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Existence of strong solutions in a larger space for the
shallow-water system

Frédéric Charve? Boris Haspot |

Abstract

This paper is dedicated to the study of both viscous compressible barotropic
fluids and Navier-Stokes equation with dependant density, when the viscosity coef-
ficients are variable, in dimension d > 2. We aim at proving the local and global
well-posedness for respectively large and small initial data having critical Besov reg-
ularity and more precisely we are interested in extending the class of initial data
velocity when we consider the shallow water system, improving the results in [17]
and [15]. Our result relies on the fact that the velocity u can be written as the sum
of the solution uy of the associated linear system and a remainder velocity term
u; then in the specific case of the shallow-water system the remainder term @ is
more regular than uy, by taking into account the regularizing effects induced on the
bilinear convection term. In particular we are able to deal with initial velocity in
H2 ! as Fujita and Kato for the incompressible Navier-Stokes equations (see [12])
with an additional condition of type ug € BO_OIJ. We would like to point out that
this type of result is of particular interest when we want to deal with the problem of
the convergence of the solution of compressible system to the incompressible system
when the Mach number goes to 0.

1 Introduction
The motion of a general barotropic compressible fluid is described by the following system:

Op + div(pu) = 0,
O (pu) + div(pu ® u) — div(2u(p) D(u)) — V(A(p)divu) + VP(p) = pf, (1.1)
(P, u) jt=0 = (po, uo)-

Here u = u(t,z) € R? stands for the velocity field and p = p(t,z) € RT is the density.
As usual, D(u) stands for the strain tensor, with D(u) = 3 (*Vu + Vu).

The pressure P is a suitable smooth function depending on the density p. We denote
by A and u the two viscosity coefficients of the fluid, which are also assumed to depend
on the density and which verify some parabolic conditions for the momentum equation
@ >0and XA+ 2u > 0 (in the physical cases the viscosity coefficients verify \ + 27“ >0
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which is a particular case of the previous assumption). We supplement the problem with
initial condition (pg, up) and an external force f. Throughout the paper, we assume that
the space variable x € R or to the periodic box T¢ with period a;, in the i-th direction.
We restrict ourselves to the case d > 2. Let us recall that in the case of constant viscosity
coefficients, existence and uniqueness for (1.1) in the case of smooth data with no vacuum
has been stated in the pioneering works by Nash (see [23]) and Matsumura and Nishida
(' see [19, 20]).

In this article we obtain the existence of strong solution (in finite time with large initial
data or in global time for small initial data) for a family of initial data which is close
from being optimal in terms of regularity (indeed the third index of the Besov space is
not necessary 1, it should be considered like an extension to the compressible case of the
result of Fujita and Kato, [12]). To do this, we combine two different ingredients, first
the notion of scaling and second taking advantage of suitable choices on the viscosity
coefficients which may confer specific structures in terms of regularity. We will detail
more this last point later, but as a first example of the importance of the viscosity
coefficients we recall that in [21] Mellet and Vasseur have obtained the stability of the
global weak solutions for the Saint-Venant system by using new entropy giving additional
regularity on the gradient of the density and on the integrability of the velocity.

Let us recall the fundamental notion of scaling for system (1.1). Indeed guided in our
approach by numerous works dedicated to the incompressible Navier-Stokes equation (see
in particular the pioneering works of Fujita and Kato concerning the existence of strong
solutions for the incompressible Navier-Stokes equations in [12]), we aim at solving (1.1)
in the case where the data (pg, ug) have critical regularity. By critical, we mean that we
want to solve the system (1.1) in functional spaces with invariant norm by the natural
changes of scales which leave (1.1) invariant. More precisely in the case of barotropic
fluids, the following transformations:

(p(t, ), u(t,x)) — (p(I*t,1x), lu(l*t,1x)), 1€ R, (1.2)

verify this property, provided that the pressure term has been changed accordingly. This
notion of critical functional frameworks has been extensively used in order to obtain opti-
mal class of initial data for the existence of global strong solution (see [5, 6, 10, 15, 14, 17]
in the case of constant viscosity coefficients). In particular the first result on the existence
of strong solutions in spaces invariant for the scaling of the equations (when the viscosity
coefficients are constant) is due to Danchin in [6] when the initial data (g0 = po — p, uo)
(with p > 0) are in BQ% 1 X (32% n l)d. In [10], Danchin generalizes the previous results by
d d

working with more general Besov space of the type BE’ 1 X (Bpg ;l)d with some restrictions
on the choice of p (p < d) due to some limitation in the application of the paraproduct
law. The fact that Danchin is working with the same Lebesgue index p both for the
density and the velocity is a consequence of the strong coupling between the density
and the velocity equations, indeed the pressure term is considered as a remainder for
the parabolic operator in the momentum equation of (1.2). In [17], the second author
generalizes the results of [10] as we have no restriction on the size of p for the initial
density. To do this he is working with a new unknown, the effective velocity which allows
to cancel out the coupling between the pressure and the velocity.

In the case of global strong solution in critical space for small initial data, we would



like to recall the works of Danchin in [7] who shows for the first time a result of global
existence of strong solution close to a stable equilibrium when the initial data verify

d d d

(qo,uo0) € (32E N Bg N 1) X B; 1_1. The main difficulty is to get estimates on the linearized
system given that the velocity and the density are coupled via the pressure. What is
crucial in this work is the smoothing effect on the velocity and a L' decay on p — p (this
plays a key role to control the pressure term). This work was generalized in the frame-
work of Besov space with a Lebesgue index different of p = 2 by Charve and Danchin in
[5] and Haspot in [15].

However very few articles really take into account the structure of the viscosity coef-
ficients, indeed most of them deal with constant viscosity coefficients or consider the
system (1.1) as a perturbation of the previous case (indeed generally one writes the diffu-
sive tensor like a sum of constant Laplacians with a remainder term which is considered
like a small perturbation because p — p is small in suitable norms). In addition to have
a norm invariant by (1.2), appropriate functional spaces for solving (1.1) must provide
a control on the L° norm of the density for at least two reasons; the first consists in
avoiding the vacuum and to ensure the parabolicity of system (1.1), the second is related
to some property of multiplier on the density in order to deal with the term 1 Auw. Tt ex-
plains why the authors restrict their study to the case where the initial density is assumed

in Bp 'y with p € [1, +oo suitably chosen, indeed B, is embedded in L*°. Furthermore
in order to propagate this regularity on the dens1ty via the mass equation, it appears
da

necessary to control the velocity in Lipschitz norm, it means Vu € L}(Bpi 1) = LL(L*>)
with p € [1,4o00[ and T > 0. We would like to point out that this necessary Lipschitz
control on the velocity seems to prevent any hope of existence of strong solutions when
g is only assumed to belong to H 51 ) )

Indeed in [5, 6, 10, 14, 17] the idea is to propagate a EOO(BEII) N LI(BQETI) regularity
on the velocity u via the regularizing effects induced by the momentum eq’uation written
in its eulerian form:

Ou — A - 7>\Vd1vu =R, (1.3)
p

with: R = —u-Vu— VF;(p + f. However if we only were interested in obtaining a regularity

in L (H’_l) N zl(Hi‘H) (we refer to the next section for the definition of such spaces),
it would be necessary to deal with the term %Au and getting enough regularity in order

that % remains in a multiplier space M (H %71) of 571, Typically H $N L™ is embedded
in M(H%_l). However in this case how to propagate the regularity H5 0 L™ on the
density as our velocity is only assumed in L'(H %‘H) (it means not necessary Lipshitz)?
We want to partially solve this question in the case of specific viscosity coefficients. As
we explained above, one of the main difficulty is linked to the treatment of heat equation

with variable coefficients. We would like to work with the shallow water system (i.e
w(p) = up and \(p) = 0, and to simplify we will take p = 1) that we can rewrite in the



following form:

Op + div(pu) = 0,
Ou~+u-Vu— Au—2D(u).V(Inp) + V(G(p)) = 0, (1.4)
(p, u)/t:O = (po, o),

/

where the operator A is defined by: Au = Au+ Vdivu and G (p) = P/Sp ), Roughly
speaking, we are led to consider a basic heat equation with remainder terms, and in par-

ticular it seems possible to propagate in this case the regularity L (H g_l) NLY(H g“‘l).
However due to the strict coupling between the pressure and the velocity, it will be nec-
d

essary to control the density in L%,ﬂ(BQE 1) (the third index 1 is due to multiplier space
reason). More precisely we will split the solution w into the following sum v = uy, + @
with:

Opup — Aug = 0
{t“L Aur (1.5)

U/t:() = UQ
In the present article, if we assume that ug belongs to 51N B 11 then, with usual

methods we show that u is more regular than uy, (u will be in LIT(Bi1 )) which will help
us propagating the regularity on wu.

To simplify the notation, we assume from now on that p = 1. Hence as long as p does
not vanish, the equations for (¢ = p — 1,u) read:

{8tq+u-Vq+ (14 ¢)divu =0, (16)

du+u-Vu— Au—2D(w).V(n(l + q)) + V(G(1 + q)) = 0,
We can now state our main result:

Theorem 1 Let P be a su11;ab1y smooth function of the density. Assume that ug €

3222 B, L, divug € 32 1 , Qo € 32 1 and that there exists ¢ > 0 such that py > c.
Then there exists a time T such that there exists a unique solution (q,u) for system (1.6)
on [0,T] with 1 + q bounded away from zero and,

~ . d ~ . d_ ~ .
g€ Cr(B3)) and weCr(Biy )N LlT(Bg2 )N Cr(BZ) N LA(BL ).

~ . ad_ . d
In addition divu belongs to L3¥(BZ, ") N LL(B3,).

.d_q
Moreover if P'(1) > 0 and qg € B3, *, there exists a constant g which depends in
particular on ”UOHB—ll such that if:

laoll g

a +lwoll gy + ||divuel] 4, <ep
21 2§ B? 1 Bg 2 )

1 2,2 2,1

then the solution is global.

Remark 1 We would like to mention that this theorem could easily be extended to the
case of Besov space constructed on Lebesgue spaces with index p # 2. More precisely



as in [6], we could obtain the existence of solution under the condition than 1 < p < 2d

d d
.2 .21 .
and the uniqueness for 1 < p < d when (qo,uy) belong to BJ, % (B;i2 N B(;ol,l)‘ These
restrictions on the size of p are essentially due to some limitations on the use of the
paraproduct when we are dealing with the convection term u - Vu.

Remark 2 In [21] the authors prove the stability of the global weak solution for the
shallow-water system. In particular in a crucial way they take profit of the entropy
inequalities which enable us to control /p in L>(L?). Roughly speaking it means that
we control the density p in L°°(H"). It means in particular that our initial data are
very close to the energy data in dimension d = 2. Indeed we essentially assume only
additional condition in terms of vacuum (p% € L) and a control on the L*> norm of
po- These conditions are natural in order to deal with the non linear terms but also for
preserving the parabolicity of the momentum equation. Moreover we suppose that ug is
in Bo_oll. We would like to emphasize that this last condition is not so far from being
quite (;ptima] for incompressible Navier-Stokes system. Indeed Koch and Tataru in [18]
proved that the Navier—Stokes equations are well posed in BMO~'. We would like to
point out that B 2 is embedded in BMO~! and recently Bourgain and Pavlovi¢ proved
in [4] that the Nav1er—Stokes system is ill-posed in the sense of the explosion of the norm
when ug is in BOQOo (this problem was open during a long time and very relevant in the
sense that Bil is the largest invariant space by the scaling of the equations). This last
result was extended by Yoneda in [24] to the case where g is in Boo,,. with r > 2. It
shows in particular that BMO™! is optimal for the well-posedness of the Navier-Stokes
equations. Let us mention that the compressible Navier-Stokes equations are probably

. S S . . . L
ill-posed in By, with r > 1 and without any additionnal assumption on the initial
velocity. The reason why is that there is no hope to obtain a Lipschitz velocity, which
prevents in particular any control on the density.

Remark 3 This result is also very interesting in the case of the convergence of the
solution of compressible system to the incompressible system when the Mach number
goes to 0. Indeed in a forthcoming paper we would like to deal with initial data of

Fujita-Kato type, it means here ug € ms-1n B_ll which should to improve the result

Td
of R.Danchin (see [8]) who needs to assume ug € By, .

. . . 42, . .
Remark 4 The additionnal assumption divug € B221 is quite natural as it expresses
the compress1b1l1ty of the ﬂu1d Indeed it is necessary, in order to control the density in

L‘X’Bfl, that divu be in Llngl (obviously it is induced by the fact that div ug belongs
to B2,l )

The previous theorem can be easily adapted to the incompressible density dependent
Navier-Stokes equations. We recall here the equations:

Op + div(pu) = 0,

O (pu) + div(pu @ u) — div(2pDu) + VII = pf,
divu = 0,

(p, U)/t:O = (po,uo)-

(1.7)



Following the same ideas as in theorem 1, we obtain the following result:

Theorem 2 Let d > 3. Assume that ug € B§;1 N BO_Ol’l with divug = 0, q¢ € 32%71 and
that there exists ¢ > 0 such that pg > c¢. Then there exists a time T such that there
exists a unique solution (q,u) for system (1.1) on [0,T] with 1 4+ ¢ bounded away from
zero and,

~ .d ~ .d_q . dyq ~ . .
¢ € Cr(B3y) and we Cr(Bsy )N Lp(Bs, )N Cr(BL) N Li(By )

~ .d_q ~ .
and VII € Ly(B3, ) N Ly(BL).
Moreover there exists a constant g which depends in particular on ||ug|| z-1 such that
oo,1
if:

Jaoll g+ ol g 1 < =o.

d
2
2,1 2,2

then the solution is global.

Remark 5 This result may be considered as an extension of the Fujita-Kato theorem
(see [12]) to the case of incompressible density dependent Navier-Stokes equations. In
particular it improves the analysis of [1], [11] and [16] because we deal with a velocity in
a Besov space such that the third index is different of 1 and with a critical initial density
in terms of scaling.

Our paper is structured as follows. In section 2, we give a few notations and briefly
introduce the basic Fourier analysis techniques needed to prove our result. In section
3 and section 4, we prove theorem 1 and more particular the existence of such solution
in section 3 and the uniqueness in section 4. In section 5 we are proving the global
well-posedness of theorem 1. In section 6, we are dealing with theorem 2.

2 Littlewood-Paley theory and Besov spaces

As usual, the Fourier transform of w with respect to the space variable will be denoted
by F(u) or w. In this section we will state classical definitions and properties concerning
the homogeneous dyadic decomposition with respect to the Fourier variable. We will
recall some classical results and we refer to [2] (Chapter 2) for proofs (and more general
properties).

To build the Littlewood-Paley decomposition, we need to fix a smooth radial function
X supported in (for example) the ball B(0, %), equal to 1 in a neighborhood of B(0, %) and
such that r — x(r.e,) is nonincreasing over R,. So that if we define p(§) = x(§/2) —x(&),
then ¢ is compactly supported in the annulus {¢ € R, % <l < %} and we have that,

VEeRI\{0}, D e =1 (2.8)

leZ

so that, formally, we have

u = ZAlu (2.9)
l

6



As (2.8) is satisfied for £ # 0, the previous formal equality holds true for tempered
distributions modulo polynomials. A way to avoid working modulo polynomials is to
consider the set S; of tempered distributions u such that

lim ||Syul|p~ =0,
l——00

where S stands for the low frequency cut-off defined by S; := x(27'D). If u € S}, (2.9)

is true and we can write that Sju = Z Aqu. We can now define the homogeneous
g<l—-1
Besov spaces used in this article:

Definition 1 For s e R and 1 < p,r < 0o, we set

1
e
||| gs ::<§ QTISHAluHEp> if r<oo and |lulgs = supQZSHAluHLp.
p,T 7 p,00 l

We then define the space B;’r as the subset of distributions u € S such that ||ul| g5 is
k) D,T
finite.

Once more, we refer to [2] (chapter 2) for properties of the inhomogeneous and homoge-
neous Besov spaces. Among these properties, let us mention:

e for any p € [1, 00] we have the following chain of continuous embeddings:

d
e if p < oo then B, is an algebra continuously embedded in the set of continuous
functions decaying to 0 at infinity;

e for any smooth homogeneous of degree m function F on R%\ {0} the operator F(D)
defined by F(D)u = F~! (F()]:(u)()) maps B;,r in B;;m. This implies that the

; Ds i ps—1
gradient operator maps B, , in By "

We refer to [2] (lemma 2.1) for the Bernstein lemma (describing how derivatives act on
spectrally localized functions), that entails the following embedding result:

Proposition 1 Foralls e R, 1 <p; < py <oc and 1 <ry <1y < o0, the space B;Ml
Ls—d(L -1
is continuously embedded in the space Bp,r,"" 7*.

Then we have: .

Bl < By, < L.
In this paper, we shall mainly work with functions or distributions depending on both the
time variable ¢ and the space variable x. We shall denote by C(I; X) the set of continuous

functions on I with values in X. For p € [1, 00], the notation LP([; X) stands for the set
of measurable functions on I with values in X such that ¢ — || f(¢)||x belongs to LP(I).



In the case where I = [0,7T], the space LP([0,T]; X) (resp. C([0,T7]; X)) will also be
denoted by L% X (resp. CrX). Finally, if I = RT we shall alternately use the notation
IPX.

The Littlewood-Paley decomposition enables us to work with spectrally localized
(hence smooth) functions rather than with rough objects. We naturally obtain bounds for
each dyadic block in spaces of type LE.LP. Going from those type of bounds to estimates
in Lf,Bj . requires to perform a summation in £"(Z). When doing so however, we do
not bound the L%B;T norm for the time integration has been performed before the ¢"
summation. This leads to the following notation:

Definition 2 ForT >0,s€ R and 1 <r,0 < 0o, we set

[ullze gy, = 127° | Aqul| g v (@)

One can then define the space E%B;J as the set of tempered distributions u over (0,7 x

R? such that lim, , o Syu = 0 in L7([0, T]; L>°(R%)) and |ull75 55 < oo. The letter T
T=p,r

is omitted for functions defined over R*. The spaces Z%B;T may be compared with the

spaces LE'FB;T through the Minkowski inequality: we have
lullze gy < lulligs, i 7> and lulpgs > lulygs i r<o

All the properties of continuity for the product and composition which are true in Besov
spaces remain true in the above spaces. The time exponent just behaves according to
Holder’s inequality.

Let us now recall a few nonlinear estimates in Besov spaces. Formally, any product
of two distributions u and v may be decomposed into

wv = Tyv + Tyu + R(u,v), where (2.10)

T, := ZSZ—WAZU, Tyu := ZSHUAW and R(u,v) := Z Z A Apo.
1 l L=<t

The above operator T is called “paraproduct” whereas R is called “remainder”. The
decomposition (2.10) has been introduced by Bony in [3].

In this article we will frequently use the following estimates (we refer to [2] section
2.6, [7], for general statements, more properties of continuity for the paraproduct and
remainder operators, sometimes adapted to L%BEW spaces): under the same assumptions
there exists a constant C' > 0 such that if 1/p; + 1/p2 = 1/p, and 1/r +1/ra = 1/7:

1Tl 5, < Cllull o< loll s

Tl ggze < Cllullgy Molls, — (£<0)

18080y < Clulgy gz, (51452 > 0). (2.11)

p,T
Let us now turn to the composition estimates. We refer for example to [2] (Theorem
2.59, corollary 2.63)):



Proposition 2 1. Let s >0, u € Bil NL* and F € T/Vl[(flﬁ’oo(Rd) such that F(0) =
0. Then F(u) € Bg’l and there exists a function of one variable Cy only depending
on s, d and F such that

IF ()55, < Colllullze) ull 5

. d :
2. Ifuandv € B, and if v —u € B3 for s €] — 2 4) and G € I/T/l[jl+3’oo(Rd), then

G(v) — G(u) belongs to 35,1 and there exists a function of two variables C' only
depending on s, d and G such that

1G(w) = Gl gy, = Clllullree, [vllzee) (IG’(O)I +ull g vl le> lv =l -

2.1 B

Let us now recall a result of interpolation which explains the link between the space By ;
and the space B, ., (see [2] sections 2.11 and 10.2.4):

Proposition 3 There exists a constant C such that for alls € R,e > 0and1 < p < 400,

1+e
lelzg a5, < O Mlulligs; . o8 (6 +

lullzg s2) + ”“”E(%tﬁ))

lullze (s3...)

Let us end this section by recalling the following estimates for the heat equation:

Proposition 4 Let s € R, (p,r) € [1,+00]?> and 1 < ps < p; < +oo. Assume that
ug € B;’r and f € E}Q (B;;2+2/p2). Let u be a solution of:

{atu—Au:f

U/t:() = Uup -

Then there exists C' > 0 depending only on N, u, p1 and ps such that:
”qu"Tl(B;f/pl) < C(HUOHB;T + Hf”ZPTz(B;*H?/Pz)) .

If in addition r is finite then u belongs to C([0,T], B;r).

3 Existence of solution

3.1 A priori estimates

Let us emphasize that we use the fact that P’(1) > 0 only in the global existence resul.
Denoting by G the unique primitive of z — P’(x)/z such that G(1) = 0, recall that
system (1.6) now reads:

0 Vg + (1+ ¢)divu = 0,
{tQ+U g+ (1+ g)divu (3.12)

Ou~+u-Vu— Au—2D(u).V(In(1+q)) + V(G(1 + q)) =0,



where the operator A is defined by: Au = Au + Vdivu.
Let uz, be the unique global solution of the following linear heat equation:

{ Owur, — Aug, = 0,

UL /t=0 = U0,

(3.13)

Thanks to the classical heat estimates recalled in Proposition 4 (we refer for example to

Sd g
2], lemma 2.4 and chapter 3), as ug € B3, 'n B, we have for all time:

~ . a ~, . 4 ~ . .
up € (LfOB;2 "nIiB3; 1) N (LfOBgofl N LtlBéoJ), (3.14)

d
. . . 5o —2 .
and the corresponding energy estimates. Moreover, as divug € By, , and as divuy,
satisfies:

Odivur — Adivur = didivuy — 2Adivury = 0, (3.15)
div 'LLL/t:() = div uo, .
we also have that: 4 d
divug € LBy, * N L B3, (3.16)

which will be crucial in the study of the density equation. Then, if we denote by uw =
u — ur, we now need to study the following system:

g+ (W+ur).Vg+ (1 +q)div(u+ur) =0,
ou — Au — Vdivu + (u+ ur).Vu + u.Vur + ur.Vur,
~2D@+u) V(1 +q)) + V(61 +4) =0,
(3.17)

The interest of introducing this system is that the most problematic term in the addition-
nal external force terms, namely uy, - Vup, is in fact regular. Thanks to the paraproduct
and Bernstein estimates, we have (even for d = 2):

llur, - VULHBQ%II < CHULHB;%QHULHBQ%QH + || R(ur, VUL)”Bi—ll.

S0 we can obtain:

lug - Vaurl| g < HuL”ZwBﬁ 1||“L”E

d
12t
P31 ¢ 1 B3

2
In this article we will prove existence and uniqueness of a local solution such that the

- Ld_ . d
velocity fluctuation w is in the space L7 B3, ! N L%Bifl for some T' > 0. Then, going
back to the original functions, thanks to the following embeddings:

.g,l .%,1 .%,1 -1
B271 — B2,2 , B271 — B
we will end with a velocity uw with the same regularity as uy, (that is (3.14) and (3.16)).

Let us now state the following transport-diffusion estimates which are adaptations of
the ones given in [2] section 3:

10



Lemma 1 Let T > 0, 2 <s< 2,u06321,f6L BQlandv wELlBQHﬁBiQ1

If v is a solution of:
{8tu+v-Vu+u-Vw—Au:f,

Ut=0 = U0,
then, if V(¢ fo (\Vv a . F[Vw)| .« . )dT, there exists a constant
322,2 20,1 B22,2mBgo,1

C > 0 such that for all t € [0,T]:
CV(t ! cVv
|m@%%+wm@f§&z“mwm%aéwvm%f Mdr).

Proof: We refer to [2] for details. Localizing in frequency, if for j € Z, u; = Aju, we
have:
dyuj +v - Vu; — Auj = f; — Aj(u- Vw) + R;,

where R; = [v.V, Aj]u. Taking the L? innerproduct we obtain:
Ollujll 2 + 2% |lujll 12 < lldiv ol| oo fugll 2 + ILf5ll 22 + 1A (w - Vw)l| 2 + | Byl 2

Classical commutator estimates (we refer to [2] section 2.10) then imply that there exists
a summable positive sequence ¢; = ¢j(t) whose sum is 1 such that:

IRjll 2 < ¢;277%|| Vo]l 53 o
2 0,1

ol -

Thanks to the paraproduct and remainder laws, we have:

lu - Vwllgy < Cllullgg Vel .4
B3, oo,l

so that we finally obtain the result. l

Concerning the transport equation of the density fluctuation, localization implies:
Oug; + (@ + ur) - Vas = =8 (1+ )div (@ +ur) ) + Ry,

where R; = [(@ +ur).V,Aj]q. Using the same method, we get the estimate:

t
lall,_ s <laol g + [ (lall g 196+l
L?OB22,1 L?OBzzl 0 22

0
B3, B32NBo 1

(L +llgll g Ylldivu] ¢ + [Vl

) 7. (3.18)

d
2
2 1

d d
B2 B2
1 2 2

Remark 6 Note that here, due to the external force terms for the density, we need to
d

have a B -control of div ur,.
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With a rough majoration,

t
< !
<Ol g + [ O+l V'),

lall .4
LtOOBZI t 2,1
where .
V(t) = (a 0o+ IVur| + || dive 7)d7, 3.19
= [ (11 + 1Vl hivunl g (3.19)
and then thanks to the Gronwall lemma,
t
lall_ g <O (lal_ g + [ Vi),
LtOO322,1 LfoB22,1
which gives:
lgll_ 4 <CeVW (1 + llaoll . 4 ) -1, (3.20)
L Bs, B3,

For the velocity, the same localization technique is used, and if we introduce: for j € Z,
u; = Aju, we have:

8tﬂj + (ﬁ + UL) -Vu,; — Aﬁj = A]f — A](ﬂ VUL) + R;,

where
R; = [(ﬂ +ur).V, Aj]ﬂ,
f=—up.Vuy, +2D(@ + uL).V<ln(1 + q)) - v(G(1 + q)).

Taking the L? innerproduct with u; we obtain:
Oullj 2 + 2% s L2 < Ndiv @+ i) oo [T 22 + 145 1l 2 + 125 (@ - Vur)ll 2 + | By 2

After a time integration, the multiplication by 27 (=D followed by a summation over
j € Z gives (u(0) = 0 and the commutator is estimated as above):

LR e

t
+ - Vu + V(@ +u all g4, )dr. (321
J (Ul b sl g 9@ )l g ol )an @20

Classical computations show that:

u-Vu < ||lw Vu
| LIIB§;1 <] IIBQ%;lI! LIIBi o

and from the definition of f:

911 < y

2 2,1 2,1

izl g0 +IVEA+ ) gy +2[VIn(l + ) - D@+ ur)ll g,
2,2

d
2
3,
The second term is estimated thanks to the composition lemma (see proposition 2):

d
B3,

IVGA+ )l g <IGA+9)]

2,1

< Clllglze)llall . 4 -
B3y

12



The last term has to be treated carefully. As we cannot rely on the smallness of ¢ (our
data can be large), we will follow the same method as Danchin in [10] and thanks to a
frequency cut-off we decompose this term into two parts which will both be small. For
m € Z:

I= V(ln(l +q)—In(1+ qu)> - D(T + uy)

Vin(l+q)-D(u+wur) = I+ II with: )
IT =VIn(l+S,q) DT+ ur).

Thanks to the paraproduct and remainder laws we have,

I < ||ln(1+¢q)—In(1 + S V(u+u
| !!BZ%II_!! (1+q) ( mq)!\B§1|| ( L)Hj_t.}gg’?m_t.@o’1
< O(|lgllz=)llg — Smal g IV@+ur)l 4 (3.22)
32,1 Bz,z co,1

We then use the estimate given in [10]: there exists a constant C' > 1 such that (we refer
to 3.19 for the expression of V):

VO~ 1)

1

lg = Small ¢ < llao— Smaoll . a + (1 + llgoll
B B B

2,1

Noja

d
2
2,1
If 0 < a < 1, the other term is estimated the following way:

I gy < N9+ S|y o 1D+ )] g,

2,1 2,1 2,1

< Clllgllze=)2" gl g I+ urll  g41oa- (3:23)

2,1 2,2
And thanks to the Gronwall lemma, we finally obtain that for all 0 < o < 1 (for example
we can take o = 1/2) and all m € Z:

[l . ¢+ Il
L

-9
o0
t BQ,

t
CV(t) / ( am || )
e urll. a_ lupll. 4., + C o0 a (142 utur| a4, .
[H il e+ [ Clldle ><||q|rB§1 7+ urll g

2,2

d
- 12t —
1 ¢ B3

+ (llao = Smaoll 4 + 1+ llaoll g ) = D)) [T+ urll g, )d] (3.24)
B2,1 32,1 BQ,Q mBoo,l

Thanks to the Holder estimate, we have:

— a
[ +ull | gp. StRutur] o

Y

t532 Ltlf% 32%’2“7“
and by interpolation,
=3 1—-< « (6]
< 2 2 < _ B + 1 _
Hf\lztlg% e HfHZgogfglufHLngf < IIfHL?oBQ%; ( 2)||f||L%B§;1,

so that,
— (=4 — —
b unl g SEAT sl g+ Tl )

t t P22 P22



¢, +@| .4, the estimates on the velocity turn into
LiB}

If we denote 8(t) = ||ul|. .4_
foB;Q tD32
t) < VO |lu u
B(t) < [ LHZt B;;l” LHZ%B;;%
Cllall._ 4 ) |thall__ g +(lao=Smaoll g +0+laoll 4 )V O-1)+27e gy )
L Bs, L Bs, B3, B3, L Bs,
< (B +llurll. o +llu ,7,)].3.25
<B() | LHLtOOBQg’QlﬂB;Ol’l | LHLlBg“mBéo,l > (3.25)

Let us now state and prove the following lemma

d
Lemma 2 Let (¢, u) satisfying (SW) on [0,7] x RY. Assume that ¢ € C1([0,T), B,)
and u, uy, € C*([0, 7], B;’2 N B 1 N B2+1 N BL 1))¢, where uy, satisfies:
BtuL - AUL = 0, uL‘tZO = UuQ. (326)
If we denote © = u — uy,, there exist three positive constants n, C' (only depending on d)
C’ (depending on C, d and qy) and m € Z (= m(n, qo)) such that if n €]0, 1] satisfies:
1
ne*(1+ )1+ Jluo g sio e ) S g (3.27)
22 NB 4 2

<n?%. Then if T is small enough so that

and m is chosen such that ||qgo — Smqol|
2.1

Y (Ivurl ’
J il g +Hd1VUL|| dr < n?,
0 B3, BO B3y (3.28)
TC' + (14 C")(e® —1) 420730 < n?.
then we have, for all t € [0,T],
lall . .4 < T+lqoll g | =1,
LT Bsa B3y (3.29)
u + ||u < 2n.
Iy s <20

) satisfies on the interval [0, 7] the following system

Proof: We recall that (¢,u

O+ (u+ur).Vg+ (1 +q)div(w+ur) =0

ou — Au — Vdivu + (u+ ur).Vu + u.Vur + up.Vur,
—2D(@+ ).V (In(1+q)) + V(G +9)) =0,

Assume that 7' is small enough so that we have for some 1 € [0,1] (to be precised later)

T
/ (||wL|| 4 +||d1vuL|| )dfgnQ <,
0 B3,NBo, 1 B3,

14



and let us define

T* = supft € [0.7), / 5.1 < 20}

Then for all ¢t € [0, 7*[, from (3.20) we have (n < 1)

def
Ltllaoll g ) =1<€* {1t flaoll g | =15 co
32’1 32,1

Concerning the velocity, using the previous estimate on g and the fact that

lgll . 4 < eCCrHm)
ZWB;1

(3.30)

urll. .d_q, . + |lu d . < ||u
| LHL?B§2 s, | LlngBng;l o = ol

B2, 'nBZ}!
allows us to write that:

oo,1

B(t) < e (IIUoHB;IﬂZJrC(Co) [teo+ (llao—Smaoll g
’ 2,1

< (80 + ol g )]>. (3.31)

0,1

+(1+co)(eCV<t>—1)+2amt%co)

Let us first fix m = m(n) such that ||go — Smqol| . 58 < 7% Then let us take T so small
2
that:

1

Teo + (14 co)(eCV D)

— 1)+ 2°MT2 ¢ < .
The estimate turns into:

Blt) < & (|luol|gm{1n2 + Cleo)?[1+ B(1)

Then, if n is taken so small that

=+ ||u _ } .
loll g )

0,1

1 (Jluoll 2, + Cleo)(1+ [luol

)) <
fes)) 52
then as 7 €]0, 1], we obtain that:

00,1

which implies:

Bt) <.
=T and for all ¢ € [0, T,

ull. .da_, tlu d, < 2n.
a1 el e < 20

Then by contradiction this leads to T™*

15



3.2 Existence
We use a standard scheme for proving the existence of the solutions:

1. We smooth out the data and get a sequence of smooth solutions (¢", u"),en of an
approximated system of (1.6), on a bounded interval [0, 7"] which may depend on
n.

2. We exhibit a positive lower bound T for 7", and prove uniform estimates on (¢", u")
(we refer to the next subsection for the definition of ™) in the space

B = Cr(B2 Cr(BETY N b (BT 3.32
7= Cr(B3,) x (Cr(B3, )N Ly(B3, ). (3.32)

3. We use compactness to prove that the sequence (¢", u™) converges, up to extraction,
to a solution of (1.6).

3.2.1 Step 1: Friedrichs approximation

In order to construct approximated solutions of system (1.6) we shall use the classical
Friedrichs approximation where we define the frequency truncation operator J,, by:

for all n € N and for all g € LA(RY), J,g = F ! (1%§|€|§n(g)§(§)) ,
and we define the following approximated system:
B + Jn(Jntty - V) + J ((1 + ann)dianun) —0,
Butty, + I (Jnttn - Vi) — Adtin — 2 (D(Jnun).V(ln(l + ann)))
+ (V(G(l + ann))) —0,

(Qnu Un)t:O = (ano’ Jnu())

we recall the operator A is defined by: Au = Au + Vdiv u.

We can easily check that it is an ordinary differential equation in L2 x (L2)9, where
L? = {u € L*(R%), Jyu = u}. Then for every n € N, by Cauchy-Lipschitz theorem
there exists a unique maximal solution in the space C'([0,T}*[,L?) and this system can
be rewritten into:

Outn + Tt Van) + Ju (1 + ga)diven) =0,
Brtin + Tty - Vi) — Aup — 2, (D(un).V(ln(l + qn))> (3.33)
+ 70 (V(G( 4+ a))) =0,

3.2.2 Step 2: Uniform estimates

In the sequel, we will split u,, into the solution of a linear system with initial data J,uo,
and the discrepancy to that solution. More precisely, we define by u’} the solution of the
following heat equation:

{&u’i —Aut =0 (3.34)

(u}) =0 = Jnuo.

16



We now set i,, = u, — u}. Obviously, the definition of u,, leads to the following system:
Outn + (@ +12).Fan ) + o (1 -+ g)div (@, + ) ) =0,

oty — Au, — Vdivau, + J, ((ﬂn + u}{).Vﬂn) + Jn (ﬂn.Vu’L‘) + Jn (uE.Vuﬁ)
— 2, (D(ﬂn u?).Vin(l + qn)> + VY, (G(l + qn)> —0,

(qns Un)i=0 = (Jnqo, 0).
(3.35)

We would like to obtain uniform estimates on (gy, i@y, ) in the space Er (see 3.32). Before
doing this, let us recall that thanks to proposition 4 and as J,ug uniformly belongs (for

all n) to B 1 N B we obtain that for all 7 > 0:

ul| da_ + || d
W2 g IR sy
< C(lluoll .4, HfH 4 ). (3.36)
222 ﬁBo<>1 222 mB;ol,l)

In particular by Besov embedding, we can remark that Vu’} belongs to L%(LOO), this
property will be crucial in the sequel in order to estimate @,. We would also point out

.d_
that as div J,up uniformly belongs (for all n) to By, " We obtain that for all T > 0:

<C(luoll g1 . . + I/l )

B22,2 mBool Ly 3272 Bo_o1,1)

(3.37)
Thanks to the apriori estimates from lemma 2 (as J,¢, = ¢, and J,u, = W, the proof
of this lemma, which is based on L?-scalar products, remains true) there exists n > 0
and a time 7" > 0 (all of them independant of n) such that for any n € N and any
t € [0, min(T;;, T)],

¢+ [ldiv u]]

[|div uf || 4
Ly(B2, LB2)

llanll - 4 Se 1+HQ0H -1,

L'%OBQ,I 2 1 (3-38)
[wnll a0 + ||Un|| ode S 21

Lt 21 2,1

From this we deduce that the L2-norm of (qn,ﬂn) is bounded. As J, is the truncation
operator in {£ € R?, % < [€] < n} the bound blows up as n goes to infinity, but all that
is important is that it implies (by contradiction) that for all n, the maximal lifespan
T > T.

3.2.3 Step 3: Time derivatives

Once the uniform time T is obtained the rest of the method is very classical. Using the
previous uniform estimates to bound the time derivatives of the approximated solutions,
we obtain that:

.d_q
Lemma 3 With the same notations, (0¢qn)n is (uniformly in n) bounded in L%Bﬁl

4 ,.d_3 .d_q 4 .d_q .d_3
and (Oyuy,)y, Is bounded in LiB3 2+ LF B3, and then in L%(Bf’l + B3, ).

17



This result allows to get that:

d
2

* ¢n — ¢, (0) is (uniformly in n) bounded in Cr B3

.d_3
-1 272

Ld_ 1.4
® Uy, is bounded in Cr By, 'n Cfi(Bil + B3,

3.2.4 Step 4: compactness and convergence

This part is also classical and we refer for example to [10] (chapter 10) for details: using
the previous result and the Ascoli theorem, we can extract a subsequence that weakly
converges towards some couple (¢,u), which is proved to be a solution of the original
system and to satisfy the energy estimates. This concludes the existence part of the
theorem.

4 Uniqueness

Once more, system (SW) is very close to (NSC) and the uniqueness is dealt the same
way except, obviously, that here the external force terms that have to be plugged into
the apriori estimates are different from the ones in (NSC') and we will focus on it in this
section. As for (NCS) we will have (due to endpoints in the paradifferential remainder)
to treat separately the cases d = 2 and d > 3. The second difficulty is that, as we present
a local result for large data, we will have to make frequency cut-off (as in [2]) in order to
bound some external force terms.

Let us introduce for s € R the following space:

N

~ Ld_ . .
Eq(t) = L(B3, N BZL)NLE(Bis N BL).

Theorem 3 Let d > 2 and assume that (q;,u;) (i € {1,2}) are two solutions of (SW)
with the same initial data on the same interval [0,T] and both belonging to the space
E4(T) with (q;,u; — ur) € Ep (see (3.32)). Then (q1,u1) = (q2,u2) on [0,T].

Proof: for ¢ € {1,2}, let us introduce u; = u; — ur, (see (3.26) for the definition of
ur.), then (g;,w;) satisfy the system:
Orai + (Ui +ur). Vg + (1 + ¢)div (Ui + ur) =0,
owu; — Au; — Vdiva; + (ﬂl + ’U,L)Vﬂz 4+ u;.Vur, +ur,.Vuy,
—2D(@: +up). V(1 +4)) + V(G +4)) =0,

and if we denote by d¢ = q1 — g2 and du = w; — e, then (dq, du) satisfy the following
system:

040q + (ur, +U2).Viqg = 6Fy + 6F + 5 F3,
0ou — Adu — Vdivou + (ur, +01).Vou + 0u.V(ur + a2) = 6G1 + §G2 + 6G3,
(4.39)

18



with:
0F, = —d0u.Vq,

6Fy = —(1 + q)div 6,

d0F3 = —dq.div (ug + ur),

6Gy = 2D(ur, + ﬂl).V<ln(1 +q1) —In(1 + qa)),
6Gy = —D(61).VIn(1 + q2),

5Gs = —V(G(l +q) -G+ CI2))'

4.1 The case d >3

We wish to prove (as for (NSC')) the uniqueness in the following space:
.d_q .d_o 17 d \d
Pr=CrB3 x (CrB3” N LyB)

Due to endpoint estimates for the paradifferential remainder, the case d = 2 has to be
treated in a different space. We refer to the following section. As for the classical (N.SC)
system, we prove that (dg, 0uw) € Fr (the proof is left to the reader and the computations
are the same as the ones done in the following).

Let us begin with dgq. As ¢; and ¢o have the same initial data, doing the same
computations as for the transport estimates (see [2] theorem 3.14) leads to:

16gll. _ .4

—1
coR2
LBy,

21

t
< / <(||div<uL+u2>uLoo+Hv<u2+uL>||.g YIoal__ g +I0F ) 4 )d
0 BZ L% LB,

2,00

(4.40)

where 0F = 0F + 0F5 + 6 F3. These terms are estimated thanks to the paraproduct and
remainder estimates recalled in section 2 (see (2.11)):

. .d_q
e Thanks to the Bernstein lemma we have Bf;l s B2271 so that:

||5F1H g1 S 1 TsaVarll g0+ 1 Tvq 0ull g, + 17067 Var) || gass,

21

< H5UI|LO<>HVQ1H L IVarllgo H<5UH

21

<\ louligy , +lloull g Jlarll g <lloull g larll g - (441)
ot 32,1 le 2

+ 16l g Vel g,
2

a a
B2 B2
2 2 ,2

2 1 1
e Similarly we get that

I8l g-0 < (14l g 10w,

21

H5F3|| g1 < 10gll g llur + 72l g i

21 21

d
g
2

31
NB, 1

19



then we obtain:

0
I9al, -

t
< / L T L] st (1l %)nauu g |dr. (4.42)
0 B2,oomB Bs, Bs, 21

Finally, thanks to the Gronwall estimate:

Cfo [aa+url| d+1 ~dr

t
1
ol g1 < 3o /(1+uq1H %>H(5uH 4 dr. (4.43)
0 2 2

d_4
3221
Remark 7 Note that this estimate on dq is valid for all d > 2.

Concerning the velocity, using the a priori estimate for the transport-diffusion equa-
tion provided in the present article, we can write that (we recall that u; and ug have the
same initial data):

Cfg (HVﬁl-I—VuLH 4 +||Vue+Vur| 4 >d7’
<e 322,2”30 00,1 222030 00,1

loall__ 4, +0ull .4
L Bs, tP21

/||5G1+5G2+5G3|| a ,dr. (4.44)

21

e The last term is dealt the usual way:

1G] - < Clllarlle: la2llz) (14 ] g + el g)H&JH
2,1 2,1 2 21
< Cllaoll g )loal g1 (445)
2 21

e Without surprise, the first term is estimated by:

15611l g2 < 2D + a0l g 19 (100 +a) ~ 1+ a2)
B nBY,.

21 2,2

||g,
2

<C(||Q0H Pl + 3l yor

21 Bjo 00,1

15qll 4. (4.46)
B3,

Note that here, after using the injection B 2 32 1 2, we needed d —2 > 0 in
the remainder. In the case d = 2, this term Wlll have to be dealt differently in the
following subsection.

e Asin (3.22), we have to decompose dG2 into two parts:

Gy = —D(éﬂ).V(ln(l +q2) —In(1 + qu2)> — D(6u).VIn(1 + Sing2) = R1 + Re.
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Here the second paraproduct for Ry requires that —1 + @ < 0. The remainders

require that d — 2 > 0). We obtain that:

d
B2
2

11l < 1971 g Cllall) (14 el g )l = Smel,
21 1

< Claoll g gz = Smazll g 157l g
21
) _

21 21
vt

D)l g . (447)

Cllaoll g ) (llao = Smaoll g + (e
21 2
and
1Rl 4o < 10 g | Q1 +Sma)l g o <107 _g_oCCISma =) |Smeell g
21 2,1 21 21 Bz,l
< Clllaoll g )26 g (4.48)
21 2

The first term is small if m is large enough and 71" small enough, and the second

term introduces a nonnegative power of ¢

Finally we have:
vzl )ar

C fylIvall 4 +IVaell 4 _
221 221 Bg FonBY

1970 _-» 155,

2,1
t
x C 1+ ||Vuy + Vu 1) + 296w
(ol | (( 19+ Vgl g Nl g+ 20 g
cfy (HVu2|| %HWuLll ¢ )dr
+ (lao = Sl g + (e 52, B2,05% —1))\|5u||.% dr. (4.49)
B3, B3,
and:

Introducing ¢y a constant only depending on ||qo|| . g
B3,

t
VO = [ (Ivmly +19ml g + IVl g Jar
0 B3, Bz,l BQ,QmBgo,l

< eV (<t+v DNl 4
2

Héu\l 4o tloull g
LB, ,
20 g+ (o = Smaoll g+ (YO =)ol ) (450)
LtBQ,l 21 2,1
If50t) =|ull. «,+|u , as in section 3.1 we have ||du d_ St% t), then
B(E) =l g+ N Il , - <tE609)
as,
16gll 4.1 < coe” ||5u|| 4, (4.51)
t BQI B21
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we obtain:

BE) < co®® O£+ V(5) + 273 + llao = Small g + (VY = 1)) B(0).

d
2
2.1
When 7 €]0, 1] satisfies:
1
2cone?cM < 2 (4.52)

< 7. Then if T is small enough so that:

and m is chosen such that ||go — Smqol| .
B 1

%
2,
B (Ivull g+ v g Jdr <
B3 oNBg, 1 B3y (4.53)
T+V(T) + (eCVT) — 1) +20mT32 <.
then we have, for all ¢t € [0, 77,

0 < B(t) < 20me*B(t) < 20

So B(t) = 0 for all t € [0,7] and the same goes for dg, which proves the uniqueness on
[0,7].

Remark 8 Note that these conditions are implied by the ones from the apriori estimates.

To end the proof when 7" is not small, let us introduce (as in [10], section 10.2.4) the set:

1E 4t € 0,71/ (@ (), 1 (1)) = (@), m(t), W € 0,1]}.

This is a nonempty closed subset of [0,7]. Using the same method as above allows to
prove it is also open and then I = [0, T.

4.2 The case d =2

In this case, the estimates on ¢ remain correct, but the paradifferential remainders, when
estimating the external forces terms in the velocity equation, are modified. Indeed, in the
case d = 2 we reach the following endpoint where for all 1/p; + 1/p2e =1=1/r; + 1/ra:

1R(£, ) go < Clifllsy , N9l

Estimate (4.44) is then replaced by

t — —
10l gt + 05 <€ (1o Seslag oy IV Pl o, )i
t 2,00 ,00

t
X / H(5G1 + 6Go + 6G3HB;1 dr, (4.54)
0 ,00
with
16Gsll s < Clllarlae lazllioe) (1+ laallpy , + llazll gy )19l g

< Ollaollpy )0l g (4.55)
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and (here we reach the endpoint d — 2 = 0 in the remainder)

16G 1 g1 = 2([D(ur +ﬂ1)-V(ln(1 +q1) —In(1+ CI2)> ;1.
<2(|ITp Vg1 + 179Dl 1 +IIR(D, V)| -1 )
< 2([[Dllre= IVl 551, + IVIp2 1PNy + 1Pl , 1V 5;1)

< Clllaoll gy Mlur + 7wl s 19dll 9 - (4.56)

Concerning the last term, with the same decomposition, G = R; + Ry and when we
choose some « €]0, 1] (for R2) we obtain that:

IRillgn < 10l Cllasllie) (1 + llazll sy ) laz = Small s
< Cllaoll g3,) (llao = Smaoll gy, + (VO = 1)) 10l gy, (4.57)
and
1Rzl < loullpy-eln( + Smaz)lipise < Cllaollgy )2 [10ull py-o- (4.58)
As in the previous section, we collect the estimates and obtain:

Vit

18z 5g . < coe D60y 5

and with obvious notations,

t
(1) < cpeV ( | 0V 16l g ar+ <2amt2+||QO—5mq0HB%J+(€CV(t)—1))5(t)>-

under the conditions from the previous section, we get:

t
B(t) < cpefV® (/0 (1+ v/(T))||5u||L%B%’1dT) + %5@).

Thanks to Proposition 3, we can use the following logarithmic estimates (d = 2)

6al g+l g
ou < Cl|léu lo (e—l— L2 L2
lowll, pg = Cloml, yg toe T

’ ’ Ly B

As du = u1 — U9, we can write:

16l py gy + 110l pypz = W(E) = Wi(t) + Wa(?),

with W;(t) = ||Ei||Lng + HHZ-HL%BS . This function is bounded on [0,7] and the
estimates turn into: 7 ’
¢ w(T
B(t) < CT/ (14 V/(7))8(7) log (e + B((T)))dT.
0
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As we have,

/1 dr C e
o rlog(e+ (T)) ’

The Osgood lemma allows us to conclude that 3(¢) = 0 for all ¢t € [0,7] (we refer for
example to [2], section 3.1.1). Then the density fluctuation is also zero on this intervall.
Then the conclusion is the same as in the case d > 3.

5 Global well-posedness

In this section we are interested in proving the global well-posedness of (1.1) when we
assume smallness on the initial data. The proof follows the same lines than in the sections
3 and 4. The only difficulty consists in getting damped effects on the density in order
to deal with the pressure in the remainder terms. To do this we have just to use the
estimates in Besov spaces from [7] or [5] on the following linear system associated to
(1.1):

0tq +v-Vqg+divu = F,

(5.59)
ou+v-Vu— Au+Vqg=G,

There, they exhibit the parabolic smoothing effect on u and on the low frequencies of
¢, and a damping effect on the high frequencies of q. To do this, the authors need to
introduce a paralinearisation in order to deal with the convection terms u - Vq. More
precisely they obtain the following proposition:

Proposition 5 Let (q,u) a solution of the system (5.59) on [0,T[, 1 — % <s<1l+4 g
and V(t fo |IVo(r H .4 dr. We have then the following estimate for any T' > 0:
L=nBZ,

(g )II~ I Y [ CAD] S

% (Boy XL (B37Y) LBy )X (BT

T
< OVt . —CV(r L
O (@)oo, [ T OURG e 7).

~ 81,52
where C' depends only on N and s and By, denotes the hybrid Besov space with
regularity s; for low frequencies and sy for high frequencies (we refer to [7, 5] or [15] for
details).

The rest of the proof consists in searching a solution of the form (q,ur + @) with wup,
defines as in the previous section. We can verifies that (¢, ) check the following system:
Oiq +u-Vq+diva = F,

, (5.60)
ot +u-Vu— Au+ G (1)Vq = G,

with:
F = —divuy, — qdivu,

G = —uVuy —ur - Vur +2(Du-VInp) + V(G(1 + q) — G (1)q)
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Using the proposition 5 on @, the rest of the proof simply consists in getting estimates
on (¢,w) in H with:

St pE 1/ p% §-1 St ps—ly A Flopstl
H=(C(R ,B3 )N L' (B3, N B3, )) x (C(R , B3, )N L (B, ).

We should to treat the remainder terms as in section 3. We would like in particular to

~  d
mention that divuy remains small in Ll(Bil) with the smallness condition on divug, by
the Gronwall lemma we can conclude. For the uniqueness the method follows the same
approach as in section 4.

6 Proof of theorem 2

Our method from section 3 and 4 may be adapted to the study of incompressible density
dependent Navier-Stokes equations. This is just a matter of replacing the parabolic model
below by a nonstationary Stokes system. More precisely we define uy, as the solution of
the following system:

Owup, — Auyp + VIIp =0,

divuy, =0, (6.61)

(ur) t=0 = uo.

In the same way than in section 3, we are searching solution of the form v = uy +u with:

(g + (@ +ur).Vg+ (1 + q)div (T + ug) = 0,
ot — Au+ (u+ ur).Vu+u.Vur + ur,.Vur,
_ 1 _ (6.62)
divu = 0.
By applying the operator curl to the momentum equation, we obtain that:
Oq+ (U+ur).Vg+ (14 q)div(u+ur) =0,
Orcurlu — Acurlu + curl (u +ur).Vu+u.Vug, + ur,.Vur,
(6.63)
_ 1 _
divu = 0,
where:

(Vf : Vg)ijj = 8jf8ig - 81]08]9
~Ld_
By following the same idea as in section 3, we are able to estimate @ in L3 (B3, 1) N
~ o .d ~ d ~ o .d
L%F(ijl) by proving estimate on curlu in L (B3, 2) N L%F(BQZJ), in order to deal with

the pressure II it is sufficient to adapt the idea of [1, 16] as II verifies an elliptic equation.
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