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Regularity of weak solutions of the compressible barotropic
Navier-Stokes equations

Boris Haspot *i*

Abstract

Regularity and uniqueness of weak solutions of the compressible barotropic Navier-
Stokes equations with constant viscosity coefficients is proven for small time in di-
mension N = 2,3 under periodic boundary conditions. In this paper, the initial
density is not required to have a positive lower bound and the pressure law is as-
sumed to satisfy a condition that reduces to P(p) = ap” with v > 1 (in dimension
three, additional conditions of size will be ask on 7). The second part of the paper is
devoted to blow-up criteria for slightly subcritical initial data for the scaling of the
equations when the viscosity coefficients (u, \) are assumed constant provided that
their ratio is large enough (in particular 0 < A < % 1). More precisely we prove that
under the condition p belongs to L>((0,7T) x TY) then we can extend the unique so-
lution beyond 7' > 0. Finally, we prove that weak solutions in the torus TV turn out
to be smooth as long as the density remains bounded in L (0, T, L(N+1+)7(TN))
with € > 0 arbitrary small. This result may be considered as a Prodi-Serrin theorem
(see [60] and [65]) for compressible Navier-Stokes system.

1 Introduction

The Navier-Stokes are the basic model describing the evolution of a viscous compressible

gas. Let us first recall that the periodic compressible barotropic Navier-Stokes equations

in the torus TV (N > 2) read as follows:
Op + div(pu) =0, (L.1)
O(pu) + div(pu ® u) — div(2uD(u)) — V(Adivu) + VP(p) = pg. '

The unknowns p > 0 and v € RY correspond to the density of the gas and its velocity
field, respectively. The last equation of (1.1) involves the pressure P which is assumed to
be a given increasing function of p and D(u) = %[Vu +! Vu] is the strain tensor. Recall
that in the barotropic case, we have P(p) = P, , = ap” for some positive constant a and
some v > 1. The viscosity coefficients are assumed to satisfy pu > 0, and the physical
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case where N + 2u > 0, and the external force g belongs to L2((0,7) x TV)¥ for all
T > 0. Finally we complement the above system with the following initial conditions

(1.2)

p|t:0 = pPo > 0’
PUjt=0 = M.

As emphasized in many papers related to compressible fluid dynamics [42, 50, 64, 67, 68],
vacuum is a major difficulty when trying to prove global existence and strong regularity
results. A second main difficulty corresponds to get estimate in L norm for the density
in order to control the non-linear term as the pressure but also for preserving the regu-
larity of the velocity by assuming that the density stays in some multiplier spaces (for
more details on this point we refer to [36]).

As a matter of fact, starting from bounded initial densities that have positive lower
bounds, local existence of smooth solutions can be proved by classical means, since lower
and upper bounds on the density persist for small enough time. To obtain global exis-
tence of strong solution, one of the main difficulty corresponds to the loss of control on the
vacuum and on the L* norms of the density. An other point is related to the difficulty
to estimate for long time the Lipschitz norm of the velocity u, that is why many criterion
of blow-up assumed that the Lipschitz norm of the velocity [[Vul|f1 (1) is bounded (in
particular in this case it allows to control easily the L* norm of the velocity). In this
paper, we want to follow an radically different approach inasmuch as we want to define
blow-up conditions depending only on the Lebesgue integrability of the density. More
precisely we want to prove that the norm L>(L9(T)) on the pressure P(p) controls the
breakdown of strong solutions of the Navier-Stokes equations in dimension N = 2,3 for
large enough g > 1. In other words, if a solution of the Navier-Stokes equations is initially
suitably smooth and loses its regularity at some later time, then the norm L (L4(T))
of the pressure grows without bounds as the critical time approaches.

Before stating our main results, I would like to recall some important results concerning
the theory of the existence of global weak solutions and the existence of strong solution
(it means unique solutions) for barotropic Navier-Stokes system. Indeed the results ob-
tained in this article combine the different tools used for proving the existence of global
weak solution and of strong solution.

1.1 Existence of global weak solutions

Before the work by P-L Lions in [52], very little was known about solutions of the
compressible barotropic Navier-Stokes equation at least when N > 2. There he proved
a global existence theorem and weak stability results for P, , pressure laws under some
conditions on v and with the following assumptions on the initial data:

po € LY(TN) N LY(TV), po > 0,

2 1.3
0 ¢ p1(T¥), (1.3)
0

2
where we agree that m—(? =0 on {x € TV such that po(x) = 0}. Here is a up-to-date
statement of Lions’ result later improved by E. Feireisl et al in [28, 29, 30].



Theorem 1.1 We assume (1.3) and v > 1 if N = 2, v > % if N = 3. Then there
exists a solution (p,u) € L>(0,00; LY(TN)) x L?(0,00; HY(TN))N satisfying in addition
p e C((0,00), LP(T)) if 1 < p < 7, pluf? € L2(0,00; LY(TV)), p € Lt ([0, 00); LA(T™))

for1<qg<~—-1+ %7. Moreover, when f =0, for almost all t > 0, we have

1 9 a
LGl + =~

1p7)(t,x)dx + /0 ds /11‘N (| Vul®> + (X + p)(divu)?)dzds

(1.4)
< [ GooluoP + — )
= Jow 2Po 0 ~— 1Po :
Lions proved similar results for more general pressure laws P(p) such that
1
P
/ (25 ) ds < 400,
o S b, (1.5)
liminf —5 100 Lj) > 0,
S

for some ~ satisfying the above condition of theorem 1.1.

Let us stress that the main difficulty for proving Lions’ theorem consists in exhibiting
strong compactness properties of the density p in LfOC(R+ x RV) spaces required to pass
to the limit in the pressure term P(p) = ap?. As a matter of fact, in his pioneering
work, Lions made the additional assumption that v — 1 + 2% > 2 in dimension N = 2, 3.
However, later on, Feireisl and his collaborators in [28, 29, 30] generalized the result to
any vy > % for N > 2 by establishing that we can obtain renormalized solution without
imposing that p € LZ (RT x RY) (see also [59]). This improvement was based on the
concept of oscillation defect measure evaluating the loss of compactness.

1.2 Existence of unique solution

The problem of existence of global solutions for Navier-Stokes equations was addressed
in one dimension for smooth enough data by Kazhikov and Shelukin in [49], and for
discontinuous ones, but still with densities away from zero, by Serre in [64] and Hoff in
[41]. Those results have been generalized to higher dimension by Hoff in [44, 45]. The
existence and uniqueness of local classical solutions for (1.1) with smooth initial data
such that the density py is bounded and bounded away from zero has been stated by
Nash in [58]. Let us emphasize that no stability condition was required there. On the
other hand, for small smooth perturbations of a stable equilibrium with constant positive
density, global well-posedness has been proved in [53]. Refined functional analysis has
been used for the last decades, ranging from Sobolev, Besov, Lorentz and Triebel spaces
to describe the regularity and long time behavior of solutions to the compressible model
[66], [68], [43], [46], [49].

Guided in the approach by numerous works dedicated to the incompressible Navier-Stokes
equation (see e.g [57]) we want here to recall the fundamental notion of critical regularity.
By critical, we mean that we want to solve the system (1.1) in functional spaces with norm
invariant by the changes of scales which leaves (1.1) invariant. In the case of barotropic
fluids, it is easy to see that the transformations:

(p(t, ), u(t,z)) — (p(I%t,12),lu(l®t,lz)), |€R, (1.6)



have that property, provided that the pressure term has been changed accordingly.

The use of critical functional frameworks led to several new well-posedness results for
compressible fluids (see [21, 24, 34, 35]). In addition to have a norm invariant by (1.6),
appropriate functional spaces for solving (1.1) must provide a control on the L> norm of
the density (in order to avoid vacuum and loss of parabolicity) but also on the Lipschitz
norm of the velocity (it means ||Vul| LL( Lo<)) in order to be able to estimate the density
via the mass equation. For that reason, the study is restricted to the case where the
initial data (pg,up) and external force f are in homogeneous Besov spaces such that, for
some positive constant:

N N_q N_q
po € LN B, ug € B)', and f € Ly, (RT, € B! ) (1.7)

with (p,p1) € [1, +oo] suitably chosen.

Local existence of strong solution with large initial data

The first result concerning the existence of strong solutions in spaces invariant for the
scaling of the equations is due to R. Danchin in [21]. More precisely he obtains strong
N N
solutions for initial data in Bfl X (Bffl)N . Here compared with the result on incom-
pressible Navier-Stokes, he needs to control the vacuum hence the norm of the density is
in L in order to take advantage of the parabolicity of the momentum equation. That
is Nwhy he is working with a third index r = 1 for the previous Besov space because
Bfl is embedded in L. In [24], R. Danchin generalizes the previous results by working
N N
with more general Besov space of the type Bgl X (Blffl)N with some restrictions on
the choice of p. Indeed comparing with the general setting in (1.7), we can observe that
R. Danchin needs to have p = p; leading to the limitation p < 2NN for the existence and
p < N for the uniqueness due to some limitation concerning the paraproduct laws when
he treats some non-linear terms. The fact that p = p; is a consequence of the strong
coupling between the density and the velocity equations. To be more precise, in [24] the
pressure term is considered as a remainder for the parabolic operator in the momentum
equation of (1.1).
In [36], we address the question of local well-posedness in the critical functional frame-
work under the assumption that the initial density and the initial velocity belong to
critical Besov spaces with different index of integrability. In this article we improve the
results of [24] inasmuch as we have no restriction on the size of p. In particular, we can
observe that when p goes to infinity, we are close to get strong solution with initial data
(o, uo) in ngl x BY, | (at less when P(p) = K p and weak solution else when the pressure
are more general). It means that this theorem bridges the gap of the result of D. Hoff
where the initial density is in L but where the initial velocity is more regular (it means
not critical) and the results of R. Danchin in [24].
For proving this result, we adapt the spirit of the results of [1] and [33] which treat the
case of the density-dependent incompressible Navier-Stokes equations (at the difference
that in these works the velocity and the density are naturally decoupled). The key of
[36] is to introduce a new unknown v the effective velocity to avoid the coupling between
the density and the velocity, we analyze then by a new way the pressure term. This idea



originates from the works by D. Hoff, P-L Lions and D. Serre (see [43, 52, 64]) where the
so-called effective pressure has been first introduced. We refer also to the fundamental
result of V. A. Vaigant and A. V Kazhikhov on the existence of global strong solution
in two dimension which use crucially this notion of effective pressure (in this paper the
viscosity coefficients are variable and have a specific form) .

In [36] the divergence of this effective velocity is exactly the effective pressure. More
precisely we write the gradient of the pressure as a Laplacian of some vector-field v, and
we introduce this term in the linear part of the momentum equation ( in other words,
v = GP(p) where GP(p) stands for some pseudo-differential operator of order —1). We
then introduce the effective velocity v;1 = u — v. By this way, we have canceled out the
coupling between vy and the density. We next verify easily that we have a Lipschitz
control on the gradient of u (it is crucial to estimate the density via the mass equation).

Global existence of strong solution with small initial data

In this subsection we would like to recall some important results of existence of global
strong solutions with small initial data. More precisely we would like to emphasize the
importance of the notion of effective pressure (see [52], [64], [43]) or of effective velocity
(see [37]) in the resolution of this problem. Indeed this last notion introduced in [36] will
be the key of our proofs of blow-up, in some sense this unknown of effective velocity is
more regular than the velocity (we will give a precise definition of the effective velocity
later) and we will explain why.

The global existence of strong solutions for initial data with high regularity order and
close to a stable equilibrium has been proved by Matsumura and Nishida in [53] for
three-dimensional polytropic ideal fluids and no outer force with initial data such that
(po—1,up) € H3(R3)x H3(R3). More recently D. Hoff in [43, 44, 42] stated the existence of
global weak solutions with small initial data including discontinuous initial data (namely
po — 1 is small in L2(RY) N L®(RY) and ug is small in L*(R?) if N = 2 and small in
L3(R3) if N = 3). One of the major interest of the results of D. Hoff is to exhibit some
smoothing effects on the incompressible part of the velocity u and on the effective pressure
F = (2p+ N)divu— P(p)+ P(p) (see also the work by D. Serre in [64]). This also plays a
crucial role in the proof of P.-L. Lions for the existence of global weak solution (see [52]).
However if the results of D. Hoff are critical in the sense of the scaling for the density, it
is not the case for the initial velocity. In [44], D. Hoff shows a very interesting theorem
of weak-strong uniqueness when P(p) = Kp with K > 0. To speak roughly under the
conditions that two solutions (p,u), (p1,u;) satisfy a control L> on the density and a
control Lipschitz on the velocity, with additional property of regularity on the strong
solution (p1,u1) then we obtain (p,u) = (p1,u1). D. Hoff uses this result to show that
the solutions of [44] are unique.

Finally R. Danchin in [22] shows for the first time a result of existence of global strong

solution close to a stable equilibrium in critical space for the scaling of the system. More
N_q

precisely the initial data are chosen as follows (pg — 1,ug) € (BQ%I1 N 32%’1—1) X 327,1 . The
main difficulty is to get estimates on the linearized system given that the velocity and
the density are coupled via the pressure. What is crucial in this work is the smoothing
effect on the velocity and a L' decay on p—1 (this plays a key role to control the pressure
term). In this work, R. Danchin uses some tricky energy inequalities on the system in



Fourier variable. This explains in particular why the result is obtained in Besov space
with a Lebesgue index p = 2. Recently Q. Chen et al in [14] and F. Charve and R.
Danchin in [11] improve the previous result by working in more general Besov space, for
that they study the linear part of the system by including the convection terms in the
linearized system. The main idea is then to ”paralinearize” the convection terms, which
avoids any troubles concerning the coupling of the linear system between low and high
frequencies.

In [37] we make a connection between the article of D. Hoff [43, 44] and those of F. Charve
and R. Danchin and Q. Chen et al in [11] and [14]. In fact we extend the results [11] and
[14] to the case where the Lebesgue index of Besov spaces are not the same for the density
and the velocity. To do that, as in [36] we introduce the unknown of effective velocity
in high frequencies so as to "kill” the relation of coupling between the velocity and the
pressure. This effective velocity enables us to get as in R. Danchin in [22] a L' decay on
p— 1 in the high frequency regime. In low frequencies, the first order terms predominate,
so that (1.1) has to be treated by means of hyperbolic energy methods (roughly p — 1
and the potential part of the velocity verify a wave equation). This implies that we can
treat the low regime only in space constructed on L?(R”Y) as it is classical that hyperbolic
systems are ill-posed in general LP(RY) spaces. So as in [14] and [11], the system has to

be handled differently in low and high frequencies. In particular in [37], we are able to

. . o . . ~¥ 10 =~¥_-10
deal with very critical spaces of initial data, in particular (po —1,up) € By’ | X By 'y

(see [37] for the definition of the hybrid Besov spaces).

Existence of strong solution with vacuum

On the other hand there have been few existence results on the strong solutions for the
general case of nonnegative initial densities. The first result was proved by R. Salvi and
I. Straskraba. They showed in [63] that if  is a bounded domain, P = P(-) € C2[0, 00),
po € H?, ug € H& N H? and the compatibility condition:

1
Lug+ VP(po) = piyg, for someg e L2, (1.8)

is satisfied, then there exists a unique local strong solution (p, ) to the initial boundary
value problem (1.1). H. J. Choe and H. Kim proved in [17] a similar existence result
when ) is either a bounded domain or the whole space, P(p) = ap” (a > 0, v > 1),
po € L' HI N W10 vy € Di N D? and the condition (1.8) is satisfied.

B. Desjardins in [26] proved the local existence of a weak solution solution (p,u) with
a bounded nonnegative density to the periodic boundary value problem (1.1) as long as
supg<i<p= (lo(O)]| oo 3y + |Vu(t)|[12(1sy) < +00. In dimension N = 2, the regularizing
effects proved in [26] hold as long as supg<;<p«(|[p(t)|| oo (12)) < +o0. We would like
to draw the attention on this last result because in the sequel we will generalize this
assertion to the case of the dimension N = 3 in the context of the continuation of strong
solution.

1.3 Notations and main results

In a first time this paper will be devoted to improve the works [26] and [17] by choosing
a larger class of initial velocity data. A crucial point will be to explain how it is possible



to obtain strong solutions and not only weak solutions as in [26] and [17]. In the sequel
we will give new results of blow-up which will be our main results.

In the sequel we will note % =04+u-Vand f= % f. We will define also the unknown
w = curlu as the rotational of the velocity. The viscosity coefficients are constant and
are assumed to satisfy:

)
>0, O<)\<Z,u. (1.9)

It follows that there is a p > 6, which will be fixed throughout, such that:

Iz (—%
" 1.10
In the sequel we will assume that g € E% with:
9l g1, = llgll e (r2ermyy + gl 2. 2oy + gllpn (aeecoy)
(1.11)

[ PO ms+ [ [ Pogasas
0 0 TN

where f(s) = min(1,s) and € > 0.
Let us now state a first theorem of weak-strong solutions.

Theorem 1.2 Let N = 2,3. Assume that m and X verify (1.9) and (1.10). We assume

that po € L>=(TV), ,00 ug € LP(TY) and ,00 ug € L*(TN). Moreover g is in EX for any

T >0 and g € L¥(LP(TY)). Finally we assume that v > Z%é if N =3 and v > 1if
N = 2. Here p verifies:

>2, if N=2,

{p u (1.12)

p>6, if N=23.

o There exists Ty € (0,+00] and a weak solution (p,u) to the system (1.1) in [0, Tp]
such that for all T < Ty (with f(t) = min(¢, 1), w = curlu):

sup [ [Gott,a)lutt,a) P+ NGo(t,2))| + £(0)|Vult, ) )da
TN

0<t<Ty

1
w o [ G0N i) + Dt 2) e (1.13)

To
+/ / [[Vul? + f(s)(pla)® + |Vw|?) + fN(s)|Va|dzdt < CCy.
0 TN

sup / p(t,z) ju(t,z)[Pde < Cyq4 (1.14)
0<t<Ty JTN

with:
* P(2)

Furthermore Cy 4 depends only on the initial data po, uo and on g.



o In addition if we assume that uy € H%_HE(TN) with € > 0 and pio € L>(TV), we
obtain the following estimates:

1
sup / [=p(t, 2)|u(t, )2 + TI(p)(t, x) + 2~ = | Vu(t, z)[*]da
0<t<Ty JTN 2

1 .
+ sup / (517 (plit 2)|* + | Vew(t, 2)|*)da] (1.15)
0<t<Ty J TN

To ,
+/ / (Vaf? + 2 5<laf? 1 2|Vl ldedt < OC),
0 TN

with 0679 depends on the initial data and on g with:

c=2—¢€, if N=2,

1.16
Uzg—e, if N=23, ( )
2
and:
1
1 - 00 ( 7 0o (N

S Uy ey S OOy and € LRSIV, (117

where C'&g depends on the initial data and on g and:
Vu € Ly, (BMO(TM)). (1.18)

o The regularity properties (1.13), (1.14), (1.15), (1.17) and (1.18) hold as long as:

sup |||l Lee (100 )y < +00. (1.19)
te(0,To]

Remark 1 The crucial point of this theorem and his main interest is that estimates
(1.18), (1.14), (1.15), (1.17) and (1.18) can hold as long as the density p belongs to
LT (TN) in dimension 2 and 3. It generalizes in particular the result of B. Desjardins
in [26] where this result was obtained only in the case of the dimension N = 2. The
main ingredient to obtain our theorem compared with [26] is to benefit of the gain of
integrability that we can obtain for compressible Navier-Stokes system when the pressure
has enough integrability.

In the next theorem, we are going to construct strong solutions by adding a slight hypoth-
esis of regularity on the initial data py. Furthermore we shall extend this strong solution
under an hypothesis of control on p in LF (TN).

In passing, we observe that in this theorem we improve also [26] inasmuch as we can
choose more general initial data. Indeed in [26], the initial data ug is assumed to belong
to HY(TN), here we do not ask any regularity on the velocity but only integrability. In
fact this is possible because at the difference of [26], we obtain energy inequalities by mul-
tiplying by f(t) which allows us to reduce the regularity assumptions on the initial data.
This idea was in particular introduce by Kato in [48] for incompressible Navier-Stokes
system and develop in the case of barotropic Navier-Stokes system by D. Hoff in [{4].



Remark 2 However compared with [26] and [36] , our hypothesis on the viscosity coef-
ficients and on the choice of v are more restrictive. Indeed in [26] B. Desjardins needs
only to assume that v > 3 in dimension N = 3. In fact in our case we have to add these
conditions because at the difference of [26] we will obtain only a control on \/f(t)P(p)
in L>°(L?) and not on P(p) in L>°(L?) . That is why we need of additional integrability
condition on the density to control in L norm the term coming from (A)~ div(pu) (we
refer to the proof for more details).

We want to mention that this condition on ~y is purely technic and do not play any role
in the criterion of blow-up in theorem 1.8 and 1.4. Indeed this condition is useful only to
obtain in the theorem 1.4 the fact that p is in L™°. If we assume in a blow-up criterion
that the density p is L, then this technical assumption on v can be avoided.

Finally we have to impose certain conditions on the wviscosity coefficients in order to
obtain gain of integrability on the velocity.

Remark 3 In this theorem, if we assume as in [36] that pio € L=(TN) then we obtain

a control on the gradient of the velocity Vu in L*(BMO(TY)). We know that for in-
compressible Navier-Stokes equations this hypothesis is enough to get uniqueness. In this
sense we can consider our result as a theorem of strong-weak solutions (indeed it is not
enough to prove the uniqueness but almost). It means that this result improves the results
of [36] inasmuch as we do not need any other assumption on py than pg € L=(TV). We
are then absolutely critical for the scaling of the equations on the density. For the initial
velocity ug we need to be a little bit subcritical as ug € H%*HE(TN). The only thing s
that in dimension N = 3 we need extra assumption of the type ug € LP(TV).

In the following theorem we obtain strong solutions if we assume more regularity on
the initial density and that pg is bounded away from the vacuum. This will supply a
Lipschitz control on the velocity w. By this way, we can show that the results of [36]
are very critical as it seems necessary to add extra regularity to get a control of Vu in
Lp(L(TY)).

Theorem 1.3 Let € > 0. Under the hypothesis of theorem 1.2 with in addition ug €
HZ*(TN) and infpg > 0, po € BS oo(TV) if P(p) = Kp and py € By ,(T) N
Bgom(']I‘N) for N = 3 if P is a general pressure law, the solutions of theorem 1.2 are
unique and verify locally in time (1.13), (1.15), (1.17) and:

Vu € L, (L>(TV)).
Moreover if p is in L>=((0,Ty) x TN) then the solutions can be extended beyond Tp.

Remark 4 In fact by using exactly the same arguments than the proof of theorem 1.3,
1t would be eastly possible to prove that this theorem can be adapted to the strong solution
constructed in [36] (indeed the proof uses essentially energy inequalities) . It would suffices
to choose initial data as in theorem 1.8 except that we would not need to assume extra
conditions on v when N = 3 (see remark 2 for more explanations). It means that we
could obtain theorem 1.3 with the condition v > 1.

In the following theorem, we want to improve the above blow-up criterion. More precisely
we prove that it suffices to control the norm L (L(N+1+€7(TN)) of the density with e > 0
when P(p) = ap? to obtain global strong solutions. We refer to



Theorem 1.4 Let A = 0, v as in theorem 1.2 and g as in theorem 1.2 and g €
L®(L®(TN)). Let P(p) = ap” with a > 0 and v > 1. Assume that (po,uo) €
(LY(TN) N L (TN) N BpF(TY)) x (LA(TN) N L°(TN) 0 H2~(TN)) with ¢ > 0 and
that po is bounded away from zero.

Let (p,u) be a strong solution as in theorem 1.3 of system (1.1) on [0,T) with the previous
initial data which satisfies additionally the following conditions:

p e LY LW TNY) and p e LE(LO(TN) N LY T2 (TV)) if N =3,

pe LI LWNFFOYTNY and p e LE(LPHTHTY)) if N =2, (1:20)
with € > 0. Then the solution (p,u) can be extended beyond T and we have:
Vu € LL(L®(TV)).
Remark 5 o This result has to be seen as a Prodi-Serrin theorem (see [60] and

[65]) for compressible Navier-Stokes system. The main difference compared with
incompressible Navier-Stokes system is that “the good variable” is the pressure and
not the velocity. In some way, it is the integrability of the pressure which gives the
reqularity of the solutions. This result is the first one up to my knowledge which
requires only condition of integrability on the density to get global strong solutions.

e More precisely, as long than (1.20) is verified, the reqularity properties ( (1.13),
(1.14), (1.15), (1.17), (1.18) and Vu € LL(L>*(TN)) hold. It means in particular

as Vu € Li, (L>), that we can extend the solutions.

o As explained in remark 4, we could extend the result for v > 1.

Remark 6 We believe that the assumption A = 0 may be weakened as the fact that ug
belongs to L=(TN). In return we would need stronger condition of integrability for the
density.

Remark 7 We belicve that our method can be adapted to the euclidian space RN . This
is the object of our future work.

Our paper is structured as follows. In section 2, we give a few notation and briefly
introduce the basic Fourier analysis techniques needed to prove our result. In section
3 and 4, we prove a priori estimates on the density and the velocity, more precisely we
prove in particular that the effective velocity is Lipschitz if we are able to control the
norm L of the density. In section 6.1 we prove the theorem 1.2 by mollifying the initial
data and by proving that the estimates of section 3 and 4 are uniform and independent
of the mollifying process on the initial data. In section 5, we prove additional regularity
on the initial density which allows to get a Lipschitz control on the velocity when p
remains L. In the section 6, we prove theorem 1.2 and 1.3 by constructing in particular
approximate solutions. In section 7 we will give the proof of the blow-up theorem 1.4.
We will conclude in section 8 by some comments and open problems. An inescapable
commutator estimate is postponed in the appendix in the section 9.
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2 Littlewood-Paley theory and Besov spaces

Throughout the paper, C' stands for a constant whose exact meaning depends on the
context. The notation A < B means that A < CB. For all Banach space X, we
denote by C([0,T],X) the set of continuous functions on [0,7] with values in X. For
p € [1,400], the notation LP(0, T, X) or L*.(X) stands for the set of measurable functions
on (0,7") with values in X such that ¢ — || f(¢)||x belongs to LP(0,T). Littlewood-Paley
decomposition corresponds to a dyadic decomposition of the space in Fourier variables.
Let ¢ € C*(RY), supported in the shell C = {¢ € RV /2 < |¢] < £} and x € C®°(RY)
supported in the ball B(0,3). ¢ and x are valued in [0,1]. We set Q¥ = (0,27)" and
ZN = (Z/1)N the dual lattice associated to TV. We decompose now u € S'(TV) into
Fourier series:

. 1 4
u(x) = Z ﬂgelﬁ'x with 45 = T Jon e~ P Yu(y)dy.
BeLN E

Denoting;;

he(x) = Y p(2798)e',
peLN

one can now define the periodic dyadic blocks as:

g\~ iBw 1
Aqu(z) = Z p(2798)uge Ba — T Jon he(y)u(x —y)dy, forall g€ Z

BeZN
and the low frequency cutt-off:

Squ(z) =t + Y Apu(w) =Y x(279B)ige”.

p<q—1 BEZN

It is obvious that:

u = g + Z Apu.
keZ

This decomposition is called non-homogeneous Littlewood-Paley decomposition.
Furthermore we have the following proposition where C = B(0, %) +C

Proposition 2.1

k= k| >2 — suppp(2*-) Nsuppp(2F ) =0, (2:21)
k>1 = suppx Nsuppp(2*) =0, (2.22)
k—k|>5 = 2FCn2kc =0. (2.23)
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2.1 Non-Homogeneous Besov spaces and first properties

Definition 2.1 For s € R, p € [1,400], ¢ € [1,+00], and u € S'(TV) we set:

1
lullg;,, = (2% Aullze)?)s.

LEZ

The Besov space By, , is the set of temperate distribution u such that ||ul|p; < +oo.

Proposition 2.2 The following properties holds:

1. there exists a constant universal C such that:
Clullz;, < [Vull g1 < Clulls, -

p,r T

S

< B} N(l/m—l/m)_

2,72

2. If p1 < p2 and r1 < 1y then B,

1,71

! . / . /
3. By, =By . ifs >sorifs=s andry <r.

Let now recall a few product laws in Besov spaces coming directly from the paradifferen-

tial calculus of J-M. Bony (see [4]) and rewrite on a generalized form in [1] by H. Abidi
and M. Paicu.

Proposition 2.3 We have the following laws of product:

e Forall s € R, (p,r) € [1,+00]? we have:

p,r T

luvlisy, < Cllullze=llvlizg, + lvllzeellullss,)- (2.24)

o Let (p’pl’pQ’T, Ala)‘Q) S [1,+OO]2 such that:

Assume that:

. 1 1 N N N N
s1+s2+ Ninf(0,1 — — ——) >0, s+ — < — and s+ — < —,
P11 D2 A2 p1 A1 D2

then we have the following inequalities:

[woll o si-witet-t) Sllulps vlgz - (2.25)
p,T

N

When s1 + % = N lresp so + )\ﬂ = =) we obtain a similar result as (2.25) by

T om
replacing lull o Tollsgz _ (resp [vllsgz ) by lull o ollsgz, (resp oz _poe)
N _ N N _ N
When s1 + 57 = o+ and s + 57 = - we replace by |]u\\B;ileHB;;1 .
We now want to give some similar results for the critical case for the paraproduct laws,
it means when s; 4+ s9 = 0.
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Proposition 2.4 Assume that s;1+s2 =0, s1 € (ﬂ — NN ﬂ] and -+ L <1 then:

At p2’pr A2 p1 o P2 —
Il viogspy S Wil ol (2.26)
If |s| < % forp>2 and —g <s < % else, we have:
luvllsy, < Cllullpg, vl ~ . (2.27)
oo L2
Remark 8 In the sequel p will be either p1 or ps and in this case % = p% — p% if p1 < po,

1_ 1 _ 1
resp x = p; — pr P2 <1

Proposition 2.5 Letr € [1,4+00], 1 <p < p; < 400 and s such that:

N Ny r1 1
[ ] SG(—p—l,p—l) lf§+z)—lgl,

N 1 1 Ny r1 1
° Se(_17_1+N(5+P_1_1)’p_1) ’lf;-f‘p—1>1,
N

then we have if u € By, . and v € BEOO NL>:

luollB;, < Cllulls;, vl x

p,r
pl,oom

The study of non stationary PDE’s requires space of type LP(0,T,X) for appropriate
Banach spaces X. In our case, we expect X to be a Besov space, so that it is natural
to localize the equation through Littlewood-Paley decomposition. But, in doing so, we
obtain bounds in spaces which are not type L(0,T, X) (except if r = p). We are now
going to define the spaces of Chemin-Lerner (see [13]) in which we will work, which are
a refinement of the spaces Lf.(Bj ).

Definition 2.2 Let p € [1,400], T € [1,+00] and s; € R. We set:

1
lull e sy = (D 27 AR 10) " -
lEZ

We then define the space Z{}(B;}T) as the set of temperate distribution u over (0,T) x TV
such that Hu||E%(B;1T) < 4o00.

We set CN'T(E;}T) = E%O(E;}r) N C([0,T],B,L). Let us emphasize that, according to
Minkowski inequality, we have:

HUHEPT(B;#) < HUHLPT(B;}T) if r>p, HUHEPT(B;#) 2 HUHLPT(B;}T) if 7 <p.
Remark 9 It is easy to generalize propositions 2.3, 2.4 and corollary 2.5 to ZL}(B;}T)

spaces. The indices s1, p, r behave just as in the stationary case whereas the time exponent
p behaves according to Holder inequality.

In the sequel we will need of composition estimates in Eg(B;,T) spaces.
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Proposition 2.6 Let s >0, (p,r) € [1,400] and u € Z;(B;m) N LFP(L>).

oc

there exists a function C depending only on s, p, r, N and F' such that:

1. Let F € WZ[S]H’OO(TN) such that F(0) = 0. Then F(u) € Eg(B;,T). More precisely

HF(U)HZ”T(B;’T) < C(HUHL;?(LOO))HUHZ;(B;’T)-

2. Let F € W[S}Jrg’oo(TN) such that F(0) = 0. Then F(u) — F' (0)u € Eg(B;,T). More

loc

precisely there exists a function C depending only on s, p, r, N and F' such that:
1)~ F' Ol 5,y < Cllulaze ooyl o,

Here we recall a result of interpolation which explains the link of the space By ; with the
space B3 ., see [20].

p,00?

Proposition 2.7 There ezists a constant C such that for alls € R, e >0 and 1 < p <
+00,

1+e€

||UHEP(BS+6)
~ - - ~ _TrVpoe)
lellzg ;) = € ”“”L%(B;,oo)<1“°g >

lullzy 55 ..)

Now we give some result on the behavior of the Besov spaces via some pseudodifferential
operator (see [20]).

Definition 2.3 Let m € R. A smooth function function f: TN — R is said to be a S™
multiplier if for all muti-index o, there exists a constant C,, such that:

Ve e TN, |0%f(€)] < Ca(l+ Ig))™ 1.

Proposition 2.8 Let m € R and f be a 8™ multiplier. Then for all s € R and 1 <
p,7 < +oo the operator f(D) is continuous from By . to By ™.

We now focus on the mass equation associated to (1.1)

pdivuy,

Owp+u-Vp+ d (h(p) _/]TN h(p)(t,:c)d:ﬂ) = _2lu+>‘ (2.28)

20+ A
4/t=0 = q0-

~ N
where h € C*, h(0) = 0 and h’ € W**°(R,R). Here v; belongs in Ll(Bp’;lL ) with € > 0
and p; € [1,+o00].

Proposition 2.9 Let 1 < p < p; < 400 and 1 < r < 400 with p/ = 1%‘ Let assume
that:

1 1
—Nmin(—, =) < 0. 2.29
(=) (229)
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N

Assume that po € By, Vu € LY (B o N L), divey € LY(0,T; L), dive; € ZIT(BI‘)’J,)
and that p € L%O(Bg,,,) N L™ satisfies (2.28). There exists a constant C depending only
on N such that for allt € [0,T] and m € Z, we have:

t
lallzee (g ) < eV (Jlpoll g, +/0 Cllp(r, )| = |dives (7, )| g, d7), (2.30)
with:

N
V(t) = / (IVull + ||divos ||~ + ¢ + 1) dr if o < o +1,
0 1

B,,1 oML Bp1 0oL

N
/ (V|| x + ||divoy || x o+ o9 + 1)dr if o= o +1 and r=1.
0 1

171,1 Pl,l

with a the smallest integer such that o > s.
Proof: Applying A; to (2.28) yields:
OeNp+u-VAp=R — Al(pdivvl) — Al(pl([))) with R; = [u -V, Al]p,

with 1(p) — Jon h(p)(t,z)dz. Multiplying by A;p|A;p[P~ 2 and performing a time
1ntegrat10n we easﬂy get

t
A1) |lrd S (| Arpol| e +/ ([ Rl e + [|divel| e[| Arp|| o
0
+ | As(pdivor) || ze + | Ai(p1(p)) || e ) dT

By paraproduct (see proposition 2.5), there exists a constant C' and a positive sequence
(¢1) € 1" such that:

1A (pdivor)||e < Ca27||pll g, Are< || diver||

Bp1 oL
Similarly by proposition 2.6 we have:
1A (ol < Car2™%|lpllsg, (1 + [lplIFE).

Next the term ||R;||» may be bounded according to the inequality of the lemma 2 in the
appendix:
lo
@R e < CIVal s ol (2.31)
P1,00

We end up with multiplying the previous inequality by 2! and summing up on Z:

t t
le)lBg, < llpollzg, /0 CV ()lle(r, -)IIBg,TdTJr/O Cllp(r, )z l|divei (7, )| By , d7.

Gronwall lemma yields inequality (2.30). O
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3 A priori bounds on the density

In this section we make a formal analysis of the partial differential equations of (1.1)
and begin by classical energy estimates. Multiplying the equation of conservation of
momentum by u, we obtain

) t
/TN (3elul(t,) +H(p)(t7x))dx+/o /TN(”D(U) Pl (3.32)

m 2
+ O pldiva(s,odsde < [ (508 @) + o) @),

5) = s< OS P;j) dz), (3.33)

It follows classically that we have the following bounds
p € L>(0,00; L7),
Vpu € L=(0, 00; L?), (3.34)
Vu € L*(0, oo; L2)N2

where II is defined by

3.1 L* bound on p

In this section we are interesting in obtaining some L° bound on the density p. Indeed
in the sequel it will be crucial for controlling the nonlinear terms as the pressure but
alsp for some reasons related to the notion of multiplier space. Roughly to obtain some
properties of regularity on the velocity u, we will need in a certain way that pAu keep
the same regularity than Awu. It means that the density has to belong to some multiplier
space and in particular the density p must be in L°°.

Let us mention that one of the main ingredient for this is a partial differential equation
close to a transport equation derived from (1.1) involving log p. In particular the notion
of effective pressure will appear. We recall in particular that it was one of the main
ingredient used by P-L Lions in [52] to prove global existence of weak solutions of (1.1).
It is also one of the key to the proof of B. Desjardins in [26].

In this section for simplicity, we assume that g = 0 (the general case is an easy exten-
sion). Applying now formally the operator (A)~!div on the equation of conservation of
momentum, we obtain then:

(2u + N)divu — P(p) + P(p)dz = 0,A div(pu) + R;R;(puiu;), (3.35)
TN

where A~! denotes the inverse Laplacian with zero mean value on TV and R; the usual

Riesz transform. We now observe that the equation of mass write under the following
form in the unknown In p:

Oy log p + u.Vlog p + divu = 0. (3.36)
We now define F' and G by the following expression:
F = (2u+ ) (log p + A~ Ndiv(pu)),

G = (2pu + N)divu — / P(p

16



Here F' is comparable to a density unknown (more precisely we will obtain some infor-
mations on the L* norme of In p via L> estimates on F') and G is the famous effective
pressure. Moreover we shall denote in the sequel respectively by P and Q the projection
on the space of divergence-free and curl-free vector fields. Combining (3.35) and (3.36),
we obtain the following transport equation on F' with some additional terms.

WF +u-VF+ P(p) — o P(p)dx = [uj, R;R;](pus). (3.37)

Next by using the characteristic method, we define the flow ¥ of u by

{ O (t,s,2) = u(t, U(t, s, x)), (338)
qj/t:s =7,
and by the characteristic method, as F' check a transport equation we get:
F(t,U(t,0,x)) = Fo(x) —/ P(p(s,¥(s,0,2)))dxds +/ / ))dxdt
™ (3.39)
+/ ([uj, RiR;)(pu;)(s, ¥(s,0,x))ds.
0
Using the fact that p(-) > 0, we obtain
F(t,z) < Fo(¥(0,t,x)) // ))dzdt
™ . (3.40)
+/m%&&mwww@amw.
0
It follows that
log(p(t,z)) Slog(llpollzee) + [[(A) ™ divmol| e + [|(A) " div(pu)(t, )| Lo
(3.41)
//ﬁ Mﬁ+/HwﬂRKWM&Mm®-
TN
By using the Besov embedding as BN+e o < L™ (see proposition 2.2), we obtain
log(p(t, )) Slog(llpollze) + [I(A) ™ divimol| e + [[(A) ™ div(pu) | =
(3.42)

w [ Plots it + [ g Rl ou 5., _ds
TN €,00

with € > 0. In view of R. Coifman, P-.L. Lions, Y. Meyer and S. Semmes [19], the
following map

Wl’rl(TN)N % LT‘Q(TN) N Wl,rg(TN)N (3 43)
(a,b) = [aj, RiR;]b; '

is continuous for any N > 2 as soon as — = -+ 4+ L,
T3 r1 9

In dimension N = 3 we have by Holder inequalities and as by embedding Wwhits <

B§+§7OO (see proposition 2.2):

1
sy RiRj](pui)(s, Mgz, < lloo+eulporel[Vuls)llze (1 +[lp(s)llz=)-
4+57
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We finally obtain for a.e (t,z) € (0,400) x TV from the previous inequality and (3.42):

log(p(t, =) Slog(lpollze=) + [[(A) " divmol|zee + [[(A)~ div(pu)||zo
(3.44)
// Ndeedt + [[pul oot / IVu(s)]| pods.
TN

with € > 0. We have a similar result for N = 2. The estimate (3.44) will be useful in the
sequel in order to estimate preo.

4 A priori estimates for the velocity

4.1 Gain of integrability on the velocity u

We want here derive estimate of integrability on the velocity w. This idea has been
successively used in different papers, we refer in particularly to [44] and [54, 55]. To do
that, we multiply the momentum equation by u|u[P*~2 and we apply integration by parts:
1
p1

-2
[ o teade s [ [ Gl 9o + PR s, ) deds

A / / (@il (s,2) +

/ / p) (divu|ulP~ 24 (p1—2) Z uiukal-uk|u|p1_4) (s,z)dsdz
TN

ik

divu Z w; 0 |ul*[uP* (s, z)) dsdx

< / polup|Prdz.
TN

We have then by Young’s inequality:
_9) [t
R
—_9 rt
= )‘pl / / divuu - V(ju?)|ulPr (s, z)dsdz <

)\pl / / |dive|?ulPr—2(s, z)dsdx + = / / V| ul?|?|ulPr (s, x)dsdx)

If we choose 7 such that:

n(p1 — 2)A
)\7
4

for some s € (0, ), by the fact that (divu)? < N|Vu|®> we therefore obtain:

=S+ A,

1 t
p_/ p\u]pl(t,x)dx—i—As// luPr=2|Vu|?(s, z)dsda
1

+ Bs / / [uPr =4V |ul? (s, x dxds<// p) (diva|ulPr—2

2
P2 Ol ) (s, )dsd + [ poluol?
N
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with Ay = u(1 — s N) and B(s) = p14_2,u ({)6}(532#)\) By Young inequality, we get still:

1 t
— p]u\pl(t,x)dx—i—As/ / lulPr=2|Vu|? (s, z)dsdx
b1 JTN

+ B; // [u[Pr 4|V |ul?* (s, x)dzds < C. // p)?|ulPr % (s, z)dsdx
TN
+/ polugPrdz,
TN

with C, big enough.

Case N =3
We now want to use the fact that V|u|%1 € L?(L?), which implies that when N = 3,
u € L' (L3P1). More precisely we have:

L
||UHLP1(L3PI) SVl ) + [ulZ ()22,

—_~—

where |u| El

is the integral of ]u\%l over TV which means:

[l 7 (1) = /T % ()

We have then by Holder’s inequalities with BL=2 + 2Aptl) _ g g mim2 2 .

3p1 3p1 p1 p1
¢ 2 2 2 2
P ul|Pr74 (s, 2)dsdz| < | P wlPr™
L PO st S UPGRI e P

<IPOI, o Iy

—

PL 2— 4
<CIPEIP s (9l %) + ul® Ol g2
LN (LPiTT)

Remarking that fTN podr = M # 0, we can write as 7 > g:

—_—~—

P1 Pl

u[2 (s) < %(llﬂ(s, Mo IV ]ul 2 (5, )22 + /TN p(s, )|u(s, x)| 2 dz),
t —~—2

Py 1 i, L 2
(] 1ul¥ (s)ds)* < ol bl F Lz + MOFp7 ull e ).

We obtain then:

—~

Pl Pl 2—4

IIP(,O)H;(L%)(HV(IUI 2) 4 ul 2 (llzzz))” 7 <

1
' 2p1—4

P1 pi=2 1 _9
ClIPOI®  wy (1V(ul? Mz + (M) 7 [lpPrullfec o)
L (L) ) f
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By a standard application of Young inequality (2’;;:4 + 2%1 = 1), we obtain that:

1
— plulPt(t, z)dx + As // lu[Pr=2|Vu|? (s, z)dsda
TN

1 B, / / P AV 22 (s, 2)deds < C2)|P(p)|*
Lpl

—/ poluol** dz,

(4.45)
where C; is big enough and depend on the time ¢.
Case N =2
By proceeding similarly, we have for all ¢ > 1 in particular ¢ large:
2
%, e, < UV auo) + ).
We have then by Holder’s inequalities with 221=2 1 @=2p1+d) _ 4 5,4 p1—2 —|— = =1
ap1 ap1 p1
p1—2 < p1—2
L P s <1PGR g P e
< P 2 m P1 2 ,
= H (p)HLfl(L(q_22q)2;11+4)|| HLfl(Lqpl)
pL. T 2— 4
< C|IP(p)|” 2pr  (IV(Jul2) +lul 2 ()lzz2)”
Lfl (L (a=2)p1+1)
and so:
1 t
— p|u|p1(t,x)dx+As/ / [u[Pr=2|Vu|? (s, z)dsda
b1 Jon~ 0 JTN
¢
1
w8 [ [ P s a)dods < CEIPOIE, o [ poluolda
0 JTN P @=2r+4)y  P1JTN
(4.46)

4.2 Gain of derivatives on the velocity

In this section we deal with the case N = 3. The case N = 2 follows the same lines.
In the sequel we will follow the procedure developed in [26] and [44] to get some energy
inequalities. The main idea compared with the results in [16, 17, 18] is to obtain energy
inequalities which depend only on the control on p € L. It implies that we have to be
careful to not introduce some derivatives on the density in the goal to “kill” the coupling
between velocity and pressure. To do this the notions of effective pressure and effective
velocity will play a crucial role. One of the main difference with the work of Desjardins in
[26] will correspond to take in consideration the gain of integrability on the velocity that
we can obtain when the pressure is enough integrable. Furthermore the fact to obtain
energy inequalities by multiplying by f(¢) = min(1,¢) will allow us to get weak-strong
solutions with very critical initial data for the scaling of the equations. Finally compared
with [44], as the initial data are large, it will add many technical difficulties in particular

20



in the obtention of bootstrap estimates.

Multiplying first the equation of conservation of momentum by f(¢)0,u and integrating
over (0,T) x TV, we deduce that:

/ / f(s)platUIdeder%/ FO) (I Vut, 2)* + (A + p)|divul*(t, z)) da
0 JTN ™
—i—/o /’]I‘N VP(p)- f(s)Oudrds < /0 /1IN @(N‘VU(&@\Z + (X +M)\divu\2(s,x))daﬂds

+/o IV £(s)p 0wl p2cony([IV f(8)p (w - V)ull 2wy + IV/Pgll 2 (o)) ds.
(4.47)

Next we use the equation of mass conservation to write:

VP(p)- f(t)Oudx = —/ P(p)f(t)odivu dez,

TN T

= -0, . f()P(p)divudz + - O (f(t)P(p))divu dz

= —0 - f@)P(p)divudx — - f(@) [div(P(p)u)divu + (pP'(p) — P(p))divu]da

+ f ()P (p)divu d,
TN

= -0, /’]I‘N f)P(p)divudz + F@&)P(p)u-V(G+ P(p))dx

2M+)\ TN

~ G Lo FO0P ) = PO(E = PO +200+ 20 P(p)diva)do
+ - f (&) P(p)divu da,

We now set: 5
e,

Iy (s) = s( ) z )s

with f a C'*° function. We have then by using the mass equation the following equality:
OIls(p) + div(Ils(p)u) + f(p)divu = 0.

By this fact we obtain that:

P(p)(u-VP(p) = 2(pP (p) — P(p))divu) = P(p)(~0:(P(p)) — 3P (p)pdivu + 2P(p)divu).

We have then:

[ P VP(0) =20 () = Plp)divu)de =

1 2
"9 )on (P (p)”)dx + 3/11‘1\’ Ollypr ), 0% — 2/1rN OlLp(p)di.

Next by integration by parts, we have:

1 5 8 [°P(2)?
H3P,(s)s = §P(S) —|— 5/0 dZ.



So:
/TN P(p)(u-VP(p) — 2(pP (p) — P(p))divu)dz = - Oy (P(p)? — I pyy))da.

We set k(s) = P(s)? — 31lp(5). Let us observe that in the P, case, we have k(s) =

a’s¥((27 = 3)/(2y = 1))
We obtain ﬁnally

/ VP(p)- f(t)Oudx = —8t/ f(t)P(p)divudz + O f(t)k(p)dx
TN

A+ 2u
2M+)\/ fO)P(p)u- Vde—i-ﬁ/ F&)P*(p)(pP (p) — P(p))da

1 ,
- m/wf ()G*(pP'(p) — P(p))da — o /TNf (t)k(p)dx

/ f p)divudz.

Inserting the above inequality in (4.47) and by Young’s inequality, we obtain:

/ / f(S)P|8tu|2dxd5+% / F@O) (ulVu(t, ) + (A + p)(divu(t, 2))?) dz
0 JTN TN
1 ! :
+2MT / | TP (pP (p) = Plp) duds
>\+2 / fk(p(t, x)) d$<0+/ F@)P(p(t,x))divu(t, z)dz

p)dzds — p)divud
>\+2M//TN s) xds / TNf ivudz

e / L £GP () = PG + [Pl VE + |- Tl
+|v/pgl*)dzds.

(4.48)

In the sequel we set:

= / / f(s)p|Osul|*dzds + %/ f(t)(,u|Vu(t,x)|2 + (A + p)(divu(t, ))*)dz
0 JTN ™

1 t , 1
+ W/o . F($)P(p)*(pP (p) — P(p))dads + yney /qu FO)k(p(t, z))dz.
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We obtain finally by using Holder inequalities:

AW <O+ Gl +C [ [ 16)10P ()~ POIG? + Pl V6
+ |v/pu - Vul* + |\/pg|*)dzds.
<40 [ 1P (9) = PO IV TEIGIs + F&lao)s o Il
< 9 G g2 + /el 24TVl + o<l F gl s,
< 040 [ (hlolo NIV TRVl + )it o= + )G
< (pls, Mo + IVFulaly/ FEVulds + ol |V FE)gl3s)deds,

where k(p) = %, h(s) = |sP'(s) — P(s)| and i(s) = h(s)P(s)?.

(4.49)

Estimates on Pu and G

We now want to obtain bounds on Pu and G, assuming that p is a priori bounded in
L>=(TV). Indeed we want to show that the control of A(t) in (4.49) depends only on a
control on ||p||fee.

To do this, we use once more the equation of conservation of momentum in order to take
in account the ellipticity of the momentum equation. To cancel out the coupling between
the pressure and the velocity, we will consider the unknown Pu and G. By applying the
operator Pu and by studying the effective pressure, we obtain the following equations:

pAPu =P(pi) — P(pg), (4.50)

VG = Q(pi) — Q(pyg), (4.51)

where @ = 0yu + u - Vu. We recall here that P is the projector on free-divergence vector
field and Q is the projector on gradient vector field. Therefore we have:

1
IVGllzz + [[APul L2 < Cllo(s, )| (IPOsu(s )l 22 + llv/pu - Vuls, )2 (4.52)
1 .
+llp(s, M ieellgls, i)

The case N =3

For simplicity, we will treat only the case of the dimension 3. We recall that for all
1 < p < +o0 by Calderon-Zygmund theory we have:

IVulze < C([[VPullr + RG] Lr + [[R(P(p)) ] Lr),

where R is a pseudo differential operator of order 0 such that for all f € HY(TY)
fTN Rfdr = 0. We want now to recall the Gagliardo-Nirenberg’s theorem that we will
use frequently:

1 3
vf € H'(T") such that /T fdw =0, W fllLseeny < ClAIZan) IV F 2y

23



We deduce that from Gagliardo-Nirenberg’s inequality, Young’s inequalities and (4.52):
VAl VFE ValZe < CE$)IVaulZa(IRP() 24 + [VPul s + B 1)
< Cllyaul2 (FIP )2 + (VI I Vully + 1P(o)]112))?
< (VIS (IAPU] 2 + VG 2))?)
< C(FSIVAulZalP(O) 2 + p(s, ) 2 I/Bul2s (VTG Vall 2 + 1P(o)]112))2
% (VI (IVpsu(s)lz2 + Iv/pu - Vuls, iz + llos, M 2= 155, Hz2) P)

< C(fs)IVpulZallP(p)l74 + %f(S)(HVUII%z +IPEIZ)le(s, ) Eee Iv/pullza

+ef(s)(lvpdsu(s)|[72 + lVpu - Vuls, )72 + llp(s, )llze<lg(s, ) 172))- .
4.53
Hence we obtain by Young inequality from (4.52):
C
Fk(p(s, NLel[VG(s, )12 < :Ilk(/)(s,')\|%oo||ﬂ(8a Mo f(s)
+e(IV F(8)pdsu(s)172 + IV pf ()u- Vuls, )72 + f(s)lo(s, Mz llg(s, ) 72)-
By adding (4.53) and (4.54), we obtain:

IVpullZallv/ f(s)VulZa + f()k(p(s, )L VG (s, )2 <
C(F(&) Vol P(p)lI7e + %f(S)(HVUIlia +PZ2)llo(s, ) zee lv/pul7a

+ef (8)([IVpdsuls) 2 + lols, )< llg(s: )z2)) + %f(S)Hk(p(sa I
X lp(s; )l oo

(4.54)

Here at the difference of B. Desjardins in [26] we will use the gain of integrability on
the velocity obtained in inequality (4.45) to control the term |\/pul[zs(z4). In [26]
B. Desjardins estimate this quantity via the control on |[Vul|pee g1y In particular, it
explains why in dimension N = 3, he can not estimate the regularizing effects on u only
by a control of p in norm L*°. By (4.45), we have then:

1
AUl 0t < Cloll e ey @ + 1P i) (4.56)
Therefore we have by using inequality (4.56), (4.49) and (4.55):
t 1 1
Ay <C+C /0 (1ol Dz + = lols. [E o ullza) () [Vl
1 1 1 4.57
2 FIP(ols, M llols. el ullo + FEIPGo(s. Dloe ol M 57

1
< lptulga + llo(s, Mz llg(s, )72 + é(llp(s, )| Lo )ds.
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We have then by using (4.56)

A) < C+ C1+( /O 1P(o(s, )[4 ds)") /0 o(llo(s. 1) () (1 + Va2
T UIP(o(s, ) 22, + lg(s, 25 ds,

¢ t
<c+cQ +/0 1P (s, '))HlL%odS)/o S([lp(s, ) lL=)(A(s) + £(5)) + llg(s, ) 75%) ds,
(4.58)
where C' depends on the time ¢ and o > 0. Here ¢ is in CO(R4,R%) N C'(0,00) such
that ¢(s) < M + CsP for some positive M,C > 0 and 8 > 1. We define here by F the
space endowed with this type of function. In the sequel as we will use a function ¢g with
B € N it will means that ¢g € F. Gronwall’s lemma provides the following bound:

AW <+ [ Plots im)ds [ oot Mimds + [ onllots ) lu=ds)

(4.59)
<+ [ Pt ueds) [ onllots. ois)
where ¢1 € CY(Ry,R%) N C1(0,00) such that ¢(s) > egs for some positive s.
Next we have for ¢35 € F with a enough big:
t t
Pt =)as) [l M) < ([ oot )i
< [ Bllots. s
Finally from (4.59), we obtain:
t
A() < Cexp(C [ onlllls,)]1o)ds). (1.60)
0

Control of supy_;<7 [N (t) [ pli|?(t, x)dz + [ [ [V (s)|Vu|>deds

In the sequel, we want to obtain estimate on Vu in LL(BMO), that’s why we need of
additional regularity estimates. In fact more precisely we want get more regularity on vy
the effective velocity define in [36]. We recall here briefly the definition of vq, the idea
is that new variable check an heat equation with additional source terms. To achieve
it, we need to include the pressure term in the study of the linearized equation of the
momentum equation as in [36]. For that, we will try to express the gradient of the
pressure as a Laplacian term, so we have to solve:

Av =V P(p).

Let &£ be the fundamental solution of the Laplace operator. We will set in the sequel:
v =VEx(P(p)—P(p)) = V(Ex[P(p)—P(p)]) (*here means the operator of convolution).
We verify next that:

Vdive = VA(E x [P(p) — P(p)]) = AV (E * [P(p) — P(p)]) = Av = VP(p).
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By this way we can now rewrite the momentum equation of (1.1) as:

Ou+u-Vu — HA(u — lv) — M—'MVdiv(u — 1v) = f,
p v p v

with v = 2u + A\. We now want to calculate 0;v, by the transport equation we get:
v =VExP(p) =—-VE=x (P/(p)div(pu)).

By setting v1 = v — %v which is called the effective velocity, we can now rewrite the
system (1.1) as follows:

orq + (v1 + %v) -Vg+ %Pl(l)q = —(1+ q)divey
~ 2(P(p) - P(1) ~ P'(1)) ~ ~q(P(p) ~ P(1)).

v (4.61)

1 1 1l g
Opvy — m.%lm =f—-u-Vu+ ;V(A) L(P (p)div(pu)),

qd/t=0 = @0, (Ul)/tzo = (v1)o,

By this way the coupling between v; and the pressure disappears. Your goal now is

to prove some regularity results on v;. More precisely we want to prove that Vv, €
N N

L%(Bf;:) such that as LIT(BQ?;E) < LL(L) by proposition 2.2, vy is Lipschitz. We

recall that for obtaining strong solution, it is enough to obtain that u is Lipschitz. We

will see this point in the sequel.

To obtain such estimates on v; we follow the ideas of the proof of D. Hoff in [44].
For the completeness of the proof, we would like recall the main arguments used by D.
Hoff in [44]. We have then to derive estimates for the terms f(t)? [pn [4/?(t, z)dz and

fg Jen FN(s)|Vi|*dzds. First we rewrite the momentum equation on the following form:
pt — pAu — (A + p)Vdivu + VP (p) = pg.

We apply to the momentum equation the operator % = 0y + u -V, we recall some
elementary computations:

d . d . ) )
Epu] = paﬁj + (Op)u? + 0’ Z(?kp uF,
k

= p%uj — pdivud?,
We have next: J
,%Auﬂ‘ = ud AUl + Z O AuIuP,
k
= (0 A + div(Av/u) — Av?divu),

and (where D = divu):
(A + M)%Ojdivu = (A + p)(0:0; D + div(0;Du) — 0; Ddivu),
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We finally obtain:
p%uj + 0;0,P(p) + divd; P(p) = p(8 A + div(Auwlu)) (462
O+ 1)(@0;D + div(d; Du) +
We have then by summing over j:
1O [ pttolit.a)Pds - / [ NEF )l dads

t

+ / ()N [ — (9;0,P + div(9; Pu) + p[Adyu? + div(Awlu)] (4.63)
0 JTN

+ (A + u)[ajatD + div(ajDu)] + pgj] drds.

Since fV=1(s)f'(s) < f(s) we can apply (4.60) to bound the first term on the right. Next
by integrations by part we get:

/ o [V 008 4 div (@ Pu))dsd —/ ()N (07000, P + 0,9 9; PuFdsde,
//f P(3;07 dyp + 01?0 pu”)dsda
/ TN f(s)¥ P10, i1 (pOu” + OppuF) + Ot 0; pu™)dads,
/ . F(s)N[P pDo;i? + 0, Pubdid — 0; Pukdyid)dads,

/ F(s)NP pDO;i — P(D8;id — djubopid)|dads.
TN

We bound therefore therefore the previous term by using Holder inequalities and Young’s
inequality:

/ / ()N Vul?dwds) % / / f(s)N|va)? dxds)
TN
< Ce / P(p)f(s)N|Vul?(s, x)dmds—i—e/ / f(&)N|Va(s, z)|*dxds,
TN

with € small enough for applying a bootstrap argument in the sequel. We are now
interested in writing precisely the contribution of the third term on the right-hand side
of (4.63), we have then:

t - . .
- ,u/ NIV -Vl + (Vi - u)Au?]dzds
0 JTN
t . . . - - .
= —u / . SNV - (V] + V(VE - w)) + i) (uPuf, — (u]u')g)]dzds,
= —,u/ NIV - (V] + V(Y ) + uk(ukull - ul}ﬁul - u{uﬁc)]dxds,
TN

// fNW“”z*M//fZIWI (IVa| 4 |D])dzds.
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The last term on the right-hand side of (4.63) may be treated as follows:

t t
- (A + ,u)/ / N(9;0,D + div(9; Du)dxds < —(\ + ,u)/ / N D2dads
0 JTN 0 JTN
t
4 M/ / NIV + D)) dads.
0 JTN

From (4.63) and by the preceding inequalities, it then follows by Young’s inequalities
that:

t
FOY [ plil e+ [ @V - 0l DRdeds
t
< M[Co+CCol P+ [ [ r(e)plifaeds
t t
N 4 N .12
—i—/o /TNf (s)|Vul*dzds] —i—/o /TNf (s)plg|“dxds, (4.64)

t
< M[Co+ C.CallP@)i=+ AW+ [ [ 1Y) Vultdads
0 JTN

t
AT

We recall here that w = curlu. Next from the momentum equation, we obtain as in the
works of D. Hoff in [44] by applying the operator curl:

1| Vwl? = p(div(wVw) + 8;(pwik) — oy (pwid) + p(i! dpw — 4F0w).

Integrating on (0,7) x TV and multiplying by f(t) we get:

! 2 ! 2012
/0 /11‘N f(s)|Vw|“dzds < M(/O /11‘N f(s)p®|a|*(s, x)dsdx (4.65)
< Mpl|Le A(t)-

Similarly we have:

sup [0 [ Vulde s [N @plaPtayisde+ [ fO ol ta)ds

0<t<T
S [ Y Oplif(a)dsde +Clol, (1.66)

t
S Co+ CCllP@)li=+ A0+ [ [ ¥ 0)IVultdods +Cloli.
0

To complete the estimates (4.64) and (4.66), we will need to estimate the following term
fg Jon Y (8)|Vu|(s, z)*dadt. After we will come back to the inequality (4.60) and we
will prove the existence part of theorem 1.2.
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Control of fg Jon ()| Vul(s, z) dadt
We have then by splitting the term Vu as follows:

Vu = V(A) divw + [V(A)IVG + V(A) IV P(p)).

1
2+ A
we have then by Calderon-Zygmund theory:

t t

/ N\ Vultdsdr < / Y ((RG) +w*)(s,2)+ N (s)RP(p)* (s, z))dzds, (4.67)

0 JTN 0 JTN

with R a pseudo-differential operator of order 0. Let focus us on the case N = 3. We
can apply Gagliardo-Nirenberg, we have then:

/0 - f?’(s)(RG)A‘(s,x)dsdxg/o f(s)g(/TN G?dx)? ( / IVG|?dz)2 dt,
< VTGl 1OV Gl [ [ F0IVGI (s, dsda.

By the definition of G we have easily:

(4.68)

ft) i G*(t,x)dx < M| P(p)| = (r2) + A(t)].

Moreover as (A 4 2u)AG = div(p(d + g)), we have by classical estimates on the elliptic
system:

£0° [ IVGRdr < MO Ioliw ([ it a)da

) (4.69)
ol [ ol (t.2)da).
TN
We finally get by using (4.68) and (4.69):
t
| [, Fe@RE) s a)dsdo < Ml (1 + Ae) (4.70)
0 JTN
with a > 0.
A similar argument may be applied to the vorticity term, so that we have:
t
| L P ewut s adsde < Mol (04 820 + lalliz). 47
From (4.60), (4.64) and (4.66), we can conclude that:
B®)/(1)? / plif(t, z)da +/ / F23) (Va2 + A+ o) D[2)duds
< M[Co + CcCol|P(p)ll o + CCA()(1 + A(t)?)].
(4.72)

sup f(t) /|Vw| dx < M(Co+ C.Co||P(p)|l + At)C||p|| L
0<t<T

+ €B(t) + CC.A(t)').

We can remark that all the inequalities (4.60), (4.65) and (4.72) only depend on the
control of ||p||pe. In the following subsection, we are going to explain how we can
control the L> norm of the density p in finite time.
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Conclusion

We will treat for simplicity only the case N = 3. We want here to explain how to obtain
L*> estimate on the density p in finite time. From (3.42), we have:

log(p(t, z)) <C(log(|lpollzee) + [1(A) " divmol|zo + [|(A) ™ div(pu) | £oo

+C/o 1w, RiRj)(pui) (s, )|l g1

N+e€,1

&), (4.73)

We have then by Sobolev embedding with € > 0, (4.45) and let p > 6 4 € with € > 0 and
q = ;% such that 1 —|— < % which means v > 6 :

1(A)~ div(pu) || e ooy < lpull Lo (rs+e),
p—1

1

< llell & oyl 7 ull g (r) (4.74)
p—1 t

< Clloll (1 + [ IP(o(s, D)

We can proceed similarly in the case N = 2 and v > 1 suffices.

We now want to bounded ||Vu|rs to control in the sequel the last term on the right
hand side in (4.73). We have then by Calderon Zygmund theory and the fact that
AG = div(pu) + div(pg), by using classical estimates for elliptic equation we have:

[Vaullrs SNGllps + 1P(p)llLee + llwllLe
i 1.
<|lpllfllpZllp2 + llpllLelgllzz + 1P(p)|l L + [[Vw][ 2.

We have then by interpolation for a@ > 0 and 6 small enough:

1-6 i 1.
FO) = | Vull oo < [IVullZ2(lollZe v/ F@)llp2 5] 12 + lollze gl 2
1Pz + VF Ol Vewll2)
2

We obtain then from (3.44) with a > 0 small enough by Young inequality with p = 1=

6(p—1)
)

and ¢ = 5 and Holder inequalities (p 1 + < 6 as y >

t t
| Mo R 5., s < [ s s 9, e

N+e,1

/Hpu WNrore——= () HVUHLz(HPHLw\/ D3]z + llol < gl 22
S

1—0
+ 1P HL<><>+\/ HVwllg2) " dx

1 ]
S lpuls, sz zsrol -z 2o A®'F ([ [Vuls,Pds)
£(s)"

2 1 2
< llouls Mg gorey + A < (1077 o7, M) ooy + A,

Loo(Lp 1

< lloru(s, M) feqgore + AW S 1+ /O Ol(s) < )ds + A(t).
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By using the previous inequality and (3.42), (4.60) and (4.74) we conclude that:

log p(t,2) < C + /0 o(llo(s)| = )ds + A(t),

< i+ Cexpl /0 61(lo(s, )| )ds))

with ¢ € F. We obtain then:

Ip(t, )] < Cexpl /0 61(1p()l| ) ds). (4.75)

Denoting by w(t) the right-hand side of (4.75), we conclude that:

Z01) < Coallp(s)llze=)w(t) < Cw(t)(M + Crw(t)),

because ¢o € F. We have then as w(t) > C:

drw(t)
w1+5(t)

< M
so that there exists Ty such that for all T' < Tj
ol Lo (0,7)x TNy < Cr-

Proof that % is in L*° when p is in L™

We npw want to check that if we assume that py is bounded away from zero then on
(0,Tp) the density p remains bounded away from zero. From (3.39), we have:

log p(t,z) > In po(z) — [|(A) " Ldivmg]| g — H(A)ildiVmOHL%C(;(Loo)

t (4.76)
[Pt ueds+ [ [ Pt ot~ [ g BB ) 5. s

As we assume here that belongs to L* and we have shown that all the terms in the
right hand side of (4. 76) are bounded, we can conclude that 5 is in L (L),

Proof of (1.15) and (1.17)

We now want to get supplementary estimates on the solution, and more precisely we
would like to prove a control of the gradient of the velocity Vu in LY(BMO(TV)).
In the sequel we will call such solution weak-strong solution, indeed to control Vu in
LY(BMO(TY)) is not enough in order to obtain strong solution but we will see that by
adding slightly some regularity hypothesis on the initial density it will be enough. For
more details we refer to the next section .

To obtain this additional regularity on the velocity, we need of new estimates on u. To
do this, we are widely inspired by the technics introduced by D. Hoff in [40] that we
will recall for the completeness of the proof. It can be also seen as an extension of [36],
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indeed we will crucially use some interpolation results in order to cancel out the coupling
between pressure and velocity. In [36] we are working directly with the effective velocity
which also allows us to obtain regularizing effects on v1. In some sense the methods used
in [36] and [40] are completely dual, in [36] the use of effective pressure avoids to use a
direct argument interpolation. Furthermore in [36], the obtained results are really in the
scaling of the system.

As explained previously in [36], we are able to prove that v; is Lipschitz with ini-
tial Ve%\(r)city critical for the scaling of the equations. More precisely we have Vv; in

E%O (Bg 1) = L%O (L*°) when ug and pg are critical for the scaling of the equation. More

N _q N
pre(:lsely ug is in B;ll 1 and pgin B ”1 with 1 < p; < p < +00 and some extra conditions

n (p1,p). This method is maybe more direct but however is probably more technical
because the intensive use of Besov space with very sharp hypothesis on the paraproduct
laws. For more details we refer to [36].

We now would like to explain why in our context it seems more advantageous to use the
technics of [40]. Indeed here for proving (1.15) and (1.17) in theorem 1.2, we want to
have minimal hypothesis on the initial density, it means that we assume only pg € L™
and pio € L. That is why we can not directly use [36] where we need to suppose that

N
po in By (what is a bit more regular). In return as in [40], we have to suppose that ug

N
is in H2 ~'"¢ what is subcritical in terms of scaling of the equation (in comparison the

initial velocity is really critical in [36]).

For the completeness of the proof we would recall these different technics. We would
also point out that an other difficulty compared with [40] is to be very careful and very
accurate inasmuch as we work with large initial data.

First , we mollify initial data satisfying the conditions of theorem 1.2 and then uses the
result of [36] to obtain a solution (p,u) defined at least for small time. We now want to
derive estimates on the solution (p,u) which do not depend of the mollifier process but
depend only on the initial data.

In the sequel we will treat only by simplicity the case N = 3. Fixing the local in time
solution (p,u) described above on the interval [0, Tp] with Ty > 0, we therefore assume
throughout this section that C~! < p < C with C > 0. A crucial point is also to check
that these estimates depend only of the condition p in L.

We define a differential operator £ acting on functions w : [0, 7] x TV — TV by

Lw = O (pw) + div(pu @ w) — pAw — AVdivw,
and we define wy and wsy by:

£w1 = 0, [,wg = —Vp(p),

(w1) ji—0 = o,  (w2) /4= = 0. (4.77)

We observe here that by uniqueness w; + ws = u. By energy estimates we obtain:

To
sup / p(t,x)\wl(t,m)Ide—i—/ / |V |?dadt SC/ poluo|?dz (4.78)
TN o Jrv TN

0<t<Ty
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and:

To
sup / p(t, x)|ws (t, x)|*dx —i—/ / \Vws|*dxdt < CTsup |P(p(t,-)|*.  (4.79)
0<t<Tp JTN 0 TN 0<t

We shall derive (1.15) and (1.17) simultaneously as consequences of estimates for the
following quantities (we can observe that this method is also to rely to the Kato spaces
for incompressible Navier-Stokes, see [48]) :

To
sup tlk/ \le(t,x)lzdx—i—/ / 17 pliy |2 dadt,
0<t<Tp TN o Jrv

for k =0,1 and,

1
sup /]ng(t,x)IQdm—i—/ /p\d}g]dedt.
0

0<t<1

To derive these bounds, we multiply equations (4.77) by w; and ws, respectively and
integrate. The details which are nearly identical to those in the previous section are left
to the reader. The essential point is only to see that these estimates depends only of p in
L°°. But as we have seen previously that % is bounded in L™ if pio and p are respectively
in L° and L (L>°(TN), we can consider in the sequel that C~! < p < C. And this last
point do not depend on the mollifying process but only on the initial data and the fact
that p is in L®°. That is why in the sequel we do not care from the constant coming from
51| zoe

We obtain more precisely:

1 t
i,utk/ ]le(T,x)IQdac—i-// ¥ |2dads <
™ . g 0 /TN . (4.80)
—uk/ / skIIle\deds—i—/ / s*|Vw; |2 Vu|dzds,
20 Jo Jrv 0 Jrv
and
1 5 t 9 .
—/ |Vws(t, z)|*dx + [wo|*dzds < P(p(t, z))divws (t, z)dz
2 TN 0 JTN ™ (4 81)
. .
+/ / ([Vwa 2| Vu| + |Vws||Vu|)dzdr.
0 JTN
By proceeding exactly as in the previous section, we obtain the following results:
To
sup / |Vw1(t,ﬂ:)|2dx—|—/ / [in [Pdzdt < Cluol|3p, (4.82)
0<t<Tp JTN 0 TN
To
sup t/ \le(t,x)\zdx—i—/ /t]wﬂdedtSCHuoH%g, (4.83)
0<t<Tp JTN 0
To
sup / |Vw2(t,ﬂ:)|2dx—|—/ / [tirg|2daxdt < CCy, (4.84)
0<t<Tp JTN 0 ™
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where Cjy depends only of the initial data and of ||p|| L Now since the solution operator

ug — wi(t,-) is linear, we can apply a standard Riesz-Thorin interpolation argument
to deduce from (4.82) and (4.83) that:

To
sup tl—ﬁ/ Vi (t, o) 2da +/ / 0Bl Pdadt < ClluglZs.  (4.85)
0<t<Ty TN o Jr~n
As u = w; + wa, we then conclude from (4.84) and (4.85) that:
To
sup ¢! / Vu(t, z)[Pda + / / PP dwdt < CColluol|s- (4.86)
0<t<Tpy TN 0o JrN
The next step consists in obtaining bounds for the terms
To
sup t26/ \Vu(t, z)[>da —i—/ / 2 P\Val dedt
0<t<Tp TN 0 JTN

appearing in (1.15). To do this, we multiply the momentum equation of (1.1) by t>~%4
and integrate. The details are exactly as in the previous section, except now we apply
the 8 dependent smoothing rates established in (4.85). Combining these bounds with
(4.78), (4.79) and (4.85), we then obtain (1.15) for times ¢ < Tj.

To prove (1.17), we observe that for k£ = 0,1,

sup [[wi(t, )| gr < Clluol| gw,
0<t<1

by (4.78) and (4.82). Thus:

sup [wi(t, )| gs < Clluol| g,
0<t<1

for € 1]0,1]. As u = w; + wy, and applying (4.84) we obtain that:

sup |lwi(t,)||gs < CCo,
0<t<1

and then for r € (2, ﬁ) in the case that g > 0, that:

sup |lu(r,-) —al|pr < CCh.
0<t<1

This proves (1.17).
Regularity on the gradient of the velocity u in L%ﬂo (Whe + BMO)(TV)) with
a>N.

Here we want to examine the regularity of the gradient of the velocity and to prove that
Vu is in Ly, (BMO) for showing (1.18). To show some regularity estimates on Vu, we
begin with verifying that the new variable v; introduced in [36] called “effective velocity”
belongs to LlTO(WQ’a) with @ > N which implies that Vv, € LlTO(LOO). We recall here
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the definition of v; introduced in [36]. The idea of [36] was to introduce a variable v,
which allows to cancel out the coupling between the velocity and the pressure in the
momentum equation of (1.1). In this goal, we need to integrate the pressure term in the
study of the linearized equation of the momentum equation. To do this, we will try to
express the gradient of the pressure as a Laplacian term, so we set:

Av =V P(p).

We have then v = (A)~'VP(p) with (A)~! the inverse Laplacian with zero value on TV,

In the sequel we will set:
1

)\—i—Q,uv'

V1 =UuU—

We check then easily that:

divuy = G and curlv; = w.

A+2u
We have then:

L_v(p()),

Au =Vdivu + divw = Vdivu; + diveurlv; +
' TR (4.87)

=Avi + (21 + A) 'V (P(p)).

We can easily show that fOTO |[Vui||peedt < 400 if (1.15) holds. To see this, we apply
standard elliptic theory on v; (indeed Av; = >\+1—2MVG + divw) combined with the fact
that AG = div(pt — pg) and pAPu = P(pi — pg). By simplicity, we will consider only
the case N = 3. The case N = 2 follows the same lines. For some o« > 3 and ¢ > 0
determined by a we have then by Sobolev embedding and Gagliardo-Nirenberg estimates:

Vil < CIVG] e + [[VwllLa),
S (lpatt, Hlize + llegllee + [Vwllza),

1—

. e . 1te (4.88)
S lpllpelfadt, ) = all 2 (IVat )l 2+ llellp=llgllpe + [[Vwllze),

1—e _l-e 1te
S (lpllee ()l 2 +a 2 )IVa N2 + lellcellgle + IVw| ).
We recall here that ;2/1 = pg, we have then as % > C on [0,Tp] and as p belongs to L>:

~ 1 —
U< — Pg <9
min 7)<~ A(t, )

So that by using (1.11), (1.15), (4.88) and one time more that AG = div(pu — pg) and
uAPu = P(pi — pg), we finally obtain:

To To —e 3
/ \|Vv1(t)||Loodt§/ tﬂ(tl—s/ |u|2d:c)lT(t(’/ \Val?de) T dt + 1. (4.89)
0 0 TN TN

with s = & + € —1 (e > 0) and where 48 = (s — 1)(1 — €) — (o + €).
1—¢

From (4.87) and the fact that % is in L>°, we have that (17 [y [u[?dz) T (7 [~ |Vzl|2daz)%6
is in L7,. We can then conclude from (4.89) that:

To To 1
|19l < o[ #ant + e
0 0
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The above integral is therefore finite as 25 > —1. A similar result result holds for N = 2
with s > 0. Thus for the solution constructed in the previous section, fOT IVvL(t, )| oo dt
is finite if (1.15) holds with the additional conditions in comparison of the previous
sections, inf pg > ¢ > 0 and ug € Ha+el with € > 0.

More precisely we have proved in fact that:

Vor € Lp(Wh®) < Lp(ByT). (4.90)

with o = N + 2¢ where € > 0.
As P(p) € L*™ we deduce from (4.87) and the results of Calderon-Zygmund, that:

Vu € Ly, (BMO(TY)).

5 Lipschitz estimates on the velocity u

In the theorem 1.3, we have assumed additional hypothesis on the initial density, in
particular the fact that pyp € BS, o, with € > 0. The goal here will be to show that this
BS, o regularity on the density is conserved on (0,7p). In particular it will allow us to
prove that the velocity is Lipschitz. It will be then enough to obtain the uniqueness of
the solution constructed in theorem 1.2. Furthermore we will observe that for preserving
the Lipschitz estimate on the velocity it will be enough to control the norm L°° of the

density. It will give us then the blow-up result of the theorem 1.3.
5.0.1 Control of p € LT (B, ) and of Vu € L, (BS, )
We now want to estimate p in L™ (Bgo,oo) and to prove that this control depends only on

the norm L of the density. In view of proposition 2.9 where in our case h(p) = P(p),
o=¢p=p;=r=+0o0, we have for all t € [0,7] and 0 < e < 1:

t
ol e, o) < € Ollpollze o + [ Clotraoe[dives(r e dr)), (591

where V(t) = fot (HVU(T)HBgO’OOmLoo + [[diver (1) Be, .. + |p(7) |5 + 1)d7, where s the

smallest integer such that P* € W, We have scen by (4.90) that Vo, € L(0,T, B )
with € > 0 small enough. By Besov embedding we recall that Bgopo belongs to L>°. The
main difficulty now is to control Vu € LY(0,T, L>), for this we recall that by definition
of the effective velocity and by proposition 2.2:

I9ullis ) < 190113 e, )+ IPO) o0 o
< IVol s gy o)+ ol ooy Il oo, -

The idea now is to use logarithmic estimates that we will inject in the inequality (5.91),
by using proposition 2.7 we have:

P Be, o

Ip®)llge < Clo()llpg, _ logle + o).
B e ToOlle,
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and we recall the following inequality:
) 1
Vo >0, V6 > 0, log(e + —) < log(e+ —)(1 +logd).
x x

We obtain then from the previous inequality:

lo)llse, , < llo®lse, .. (1+1og(lo(®)]l5, . )) log(e + W

o, .

), (5.93)

Let X(t) = fg [o(s)l|go__ ds, we have then from (5.92), proposition 2.2 and from the fact
that p € L>®(L*>):

V(t) < C(1+X(t) +/0 (IVor () B, . + [Idivor(7)[|Be, . )dT). (5.94)

Combining (5.91) and the previous inequality leads to:

X0 < [ 1ol (1+ v+

t
. 1
log (|lpollBs, . +/0 Cllp(r, )l Lo || divo (T, -)IIBgo,wdT)>10g(6+ T )ds,

M
t t
</ HP(S)IIBgm<1+CX(t)+C | U900l .+ diver (D)l e, )
0 ’ 0

t
. 1
+1log (llpoll B, . +/0 Cllp(r, )l Lo || divor (7, -)IIBgo,oodT)>10g(6+ T )ds.

BN
Applying Grénwall inequality and inequality (4.90) shows that:

1

ey

t
X(t) < Coexp(C [ (o)l . lox(e + -

< Croexp(C /O (1+ [lo(s) =) ds).

where C( depends only of the time ¢ and the initial data. As p € L{°(L>), we conclude
that X (t) < Cy and by this way we have proved that:

ol Lge (e, ) < Cors (5.95)

where C; o depends only of the time 7" and the initial data. We want to point out that
we have in fact proved the following assertion:

Vu € LNBS, o)- (5.96)
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5.0.2 Control of p € ZOO(B}V’I) for N =3 and p € EOO(B}VJF@I) for N = 2 (with
e > 0 arbitrary small) when P(p) = Kp with K >0

We will treat only the case N = 3, the case N = 2 follows exactly the same lines in the
proof. In this case, we need to show for the sequel that p € L™ (BJIV,I)7 and for this we
proceed exactly as previous. Indeed as pg € lev,p by proceeding as in the previous section
we can show that p is in L (le\m)- It suffices in particular to apply the proposition 2.9.

In the general case P(p) = ap” with v > 1 the fact to control p € EOO(B}VJ) will be
crucial to obtain the uniqueness of the solutions and in particular for using the results of
P. Germain (see [31]).

6 Proof of theorem 1.2 and 1.3

6.1 Existence of weak solutions for theorem 1.2 and 1.3

In the sequel for simplicity, we will treat only the case N = 3, the case N = 2 follows the
same arguments.

Existence of weak solutions for theorem 1.2

The above arguments of section 3, 4 and 5 are not rigorous, since we have to assume that
(p,u) is a solution of system (1.1) (but it is exactly what we want to prove). Furthermore
we need that this solution (p,u) is enough regular to apply the different estimates which
use crucially integration by parts in particularly. That is why to overcome this difficulty,
we need to smooth out the data in order to get a sequence of local solutions (p™, u™),eN
on [0,7},] to (1.1) by using the results [24] or [36]. T™ ihere corresponds to the lifespan
of the solution (py,uy). More precisely we assume that:

1 ~
o € L, py € By, ug € By, and f" e L'(BY ),
0

and that (pf, ) —n—+o0o (po,up) in the norm of the spaces in what belong the initial
data (po,up). To do that, it suffices to smooth out the data as follows:

Pg = Shpo, Ug = Spug and f" =S, f.

The main difficulty now is to prove that T, goes not to 0 when n goes to infinity. To
do this we can observe from section 3 and 4 that there exists a time Ty > 0 independent
on n such that (p”, un)yen verify uniformly in function of n the estimates (1.13), (1.15),
(1.17) and (1.18). Furthermore (pn)nen verifies uniformly in function of n on the interval
(0,Tp) the following control:

n 1
o ||L%%(L<>O(TN) <C and Hp_nHL%%(LOO(TN) <C. (6.97)

Now we suppose by the absurd that 7™ —, 1+ 0. It means that for n enough big
T" < Ty, then on (0,7™) (pn,un)nen verify uniformly in function of n the estimates
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(1.13), (1.15), (1.17) and (1.18) and (6.97). From section 5 we can also prove as py € By't
that for all n: B

p"* € L®(ByY) and Vu" € Ly, (L). (6.98)
From the continuation theorem proved in [24] when we have a solution of (1.1) which

verifies (6.97) and (6.98) then we can extend the solution. It is then a contradiction with
the fact that T;, is the lifespan of the solution. We have then for all n € N, T" > Tj,.

We have then prove that the solutions (p™,u")nen of system (1.1) with initial data
(P, ug )nen exist on the interval (0,Tp) with Tp > 0. Furthermore (pf, ug)nen verify
uniformly in n estimates (1.13), (1.15), (1.17) and (1.18) and 6.97. It is easy by using
the results of Lions in [52], of Feireisl et al in [30] or of Novotny and straskraba in [59] to
conclude that (p™, u™)nen goes to a solution (p,u) of system 1.1) and that (p,u) checks
(1.13), (1.15), (1.17) and (1.18) and p € L (L>(TY)).

The only point where we need to be careful is the case when v < & (in fact it is possible
only when N = 2), indeed in this case we can not use [30] but with all the estimates
(1.13), (1.15), (1.17) and (1.18) uniformly verifying by (p",u")nen and (6.97) it is an
easy exercise to conclude.

Existence of weak solutions for theorem 1.3

The proof in this case follows exactly the same lines than in the previous section.

6.2 Uniqueness for theorem 1.3 when P(p) = ap” with v > 1

We now discuss the uniqueness of the solutions of theorem 1.2. For this we want to use
the result of P. Germain [31] which is a result of weak-strong uniqueness. In the sequel
we will note (p1,u1) the solution of the theorem 1.2 which exits on the time interval
[0,Tp]. We have shown that our solution check p € L*°(L*). By theorem 1.2, we obtain
that our solution verify the following inequalities:

swp [ ottt o) + [P(p(t. )] +0(0)[Vult,a) o
TN

0<t<+0
s [ Sp(t) (O plalt, ) + Vislt, o) P
0<t<+oo JTN (6.99)

b [T [T Sl + of?) + o Vi
< C(Co+Cy)’,
and we obtain moreover:
Vpdwu € Li(L*(TY)),
ViPu € L3(H*(TV)),
VG = V(A + 2p)divu — P(p)] € L(H' (TV)),
Vivu e LE(LX(TV)),

(6.100)

Now we assume that there exists two solutions of system (1.1) (p,u) and (p1,u1) in the
class of the solution of theorem 1.3 with the same initial data (pg,up). Furthermore
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(po, ug) verify the conditions of the theorem 1.3. We now want to prove that (p,u) =
(p1,u1) on [0,Tp]. To do this, we will use the result of P. Germain in [31]. To see this
we have just to verify that (p1,u; verify the conditions of the theorem 2.2 of [31]. For
simplicity we will prove only the result for N = 3. Before proving this assertion we would
like to recall the theorem 2.2 of [31].

Theorem 6.5 Take initial data such that:
po € L(TY) and /pouo € L*(TV).
A solution (p1,u1) is unique on [0,Ty] in the set of solutions(p,u) such that:
Vpu € L=(L?), Vu € L7, (L?) and p € LT (L),

provided that:

o IfN =2:
Vpi € LT (LP), Vuy € L (L) and Vtiy € L7, (LP),
with p > 2.
o If N >3:

Vpi € LE (L), Vuy € L}, (L) and vty € L7, (LY).

As we know from section 5.0.1 and 5.0.2 that Vp; is in LE (Bf ;) — L3} (LY) and that
Vuy is in Ly, (L™); it suffices to prove that Vtiy belongs to L3 (LN).
We recall then that by Gagliardo-Nirenberg inequalities we have:

Villinllga < (¢33 a — i 2)2 (627 3| V| 2) 5.
From the inequalities (?7?), we deduce that

1_e. 1 3_¢ . 1
(472 |fan ]| p2)% € Lig(LY) and (172 |[Vin|r2)2 € L7, (LY)

which means that v/t1i; € L%FO (L3).
We have then proved then that by using the theorem 6.5 of [31], we have (p,u) = (p1,u1)
on [0,Tp] for all Ty > 0 which conclude the proof.

6.3 Uniqueness for theorem 1.3 when P(p) = Kp with K >0

In this case, we do not need of any condition of type pg € lev,p indeed in this specific
case we would like to use the results of D. Hoff in [38]. To see how to proceed in this
case we refer to [35].
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6.4 Condition of blow-up for theorem 1.3

We want to show that by assuming only that p is in L7? then we can extend the strong so-
lutions constructed in theorem 1.3. In fact we have proved in section 4 that the regularity
properties (1.13), (1.15), (1.17) and (1.18) hold as long as:

sup ||pll oo (oo (rry) < +o0. (6.101)
te[0,To]

Furthermore using the regularity properties (1.13), (1.15), (1.17), (1.18) we have shown
in section 4 that the effective velocity verifies Vv, € L%FO(BJIVJ,T) In subsection 5.0.1
combining the facts that Vv, and p belong respectively to Li, (B]lv+f) and Lg} (TV), we
have shown that Vu € Ly, (BS, ) In particular we have Vu € Ly, (L). This lat
condition is then classical to prove that we can extend the strong solutions of theorem
1.3. For more details we refer to [24] or [34].

7 Proof of theorem 1.4

7.1 How to obtain a regularizing effect on v; when p € L>(L?)

We now want to work with the effective velocity vy introduced in the previous sections
to obtain new estimates this last when we assume that p belongs to L>°(L%). We will
give more details on the value of ¢ in the sequel of the proof. We can now rewrite the
momentum equation of system (1.1). We obtain then the following equation where we
have set v = 2u + X

pOu -+ pu- Vu— p A — o) — (A -+ ) Veliv (u— 10) = py,

where we recall that v = (A)"1(VP(p)) with (A)~! the inverse Laplacian with zero mean
value on TV. As vy = u — %v we have:

1
pOyv1 + pu - Vu — pAvy — (A 4 p)Vdivey; = pg — ;p@tv.

As divo = P(p) — [y~ P(p)dz, from the transport equation we obtain:

divoyw = —P'(p)pdivu — VP(p) - u + P (p)pdivu + Vlg(;/)- u

~— e~

= —div(P(p)u) + (P(p) — pP (p))divu — P(p)divu + pP’(p))divu.

In the sequel we will need to use the Bogovskii operator that we note A~! (see [59] p168
for a definition), we obtain then:

v = A1 —div(P(p)u) + (P(p) — pP' (p))divu — P(p)divu + pP' (p)divu). (7.102)

We get finally:

1
pov — pAvy — (A + p)Vdivey = pg — pu - Vu — ;p@tv. (7.103)
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We set f(t) = min(¢,1) and we remark that f(0) = 0. We multiply then (7.103) by
f(t)0yv1 and integrating on (0,t) x TN (with 0 < ¢ < T) we obtain then:

| [ o Pasds +5 [ @) (voe)? + v o) ds <
0 JTN TN
/0 /T N F(8) (Vo (t,2)? + €(divey)2(t, =) ) dds (7.104)

t t
1
+/ / pu-Vuf(s)Btvldxds—l—/ / (pg — —p0sv) f(s)0svidads,
0o JTN o JTN v

where £ =+ A. We have then as for all ¢ € (0,T):
I1P(p)lL2(z2) < C, (7.105)

and by Young’s inequality:
/ / f(8)p|Osv1 |Pdeds + = / @) (1 Vor(t, 2))* + &(divor)?(t,z))da <
t
C(1+/ / f(s)p\u-Vm]deds—i—/ / f(s)plu - Vv|*dzds (7.106)
o JT~

// F($)p(lgl? + [050]?)duds).

We have next to control the terms on the right hand side of (7.106). In the sequel for
simplicity, we will treat only the case N = 3. The case N = 2 follows exactly similar
lines. We can now recall that from the works of A. Mellet and A. Vasseur in [55], we
are able to control the velocity u in L>(L>) if we suppose that p is in L>(L377€) with
e > 0. In fact from the inequality (4.45), we can obtain a gain of integrability on the
velocity, i.e p%u € L*>(LP) with p arbitrary big if P(p) € Lp(L%). In our case it will
be the case as we assume at least that P(p) is in L°(L3), i.e

1P(P)lLee(z3) < C. (7.107)

For the simplicity of the calculus we will assume that v € L°(L>). In fact we have only

1
a control on pru in L>°(LP) for p arbitrarily large, but in the sequel all the expressions
to treat will be of the form pu. It would suffice to apply the Holder’s inequalities with

1—1, 1
P H ().
Regularizing effect on Av;

We want here to use the regularizing effect on v; and proceed in the sequel by bootstrap.
To do it we use the momentum equation (7.103) and we have:

pAvy + (X + p)Vdive, = pduy + pu - Vo + pu - V(A) "IV (P(p))

7.108
—pg+ gatv- ( )
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We now want to take in consideration the ellipticity of (7.108), in this goal we would like
to recall that from (7.106) we can hope only a control of \/pf(t)0;vy in LZ(L?). We set
then % = % + % and we have:

1 1
1Av[ze < llpllZallvVPOrvilir2 + Il 2o llv/POrvrll 2 + llpllzallull < ol L, (7.109)
+llplza (0]l Lar +llgllzar),

with the following conditions: % + q% < %, q% = % - % and % + % < % (let ¢ > 2y +1).
Next by Gagliardo-Nirenberg, we have
901l < Vo2l Ao 15 (7.110)

with: q%:%—i—%—%:%—1—2—1(1—%—1—%—%:%—}—%(1—6). We can now estimate
the following term fg v/ f(s)pu - Vo3 .ds.

Estimate on the term fot [V f(s)pu - Voi|3.ds
We have then by using (7.110) where € is defined such that:

Lol el e o (7.111)
w279 37374 2q=3797% ‘

and with (7.109) we have:
VTGP u- Voill2a < llollzallull2e VTS Vol
< Nlpllzallul?o £ (5) | V01 12 A0 175,
< Cllollzallulli FIV0LZ (ol VA0l 2 + ol 2all /5w - Tol 2
+ lpllzallull < ol + ol ze (19wl za + llgllza )™,
We have then:
IV f(8)pu-Voi|2s <
Cllull3 o f(5)°[IV01l|% 1012 (IV/F(5)p Bevnllz2 + IV F(S)p u - Tor[l12) 2
+ Cliplzallul?o £ ()1 V01112 (ol allull o ol + lollze (I0ewllza + llgllza )™,

Next by Young inequality with %—5 and %, we get:

2_q 2
IVF(s)pu- Voi|2a < Caf(s)lpllia Nl foVor]2e + allV/F(s)pdevr |22
1 2
+al VTS u-Vorl2e + Caf ()l fallull j Vo122 + allpllZelullze o2 (7-112)
+allp2e IV F(8)8w] 3 + llgll3a),

Here a is very small and C,, can be very big. From (7.112) we obtain:
2_q 2
(1= a)|VFE)pu-Voi|2e < Caf($)ollia lullfo | Vor|22
1 2
e e 2 .
+ ol /T ()p0ko1 )22 + Caf () pllallull f Vo1 122 + allplZallullZe o2y (T-113)
+ allpl2a (IVF S0l 2 + llgl3a),
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We now inject inequality (7.113) in ( 7.106) and we obtain by choosing « enough small
for doimg a bootstrap:

t
| [ remloaPazds+ 5 [ @ @oe.a) + e(dive 6. 0)ds <

1

2 1 2 t
0(1 ol + Mol e ol / F()[Vo1(s, ) 3ds

(7.114)
242
+ tllpl e oy el F e o) +HpH%w(Lq/ IV f(s)0o(s, )T + llg(s, ) |Zar )ds

// fs)elu - Vel dwd“// F(s)p(lgl* + 0sv[*)dads).

It reminds to bound the last term on the right hand side of (7.114). We need in particular

to prove that \/f(s)9w € L(L%).
Now from (7.102), we have:

e ”L“d5<c”/W—P (5,3 ds
+ [ IVIIA (P) = o (p)iv) (. s

We have then:

[ VTGP G) ot M ds < a0

It means that we need that:

2
q>fyq1<:>q>qq—71<:>q(q—(2'y—|—1))20<:>q22’7—|—1. (7.115)
Next we have as (P(p) — pP'(p))divu belongs to L(LP?) with py = qi—%«/ (p% =3+ %)

and the properties on the Bosvskii operator we have

t
/0 IVF($)A™H(P(p) = pP'(p)divu) [[Far < Clipl Tk o ldivall7s ), (7.116)

where we need to assume that

T

1 3
S—(:)q>3fy+— (7.117)

1 1
2 3 2

Now from (7.114) and the previous inequalities we have:

t
| [ semloaazds+ 5 [ @ @oe.a)R + e(ive 6. 0)ds <
1+// F(8)p(lgl* + |05v]?)dzds).

(7.118)
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By proceeding as in the previous terms we can easily bound the last terms on the right
hand side of (7.118). We conclude finally that if ¢ check (7.105), (7.107), (7.111), (7.115)
and (7.117), we have then :

t 1
| [ rmwloamazds 5 [ @) @ivetnf + giva)t.o)ds <
0 Jrn 2 Jon
(7.119)
where C; depends on ¢.

Control on the norm p € L™

Now we can come back to equation (3.41) in order to get a control in norm L on the
density. More precisely we have:

log(p(t,z)) < log(l|poll o) + ClI(A)~ divimg] oo + Cl[(A) ™ div(pu) | Lo

+ C/ o P(p(s,x)dsdx + C'/ \/_H \/—u],R R;|(pus) (s, )| Lo ds. (7.120)
Easily, we have by Sobolev embedding and (4.45) with € > 0:
1(A) " div(pw) || e < [|pull oo (pa+e)
< ol poe (payllull oo (2o,
when we assume that:
ol Lee Loy < C with ¢ > 3. (7.121)

We recall then from the previous section that +/f(s)Av; € L?(LP) with % =1+ z—lq, by
Gagliardo-Nirenberg inequality we have:

IVotllzee < [|Ava||z Vo[ g,

with q% % + 21—q — % +5— 9 7 We have then by using the results of R. Coifman et al in
[19]:
1_ e —
(f(s))2 2 H[(Ul)j7R R; ](pul)(s7 ')HWLO‘ < HVU1H€LQH V f(s)A’UlHEpE (7122)

ol zallul[po-

In the sequel we will need that « > 3. Indeed by Sobolev embedding we will prove that
[(v1), RiRj](pu;)(s,-) is in L} (L*>°). That is why in the sequel we have to assume that
when € is chosen arbitrary small:

1 1 1 3

+ L 159 (7.123)
g ¢ 2 2¢ 3 3 2 3 4 '

We have finally by using hypothesis (7.123) and (7.122) as m )1%_% € L? and as we
S

have shown that(f(s))%fé 1[(v1), RiR;j)(pui) (s, )|l wre in LE(L>®) by Sobolev embedding
(because here o > 3) :

I

l\.’)l»—‘

——— /()22 |[[(v1);, RiR;)(pui) (5, )| o< ds| < Cllpll e pay lull e 10y

19015y |V T ) A1

_£
2

t\.’)\»—t
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We proceed similarly for the term [[[(vj, R; R;](pu;)(s,)|[1(zo)- This term is the most
important because it decides of the value of ¢ that we must choose. Indeed we have the
results of R. Coifman et al in [19]:

(A TV (P(p));, RiRi](pui) (s, ) lwre < ollFalllllzo< o]l o

We need that § > 3 for using Sobolev embedding and then to prove by this way that
[(A)TIV(P(p));, RiR;)(pui)(s,-) is in L}(L>®). We assume then that:

1 ~ 1

ctlce o eg>3(y+1). 7.124

R Y E e (7120
If we summarize all the inequalities on ¢, i.e (7.105), (7.107), (7.111), (7.115), (7.117),
(7.121), (7.123) and (7.124), we need that:

pe LD (TN)) N LR (L3 (TN)) 0 Lo (L2 (TN)) n Ly 1 (3 (TY)) - (7.125)

Finally under theses conditions we control |log p|1{,>1} € L{(L>(T"). From theorem
1.3, we have seen that we can control Vu in L}(L*°) and that we can extend beyond T
the solutions constructed in theorem 1.3. It achieves the proof of theorem 1.4. O

8 Further comments, results and open problems

We now want to describe the additional problems when we consider variable viscosity
coefficients. In particular we will mention the specific case of shallow-water system. We
will point out also that we can get in some specific cases on the choice of the variable
viscosity coefficients (which includes in particular the case of the shallow-water system,
see [7]) a gain of integrability on the pressure. More precisely we assume that the viscosity
coefficients verify:

Ap) = 2(pp (p) — p(p))- (8.126)

In particular in this we are able to verify the condition (1.20). Unfortunately we will
explain why it seems difficult to apply the theorem 1.4 with this choice on the capillarity
coefficients.

When the viscosity coefficients are variable

We briefly want to remind some results of global weak solution when the viscosity coef-
ficients are variables. Furthermore we would explain why it seems complicated to obtain
similar result than theorem 1.4 in this case. Indeed one of the main reason is the loss
of the so called structure of effective pressure or of effective velocity. We will give more
details on this in the sequel.

In [7] Bresch and Desjardins showed a result of global stability of weak solutions for
the non isothermal Navier-Stokes system assuming density dependence on the viscosity
coefficients p and A, considering perfect gas law with some cold pressure close to the
vacuum, and the algebraic relation (8.126).

The key point in this paper is to show that the structure of the diffusion term provides
some regularity for the density thanks to a new mathematical entropy inequality. This
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one has been discovered in [8], we call it the BD entropy. More precisely they are able to
obtain a gain of derivative on the density, i.e \/pV(p) € L(L?) when \/poVe(po) € L.

Here we have set ¢ (p) = Q’L—p(p).

Mellet and Vasseur by using the BD entropy, get in [54] a very interesting new stability
result when the pressure is considered barotropic, i.e P(p) = ap” with v > 1 and a > 0.
Note that the main difficulty is to establish the compactness of \/pu in L? strong, and
the key ingredient to achieve this is an additional estimate which bounds p|u|? in a space
better than L>(0,T; L*(T¥)). Indeed the BD viscosity coefficients vanish on the vacuum
set, so it means that we loss the control Vu in L2(L?(T¥)), that is why it is not so clear
to obtain strong convergence on the terms of type pu ® w.

Unfortunately, the construction of approximate solutions satisfying: energy estimates,
BD mathematical entropy and Mellet-Vasseur estimates is far from being proven except
in dimension one or with symmetry assumptions, see [56], [51], [32]. Note that approxi-
mate solutions construction process has been proposed in [5] satisfying energy estimates
and BD mathematical entropy. This leads to global existence of weak solutions, however
only if we assume that extra terms or cold pressure are present.

8.1 The BD entropy and the theorem 1.4

In theorem 1.4, we prove a blow-up criterion for strong solution (p,u) on (0,7") who say
us that if in dimension three:

pe L%+1(L(N+1+e)’7(TN)) and p € L%O(L9+6(’]TN) mL3'y+%(TN))’ (8.127)

then the solution (p,u) can extend beyond 7. We now can motivate our assumption
(8.127) in the light of the BD entropy (see [6]). Indeed by choosing some viscosity
coefficients verifying the equality (8.126), we are able to control \/pV(p) in L>(L?).
In particular we can obtain the relation (8.127) by Sobolev embedding and by choosing
w(p) = pp® with « big enough. It means that if we would be able to extend theorem
1.4 to the case of the BD viscosity coefficients, we could prove the existence of global
strong solution in dimension N = 3 for compressible Navier-Stokes with this choice
of viscosity coefficient. However this type of viscosity coefficient kills the structure of
effective pressure or of effective velocity and we can not apply our proof. In particular
it appears not so clear how to obtain estimates on 0;u by multiplying the momentum
equation by Osu.

It shows that the structure of the viscosity coefficients plays a crucial role for compressible
Navier-Stokes system and that the structure changes completely and depends crucially
on the choice of the viscosity coefficients.

An interesting open problem would be to extend theorem 1.4 to the case of variable
viscosity coefficients and in particular BD coefficients.

Importance of the regularity conditions on the source term g

V. A. Waigant has built in [73] explicit solutions for which the maximal integrability
of the density corresponds to L%(0,1,L9) with ¢ = W It means that (8.127)

fails in this case except that the force term g introduced in [73] is less regular than
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what the theorem 1.4 requires. It means that the regularity of g is crucial to get strong
solutions and it shows in particular that it is quite hard to obtain a gain of integrability
on the pressure. In passing we recall that it is possible to prove that we have a gain of
integrability on the density in LL(L?) with ¢ = v+ %7 — 1. The paper of V. A. Waigant
was a counter-example to prove that in dimension N = 2,3 it was not possible to hope
a control Ll200 on the density. It indicates the necessity to use other arguments than the
theory of renormalized solutions to obtain global weak solution when N = 2, 3.

On some extension of the theorem 1.4 and some questions of scaling

In theorem 1.4 we need to assume that A = 0 to get a control L*> on the velocity u as
in the article of A. Mellet and A. Vasseur in [55]. We recall that in this paper they need
of a control on P(p) € L>(L3¢) with ¢ > 0 for N = 3 to obtain a control L> on the
velocity when the viscosity coefficients are constant. To do this, they use some De Giorgi
technics (see also [71] where Vasseur reproves the so-called result of Caffarelli-Kohn and
Nirenberg in [10] with this type of arguments). For De Giorgi methods we refer to [25],
where De Giorgi proves the so called XIX Hilbert’s problem, which can be reduced to
the regularity of weak solutions to nonlinear elliptic equations or systems.

As in [55], the pressure plays an important role, and in some sense the pressure is the
good unknown to control in order to get global strong solutions. In fact, the pressure
plays the role of the velocity for the incompressible Navier-Stokes .

Furthermore we could extend the theorem 1.4 to the case where A(p) is non null. However
in this case we would need of stronger assumption on the control of P(p) in L>°(L?%) with
q bigger. Indeed as in [55] the gain of integrability on the velocity w in L (LP) depends
on the ratio between p and .

We would like to point out that in the theorem 1.4 we need to assume that the initial data
ug is in L*° in order to obtain a minimal condition of blow-up in term of integrability on
the density. We just observe that in terms of scaling we ask one derivative in more on
the initial velocity, but in return we are "not so far” to obtain a blow-up criterion on the
pressure with one derivative in less compared with the scaling of the equations. More
precisely the fact as in [55] to ask a control on P(p) in L*>°(L3€) in dimension N = 3 to
control u in L* is a condition of type ”one derivative in less for the scaling”. Indeed we
recall that the scaling of the pressure (when % and p are in L>) is L (WL (TY). In our

case, we are "not so far” to get a similar result as we ask that P(p) is in L>°(LN+1+¢(TV)).

In some sense we claim that the derivative in more for the scaling on the wvelocity is
transferred in one derivative in less for the blow-up condition on the pressure.
9 Appendix

This section is devoted to the proof of commutator estimates which have been used in
section 2 and 3. They are based on paradifferentiel calculus, a tool introduced by J.-
M. Bony in [4]. The basic idea of paradifferential calculus is that any product of two
distributions u and v can be formally decomposed into:

w = Tyv + Tyu + R(u,v) = Tyo + Thu
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where the paraproduct operator is defined by T, v = > q Sq—1ul4v, the remainder oper-
ator R by R(u,v) = >, Agu(Ag—1v+Agv+ Agt1v) and T,u = Tyu+ R(u,v). We would
like to remind a basic lemma on the commutator (for more details see [3] p 110).

Lemma 1 Let 6 be a C' function on TN such that 6 € L'. There exists a constant C
such that for any Lipschitz function a and any function b in LP with p € [1,400], we
have:

VA >0, [|[0(AT'D), albllzr < CATY[Val [z [1b]]ze-

Proof: In order to prove this lemma, it suffice to rewrite §(A"1D) as a convolution
operator. More precisely we have:

([6(A7'D), alb) (x) = O(A"'D)(ab)(z) — a(z)0(A~" D)b(x),
=3 [ B = )aly)  al@)blo)dy with b= F0.
As the function a is Lipschitz, we have therefore
|(1B(A™ D), alb) (z)| < AN Va1 /TN Az = y))lly — z[b(y)dy.
By Young’s inequality, it implies:
I(10OT"D), albllr < ATH|- Rl g1 Vallzoe [b] o
This conclude the proof of the lemma. O

Inequality (2.31) is a consequence of the classical following lemma 2 which is also proved
in [3] p 112. For the completeness of the proof we will give here his proof.

Lemma 2 Letoc € R, 1 <r <400 and 1 < p; < p < 4oo. Let u a vector field over
RN, Assume that:

1 1 1 1
o> —Ninf(—,—) or 0 > —1— Ninf(—,—) if divu = 0.
p n b p1

Denote Ry = [u-V,Ajla. There exists a constant C' depending on p,p1,0 and N such
that:

1@ N Bgllr)ollr < Cllallsg flull x4 o <5+ 1. (9.128)
p1,©
and in the critical case:
qo ' N
129N Rglle)gllir < Cllallg, llull »  if o= —+1. (9.129)
Byl b1
In the limit case o = —Ninf(z%, p%) (or o = —1— Ninf(z%, p%) for divu = 0), then we
have:
sup 297 Rg[|» < Cllalpg  [[Vul| X (9.130)
a p1,1
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Proof: In order to show that only the gradient part of w is involved in the estimates,
we shall decompose into low and high frequencies u© = Syu + u;. We remind that there
exists a constant C' such that:

sz S [1,+OO], HSOVUHLPQ S CHVUHLPQ and Hvul“[/pz S CHVUlHLPQ. (9.131)

Furthermore as u; is spectrally supported away form the origin, by the so-called Bern-
steins inequalities, we obtain that:

24
sz S [1,+OO], EHAquluLm S HAunlHLpg S CquAqU&HLm- (9.132)

Now we can write R, under the following form:

R, =u-VAja—Ay(u-Va),
= [ulfa AglOka + [Souka AqlOka.

The proof is based on Bony’s decomposition which enables us to split R, into R, =
S R!, where:

Ry = [T AglOka, R? = T, a,uf,

RZ’ = —A Ty, auk, R;l = R R(uk, Aya),
RZ = —R(divu;, Aga), RS = —0rAqR(u1,a),
RZ = AgR(divuy, a), RE = [Souk, AglOka.

In the sequel we will denote (¢q)g>—1 a sequence such that [|(cg)||;r < 1.

Bounds for 29°||R}||»

Using proposition 2.1 we obtain:

Rl — Z [Sq,_lu’f,Aq,]akAq,a

q
lg—q'|<4

Hence according to lemma 1 and inequality (9.131) we obtain:
27| Ryl < ClIVollz Y 2970 A allLr,
la—q'|<4 (9.133)
< C¢; Vo] =l g,

Bounds for 29°||R2| z»

From proposition 2.1, we have:

R? = Z S _10kAqa Aq/ulf

q
q'>q-3

Hence using (9.131) and (9.132) we have:
297 || R2|| v < Ccjl|Vvl|ze~||al|Bg.,- (9.134)
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Bounds for 297|| R} || »

One has:
RI=— Y Ay(S;_j0kal ub),
lg—q'|<4
=— > Ay(A Oka A puf).

la—q'|<4,q" <q¢'—2

(9.135)

Therefore denoting pla = % — pll and using (9.131) and (9.132),

297 | R ||L» < C > 29| A v Ogal|Los | Ay ut | Lo
la—q'|<4,¢" <q¢'—2
N

1" 1 /N
<C Z Q(qiq )= 7E)HAq~aHLp2q EHAq/VUHLm,
lg—q'|<4,q" <q'—2

Hence if o < 1+ pﬂl,
29°||R3|| L < Cc|| V0| v allsg, - (9.136)

P1,00

Bounds for 29°||R}| »

Letting Aq/ = Aq/—l + Aq/ + Aq/ we have:

+10
Ry= Y (A ufAA ).
lg—q'|<2

Hence by virtue of (9.132), we get:

27| Ryllr < Ce;|| Vol x allsg,. (9.137)
BPl ’

p1,©

We follow the same lines for bounding 297 || R3|| .

Bounds for 2‘1‘7HR2HL17 and quHRZHLP

. Thenifo >-1- X

. . . . 1 1 1 _ 1
We will begin with treating the case s+ < 1. Let o = I m

proposition 2.3 and proposition 2.2 yield:

1
L

297 RS » < Cejl| Ve | v allsg, - (9.138)

P1,00©

Now if % + pil > 1, the previous argument has to be applied with pl instead of p3 and

one still gets (9.138) provided that o > —1 — g. One has then:
QQUHRSHLp < CC]HVU1H % HaHBg’T. (9.139)
p1,00
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Np=

Note that in the limit case 0 = —1 — min(pﬂl, ), proposition 2.5 yields:

p

SupQQUHRSHLp < Ccj||Vuq || N al B, - (9.140)
q

P11

Similar arguments allows us to obtain:

. ... N N
29| Ri||» < Cej|| V| x lallpg, if o> _mln((p_lag)7
e N N (9.141)
27| Rglle < CcjllVur|| v Nallsg, if o= —min((p—1, ;) r = +oo0.

P11

Finally let mention that if & > —1 then the standard continuity results for the remainder
combined with the embedding L> — Bgo,oo yield:

27| Rgll» < Cej||Vull Llall g, - (9.142)
The same inequality holds true for RZ it o > 0.

Bounds for 297||RS||»
We have then:
Ry=— Y [AyA qu]-VAya.
lg—d'|<1

From lemma 1 we obtain:

29| Ryllr <C Y (IVA_1ull =27 7(|A sall 1,
lg—d'|<1 (9.143)
< C¢j||Vull L=l g,

Combining inequalities (9.133), (9.134), (9.136), (9.137), (9.139), (9.140), (9.141), (9.142)
and (9.143) yields (9.128), (9.129), and (9.130). O
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