proof:
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In this case for j < 0, in terms of Green matrix (see [10]), the solution of (LH) can
be expressed as:

qu(t) . Aj(]() t A]F(S) — AJ’(U . Vq)
< agult) ) =IO ajug ) TS ETI ajets) - 8500wy )
with W the Green matrix. From proposition 4.4 in [10] and Young’s inequality we obtain
the result. O
4.3 Proof of the existence
Construction of approximate solutions

We use a standard scheme:

1. We smooth out the data and get a sequence of global smooth solutions (¢", u"),en
to (1.1) on R by using the results of [6] and [10].

2. We prove uniform estimates on (¢",v}") in high frequencies and on (¢”,u") in low
frequencies.

3. We use compactness to prove that the sequence (g™, u") converges, up to extraction,
to a solution of (1.1).
First step

We smooth out the data as follows:
Q(T)l = SnQOa Ug = Spup and ]m = Snf
Note that we have:

VieZ, |Aghllr < [|Aigollr and flgoll v ~ ) <@l & ~ 4,
BP BP BP p

p,lm p,1 pylm p,1

and similar properties for uf and f", a fact which will be used repeatedly during the
next steps. Now, according [13], one can solve (1.1) with the smooth data (qg, ug, f™).
We get a solution (¢",u™) such that:

~ N N_q ~ N_q ~ N
¢" € C(R,BY, N By, ) and u" € C(R, By, )NL'(R,BZ ). (4.11)
Uniform bounds
We set now
1

vp = V(Ex[P(p") — P(1)]) with dive" = P(p") — P(1) and of =u" — ;v”,

with £ the fundamental solution of the Laplace operator and v = A + u. In the sequel
we will note g(¢") = P(p") — P(1) where g is a regular function. In this part, we aim at
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getting uniform estimates on (¢, (v1)} ) in high frequencies and on (¢, v ) in low
frequencies in the following space E' and F':

1 Niog
+BS ).

E’ _ (EOO(B%)QEI(B% ) % (EOO(Bﬁfl_f_B%)_f_zl(B%Jr
- p71 p71 p171 p>1 p171

~—

Sk

/ S N +1 Yooyl F1, oyl
F=(L (B ) NL (B ) x (L (Bghy )+ L (B ))-

More precisely we will obtain uniform estimates on (¢",«") in E and on (¢",v}) in F
whith:

e BN B B el gL
E=(L*(By,, ")NL By, ")) x (L¥(Byyy " + By i™ )
N N
NLY(By,, " ))-
A T - =
F=L (BQ,p,1 )NL (B2,p,1 ) X (L <B2,p,1 +B2,p1,1 )
~ =Npo Ny B2

N9
NLY By " 4+ Byp ™ )

We will work finally in the space H with:
(Q7u) €H< (qvu)BF € E, and ((LUI)HF S F,-

We have then: ||(q,v)||rz = ||(¢,w)BF| 5 + (¢, v1) gF| zr- We can now check that (¢", v')
satisfy the following system:

P'(1
O +u" - Vg" + ZE)C.In = FY,

oy — Avtl = Fy' + f, (4.12)
1
qg = qo, (U?)/tzo = ug — ;’l}g

which is a transport equation and a heat equation.

/

F' = —(1 4 ¢")dive} — %(P(l +q") - P(1) = P (1)¢") — %qn(P(l +q") = P(1)),

1
Gi = (

n n n l —1/p' (. n\7q: n,n
Tia 1)Av} —u" - Vu" + VV(A) (P (p™)div(p™u™)).

Moreover (¢",u™)nen is the solution of the following system:
0q" +u" - Vg +dive" = F"
du" +u" - Vu" — A" + P (1)V¢" =G + " (4.13)
(¢",u") ji=0 = (a0, ug);
which has been studied for low frequencies in proposition 4.8 with:
F" = —¢"divu”,
n

n_ 4 n ! P n n
G" = 1+anu +(P(1)—P(1+4¢")Vq".
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Let us set:

E(qu)=|lq||. _~n_,nx +]u N_| N _ _ +q~~fﬂ
)=Vl g+l oyan oyl oy
+ HUHEI(E%H,%H)a
FEy = _ N_, + N, + _ + S SN
(@) = Nl o Tl v+l e+l
Ey(qyu)=llgll.  ~ +lull_ w0 ~ +llall_ x
L>=(BrF) L>=(B,!, +B}) LY(B}F))
+HUH Ny N, -
RN YA

One can now apply the propositions 2.5 at our system to obtain uniform bounds, so we
have in high frequencies to control (v, ¢") and in low frequencies (¢",u"):

Ey((¢", v} ar) < C(l(go)arll ~_, x~ + [(uwo)ar| ~
BF +B}

p,1 p11
+IFMarll. ~ +IGH. ~., ~ ),
LY(B}F)) Ll(fz;’l{1 +B}))
and
E1((¢",v")BF) <C(||(qo)BFH y_ +||(U0)BFH
21 21
+ |[(F™ B G™|| _ ,
It )BFHLI(BQ?;) | HL1 = ))

Therefore, it is only a matter of proving appropriate estimates for F7*, G, F" and G"

by using properties of continuity on the paraproduct and proposition 7?7, 2.5 and 4.8.

We begin by estimating |[(F7)mr|. ~ and |[(G})mrll. ~_, ~ , we have to
LY(B?P

p1
p,1 Ll(Bpl,l +sz,)1)

use proposition 2.2 and proposition 6.9 and the fact that by interpolation dive} is in

N N N N
N1, + S I e ~ Yy
L'(B 27p 1 ) because Ll(B 2 + By 1 ") = LY(By,, ") as pr < p:

1+ ¢")dive} N < ||divo} N N +q divo? N.; N
I+ 1)HFHE1(B:1) gl g el
+ HdiVU?HLl(Lw)anllzw NN

/

(PO +q") = PO) =P W)g")] el » <CI"IE x s

LY(B))) L2(By, )
Id"(P(L+q") = PO)] ypll . v <Cld" 1> yon
[ ]HF Ll(Bppl) ZQ(BQI;; ig\;]

-1
Next we have to treat the term [+ Av?|gp in Ll(Bpl1 .+ B 1), where we can split

Avf on the form:

THq™

vf = h"+g",
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N 1N _q
with: A" € L°°(B2p e )ﬂLl(B
We obtain then by proposition 6.9:

N
+ o1 + ~ o
7171 1

qn n n
I Ag"] ||~ n < HT Ag ||~ NN A+ [[Tygn . ~,n
1_|_qn HF Ty pl) 2?1),1?) 1—{—qn 1(32217’11 Py
]
+ [[R(Ag" NN,
L+q" Ly, 7
<Cld"ll.  yon [[Ag". y o
I8, AR
Next we have to use proposition 6.9 to treat the term T‘Ahn(ﬁ— ) and R(AR™, 1+ =—1)
when p; > N, we have then:
qTL
[T 4nn I yw, <[AR"|_ v v, |l H~ NN
L+ Tus, 7 ARSI T (Bl )

where following the proposition 6.9, we have chose p = 2, ¢ = p1 , and as p > p; we have

% = pi - ]l) and A = +o0. It means that: pﬂl 1< JZ (what is assumed) and 2 < X" if
2> Zi m . It means that we need of the following condition:
N N

o< PP and S o1< (4.14)
p—n b1 p

Next we have as - —I—— —1 > 0 by proposition 6.9 for the rest term on the high frequencies:

1
IR(AR (—— =] ypll . vy <IPP o x| -1 o~
L+q HE g IR B T L A XA
We have seen that we need to treat this term of the condition:
N N
210 (4.15)
b1 p
N_ N
Easily we have by proposition 6.9 as LOO(B 27p71 Py s L
qn
1T gr AR mpll oy < AR oy [l H NN
Tigm 1 LB, 1) Zl(Bﬂl}l1 1) 14 g™ L>=(By, 11 )

We treat now the term " - Vu™ and we have as u" 6 E, it exists A} and g7 such that

u™ n n : n T 0o ~% 1’ T1 2+’ raa! ﬂ_llj’\i_l
= gi + ht with hf € L>(B,,, ")NL (B, 9p.1 ) and g} € L*® (BQm,l )N
J+1, N+1 .
Lt (B 9 p ). We have then by proposition 6.9:
At - Vh? N < Tthhn N N + |75 hnhn N N
10 90) il e < I AL, oy 4 W Toghil, oy
+ I R(VRY, Ay~
LY By, )

< ||AT N hY N_, N
L, o PR o
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Next we have to treat the term Tyn Vg by using the proposition 6.9 with i, = p% - %,
2§)\ and & —1 < & then:
P p
HT”V91H xS Hng ) HVng~ NN
p1 B P)
2 P11 2,p1,1 2,p,1
We have seen that we need of the conditions:
N N
1< oand 2< 22 (4.16)
p1 p p—n1
_N N
Easily we have as B22 1 = L* by proposition 6.9:
HTVQ{LQIH F-1.81 <Clgtll_ ) 1 HVQIH~ -y
B2 1> 1 Lee Bz P1s 1 (BQ,p,l )

To finish with the term ¢7'Vg}', we have to treat the term (R(g{‘, Vg?))HF. By proposi-
tion 6.9, as ¥ + X — 1 > 0 we have:

p ' p1
(R, Vo)) gl . vy < Cligrl.  _youx - Vgt ||~ NN .
Ll(Bif;llvl 3271)1 1 "B ,pylp )
We have seen that we need of the conditions:
N N
——14+—>0. (4.17)
b1 p
From the previous inequalities, we have obtained:
1091 - Vor) ypll . xy <Cllgrll. oy oxy [IVer ||~ NN .
( 1 1 )HF Ll(Bill,l 1 1 Foo 32210111 1 1 (pr:lp )

We can treat similarly the terms g - VAT and Al - Vgi'. We have finally under the
conditions (4.14), (4.15), (4.16) and (4.17):
(" - Vun) < Clu|[%-

HF||~ N_; N
I

We finish with the following term where f is a regular function such that f(0) = 0:

I[V(A) (P (") div(p™u" )] ppll . x,

+ H [V(A)il(dlv(qnun))] HFH~ N % + H [V(A)ildlv(un)][{p‘h N g % ’

Ll(Bpll +B ) Ll(Bgll’l +Bp 1)
< Clldiv)| |y oy U+ 16"y x + " ||2 yox)
Ll(B2 1p ) (sz1p) B2,p,lp)
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We have now to treat the case of low frequencies and in particular estimating ||(F") gr|| o y -,
LY(B2
and || (G”)BF||~ ~N_, , we begin with || (F”)BFH~ 7_1). We have then according

(B (B

2
2 ) 2,1

proposition 6.9 1f p < max(4,2N):

I(g"dive™)prll. . < |[Tgn(dive®)]]

LBy ) LY(By,, " ) LY(By,, ' ")

+ | (R(q", divu"))

C(llg" NN [u” Ny~ +lg" N X u” NN )
(I ”E a5 | ||E2(322 5 [ i | |!~1§2?pi1,p+1))

Here the only difficulty was to treat the term R(q¢",divu") when N = 2, we need in this
case of the previous condition:

p < max(4,2N). (4.18)
and:
I(R(q" diva™)) gl oy < Cllgll _xox flu”l_ oy~
( )BF Ll(B; 1) L2(32 1P 2( Z}’JI’)
Similarly we have by using proposition 6.9 with condition (4.18):
1™ Vg")srll, oy < Clid" ||~ oyt N
(B BB E) IeELT)

We now want to estimate |G le S¥-, %_1+§%71’ﬂ , we begin with H(1+q Au” )HFH~

2,pq,1

N_15
LY (B )

Trgn and R(an,Au ). We have by

using proposition 69 if: % < %, N—-1>0, 2p — 1 > 0. We recall here that
N N 1.N
p

E*(Biy) = I(Biyy

2,p,1

the main difficulty corresponds to treat T gyn L1

), we have then:

n

NRO g A il oy < Ol o A,
We need then of the following conditions:
p < max(4,2N). (4.19)
Next we have according proposition 6.9 with A = N = +oo:
" n
(Tt —— g )BFHL1 i = HTAUHWH”(EQ%:’%A)’
C!!1+q I aE p)HAU"!L GE
Finally we have:
(K (q")Vq" )BF”~1( Aoy < <llg"Il. paEd )

20



To finish, it stays in low frequencies the terms: Tyynu”, TynVu™ and R(u™, Vu'™). We
have then by proposition 6.9 if p < max(4,2N)):

VROV srl o <CURL. oy s, VAR
LY(B Lo(B Py LY(

N .
p
21 ) 2 pi1 (B 1

”3

We have seen that we need again of condition (4.18).
We want treat now (R(g¢}, V¢7))pr, we have then by proposition 6.9 if pﬂl + % -1>0

1 1 1
= < = =
and2 p+p1'

R(gt,Vgi)srl. x ., <Clg} v 7y
|(R(g} gl))BFHLl(Bg1 b lg?'ll Bz%; 111N n ng~ Ez,p,?)

We have seen that we need of the following conditions:

1 1 1 N N
S<-f = and —+ = —1>0. (4.20)
2 P D1 p1 P

Next we have by proposition 6.9 if:

Typnh? N_,n <C|h} n_, ~ |[[VAY N N .
el ooy, < ORI sy IV, v
and
Tograrll .y n < C||91H Yoo ||V91H~ NN
Lt ( 22p1 (B22p 11 22p1p)

We proced similarly to control T,,» Vu™. Therefore the above inequalities with conditions
(4.14), (4.15), (4.16), (4.17), (4.18), (4.19) and (4.20) imply that for all ¢ € R we have :

p1

c
16" ), < CeN@ DM (lgol| s Hlluoll oy 3 L HIFL e+l ™) )
By’ B LY(B

2,p,1 2,p1, 2,p1,1

From a standard bootstrap argument, it is now easy to conclude that there exists a

positive constant ¢ such that if the data has been chosen so small as to satisfy:

lgoll x 1x + HuoHBg_l%_l HIAL yaxse

2,p,1 2,p1,1 LY(By py 1

then it exists C' > 0 such that for all ¢t € R:

(" u"™)||g, < C, VteR.

Compactness arguments

Let us first focus on the convergence of (¢"),en. We claim that, up to extraction, (¢")nen
converges in the distributional sense to some function g such that:

T 00 %_1’% 71 2+ -
g I®(B, ") NINBL ), (4.21)

The proof is based on Ascoli’s theorem and compact embedding for Besov spaces. As
similar arguments have been employed in [12] or [16], we only give the outlines of the
proof. We may write that:

oq" = —u" - Vq" — (14 ¢")divu".
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N
+1 1;

N N
1) and ¢" € L®(By, 1

1, M
p

N
Since (u")pen is uniformly bounded in L2 7( 1 ), we
N

By
have (1+¢")divu™ which is bounded in L2 (Bz,p,l "+B,,

N N
27 2
p 7
N N _ 1
g Y ) with the conditions be-
N N ﬁ _ E,
tween p and p; in theorem 1.1. Similarly u™-V¢" is bounded in L2 (Bzzp P —|—B

N

)

2,p1,1 )

Finally as p > pi1, we have proved that d.¢" is bounded in LT(BZQ%1
N_qN_

that (¢")nen seen as a sequence of B22p1 P valued functions is equicontinuous in

N 1 N N

ng?) As the embedding

), it means

)

R In addition (¢")nen is bounded in C(RR, B;p1

N_ 1 N_q N N

B 2’p7 P B;’p”f is locally compact (see [3], Chap2), one can thus conclude by means of

Ascoli’s theorem and Cantor diagonal extraction process that there exists some distribu-
N N
N N

tion ¢ such that up to an omitted extraction (¢¢"),en converges to ¥q in C(R, B;@l )
for all smooth v with compact support in R= x RY. Then by using the so-called Fatou
property for the Besov spaces, one can conclude that (4.21) is satisfied. (the reader may
consult [3], Chap 10 too). By proceeding similarly, we can prove that up to extraction,
(u™)nen converges in the distributional sense to some function u such that:
J-1,4 N Y1, 41
) 1 )

ueL"O(szllp1 +B2p11 )N L (B22p1 o). (4.22)
In order to complete the proof of the existence part of theorem 1.1, it is only a matter
of checking the continuity properties with respect to time, namely that:

N N ﬂ_ l—l

g€ C(RT, B;pl’p) and u e C(RY, B;pl’p + By 211 ).

As regards ¢, it suffices to notice that, according to (4.21), (4.22) and to the product
laws in the Besov spaces, we have:

hqg+u-qg=—(14q)divu € L! (B QPNN

& vlz

AquEB

N
f classical results for the transport equation (see [3], Chap 3) ensure that
N

\2
2

g € C(RT, B o1 ). And as p1rev1ously7 we have shown that ¢ € C(RT 322p1

N

means clearly that ¢ € C(R* ’BQ,p,l .
For getting the continuity result for u, one may similarly use the properties of the heat
equation on vy in high frequncies and on w« in low frequencies.

The proof of the uniqueness

In the case % < % + p%’ the uniqueness has been established in [12, 19].

5 Proof of corollary 1 and 2

5.1 Proof of corollary 1

We want here to avoid the condition p < max(4,2N). For simplicity we will treat only
the case N = 3. This condition appears when we want treat the terms of rest in low
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frequencies. For resolving this problem as in the paper of F. Charve and R. Danchin in
[6], we need of additionnal condition in high frequencies on gy and uy.
We want then to follow the same strategy as in the proof of theorem 1.1. It means that we
use the same standard scheme which consists in the construction of approximate solutions,
some uniform bounds and results of compactness. We will use the same notations as in
proofof theorem 1.1. We just want treat the non linear term where appears the condition
p < max(2N,4) in an other way by using the additional hypothesis that we have on
(qo,up) € Bg:;o X B%oo. The rest of the proof will be the same as in theorem 1.1. We will
work with the same space as in the proof 1.1 except that we attend additional regularity
on (¢",u") in E' with:

Ey = (L™(Byo N L'(B,

) X (L®(Bg oo N L' (B3 0)-

1
,00
Here (¢, u")pen is the solution of the following system:
Oq" +u" - V" + divu"™ = F"
du" +u" - Vu" — A" + P (1)V¢" =G + " (5.23)
(qn’ un)/t:O = (qz)la US),
which verifies proposition 4 in [6] with:
" = —¢"divu™,

I
14 g

A+ (P'(1) = P'(1+ ¢") Vg™

We apply exactly the same proof than for theorem 1.1, however we have to complete
the uniform bounds by showing that (¢",«") is uniformly bounded in H N E;, moreover
we have to treat differently the term in low frequencies where appears the conditions
p < max(4,2N) and % < }D + p% by using the fact that (¢",u™) in F.
We begin with treatinf the terms HFnHZl(BS;iO) and HGn”Zl(BS,OO) by using properties of
continuity on the paraproduct and proposition 4 of [?]. We have then:
||andivu”|]Z1(B%7m) < ”anLoo(Loo)||divun||Z1(B%,oo).
Similarly:
ITgodiva 71 gy < a2 V0" 72 g .

Next we have:
150 Vall 72 g < lallzaem 1K@ 72y

For the term (% - %)Au = J(q)Au with J regular and J(0) = 0, we have:

ITr@) Aullzapg ) < (@)oo o) [Aullzapg ),

T30 @l < 1@y 180l oy

2,p,00

Concerning the remainder, we have if p > 2:

IR @) Sl gy < @iy 180, oy

2,p,00
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We have then obtained:

I (@Aullz gy ) < ldllzee sy HUHE i + 1T (@)l oo (poo) [[Au] 71

2,p,00

(BY o)’

It stays now to treat now the terms where appears the conditions p < max(4,2N) and

11, 1. Fo 2oyt B -
3 < 5+ 5; in an other way. As u™ € L*(B,,,{ + B,,}), we set u" = g" + A" with
NN, . NN
gt e LZ(B 2pf ) and h" € L2(B227p1p’11). According to proposition 6.9, we have:
(R, divg) el ) < cu(R<q”,divg%)BFuzl(Bg’l),

< Clla"llz ) Idive™ll,

<CHq HLz )Hleg H~ _N_ ’%)-
2,p,1
H(R(qn’dthn))BFHzl(Bi}l—l,) S CH(R(qnadthn))BFHZI(B(Q)Yl),
< Olld"lzamy yIdivh™l_ o1

N o
’P1

2 ;P11 )

Next we have:

H(R(un,Vun))BFH~ N1, < CH(R(U”,VU”))

BFHEl(LBS,l)’

LBy )
< O g g IV s
2,p,1
It stays to control the term R({L— vl Au™) in low frequencies:
IR Aum) < C(RGE Au)
1t qn BENG (g3 ~b) = 1+ g BFIL1(L2)
< Cllg" | zoe(py HAU”H~ -
2p,l )
Therefore the above nequalities imply that for all ¢ € [0, 7] we have :
Cll(g™u™)ll
qr,u" < Ce HyO(BY ) Wl v~ + [Juol] n_y
It W), (ol X% [[uoll pd
ALy + (", u™)| )-
fl(BZmll’pl 1 Bgyr H,N(F, Dt

From a standard bootstrap argument, it is now easy to conclude that there exists a
positive constant ¢ such that if the data has been chosen so small as to satisfy:

laoll g-aze o, Flluwol yorpn A+ yope o<

2
2.p.1 2,7 Bapra NB3.. (Bapy 1 B3

then it exists C' > 0 such that for all ¢ € R:
(", u )HHmE’ <C, VteR.

To conclude we follow the previous proof of theorem 1.1. Compactness results go along
the lines of the proof of theorem 1.1.
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5.2 Proof of corollary 2

We follow here exactly the lines of the proof of theorem 1.1 except that we introduce a
new effective velocity. Indeed in our case v verifies the following elliptic equation:

(1(1)Dv) + VOA(L)dive) = VP(p) + (f1(@)Dv) + V(f2(q)divv),

with f1(q) = p(1 4+ q) — p(1) and fa(q) = A(1) — A(1 + ¢). We can resolve this elliptic
equation as (1) > ¢ > 0 and p(1) + A(1) > ¢ > 0, indeed in our case we work away

from the vacuum. To do this we have to use the estimates on the Lamé operator of the
N 1N

~ N N
appendix in [18]. More precisely we have as q € LOO(BQQ%1 PYyforr > 1, p,g > 1 and
s1] < &, |sa| < %1

Iz ) < Cllllz ey

Indeed as ¢ is small, the terms of rest with fi(¢q) and fao(q) are easy to treat. It means as
in the proof of theorem 1.1, v is one derivative more regular than ¢ in high frequencies
and that we can estimate v in function of q. Moreover we have 0;v which verifies the
following elliptic equation:

(1(p) DOw) + V(A(p)divdyv) = VAP (p) — (Bupa(p) Dv) + V(A (p)divo),

We can in a similar way get estimates on 0;v in function of ¢ and u. The rest of the proof
is exactly similar to the proof of theorem 1.1 and is nothing than tedious verifications.
It is left to the reader.

6 Appendix

This section is devoted to the proof of proposition 6.9 and of commutators estimates
which have been used in section 2 and 3. They are based on paradifferentiel calculus, a
tool introduced by J.-M. Bony in [4]. The basic idea of paradifferential calculus is that
any product of two distributions u and v can be formally decomposed into:

wo = Tyv + Tyu + R(u,v) = Tyo + T;u

where the paraproduct operator is defined by Ty,v = ) q Sq—1ulA4v, the remainder oper-
ator R, by R(u,v) =3, Aqu(Ag—1v + Agv + Agy1v) and Tou = Tyu + R(u,v).

Proposition 6.9 Let p1,p2, p3, ps € [1,+00], (51,52, 83,51) € RY and (p,q) € [1, +c]?,
we have then the following inequalities:
° ]f < — —|— <1
P3 S N\ then.

e <ot <1 with (MA) € [1, 400 and p1 < X', p1 < A,

O TS o 1 LRt Ll (6.24)

p,q,"

ifs+ N <N 81+¥§Eand83+%§pﬂ3.



e If1< L4 Loandsy+sy+ Ninf(0,1— 2 — L) >0 then
l =
> 2 (o84 =35 =20 | Ay R (w, v) | 1 < lallones ol zzes (6.25)
1>4
1 1 1 1 1 1 1
.If —Ps p4§1’p—p3+172—’5§T+p4§1’5§7+7§1and
33+84>0 83489 >0, s4+ 81 >0, s1+ 52 >0 then
U(s14so+X—2L 20
D2 T AR ) e S ull oy 0],y e (6.26)
<4 P1,p3,1 P2,P4,"
wzths;;-p%———l—sl (]/I’Ld84—pﬂ4—*+82
o [fue L*>®, we also have:
[Tuvll gsyse S lullzeollvll g1z (6.27)
and if min(sy, s2) > 0 then:
1R (u, o)l gorse S Nlullzeellvl gs1.sa- (6.28)

Proof: Let us prove (6.24). According to the decomposition of J.-M. Bony [4], we have:
uv = Tyv + Tyu + R(u,v),

so for all { > 0:
AlTuU = Z Al(Sl/—1UAl’U)’
i-1'1<3

For «, 8 € R, let us define the following characteristic function on Z

P = if r <0,

< <1 and

>

1
P2+

S

1
P4 a1
g () : : ||Sl/—1u”Lw)\,)\,(l/)HAZIU‘|L¢I727P4(ZI)'
i-1'|<3

We have by Berstein inequalities and as p; < N, p3 < N, p1 < A and s; + % < N

p1
81+N<ﬂ 83+§\V§g

(7173 (k)
< Z k(pP1'P3 (k)—p
”Sl/_lu|’L4p>‘v)‘,(l/) ~ 2
k<l —
N _ . N _
S Z ok(pPt TP (k) —p
k<l —

[ (o TR (X
<2 (¢ ()= ( ))HUH§51*53
P1,P3

N N
N
Y D) Agul| pprs )

Mz

-y

B ) k1253 (k) HAkuHme’p?’(k)
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’

!
Since |Ayv|l popaqry = cp 2t (el ))HU||§52,54 with 3., ¢y < 1 we finally gather
S0 e
as t > U

< lcp% %*%*51*52*%+%*%*53’54(1)
A Twvllze S 2 ull gorss (o]l gozsa
P1,03,1 P2,P4,1

~

And we obtain (6.24).
Straightforward modification give (6.27). In this case as ||Sx_1ul/p~ < ||ul|z~ we have:

ATl poray SO NullzoollAp ol ooy -
i-1'|<3

Next we have:

’

2l¢p2’p4(l)HAlTuUHL«pP’q(l) ,S HUHLOO Z 2l<ﬂP2»P4(l)_l'@P27P4(ll))250P2aP4(l )”Allv“prQ’p‘l(l/).
1-1'|<3

We conclude by convolution.

To prove (6.26), we write:
AIR(U, ’U) = Z AAAML&]#})
E>1—2
We consider now the case [ > 3. By Bernstein and Holder inequalities we obtain when

1 1 1
=< =4 =<1
q—p3+p4—1'

NI Lyl _1 ~
1A R(u, v)|| e < 2 Gstoi—a) Z | Agul|rrs [| Aol 2ra.
k>1—-2
Next we have:

N_N_N ~
2l(83+84+ 7 D3 p4)||AlR(U,U)||Lq 5 Z 2(l—k)(83+84)2k33HAkuHLPS 2ks4||AkU||Lp4,
k>1—2

S (k) * (dy),

with ¢, = 1[_0072](l<:)2k(53+54) and d,; = 2 53 || Apu| prs 2% s4||Apv||rps . We conclude by
Young inequality as s3 + s4 > 0.

We have to treat now the case when | < 0. We have then as % < pis + p%; < 1 and
1 1 1 .
pSp T sk
Ni(Ly Lt 1 ~
1A R(u, v) || < 2 Gs o) Z | Apul|zrs || Agv] Lpa
k>2
1411 ~
Z HAkuAk/vHLp —|—2Nl(P1+P2 P) Z HAkuHLmHAkUHLm.
0<k<1,|k—K'|<1 1—2<k<-1
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And by convolution on the middle frequencies:

Ni(L4+L1 1 ~
1A R(u,v)|| e <2 Gstai—) Z | Apul|ps || Agv]| Lra
k>2
N N N

N_N_. N N_N_ 1411 ~
(21 b3 oy P 58 s2)+2l o1 s TP 84))01_’_2Nl(pl+p2 ) Z | Al per | Agv]| oo s
1—2<k<—1
with ¢; € I*(Z). Next by convolution we obtain:

N

N, N_ N N N
AR (w, v)|| 1o §CZ<21(E+E—;—83—84) +21(E+E—;—83—82) +21(

(ot

NN g —sy)

NN
Pl P4 P

l N_N_ g —s9) B B
+2 PP )HUHB;}:;g’l HU”B;g;;jT'
And we can conclude.

We want prove now the inequality (6.27). We have then:

olie*1:22(1) HAlR(U, U)HLP < Z o(I—k)p1:52 (l)2k¢51,52(l)HAkuHLOO HAICUHLv”’q(k)a
k>1—2

And we conclude by Young inequality. O

N N
p’ p/1
cq € IN(Z) such that |cgllp =1 and a constant C' depending only on N and o such that:

Lemma 2 Let1 < p; <p < +o0 and o € (—min( )s %—1—1]. There exists a sequence

Vq € Z, ||[U . V,Aq]aHLm < CCq27qUHV”UHB% HaHBng' (6.29)
p,1
In the limit case o0 = — min(%, g), we have:
1
N
VgeZ, |[v-V,Alallrrn < Cc29% ||Vo| n|al _x. (6.30)
BP B P1
p,1 p,o0
Finally, for all o > 0 and L = X — 1 there exists a constant C depending only on N

Pz p1 P
and on o and a sequence cq € I*(Z) with norm 1 such that:

Va € Z, |[[v-V,Aqvlzr < Ceg2™ (V]| < lvll 5y, , + [Vollzr2[[Voll goa). (6.31)

Proof: These results are proved in [3] chapter 2. O

References

[1] H. Abidi and M. Paicu. Equation de Navier-Stokes avec densité et viscosité variables
dans 'espace critique. Annales de linstitut Fourier, 57 no. 3 (2007), p. 883-917.

[2] H. Bahouri and J.-Y. Chemin, Equations d’ondes quasilinéaires et estimation de
Strichartz, Amer. J. Mathematics. 121 (1999) 1337-1377.

28



[3] H. Bahouri, J.-Y. Chemin and R. Danchin. Fourier analysis and nonlinear partial
differential equations, to appear in Springer.

[4] J.-M. Bony, Calcul symbolique et propagation des singularités pour les équations aux
dérivées partielles non linéaires, Annales Scientifiques de I’école Normale Supérieure.
14 (1981) 209-246.

[5] D. Bresch and B. Desjardins, Existence of global weak solutions for a 2D Viscous
shallow water equations and convergence to the quasi-geostrophic model. Comm. Math.
Phys., 238(1-2): 211-223, 2003.

[6] F. Charve and R. Danchin, Global existence in critical spaces for compressible Navier-
Stokes equations, preprint and submitted.

[7] J.-Y. Chemin, Théoremes d’unicité pour le systéme de Navier-Stokes tridimensionnel,
J.d’Analyse Math. 77 (1999) 27-50.

[8] J.-Y. Chemin, About Navier-Stokes system, Prépublication du Laboratoire d’Analyse
Numérique de Paris 6, R96023 (1996).

[9] J.-Y.Chemin and N. Lerner, Flot de champs de vecteurs non lipschitziens et équations
de Navier-Stokes, J.Differential Equations, 121 (1992) 314-328.

[10] Q. Chen, C. Miao and Z. Zhang, Global well-posedness for the compressible Navier-
Stokes equations with the highly oscillating initial velocity, arXiv:0907.4540v2.

[11] R. Danchin, Fourier analysis method for PDE’s, Preprint, Novembre 2005.

[12] R. Danchin, Local Theory in critical Spaces for Compressible Viscous and Heat-
Conductive Gases, Communication in Partial Differential Equations, 26 (78),1183-
1233, (2001).

[13] R. Danchin, Global existence in critical spaces for compressible Navier-Stokes equa-
tions, Inventiones Mathematicae, 141, pages 579-614 (2000).

[14] R. Danchin, Global existence in critical spaces for compressible viscous and heat-
conductive gases, Archiv for Rational Mechanics and Analysis, 160, pages 1-39 (2001).

[15] R. Danchin, On the uniqueness in critical spaces for compressible Navier-Stokes
equations. NoDEA Nonlinear Differentiel Equations Appl, 12(1):111-128, 2005.

[16] R. Danchin, Well-Posedness in Critical Spaces for Barotropic Viscous Flu-
ids with Truly Not Constant Density, Communications in Partial Differential
Fquations,32:9,1373-1397.

[17] B. Haspot,Cauchy problem for viscous shallow water equations with a term of cap-
illarity , accepted in HYP 2008.

[18] B. Haspot, Local well-posedness results for density-dependent incompressible fluids,
Arziv, 0902.1982 (February 2009).

29



[19] B. Haspot, Well-posedness in critical spaces for barotropic viscous fluids, Arziv,
(March 2009).

[20] D. Hoff. Global existence for 1D, compressible, isentropic Navier-Stokes equations
with large initial data. Trans. Amer. Math. Soc, 303(1), 169-181, 1987.

[21] D. Hoff, Uniqueness of weak solutions of the NavierStokes equations of multidimen-
sional, compressible flow, SIAM J. Math. Anal. 37 (6) (2006).

[22] D. Hoff. Discontinuous solutions of the Navier-Stokes equations for multidimensional
flows of the heat conducting fluids. Arch. Rational Mech. Anal., 139, (1997), p. 303-354.

[23] D. Hoff. Global solutions of the Navier-Stokes equations for multidimensional com-
pressible flow with discontinuous initial data. J. Differential Equations, 120(1), 215-
254, 1995.

[24] D. Hoff. Strong convergence to global solutions for multidimensional flows of com-
pressible, viscous fluids with polytropic equations of state and discontinuous initial
data. Arch. Rational Mech. Anal., 132(1), 1-14, 1995.

[25] D. Hoff and K. Zumbrum. Multi-dimensional diffusion waves for the Navier-Stokes
equations of compressible flow, Indiana University Mathematics Journal, 1995, 44,
603-676.

[26] A. V. Kazhikov. The equation of potential flows of a compressible viscous fluid for
small Reynolds numbers: existence, uniqueness and stabilization of solutions. Sibirsk.
Mat. Zh., 34 (1993), no. 3, p. 70-80.

[27] A. V. Kazhikov and V. V. Shelukhin. Unique global solution with respect to time of
initial-boundary value problems for one- dimensional equations of a viscous gas. Prikl.
Mat. Meh., 41(2): 282-291, 1977.

[28] Akitaka Matsumura and Takaaki Nishida. The initial value problem for the equations
of motion of compressible viscous and heat-conductive gases. J. Math. Kyoto Univ.,
20(1): 67-104, 1980.

[29] Akitaka Matsumura and Takaaki Nishida. The initial value problem for the equations
of motion of compressible viscous and heat-conductive fluids. Proc. Japan Acad. Ser.
A Math. Sci, 55(9):337-342, 1979.

[30] Y. Meyer. Wavelets,paraproducts, and Navier-Stokes equation. In Current develop-
ments in mathematics, 1996 (Cambridge, MA), page 105-212. Int. Press, Boston, MA,
1997.

[31] J. Nash. Le probleme de Cauchy pour les équations différentielles d’un fluide général.
Bull. Soc. Math. France, 90: 487-497, 1962.

[32] T. Runst and W. Sickel: Sobolev spaces of fractional order, Nemytskij operators,
and nonlinear partial differential equations. de Gruyter Series in Nonlinear Analysis
and Applications, 3. Walter de Gruyter and Co., Berlin (1996)
na 21, no. 1 (2005), 1-24.

30



[33] D. Serre. Solutions faibles globales des équations de Navier-Stokes pour un fluide
compressible. Comptes rendus de I’Académie des sciences. Série 1, 303(13): 639-642,
1986.

[34] V. A. Solonnikov. Estimates for solutions of nonstationary Navier-Stokes systems.
Zap. Nauchn. Sem. LOMI, 38, (1973), p.153-231; J. Soviet Math. 8, (1977), p. 467-529.

[35] V. Valli and W. Zajaczkowski. Navier-Stokes equations for compressible fluids:
global existence and qualitative properties of the solutions in the general case. Com-
mun. Math. Phys., 103, (1986) no 2, p. 259-296.

31



