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Global well-posedness of the Euler-Korteweg system for small

irrotational data

Corentin Audiard *fand Boris Haspot *

Abstract

The Euler-Korteweg equations are a modification of the Euler equations that takes into
account capillary effects. In the general case they form a quasi-linear system that can
be recast as a degenerate Schrodinger type equation. Local well-posedness (in subcritical
Sobolev spaces) was obtained by Benzoni-Danchin-Descombes in any space dimension,
however, except in some special case (semi-linear with particular pressure) no global well-
posedness is known. We prove here that under a natural stability condition on the pressure,
global well-posedness holds in dimension d > 3 for small irrotational initial data. The proof
is based on a modified energy estimate, standard dispersive properties if d > 5, and a careful
study of the nonlinear structure of the quadratic terms in dimension 3 and 4 involving the
theory of space time resonance.

Résumé

Les équations d’Euler-Korteweg sont une modification des équations d’Euler prenant en
compte 'effet de la capillarité. Dans le cas général elles forment un systéeme quasi-linéaire
qui peut se reformuler comme une équation de Schrodinger dégénérée. L’existence locale de
solutions fortes a été obtenue par Benzoni-Danchin-Descombes en toute dimension, mais
sauf cas tres particuliers il n’existe pas de résultat d’existence globale. En dimension au
moins 3, et sous une condition naturelle de stabilité sur la pression on prouve que pour toute
donnée initiale irrotationnelle petite, la solution est globale. La preuve s’appuie sur une
estimation d’énergie modifiée. En dimension au moins 5 les propriétés standard de disper-
sion suffisent pour conclure tandis que les dimensions 3 et 4 requiérent une étude précise de
la structure des nonlinéarités quadratiques pour utiliser la méthode des résonances temps
espaces.
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1 Introduction

The compressible Euler-Korteweg equations read
Orp +div(pu) =0, (z,t) € R x T
Ouu+u-Vu+Volp) =V (K(p)Ap+ 4K QTP ), () €RIxT (L)
(p,u)le=0 = (po, uo), = € R

Here p is the density of the fluid, v the velocity, g the bulk chemical potential, related to the
pressure by p/(p) = pg’(p). K(p) > 0 corresponds to the capillary coefficient. On the left hand
side we recover the Euler equations, while the right hand side of the second equation contains
the so called Korteweg tensor, which is intended to take into account capillary effects and mod-
els in particular the behavior at the interfaces of a liquid-vapor mixture. The system arises
in various settings: the case K(p) = k/p corresponds to the so-called equations of quantum
hydrodynamics (which are formally equivalent to the Gross-Pitaevskii equation through the
Madelung transform, on this topic see the survey of Carles et al [10]).

As we will see, in the irrotational case the system can be reformulated as a quasilinear
Schrodinger equation, this is in sharp contrast with the non homogeneous incompressible
case where the system is hyperbolic (see [9]). For a general K(p), local well-posedness was
proved in [6]. Moreover has a rich structure with special solutions such as planar trav-
eling waves, namely solutions that only depend on y = t — z - £, & € R%, with possibly
limy, p(y) # lim_ p(y). The orbital stability and instability of such solutions has been largely
studied over the last ten years (see [7] and the review article of Benzoni-Gavage [8]). The
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existence and non uniqueness of global non dissipative weak solutions E| in the spirit of De
Lellis-Szekelehidi[12]) was tackled by Donatelli et al [13], while weak-strong uniqueness has
been very recently studied by Giesselman et al [I8].

Our article deals with a complementary issue, namely the global well-posedness and asymptot-
ically linear behaviour of small smooth solutions near the constant state (p,u) = (p,0). To our
knowledge we obtain here the first global well-posedness result for in the case of a general
pressure and capillary coefficient. This is in strong contrast with the existence of infinitely
many weak solutions from [13].

A precise statement of our results is provided in theorems of section [2| but first we will
briefly discuss the state of well-posedness theory, the structure of the equation, and the tools
available to tackle the problem. Let us start with the local well-posedness result from [6].

Theorem 1.1. For d > 1, let (p,u) be a smooth solution whose derivatives decay rapidly at
infinity, s > 1 +d/2. Then for (po,uo) € (p,w) + H*H(R?Y) x H5(RY), py bounded away from
0, there exists T > 0 and a unique solution (p,u) of such that (p — p,u — w) belongs
to C([0,T), H**Y x H®) N CY([0,T), H*"! x H*"%) and p remains bounded away from 0 on
[0,T] x R,

We point out that [6] includes local well-posedness results for nonlocalized initial data (e.g.
theorem 6.1). The authors also obtained several blow-up criterions. In the irrotational case it
reads:

Blow-up criterion: for s > 14 d/2, (p,u) solution on [0,7) x R? of (1.1)), the solution
can be continued beyond T provided

1. p([0,T) x RY) ¢ J C R**, J compact and K is smooth on a neighbourhood of J.

2. Jo (IAp(1)]loo + [[divau(t) ]| o)t < oo.

These results relied on energy estimates for an extended system that we write now. If £

is a primitive of \/K/p, setting L = L(p), w = \/K/pVp = VL, a = \/pK(p), from basic

computations we verify (see [6]) that the equations on (L, u,w) are

O:L+u- VL + adivu = 0,
ou+u-Vu—w-Vw — V(adivw) = —Vy,
Ow + V(u - w) 4+ V(adivw) =0,

or equivalently for z = u + iw

{ O:L +u- VL + adivu = 0, (1.2)

Oz +u-Vz+1i(Vz) -w+iV(adivz) = Vg(L).

Here we set a(L) = ao L7 (L), §g(L) = g o L71(L) which are well-defined since /K/p > 0
thus £ is invertible.
This change of unknown clarifies the underlying dispersive structure of the model as the second

!These global weak solution do not verify the energy inequality



1 INTRODUCTION 4

equation is a quasi-linear degenerate Schrodinger equation. It should be pointed out however
that the local existence results of [6] relied on H® energy estimates rather than dispersive
estimates. On the other hand, we constructed recently in [4] global small solutions to (|1.1))
for d > 3 when the underlying system is semi-linear, that is K(p) = k/p with x a positive
constant and for g(p) = p — 1. This case corresponds to the equations of quantum hydro-
dynamics. The construction relied on the so-called Madelung transform, which establishes a
formal correspondance between these equations and the Gross-Pitaevskii equation, and recent
results on scattering for the Gross-Pitaevskii equation [20][22]. Let us recall for completeness
that 1 + ¢ is a solution of the Gross-Pitaevskii equation if v satisfies

0 + A — 2Re(¥)) = ¢® + 210” + [¢[*4). (1.3)

For the construction of global weak solutions (no uniqueness, but no smallness assumptions)
we refer also to the work of Antonelli-Marcati [1I 2].

In this article we consider perturbations of the constant state p = p., u = 0 for a general
capillary coefficient K (p) that we only suppose smooth and positive on an interval containing
pe. In order to exploit the dispersive nature of the equation we need to work with irrotational
data u = V¢ so that reduces to the following system (where L. = L(p.) which has
obviously similarities with (more details are provided in sections 3 and 4):

{ O — AL — L)+ ¢ (Le)(L — Le) = Ni(o, L), (1.4)
(L = Le) + Ad = Na(¢, L) '

The sytem satisfies the dispersion relation 72 = |£|*(¢'(Lc) + |€]?), and the N are at least
quadratic nonlinearities that depend on L, ¢ and their derivatives (the system is thus quasi-
linear). We also point out that the stability condition ¢'(L.) > 0 is necessary in order to ensure
that the solutions in 7 of the dispersion relation are real.

The existence of global small solutions for nonlinear dispersive equations is a rather classical
topic which is impossible by far to describe exhaustively in this introduction. We shall yet
underline the main ideas that are important for our work here.

Dispersive estimates For the Schrodinger equation, two key tools are the dispersive esti-

e ol
i olr2
e tA¢O||Lq(Rd) < mv (1.5)
and the Strichartz estimates
: 2 d d
le tAT/JOHLP(R,Lq(Rd)) S ol 2, o + P =9 (1.6)
t 2 d d
i(t—s)A , , — t — = —
I [ ) dsllom sy S Wt gt sy o o = 5 (17)

Both indicate decay of the solution for long time in LP(L?) spaces, it is of course of interest
when we wish to prove the existence of global strong solution since it generally require some
damping behavior for long time. Due to the pressure term the linear structure of our system
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is actually closer to the one of the Gross-Pitaevskii equation (see ), but the estimates are
essentially the same as for the Schrodinger equation. Local smoothing is also an interesting
feature of Schrodinger equations, in particular for the study of quasilinear systems. A result
in this direction was obtained by the first author in [3] but we will not need it here. The main
task of our proof will consist in proving dispersive estimates of the type for long time, it
is related to the notion of scattering for the solution of the dispersive equations. Let us recall
now some classical result on the theory of the scattering for the Schrodinger equations and the
Gross Pitaevskii equation.

Scattering Let us consider the following nonlinear Schrodinger equation
100 + D) = N(8).

Due to the dispersion, when the nonlinearity vanishes at a sufficient order at 0 and the initial
data is sufficiently small and localized, it is possible to prove that the solution is global and the
integral [ e AN (1(s))ds converges in L*(R?), so that there exists ¢, € L?(R?) such that

(1) = €l 12 —00 0.

In this case, it is said that the solution is asymptotically linear, or scatters to 1.

In the case where N is a general power-like non-linearity, we can cite the seminal work of
Strauss [27]. More precisely if A'(a) = Og(|alP), global well-posedness for small data in H! is
merely a consequence of Strichartz estimates provided p is larger than the so-called Strauss

exponent
V24 12d+4+d+2
= 54 .

ps(d) (1.8)

For example scattering for quadratic nonlinearities (indepently of their structure ¢, 52, |p|%...)
can be obtained for d > 4, indeed pg(3) = 2. The case p < pg is much harder and is discussed
later.

Mixing energy estimates and dispersive estimates If N depends on derivatives of ¢,
due to the loss of derivatives the situation is quite different and it is important to take more
precisely into account the structure of the system. In particular it is possible in some case to
exhibit energy estimates which often lead after a Gronwall lemma to the following situation:

t
VN eN, [[¢p(t)| gy < ||¢OHHNeXp<CN/ \|¢(s)]7;;,ioods>, k “small” and independent on N.
0

A natural idea consists in mixing energy estimates in the H™ norm, N “large”, with dispersive
estimates : if one obtains

"5 [ e——"
/0 e =92 N ds . St—;’ alp—1) > 1,
Whksoo
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then setting [|¢|x, = supp ) 1Y (Ol g~ + t*[[¢(#)|lyro the energy estimate yields for small
data

Il S ol avexp(ClIEIE ) + 141, +e.

so that ||| x, must remain small uniformly in 7". This strategy seems to have been initiated
independently by Klainerman and Ponce [24] and Shatah [25]. If the energy estimate is true,
this method works “straightforwardly” and gives global well-posedness for small initial data
(this is the approach from section 4) if

V2d+1+d+1 -
d

p>pld) = ps(d). (1.9)
Again, there is a critical dimension: p(4) = 2, thus any quadratic nonlinearity can be handled
with this method if d > 5.

Normal forms, space-time resonances When p < pg (semi-linear case) or p (quasi-linear
case), the strategies above can not be directly applied, and one has to look more closely at the
structure of the nonlinearity. For the Schrodinger equation, one of the earliest result in this
direction was due to Cohn [I1] who proved (extending Shatah’s method of normal forms [26])
the global well-posedness in dimension 2 of

i0p) + A = iV - V. (1.10)

The by now standard strategy of proof was to use a normal form that transformed the quadratic
nonlinearity into a cubic one, and since 3 > p(2) ~ 2.6 the new equation could be treated with
the arguments from [24]. In dimension 3, similar results (with very different proofs using vector
fields method and time non resonance) were then obtained for the nonlinearities ¥? and E2 by
Hayashi, Nakao and Naumkin [23] (it is important to observe that the quadratic nonlinearity
is critical in terms of Strauss exponent for the semi-linear case when d = 3). The existence
of global solutions for the nonlinearity [¢|? is however still open (indeed it corresponds to a
nonlinearity where the set of time and space non resonance is not empty, we will give more
explanations below on this phenomenon) .

More recently, Germain-Masmoudi-Shatah [16][15][14] and Gustafson-Nakanishi-Tsai [21][22]
shed a new light on such issues with the concept of space-time resonances. To describe it, let
us rewrite the Duhamel formula for the profile of the solution f = e %), in the case :

t t ~ -~

f =1 +/ eTIAN (M) ds < f = {/;B+/ /d s+ HE=) - (& ) F(n) (€ — n)dnds
’ o (1.11)

In order to take advantage of the non cancellation of Q(¢,1) = |€|2 + |n|? + |€ — n|? one might

integrate by part in time, and from the identity 9, f = —ie AN (¢)), we see that this procedure

effectively replaces the quadratic nonlinearity by a cubic one, ie acts as a normal form.

On the other hand, if N (¢) = 9?2 the phase becomes Q(¢,1) = |2 — |n|? — |¢ — n|?, which

cancels on a large set, namely the “time resonant set”

T={¢n): U&n)=0={nLl §—n} (1.12)
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The remedy is to use an integration by part in the 7 variable using e = %Vn(eim), it
does not improve the nonlinearity, however we can observe a gain of time decay in 1/s. This

justifies to define the “space resonant set” as

S={(&n): V& n) =0} ={n=—-¢—n}, (1.13)
as well as the space-time resonant set
R=8SNT={(&mn): Q&n) =0, V,En) =0} (1.14)

For N(¢)) = 4?2, we simply have R = {¢ = = 0}; using the previous strategy Germain et al
[16] obtained global well-posedness for the quadratic Schrédinger equation.

Finally, for (1) = |t/|? similar computations lead to R = {¢ = 0}, the “large” size of this set
might explain why this nonlinearity is particularly difficult to handle.

Smooth and non smooth multipliers The method of space-time resonances in the case
(V)? is particularly simple because after the time integration by part, the Fourier transform
of the nonlinearity simply becomes

e oTmve - ),

where the multiplier > is of Coifman-Meyer type, thus in term of product laws it

n-(§—n)

€12 +Inl>+Ig—nl
is just a cubic nonlinearity. We might naively observe that this is due to the fact that - (£ —n)
cancels on the resonant set £ =1 = 0. Thus one might wonder what happens in the general
case if the nonlinearity writes as a bilinear Fourier multiplier whose symbol cancels on R. In
[14], the authors treated the nonlinear Schrédinger equation for d = 2 by assuming that the
nonlinearity is of type B[y, ] or B[y, ], with B a bilinear Fourier multiplier whose symbol is
linear at |(£,7)] <1 (and thus cancels on R). Concerning the Gross-Pitaevskii equation (L.3)),
the nonlinear terms include the worst one |¢)|> but Gustafson et al [22] managed to prove global
existence and scattering in dimension 3, one of the important ideas of their proof was a change
of unknown v ~ Z (or normal form) that replaced the nonlinearity [|? by v/—A/(2 — A)|Z|?
which compensates the resonances at £ = 0. To some extent, this is also a strategy that we
will follow here.

Finally, let us point out that the method of space-time resonances proved remarkably efficient
for the water wave equation [I5] partially because the group velocity |£|7'/2/2 is large near
& = 0, while it might not be the most suited for the Schrédinger equation whose group velocity
2¢ cancels at € = 0. The method of vector fields is an interesting alternative, and this approach
was later chosen by Germain et al in [I7] to study the capillary water waves (in this case the
group velocity is 3|¢]'/2/2). Nevertheless, in our case the term g(L.) in induces a lack of

symetry which seems to limit the effectiveness of this approach.

Plan of the article In section 2 we introduce the notations and state our main results.
Section 3 is devoted to the reformulation of ((1.1)) as a non degenerate Schrodinger equation, and
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we derive the energy estimates in “high” Sobolev spaces. We use a modified energy compared
with [6] in order to avoid some time growth of the norms. In section 4 we prove our main
result in dimension at least 5. Section 5 begins the analysis of dimensions 3 and 4, which is
the heart of the paper. We only detail the case d = 3 since d = 4 follows the same ideas with
simpler computations. We first introduce the functional settings, a normal form and check
that it defines an invertible change of variable in these settings, then we bound the high order
terms (at least cubic). In section 6 we use the method of space-time resonances (similarly to
[22]) to bound quadratic terms and close the proof of global well-posedness in dimension 3.
The appendix provides some technical multipliers estimtes required for section 6.

2 Main results, tools and notations

The results As pointed out in the introduction, we need a condition on the pressure.
Assumption 2.1. Throughout all the paper, we work near a constant state p = p. > 0, u =0,
with ¢'(pe) > 0.

In the case of the Euler equation, this standard condition implies that the linearized system

Otp + pedivu = 0,
Ou+g'(pe)Vp = 0.

is hyperbolic, with eigenvalues (sound speed) £+/pcg’(pc)-

Theorem 2.1. Let d > 5, p. € R™, ug = Vg be irrotational. For (n,k) € N, k > 2 +
d/4, 2n+ 1> k+ 24 d/2, there exists 6 > 0, such that if

[uoll grzn w1478 + o0 = pell gzniqpnars <6
then the unique solution of (1.1)) is global with ||p — pel| poo(m+ xray < 5 -

Theorem 2.2. Let d = 3 or 4, u = Vg irrotational, k > 2 + d/4, there ezists 6 > 0, € > 0,

1 1
small enough, n € N large enough, such that for — = 573 & if
p

[uoll 2 + NP0 = pellgansr + [lzuoll L2 + [[2(po — pe)ll 2 + [[uollyr-1r + lpo = pellyns <6,

then the solution of (1.1)) is global with [|p — pell Lo (m+ xray < -

Remark 2.1. While the proof implies to work with the velocity potential, we only need as-
sumptions on the physical variables velocity and density.

Remark 2.2. Actually we prove a stronger result: in the appropriate variables the solution scat-

ters. Let £ be the primitive of /K/p such that L(p.) =1, L = L(p), H = \/=A(J' (1) — A),
U=+/-A/G1)—A), f=e"™Up+iL), then there exists fu, such that
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The analogous result is true in dimension > 5 with t=4/2+1 for the convergence rate in L2. See

section for a discussion in dimension 3. It is also possible to quantify how large n should
be (at least of order 20, see remark . In both theorems, the size of k and n can be slightly
decreased by working in fractional Sobolev spaces, but since it would remain quite large we
chose to avoid these technicalities.

Some tools and notations Most of our tools are standard analysis, except a singular
multiplier estimate.

Functional spaces The usual Lebesgue spaces are LP with norm ||-|,, the Lorentz spaces
are LP4. If RT corresponds to the time variable, and for B a Banach space, we write for short
LP(R*, B) = LV'B, similarly L?([0,T], B) = LL.B.

The Sobolev spaces are W*? = {u € LP : V|a| < k, D* € LP}. We also use homogeneous
spaces WhP = {u e L} : Y|a| =k, D*u € LP}. We recall the Sobolev embedding

loc

Vikp < d, WFP(RY) < L9P s 19, g = — P o Vkp>d Whe(RY) < [

_dp
d—k
If p = 2, as usual W"? = H*, for which we have equivalent norm [, (14 |¢|?)¥[@|?d¢, we define

in the usual way H® for s € R and H* for which the embeddings remain true. The following
dual estimate will be of particular use

Vd >3, |lullg- < [lull 2a@r2 .
We will use the following Gagliardo-Nirenberg type inequality (see for example [2§])

. k— k41— _ U/ (k+1—
V1< p<k—1integers, | Dullanss S Jull Vo /P | DRHpy | SR (2.0

and its consequence

Vial+ 18 =k, |D*FD%gllr2 S I1floollgl e + £ 1 e l9lloo- (2.2)

Finally, we have the basic composition estimate (see [5]): for F' smooth, F(0) = 0, u €
L™ N WEP then]
1E@)llwer S CF; [[ulloo)) ullwes- (2.3)

Non standard notations Since we will often estimate indistinctly 2z or Z, we follow the
notations introduced in [22]: 2+ = 2z, 2~ = %, and 2% is a placeholder for z or Z. The Fourier
transform of z is as usual /Z\,A}JIOWGVGI‘ we/\also need to consider the profile e=#H 2z, whose Fourier
transform will be denoted 2% := Tt zE, )

When there is no ambiguity, we write W (or L) instead of W*P (or LP) since it is convenient
to use Holder’s inequality.

2k € RY is allowed, but not needed.
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Multiplier theorems We remind that the Riesz multiplier V/|V| is bounded on L, 1 <
p < co. A bilinear Fourier multiplier is defined by its symbol B(n, €), it acts on (f,g) € S(R?)

BIT.9€) = | B —nFmate - min

Theorem 2.3 (Coifman-Meyer). Ifao‘(?ﬁB(f n) < (€] +|n)) 7118 for sufficiently many o, B
then for any 1 < p,q < oo, 1/r = 1/p+ 1/q,

1B )l < 1 lIpllgllg-

If moreover supp(B(n,& —n)) C {|n| 21§ —nl}, (p,q,7) are finite and k € N then

IV *B(£. )l S IV* Fllpllgllg-

Mixing this result with the Sobolev embedding, we get for 2 < p < oo, % + % =z

1fgllers S flzellglasa +llgllze | fllmsa S NF I 2ollgllmssars + Ngllze | 1 grssars- (2.4)

Due to the limited regularity of our multipliers, we will need a multiplier theorem with loss
from [19] (and inspired by corollary 10.3 from [22]). Let us first describe the norm on symbols:
for x; a smooth dyadic partition of the space, supp(x;) C {2772 < |z| < 27+2}

1B, & =mllze s, = 12°X(V)aB:€ = )l @.rzrs)

The norm ||B(§ — ¢, {)||7 B, is defined similarly. In practice, we rather estimate || B|| L

and use the mterpolatlon estimate (see [22])

1Bllzgsg,, S 1B o IBI s s = 051+ (1= )52

Loo HSQ )

We set HBH[BS] = min (||B(77,§ - 77)H£203571m, |B(& — C’C)HigoBS,l,c)' The rough multiplier

theorem is the following:

1 1 1 1
Theorem 2.4 ([19]). Let 0 < s < d/2, q1,q2 such that - + 3= o + (2 — 2) and
q1

2d
2 < q/17QQ < M7 then

I1B(f,9)lzar S [1Bllssill 1 Loz llgll 2

1 1 1 1
Furthermore for — + — = — + ( — 8), 2< ¢ < % with 1 = 2,3,
@ 9 q 2 d

IB(f,9)llzar S [1Bllssill 1 Loz lgll Lo,

3We write the relation between (q1,q2) in a rather odd way in order to emphasize the similarity with the
standard Holder’s inequality.
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Dispersion for the group e~ According to , the linear part of the equation
reads Oz — iHz = 0, with H = \/—A(¢(L:) — A) (see also section 4). We will use a change
of variable to reduce it to §'(L.) = 2, set H = \/—A(2 — A), and use the dispersive estimate
from [20], the version in Lorentz spaces follows from real interpolation as pointed out in [22].

Theorem 2.5 ([20][22]). For2<p<oo,se€R, U=+/—-A/(2—-A), we have
\|U(d‘2)(1/2‘1/”)90\\]3;, )

itH ;
H SOHB9 td(l/?—l/p) )
and for 2 <p < o0
H itH H HU (d=2)(1/2- Up)@”
v 1d(1/2=1/p)

Remark 2.3. The slight low frequency gain U@=21/2-1/p) i5 due to the fact that H() =
|€]1/2 + |€|? behaves like || at low frequencies, which has a strong angular curvature and no
radial curvature.

Remark 2.4. Combining the dispersion estimate and the celebrated T7T* argument, Strichartz
estimates follow

2 d d

however the dispersion estimates are sufficient for our purpose.

3 Reformulation of the equations and energy estimate

As observed in [6], setting w = \/K/pVp, L the primitive of /K /p such that L(p.) = 1,
L = L(p), z=u+ iw the Euler-Korteweg system rewrites
L +u-VL+a(L)divu = 0,
du+u-Vu—w-Vw — V(a(L)divw) —7 (L)w,
Ow + V(u-w) + V(a(L)divu) = 0,

where the third equation is just the gradient of the first. Setting [ = L — 1, in the potential
case u = V¢, the system on ¢, then reads

{%+ (Vo = VI]?) —a(1 + DAL= —g(1 +1), (3.1)

Ol + v¢ Vi+a(l+ l)AqS — 0,

with g(1) = 0 since we look for integrable functions. As a consequence of the stability condition
(2.1), up to a change of variables we can and will assume through the rest of the paper that

g(1) =2. (3.2)

The number 2 has no significance except that this choice gives the same linear part as for the
Gross-Pitaevskii equation linearized near the constant state 1.
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Proposition 3.1. Under the following assumptions
° (V¢0,l) c H2n % H2n+1

e Normalized (2.1): §'(1) =2
o L(z,t) =1+1(z,t) >m >0 for (z,t) € R¢ x [0, 7],

then for n > d/4 + 1/2, there exists a continuous function C' such that the solution of (3.1)
satisfies the following estimate

IVl przn + (U] 2o
1

t
< (¥l + ollorss)eo [ Ol e o)
0

< (IV(5)l i + uz<s>uwz,w>ds),

where z(s) = Vo(s) +iVuw(s).

This is almost the same estimate as in [6] but for an essential point: in the integrand of
the right hand side there is no constant added to ||[Vé(s)|[jy1.00 + [|[1(8)]lyy2.00, the price to pay
is that we can not control ¢ but its gradient (this is naturel since the difficulty is related to
the low frequencies). Before going into the detail of the computations, let us underline on a
very simple example the idea behind it. We consider the linearized system

B — Al + 21 = 0, (3.3)
Ol + Agp = 0. (3.4)

Multiplying (3.3)) by ¢, (3.4]) by [, integrating and using Young’s inequality leads to the “bad”
estimate

d
%(Wll%z +1UZ2) S 2018ll72 + [121Z2),
on the other hand if we multiply (3.3) by —A¢, (3.4) by (—A + 2)] we get

d/ [VI[* + Vol
R4

27
o 5 +1%)dz =0,

the proof that follows simply mixes this observation with the gauge method from [6].

Proof. Let us start with the equation on z = V¢ +iVI = u + tw, we remind that ¢’'(1) = 2, so
that we write it
Oz +2-Vz+iV(adivz) = 2w+ (2 - ¢ (1 +1)w. (3.5)

We shortly recall the method from [6] that we will slightly simplify since we do not need to work
in fractional Sobolev spaces. Due to the quasi-linear nature of the system (and in particular
the bad “non transport term” iw - Vz), it is not possible to directly estimate ||z|| ;2» by energy
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estimates, instead one uses a gauge function ¢, (p) and control ||¢, A" z|| ;2. When we take the
product of (3.5)) with ¢,, real, a number of commutators appear:

onA"0iz = 0 (pn A" z) — (Oppn) A"z = O(nA"2) + Cy (3.6)
enA"(u-Vz) =u-V(ppA"2) + [pn A", u - V]z :=u - V(p,A"2) + Cs (3.7)
ipn A" (w - Vz) =iw - V(ppA"2) 4+ [pn A", w - V]z :=iw - V(p, A" 2) 4+ Cs, (3.8)
The term V(adivz) requires a bit more computations:
1on A"V (adivz) = iV (pp A" (adivz)) — i(V,) A" (adivz),
then using recursively A(fg) =2V f-Vg+ fAg+ (Af)g we get
A"(adivz) = adivA"z + 2n(Va) - A"z 4+ C,

where C' contains derivatives of z of order at most 2n — 1, so that

ipn A"V (adivz) = iV <<pn (adivA™z + 2n(Va) - A”z)) — iVnadivA™z + iV (9, C)

= iV(adiv(pnA"2)) 4 2inVa - o, VA"z — ia(V + I4div) A"z - Vo,
+Cy, (3.9)

where Cy4 contains derivatives of z of order at most 2n and by notation I;divA™z - Vo, =
divA"z V. Finally, we define C5 = —p, A" ((2 — ¢'(1 4 1))w). The equation on ¢, A"z thus
reads

O (pnA™2) + u - V(ppA™2) + iV (adiv(p, A™2)) +iwu - V(epA”z) + 20, A"w = (3.10)
5

— Z Cr — 2inp, VA" z - Va + ia(V + I;div)A"z - Vo, (3.11)
1

Taking the scalar product with ¢, A"z, integrating and taking the real part gives for the first

three terms
1d

5% Rd
And we are left to control the remainder terms from 1 . Using w = %Vp, on = ©n(p),

we rewrite

1
(onA"2)%dx — 2/ divu|p, A" z|2dz. (3.12)
R4

ippw - V(A"2) + 2nip,V(A"2) - Va — iaV (A" z2) - Vi, —iaVp, divA"z

:igpn<w-V—

aV oy, v_ aVon,

div + 2nVa - V) A"z,
©Pn ©®n

/ /
= ipn [(Z - a(P”) Vp-V — 2¥n Vpdiv + 2na'Vp - V} A"z (3.13)

n
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If the div operator was a gradient, the most natural choice for ¢, would be to take
/ !/

na
P +amﬂ:0@§ﬁ:§;+zf¢¢dm=aﬂm¢ﬁ
n n

For this choice the remainder (3.13) rewrites

a 2ayl

/ /
[(Z — ai”) Vp-V — %Vpdiv + 2na'Vp - V] A"z = (2(; + na’) V- (V= Izdiv)A"z.

Using the fact that ¢, (a/(2p) + na’)(p)Vp is a real valued gradient, and setting z, = A"z,
we see that the contribution of (3.13]) in the energy estimate is actually 0 from the following
identity (with the Hessian HessH):

Im Zn (V — IddiV)Zn . VH(p)d.CIZ‘ = Im/ %(%ZimajH — %(%‘ijaiH
R4 R4

= Im | Z,HessHz, — AH|z,|?
Rd

~0jHz,3, (020 — Dizjn)da
_—

We have used the fact that z is irrotationnal. Finally, we have obtained

5

(3.14)
Note that the terms Cyp, A"z are cubic while @, A"wA"u is only quadratic, thus we will
simply bound the first ones while we will need to cancel the later.

Control of the Cj, : From their definition, it is easily seen that the (Ck)2<i<4 only contain
terms of the kind 0% f0%¢g with f,g = u or w, |a| + |3| < 2n, thus

V2 < k<4,

/ Cron A" zdx

S > 10°£0Pg]| 2| 2| g2
|a|+|8|=2n, f,g=u or w

When |a| = 0, |8 = 2n, we have obviously [|f9°g|l2 < |1 flleollgllz2n, while the general
case || 0%f3%gll2 < || fllsollgll zr2n + 1 9lloo || f|| r2n is Gagliardo-Nirenberg’interpolation inequality

(2.2). We deduce

V2< k<4, S N2llool|2]1 320 -

/ Cron A" zdx

Let us deal now with Cy; = —dyp, A"z, since Oy, = —¢),div(pu) we have

1
S F((Ulze, = L) (lellwroe + l12l1Z0e) 121172

Cro,A"Zd
JR S prTaY
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with F' a continuous function.

We now estimate the contribution of Cs = —p, A™((2 — §'(1 + 1))w): since g'(1) = 2, from
the composition rule we have [|[g'(1 +1) — 2| gon < F1(||1]| oo, HH%HLoo)HlHHzn with F} a
continuous function with F(0,-) = 0 so that

/Rd CspnA"Zdz| S [[(2 = §wl gaellzll gze S (12 = 7' (1+ D)llzee 12l r2n

+ FL(l] oo, 77 llze) U m2n [ 2] o0) [ 21 2

l +1
To summarize, for any 1 < k < 5, we have

/ CrpnAzdzr| < Fy(|llfl e | ——
Rd

with F5 a continuous function.

o) Nlllso Iz llwrce 121 Zoe ) Ul G2+l 2l F2n ), (3-15)

l—l—l

Cancellation of the quadratic term We start with the equation on [ to which we apply
e A", multiply by ¢, (A™)/a and integrate in space

/ n Amg Ay 4 £ LAMAN (V- Vi) + ) A" = 0.
R

d a

A"(aA¢)

Commuting A" and a, and using an 1ntegrat10n by part, this rewrites

ld ‘Pz 2 d 802
s [ e [ Smapans [ Samans. v
- / GEAM AA"Gdz + 7 A”l[ ,a]A¢dx
Rd
Ld [ o0 anpy2g / 4 Pny Amp 2y +/ “”%(A”Z)M(w Vi)
2dt Jga a 7 Jea dt\ 2a
- / Y2 VA" . VA" dz — / A"V - VA”¢dx+‘P"A"Z[ ,a]Adda
Rd

We remark that the integrand in the right hand side only depends on [, V¢ and their derivatives,
therefore using the same commutator arguments as previously, we get the bound

1d ()0721 ni\2 2 n n
—— (A" dx — o (A"V¢)A"Vidx
2dt R QA Rd (316)
1

S Fs(ltlzees 17 o) (ltlloe + l2llwrce + [l2 2o ) N1 r2n + 121120,
with F3 a continuous functlon. Now if we add - to 2 x and use the estimates on
(Ck) we obtain

53 | lonh"ls + A" Rads

S Fa(litlzees 7 e ) (ltlloe + llzllwrec + 2700 ) eIz + 120720,

with Fj a continuous function. The conclusion then follows from Gronwall’s lemma. ]
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4 Global well-posedness in dimension larger than 4

We first make a further reduction of the equations that will be also used for the cases d = 3,4,
namely we rewrite it as a linear Schrédinger equation with some remainder. In addition to
J'(1) = 2, we can also assume a(1) = 1, so that (3.1) rewritesﬁ

{ A — Al + 20 = (a1 +1) — 1)Al — %(\wﬁ — [VI[?) + (20 = g(1 + 1)), (4.1)

O+ Ap=—-Ve -Vi+(1—a(l+1)Ad

The linear part precisely corresponds to the linear part of the Gross-Pitaevskii equation. In
order to diagonalize it, following [20] we set

U:M%, H=+\/-A2-A), p=U¢p, I, =1.

The equation writes in the new variables

8t¢1 + Hl = U<(a(1 + ll) — I)All — %(‘VU_1¢1’2 _ ’Vll‘z) + (2[1 — :qv(l + ll))>,
Oy —Hpy = VU 11 -VIy — (1 —a(l+1,))HU ¢,.

(4.2)
More precisely, if we set 1 = ¢1 + ily, g = (U¢ + il)|i=0, the Duhamel formula gives
t
vl) = et [N (s))ds, (43)
0
with V(@) = U((a(l+h) = DAl ~ %(|VU—1¢1\2 — |VL[?) + (2 — g(1 4+ 1))
+i( = VU 1 Vi — (1—a(l+14))He). (4.4)

We underline that for low frequencies the situation is more favorable than for the Gross-
Pitaevskii equation, as all the terms where U~! appears already contain derivatives that com-
pensate this singular multiplier. Note however that the Gross-Pitaevskii equations are formally
equivalent to this system via the Madelung transform in the special case K(p) = k/p, so our
computations are a new way of seeing that these singularities can be removed in appropriate
variables. Let us now state the key estimate:

Proposition 4.1. Letd > 5,7 > 0, k > 2, N > k+2+d/2, we set ||| x; = |9l Lo (jo,77,57) +
sup (14 t)Y4||op(t)|l e, then the solution of li satisfies
te[0,7]

Iollwrass + [ollan + Gl9lx,s I e a=) I 1%,

Vtelo,T t <
G[ ) ]7 ||w( )HVV"v4 ~ (1+t)d/4 ’

with G a continuous function.

4The assumption a(1l) = 1 should add some constants in factor of the nonlinear terms, we will neglect it as
it will be clear in the proof that multiplicative constants do not matter.
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Proof. We start with (4.3]). From the dispersion estimate (2.5) and the Sobolev embedding,
we have for any ¢ > 0

e ollwaa S (144)%" min L/ s lbolle~ ) S lvollwzass + %ol v

The only issue is thus to bound the nonlinear part. Let f, g be a placeholder for I; or U™ 1¢y,
there are several kind of terms : Vf - Vg, (a(1 +11) — DAF, 2l1 — g(1 + 1), |Vf|?, |Vg|?,
(a(14+11) — 1)Hg. The estimates for 0 < ¢t < 1 are easy (it corresponds to the existence of
strong solution in finite time), so we assume ¢ > 1 and we split the integral from between
[0,¢ — 1] and [t — 1,t]. For the first kind we have from the dispersion estimate and (2.4)):

AL
0

t—1
H/ =G § . gds
0

Wk4 ~ (t — S)d/4
< /“ IV Al IVallwera
~ Jo (t— S)d/4 ’
9 t—1 1
S d
< Wk [ g
1¥l%,
~ td/4

(actually we should also add on the numerator ||V f||yx-1,4]|Vg| g, but since f, g are sym-
metric placeholders we omit this term). We have used the fact that VU ™! is bounded on
WP — [P 1 < p < cosothat [|[V£(s)| e < || fllx, for s € [0,¢], (14+8) 4| Vgllwr-1s < 9l x,-
For the second part on [t — 1,¢] we use the Sobolev embedding H%* < L* and :

t t
S [ IVF Vollgeeands 5 [ IV [Tl s
t— t—

< 2 ' _
t—1 (14 )4
1%,
~ A

t
/ =IH (T f.Vg)ds
t—1

Wk4

The terms of the kind (a(l + ;) — 1)Af are estimated similarly: splitting the integral over
[0,t — 1] and [t — 1,1,

t—1 t—1 _
H [y e g [0 Sl
0 0

Wk (t - S)d/4
S RIS ML/
0 (t—s)/t

As for the first kind terms, from the composition estimate we deduce that:

1

la(1+ 1) = e S F(lllzee(noe), Hm

lzgezooy) llnllvwrna,
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with F' continuous, we can bound the integral above by F(||¢| x,, ||ﬁ||L?O(Loo))”w”2X/t5/4.
For the integral over [t — 1,¢] we can again do the same computations using the composition
estimates ||CL(]. +l1) — 1||Hk+d/2 5 Fl(HZIHL?O(LOO)v ||ﬁ HL;’O(LOO))HllHHkde/Q with F1 continuous.
The restriction N > k + 2 + d/2 comes from the fact that we need [|Af]| grrarz S| fllx-

Writing 201 —g(1+11) = 11(2 —g(l1)/l1) we see that the estimate for the last term is the same
as for (a(l+1;) — 1)Af but simpler so we omit it. The other terms can be also handled in a
similar way. O

End of the proof of theorem (2.1) We fix k > 2+d/4, n such that 2n+1> k+24d/2,
and use these values for X7 = L®([0, T], H*"*! N (1 + t)~¥*W*4). First note that since £ is
a smooth diffeomorphism near 1 and vy = V¢g, we have

luoll gzne—r.ars + 190 = pell gnsrpmnars ~ (U0, L7+ 1) = 1)l gromes rs.avsy2

~  [Poll e wrars,

if ||lp||oo is small enough. In particular we will simply write the smallness condition in term of
hg. Now using the embedding W*#* < W2 the energy estimate of proposition (3.1]) implies

t 1
19 ()| frants < lonmnﬂexp(C/o H(||[Y]lx,, Hm\lm)(llwllwm + ||1/J||§Vk-1,4)d8).

Combining it with the decay estimate of proposition (4.1)) we get with G and H continuous:

1

[¥llx, < Ch <”¢0”Wh4/3 + 1ol gzn + 191, Gl xr 5

| Lse (Lo<))

T
1
+||1110||HN€XP<0/0 H(ll?ﬂllXT,llmllL;o(Loo))(llwllwm+IWH%VHA)dS
1

T | Lse (L))

<G (Wonm/s +lollav + 1915, GI¢lxq |

1
HlHL%Q(LOO))))'

From the usual bootstrap argument, we find that for ||1ol|yyr.4/5 + [|%0] g~y < € small enough
then for any T > 0, ||¢||x, < 3Cie (it suffices to note that for e small enough, the application
m — Cy(e + €™ + m?) is smaller than m on some interval [a, b] C]0, co[ with a ~ 2C}¢).
In particular ||l||s < € and up to diminishing €, we have

+ Il r2n+rexp (Cll[Lx, H (¢l x|

lp = pell oo o7y xme) = L7 1+ 1) = pelloo < pe/2-

This estimate and the H?"*! bound allows to apply the blow-up criterion of [6] to get global
well-posedness.



5 THE CASE OF DIMENSION 3 19

5 The case of dimension d=3,4: normal form, bounds for cubic
and quartic terms

In dimension d = 4 the approach of section 4 fails, and d = 3 is even worse. Thus we need to
study more carefully the structure of the nonlinearity. We start with (4.2)), that we rewrite in
complex form
. 1 ~
Op —iHy = Ul(a(l+1) —1)Al - 5(|v¢|2 — |VI?) + (20 — g(1 +1))]
+i[ = V¢ -Vi+ (1—a(l+1))A¢)]

= UNi(¢,1) +iN2(9,1) = N(¥). (5.1)
As explained in the introduction (see (|1.11))), we can rewrite the Duhamel formula in term of
the profile e=#4). In particular, (the Fourier transform of) quadratic terms read

t . o o
Tquaa = €A © / ¢ is(HOFHFHED) By ¢ )% ()7 (€ — )dnds, (5.2)
0

where we remind the notation Ji = eTitH J}, and B is the symbol of a bilinear multiplier.
For some € > 0 to choose later, 1/p =1/6 —¢, T' > 0 we set with N = 2n + 1:

[llve = llze ™™ 9| Lo r2) + )25 Loe (wreom)
Hwnx(t) = [[o@) g~ + lze ()| 12 + ([0 () [[yr, (5.3)
Ylxp =

sup [[9| x ()
[0,T)

)

From the embedding W3? C W2, proposition implies
1

) Ilxe + 1, )-

91l 5 mrznr S ol prznrexp(C (U e, |

with C a continuous function. Thus the main difficulty of this section will be to prove
[ quadllyy S ||1/JH§(T, uniformly in 7. Combined with the energy estimate and similar
(easier) bounds for higher order terms, this provides global bounds for ¢ which imply global
well-posedness.

In order to perform such estimates we can use integration by part in (5.2)) either in s or 7
(for the relevance of this procedure, see the discussion on space time resonances in the intro-
duction). It is thus essential to study where and at which order we have a cancellation of

Qi +(&n)=H(E)+£H(n)+H(E—n) or VyQis. We will denote abusively H'(§) = 7\2/% the

radial derivative of H and note that VH (§) = H'(£){/|¢|, we also point out that H'(r) = 2;73;22

is stricly increasing.
There are several cases that have some similarities with the situation for the Schrodinger

equation, see (1.121.13}|1.14]) for the definition of the resonant sets 7, S, R.

e Uy = H()+Hn)+HE—n) 2 (El+ Il + 1€ = n)(L+ [&] + |0l + [€ — nl), the time
resonant set is reduced to 7 = {{ = n = 0},
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e QO _=H() —H(n) —H(—n), we have V,QQ__ = H’(n)ﬁ +H' (- n)ﬂ—:g‘ From
basic computations

H = H'(¢€ — =& =
E:S?n) I (E—n) :>{\£77|: 27\75 n|

Vil =0= {
In—¢& — Inl

On the other hand Q__(2n,n) = H(2n) —2H(n) =0< n =0, thus R = {{ = n = 0}.

e O =H() —H(n)+ H(—n), from similar computations we find that the space-time
resonant set is R = S = {¢ = 0}. The case Q4_ is symmetric.

The fact that the space-time resonant set for {24 _ is not trivial explains why it is quite intricate
to bound quadratic terms. An other issue pointed out in [22] for their study of the Gross-
Pitaevskii equation is that the small frequency “parallel” resonances are worse than for the
nonlinear Schrodinger equation. Namely near £ = en, n << 1 we have

(en)~ 1)+ H((e— 1)) ~ =20 - I e pep2 o241 cpal? ~ 20l
2v/2 2v/2

we see that integrating by parts in time causes twice more loss of derivatives than prescribed

by Coifman-Meyer’s theorem, and there is no hope even for £/ to belong to any standard

class of multipliers. Thus it seems unavoidable to use the rough multiplier theorem [2.4]

5.1 Normal form

In view of the discussion above, the frequency set {(£,n) : £ = 0} is expected to raise some
special difficulty. On the other hand the real part of the nonlinearity in is better behaved
than the imaginary part since it has the operator U(£) in factor whose cancellation near £ = 0
should compensate the resonances. In the spirit of [22] we will use a normal form in order
to have a similar cancellation on the imaginary part. In order to write the nonlinearity as
essentially quadratic we set a/(1) = «, and rewrite

Im(N) () = —adAd — Vé - Vi+ [(1+al —a(l +1))Ad] = —alAp — V- VI+ R, (5.4)

From now on, we will use the notation R as a placeholder for remainder terms that should be
at least cubic. The detailed analysis of R will be provided in section At the Fourier level,
the quadratic terms —alA¢ — V¢ - VI can be written as follows:

— alAp— V- Vi = —adiv(IVe) + (o — 1)V - VL. (5.5)

We define the change of variables as | — | — B[¢, ¢| + B]l,[], with B a symmetric bilinear
multiplier to choose later. We have

0:( — Blg, ¢] + B[, 1)) = 2B[¢, (—A + 2)I] + 2B[—Ag, ]

+2B[¢, N1(6,1)] +2B[Na(¢,1),1] (5.6)
= 2B[¢,(—A + 2)l] + 2B[-A¢,l] + R,
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where the quadratic terms amount to a bilinear Fourier multiplier B’[¢, [], with symbol B’(n, {—
n) = 2B(n,& —n)(|In]* + 2 + | — n|?). The evolution equation on Iy = — B(¢, ¢) + B(l,1) is

using (5.5)), (5.6)

8y + A = B"(6,1) — adiv(iVe) + R,
B"(n,& —n) =2B(n, & —n)2+ n* + 1€ —n*) + (L= a)n- (£ —n).

The natural choice is thus to take (note that if & = 1 the normal form is just the identity)

(@=1)n-(§=n)

SR E T
For this choice, we have then:
Olh + A¢p = —adiv(iVe) + R, (5.7)
In addition from we get:
Ot — Al +2l; = —Ab(¢,1) +2b(¢,1) + (a(l +1) — 1)Al — L(|Ve|* — |VI|?)

L — g1+ 1), (5-8)

with [y =1 — B[, ¢| + B[l,l] =1+ b(¢,1). Setting ¢1 = U¢ the system becomes:

1
Orp1 + Hly = U(alAl — §(yVU‘1q51\2 — [VI[?) + (—A +2)b(¢, 1) — g”(1)52> + R,
Oli —Hpy = —adiv(iVe) + R.

Final form of the equation Finally, if we replace in the quadratic terms | = I3 — b(¢,1)
and set z = ¢1 + il; we obtain

1 . .
Oz —iHz = U(aliAly — 5(yvzf—1q51\2 — VL =" ()I]) + (A +2)b(¢, 1)) — iadiv(i1 V)

U (a(=b(¢, )ALy — L Ab(, 1) + b(¢, ) Ab(p, 1) — 2Vb(65,1) - V1 + [Vb(, 1)|?
LA+ 2)(~2B[l, b6 )] + BIb(6, 1), b(o, D)) — §"(1)(b(6. 1)? + 25" (iab(6.1)))
tiadiv(b(é, )Vé) + R
= Q(z)+R:=MN, (5.9)

where Q(z) contains the quadratic terms (the first line), R the cubic and quartic terms.

Remark 5.1. It is noticeable that this change of unknown is not singular in term of the new
variable ¢1 = U¢, indeed B(¢, ¢) = B(Vp,V¢) where B(n, & —n) = W is smooth,
so that B(¢,¢) = E(VU*1¢1, VU 141) acts on ¢; as a composition of smooth bilinear and
linear multipliers.

It remains to check that the normal form is well defined in our functional framework. We
shall also prove that is cancels asymptotically.
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Proposition 5.2. For N >4, k > 2, the map ¢1 + il — z := ¢1 +i(l + b(¢,1)) is bi-Lipschitz
on the neighbourhood of 0 in X, Moreover, 1 = ¢1 + il and z have the same asymptotic as
t — oo:

4 — 2|l x() = Ot ~/?).

Proof. The terms B[¢, ¢| and B]l,[] are handled in a similar way, we only treat the first case
which is a bit more involved as we have the singular relation ¢ = U~ 1¢;. Note that B¢, ¢] =
E(V@ﬁ, V¢), with E[n,f —n = (a— 1)%, and VU ™! = (V) o R; so there is no real
issue as long as we avoid the L space. Also,we split B = BX|y|>[¢—y| +B(1- X[n|>|¢—n|) Where
X is smooth outside 7 = £ = 0, homogeneous of degree 0, equal to 1 near {|¢ —n| = 0} NS2¢~1
and 0 near {|n| = 0} N S?*~1. As can be seen from the change of variables ( = ¢ — 7, these
terms are symmetric so we can simply consider the first case.

By interpolation, we have:

V2 < q<p, Wllwea S [9llxq/(6)*27V9. (5.10)

For the HY estimate we have from the Coifman-Meyer theorem (since the symbol B has the

form m), the embedding H' — L3 and the boundedness of the Riesz multiplier,

||B[U71¢17U71¢1]”HN 5 }|VU71¢1HWN—2,3HVU71¢1HL6 5 H¢1”§((t)/<t>‘

For the weighted estimate ||ze~"H B[¢, #]|| 2, since ¢ = U1 (2p +1))/2, we have a collection of
terms that read in the Fourier variable:

F(ze ™M BUy*, U 9F)) = Vs/e_“Q*iBl (n,& = mE ()™ (€ = n)dn,

U(n) - (€ — mU1(€ -
where B; = ;Wl é‘i Jé — 77!<§ n)X\n|z|g—n|, Quy =-—HE)FHn) FHE—n).

If the derivative hits Bi, in the worst case it adds a singular term U ~1(¢ — ), so that from
the embedding H' — LS

| [ @emit i - man| = I9em* 0¥l 5 10 blhwsolloles
S Wi/,

(=) X iz 1e—n|

TP+ is of Coifman-

If the derivative hits Ji(f —1n) we use the fact that the symbol
Meyer type

< Iels (V) 2(V)e e || 5

S el /()

H [ €816~ )@Vl €~ myan

L2
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Finally, if the derivative hits e~"#* we note that V¢Qiy = Ve H(E) F VeH(E — 1), where
both term are multipliers of order 1 so

S tUllwrslldliws

S el

H / 12 41V Q) By ()0 (€ — n)dny

L2

The W¥P norm is also estimated using the Coifman-Meyer theorem and the boundedness of
the Riesz multipliers:

19 1%
||B1[wi(t),¢i(t)]”ww 5 ”w”%/[/k—l,l/IZ—e/Q 5 H¢H12/Vk,1/6—a S, W_s_éa)

Gluing all the estimates we have proved

IBU™", U™ 9%y S 10115/ 02 IBIU 0, U IR S 1011%,

thus using the second estimate we obtain from a fixed point argument that the map ¢ + il —
o1+ i(l — Blo, ¢] + B[l,1]) defines a diffeomorphism on a neighbourhood of 0 in X. The first
estimate proves the second part of the proposition. O

With similar arguments, we can also obtain the following:
Proposition 5.3. Let zo = Upo+i(lo— Blgo, o]+ Bllo, lo]), the smallness condition of theorem
(12.2)) is equivalent to the smallness of ||zo|| gznt1 + ||x20]l 2 + || 20|lykp -

5.2 Bounds for cubic and quartic nonlinearities

Let us first collect the list of terms in R (see (5.4)), (5.6)), (5.9) ) with b = b(¢,):

(1 +al — (a(l + l))Ad)’ B[¢7N1(¢7 l)]? B[NQ((ZS, l)’ l]? zadlv(ngb),

U(a(=bAly — [y Ab+ bAb — 2Vb - VI + [Vb|*(—A + 2)b(¢, —b) — 2B[l1,b] + B[b,b]).
We note that they are all either cubic (for example B[, |V$|?]) or quartic (for example B[b, b]).
B is a smooth bilinear multiplier and as we already pointed out, ¢ always appears with a
gradient, we can replace everywhere ¢ by ¢1 = U¢ up to the addition of Riesz multipliers.
Since the estimates are relatively straighforward, we only detail the case of the cubic term

Bl¢,|V¢|?] which comes from B[¢, N1(¢)] (quartic terms are simpler). Since ¢ = U~ () +1))/2
we are reduced to bound in Y7 (see terms of the form

t
I(t) = / = OH BIU—Ly* | U vy F Y ds.
0

Proposition 5.4. For any T > 0, we have the a priori estimate

sup [11(8) vz, < 1915,
[0,7]
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Proof. The weighted bound

First let us write
ze "MI(t) = / el <(—z‘szH>B[U—1wi, (U™’ + BUT ', o (U VYT)?)
0
+ VeB[U Y, (Ulwiﬂ) ds,
=L (t) + I2(t) + I3(1).
Taking the L? norm and using the Strichartz estimate with (p/,¢') = (2,6/5) we get
llpgre S I(sVeH)BIUT W™, (U VY5 )?[| 2 goss)
S NsBUT S, (U V)| 2wy,
1Bl S IBUT T, 2(U V)|l pagors)-
7 (L9/?)

We have then from Coifman-Meyer’s theorem, Hélder’s inequality, continuity of the Riez op-
erator and ([5.10)

IsBIU™ =, (U=l g wrossy S [[slliy2slleolmzll 2 S 11%,

3 (5.11)
152l zge ey < Mllwaole (VU952 g |z -

The loss of derivatives in I can be controlled thanks to a paraproduct: let (x;);>0 with
2 xj(€) = 1, supp(xo) C B(0,2), supp(x;) C {2771 <€ <27F1} j > 1, and set Ajy) = X9,
Sjtp = 3"} Agtp. Then

(UTIVYE)? = (VUS55 (VU A™) + ) (VU LS 005 (VU 1A 9%)
j=0 j=1
For any term of the first scalar product we have
r((OUT S0 (O U T AT)) = (OkU ' Sjay™) (06U Ajep™)
+([z, U LS5 (O U 1 A7),

From Hélder’s inequality, standard commutator estimates, the Besov embedding W36 — Bal

and (6.1)) we get

D MOU 82y ) (OpU ™ A ) e S Y 2l 22| Al s S ol g2l llwaee, (5.12)

J J

Z ([, kU810 ) OU A9 ) a2 S WU bl llwrs S 1015,/ (1) (5.13)

J

Moreover, xtp = xef e=H ) = tH ge=itHy, 4 1tV¢H1 so that :

[z ()2 < Ol xr
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Similar computations can be done for 2]21(VU_lSj,ﬂ/)i)(VU_lAjwi), finally (5.12)), (5.13)

and (510) imply

|2 (U 52 S 101
Plugging the last inequality in (5.11]) we can conclude

12llngere < [l /2 < 1911,

The W*? decay We can apply the dispersion estimate in the same way as in section

t—1 t—1 BU—I + U—lv +)\2 ,
/ GH BII-LyE (U 1v )] ds < / | BIU™ 4, ( V) yrrr ds
0 Wh.p 0 (t—s)ttse
3 / VU
~ 0 (t— )1+3€
< /t_l ||w||€vk+1,3p/ (5 14)
~ 0 (t _ S)1+3€ :
We then use interpolation and the estimate (5.10) with ¢ = p’, we have then:
(J=1)/Jy 1/ 19l x
”w”WkH,i‘m’ S WHWk 3p/ HwHWk+J,3p” ‘|¢(t)”Wk»3p’ 5 m

Since 3p’ < 6, we have Y|y ktr3y S ||¥0||gr+s+1 by Sobolev embedding, so that for e small
enough, J large enough such that (2 — 3¢)(1 — %) > 1+ 3e (but J < N — k — 1) we observe

that: ,
< [Pl
kuwlﬂrl 3p’ N <t>1+3€

Plugging this inequality in (5.14)) we conclude that:

/t ! ||w||Wk+1 3p/ Hq/}H_?;(T
0

(t _ 8)1+3e N <t>1+35'

For the integral on [t — 1, ] it suffices to bound || ftt—l =) H BIU=1y* (U='VH)2]ds| yrs <

I ftil | B[U yF, (U=1VT)2]ds| gr+2 and follow the argument of the proof of proposition
O

6 Bounds for quadratic nonlinearities in dimension 3, end of
proof

The following proposition will be repeatedly used (see proposition 4.6 [4] or [22]).

Proposition 6.1. We have the following estimates with 0 < 6 < 1:

[Pl -1 S 10O x @), (6.1)
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U2 llzs < Nl (®)llx sy (6.2)
VI 5 g (Bl e S min(1, 7)) x0),
V1721 ()]s < min(t=?, ¢ (0] x -

U9 ®)ze S 03O x0), (6.4)

(6.3)

In this section, we will assume ||9|| x, << 1, for the only reason that

vm > 2, 615, + 100, S 1)k,

All computations that follow can be done without any smallness assumption, but they would
require to always add in the end some [[1[|'¢ ., that we avoid for conciseness.

6.1 The L? decay
We now prove decay for the quadratic terms in (5.9), namely

t
@l [ Q) s)dslns S ol

For t < 1, the estimate is a simple consequence of the product estimate [|Q(z)| grr2 < 2[5
and the boundedness of e ;. {5 — H*. Thus we focus on the case t > 1 and note that it is
sufficient to bound #1+3¢|| f(f =1 Q(2)(s)ds]|yyww-

We recall that the quadratic terms have the following structure (see )

1 . . _
Q(2) = U(alhAly — §(|VU’1¢1\2 — VL =" (D)E) + (—A +2)b(¢, 1h)) — iadiv(h VU ¢1),

(6.5)
where b= —B[g,¢] + Bll1, 1], B(n,&—n) = 35 "E": so that any term in Q is of the form
(U o Bj)[z*,2%], j=1---5 where B; satisfies B;(n,& —n) <2+ [n|® + [ — |

6.1.1 Splitting of the phase space

We split the phase space (7,€) in non time resonant and non space resonant sets: let (x%),coz
standard dyadic partition of unity: x® > 0, supp(x®) C {|¢| ~ a}, V& € R3\ {0}, Yax4(6) =1.

We define the frequency localized symbol B;L’b’c = x*&)x(n)x°(¢)B;.

Note that due to the relation £ = n + (, we have only to consider B;-l’b’c whena Sb~ec, b<
c~aorc<an~b We will define in the appendix two disjoint sets of indices N7, NS such
that N'T UNS = Z? and which correspond, in a sense precised by lemma to non time
resonant and non space resonant frequencies. Provided such sets have been constructed, we

write
t t
Z / ez(tfs)HUB;‘l,b,C[Zi’ Zi] (S)dS _ / ez(tfs)H Z UB;-I’b’C’T + Z UB;LILQX ds
ab,c”0 0 a.b,cEN'T a,b,cEN'S

o a,b,c, T a,b,c,X
= > I + Y T

a,b,ce NT a,b,ce NS
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For (a,b,c¢) € NT (resp. NS) we will use an integration by parts in time (resp. in the “space”
variable 7).

6.1.2 Control of non time resonant terms

The generic frequency localized quadratic term is

t ) . .
cro [ <e—”<H<f>ﬂFH<”>¢H<§—”>U(é)B;’b’C’Tmg )P (s, m) P (s, € — n>) 1 ds(6.6)
0 JR4

Regardless of the £, we set Q = H({) + H(n) ¥ H({ —n). An integration by part in s
gives using the fact that e 7% = —19,(e*?) and 0s2%(n) = eTHI(N,)E (), 9525 (£ —n) =
T (N E(€ — )

JobeT — F=1(itH () (/ /RN ( 2 () B abcT(n’g _ 77)63(2;(7,)2%(5 —77))>d77ds>
_ [f—l(eitH(f) </RN (i;e—isQ(ﬁ,n)U(S)B;_%b,c,T(n,f - n)(;(n);(g — n)))dnds)]

t .
= /0 el (BS“’TWZ)*, ] B (sz)ds

- [ez(t s)HBabcT[ + Z:t]]o’

)

t

0

(6.7)
with BT (¢ ) = S @0 (e — ) By, € ).

In order to use the rough multiplier estimate from theorem [2.4] we need to control By’
The following lemma extends to our settings the crucial multlpher estimates from [22].

abcT

Lemma 6.1. Let m = min(a,b,c), M = max(a,b,c), | = min(b,c). For 0 < s < 2, we have

M)V2—%
M 21, BT < )

3
<M <<, |BEYET,
(a)

S, (6.8)

We postpone the proof to the appendix.

Remark 6.2. We treat differently M small and M large since we have a loss of derivative on
the symbol in low frequencies. Let us mention that the estimate can be written simply

as follows: )
< M) U (M)~
liBs) < )

Lets us start by estimating the first term in (6.7): we split the time integral between [0, ¢—1]
and [t — 1,¢]. The sum over a, b, ¢ involves three cases: b <a~c¢, cSa~banda Sb~ec.

||BabCT
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The case b S a ~ ¢ for ky € [0, k] we have from theorem [2.4) with 0 = 1 4 3e:

t—1
Hvkl/ ez(t s)H Z BabcT[N:l: i]dSHLP
0

b<San~c

t—1
1 be,T
S| o X @R IE N s

b<an~c

t—1 1 abe B B
q;aww<zwwwmwwwwwwz

b<a~c<1

+ Y @ N U®IB T i IV QU )HL2II<V>NZHL2>d8+R

bSa~c,1<a

b<a~c

vided € < {5 and N —k — 1 + 3¢ > O:

Z ab”Bg,b,c,T”[BU] S, Z Zabbl/2flf3sa7173s S Za1/276€ 5 1,

b<a~c<1 a<l1 b<a

. (6.9)
- 1
where R = / )i Z (a)k ||B§’b’c’T[Ri, zi]HLp/ ds. Using lemma [6.1| we have, pro-
0 _

a<l1

~ Z § U(b)<0>7N+kHBg’b’c’T |(Be] NZZU aN % NZGN k Z 1
<Sa~c, aZl

gN—k—5+3e ™
a2l b<a azl a2l

Using the gradient structure of Q(z) (see -

3 1
10T Q) 2 S llzlfea S Izllp2ll2l 7o (6.10)

so that if we combine these estimates with (6.1)), we get

t—1 1 1
z a,b,c
Hvlﬁ/o Z B T ]dSHLP S H HX/O (t _ S)1+35< ds

3
b<an~c S> 2

We bound now R from : contrary to the quadratic terms, cubic terms have no gradient

structure, however the nonlinearity is so strong that we can simply use |[1,<;U ™" R||2
|R|| 6/5- Using the same computations as for quadratic terms we get

t—1
I [ ST B R s
b<an~c

t—1 1 3 3 B
S/o (t—s)1+38<”1{|’7|51}U "Rl r2|lU "2 g2 + |IU 1RHL2H<V>NZHL2)CZS-
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According to ([5.9)) the cubic terms involve only smooth multipliers and do not contain deriva-
tives of order larger than 2, thus we can generically treat them like ({(V)22)3 using the propo-
sition we have then:

2113
IR ors S llzllmz 220 < t>X IRl 2 < lIzlly2e < < >

1 1

t—1
This closes the estimate as / st’ < prEnrE We proceed similarly for the
0 — S S

quartic terms.
It remains to deal with the term f;l, using Sobolev embedding we have:

t t
Hvkl ez(t—s)H Z BabcT[N:l: :t]dS”LP < H("')”H’“stﬁ
t—1 t-1

bSan~c

with ko = k+1+3e. Again, with o = 1+ 3¢ we get using theorem [2.4)and Sobolev embedding:

t
v / S BT INE 4 ds]| e € / IS BT INGE, 24| grads
t—1

bSa~c t=1 b<a~c
t
b,c,T — —
SO s U@l
t=1 b<a~c<1

+ Y U@ B T oy [UTNQ 2 (V)N 2 2) ds + R,

b<la~c,1<a

where R contains higher order terms that are easily controlled. Using ||[U~'z||zr < ||2]| 52 and

~

the same estimates as previously, we can conclude provided that N is sufficiently large:

t t 3
k pilt—s)H abel[prE L+ 3 1 [E25%
v / 1 S BT INE, sl S lulk / s S g

b<ar~c

The case ¢ Sa~b Asfor b < a~ cwe start with

t—1
”Vkl/ ez(tfs)H Z Bg’b’C’T[N;t,Zi]dSHLp
1

cSanb
< -t 1 a,b,c, T 1
~ ) = s)itEE Z bel| B ipo lUTQ(2) | 21U 2] 12
cSa~bs<1
b OB e QE elel ) ds + R
cSa~b,1<a

with 0 = 1 + 3¢ and R contains the other nonlinear terms (which, again, we will not detail).
This case is symmetric from b < a ~ ¢ except for the term ||(V)*+1Q(z)]| .2, which is estimated
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as follows. Let 1/q =1/3 4 ¢, kg = % —3e. If k4 2+ k3 < N then using the structure of @)
(see (6.5))) and Gagliardo Nirenberg inequalities we get:

k
KV 1Rz S Izlweellzllwrssa S ll2llweollzll grrss S 21X /()

Using the multiplier bounds as for the case b < a ~ ¢, we obtain via the lemma

B t—1
1 1
0.0 T1r :I:
v [ S BT sl <lel [ s
: z,7 o = o) (it
E
~l43e”

The bound for the integral on [t — 1,¢] is obtained by similar arguments.

The case a < b ~ ¢ We have using theorem [2 n and the fact that the support of
FO u<h akl[)’abﬂ’[j\/i z%]) is localized in a ball B(0,b) :

t—1
Hvkl/ ez(t s)H Z BabcT[N:t i]dSHLp
0

aSb~ec

1
b,e,Trprt :t
5/0 1+35|| Z By NG 2]l ds

a<b~c

t—1
| = ;H?,E > GV U@ (@ B I |0 QN 21U~ ()2l

b~c ash

+R,

where as previously, R is a remainder of higher order terms that are not difficult to bound.
We observe that for any symbols (B%(&,n)) such that

V1, lar — az| > 2 = supp(B*(-,n)) Nsupp(B*(-,1)) =0,

then
1Y " B*|lipe) < sup B 5e)- (6.11)

This implies using lemma [6.1] and provided that N is large enough:

S kU OV @ B e £ Y kg U0 supla VAT O)
b~c a<b b a<b a
< U(b)5/2 20 .

~ YINNFo—k—7/2 ~
y (0
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We have finally using ((6.10)):

i t—1
k i(t—s)H a,b,c, T prt :I: 1 L
1A% 1/0 e ;b: By INE, 2Eds| e < |2 HX/O (t = 5)it3 <8>3/2d8
aSb~e
< lull%
~ 4143e”

We proceed in a similar way to deal with the integral on [t — 1,¢]. This end the estimate for
the first term in (6.7)).

The second term is symmetric from the first, it remains to deal with the boundary term:
||Vk1[ it S)HB“bCT[ + zi]]gHLp. We have:

|[Whe BT 2, 2 e <|VHe BT [, 2

6.12
+ IV B T[4 (1), ()] o (012

The first term on the right hand-side of is easy to deal with using the dispersive estimates
of the theorem For the second term we focus on the case b < a ~ ¢, the other areas can be
treated in a similar way. Using proposition Sobolev embedding and the rough multiplier
theorem with s =1+ 3¢, ¢1 = g2 = g3 = p (which verifies 2 < p = %) we have:

a,b,c, T —53¢q~ € -
> IVRB T EE W), E Ol S Y b T T UGUIUT 2
b<a~c<l b<a~c

1l 3¢ _1— - 2|13
5 b2 36(1 1 3€U WU (U 1+3EZ 2 5 || X ,
b U] I S v

vlea,b,C,T + 4 < < >k1b1/2—3e
> IVRBTEE, Ol s Y

b<a~c, a1 b<a~c, azl

I211%
N < =X
<a>k1+1 ”z”LPHZHWhH,p ~ <t>g(1+e)

where in the last inequality we also used ||z[[3 i1 S 2llwesll2llwrsze S |2llwes 2] gy

6.1.3 Non space resonance

In this section we treat the term > , I%%¢X_ Since control for ¢ small just follows from the

a,b,c

HY bounds, we focus on ¢ > 1, and first note that the integral over [0, 1] U [t — 1,¢] is easy to
estimate.

Bounds for (fol +Lil)ei(t_s)HQ(z)ds

t

In order to estimate ||V*! / =91 Q(2)ds|| L», with k; € [0, k] we can simply use Sobolev’s
t—1

embedding (H**2 «— Wkr HN < Wk+44) and a Gagliardo-Nirenberg type inequality (2.4)
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t ‘ t
1] e Qs S [ 1 iesds
t+—1 t—1
t
s/ s sallzllends
t—1

<|| ||2 ¢ 1 d < HZH§(
~ 1Z1x | (s)1+3e S ()43

The estimate on [0, 1] follows from similar computations using Minkowski’s inequality and the
dispersion estimate from theorem

Frequency splitting

Since we only control ze *Hz in L>®°L?, in order to handle the loss of derivatives we follow
the idea from [I5] which corresponds to distinguish low and high frequencies with a threshold

frequency depending on t. Let 6 € C*(RY), 691 = 1, supp(f) C [0,2], O(t) = 0('%), for
any quadratic term Bj[z, z|, we write

high frequencies low frequencies

Bj[2%, 2] = Bj[(1 — O(t))2%, 25] + B;[0(1)2%, (1 — ©)(t)2%] + B;[0(t)2*, O(¢) 2] .

High frequencies

Using the dispersion theorem Gagliardo-Nirenberg estimate (2.4 and Sobolev embedding
we have for p% = % + ¢ and for any quadratic term of @) writing under the form U B; (2%, 2F):

H/tlts (UB)[(1—0(1)=*, %] + UB;[0(1)z, (1 - ©)(1):*])ds

Wk.p

—A syl (1 = ©(8))2lvsads (6.13)

t—1 1 ) 1
=< /1 = sy ol S s

choosing N large enough so that (N — 2 — k) > 1 4 3¢, we obtain the expected decay.

Low frequencies

Following the section we have to estimate quadratic term of the form UB;[2*, 2*] wich
leads to consider:

t—1 o o
f@ﬁwx:é”“{/ t4N<@imUBﬁwabf—m@fW&WGfW&f—m>MM&
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; s iV
with Q = H(§) F H(n) F H({ — 7). Using e :s\Vi,jQ!?
D

the Riesz operator, ©'(t) := 9’(‘?'), J = e ge=H an integration by part in n gives:

. Vne_iSQ and denoting Ri = %
t—1 — —
e ( / : / (7 HEMBLLN (.6 ) - V025 ()©2F (€ — )]
1 RN ’
B (1.6 — )6 ()G (¢ — m)in)ds )
t—1 1 .4 a.b.c a,b,c
_ _/1 e <51:;?7 XlO(s)(J2)E, 0(s)2F] - BY2oN[O(s)2F, 0(5) (J2)*]
+ BSZ?C’X CIOE G)(s)zﬂ) ds
| i(t—s)H a,b,c,X | + +
- ¢ By; [;Rl@ (s)z=,©(s)z™]

— BN o(s) o, ;Rz’@’(s)zio ds.

(6.14)
with: U(6)V,0
a,b,c, X 7 a,b,c,X a,b,c, X a,b,c,X
Bl,j - ’vnQ|2 Bj ’ BQJ - v”Bl,j :
The following counterpart of lemma slightly improves the estimates from [22].
Lemma 6.2. Denoting M = max(a,b,c), m = min(a,b,c) and | = min(b, c) we have:
o [f M << 1 then for 0 < s < 2:
1875 ey S 02 MY, B35 e S 12700, (6.15)
o If M =1 then for 0 < s < 2:
7b7 7X - - 7b7 ) - -
1B Ml S (MYP27*(a) ™, (B35 Mlipey S (M)*12 ()7, (6.16)

We now use these estimates to bound the first term of (6.14)). Since they are independent
of j we now drop this index for concision. As in paragraph the j index is dropped for
conciseness, and there are three areas to consider: b Sc~a, cSceSa~b, aSb~ec.

The case ¢ < a ~ b Let 61 > 0 to be fixed later. Using Minkowski’s inequality,

dispersion and the rough multiplier theorem [2.4| with s =1 +¢1, 1 =1/24+e— % fora <1
q 3 ~
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s=4/3, q% =T7/18 + € for a 2 1 we obtain

t—1 1 .
i [ S ST BN e (), () s,

S
cSa~b

-t 1 a C
S| e X 1B 061220 1

cSa~b<l

+ Y A IBE N s |©(s) T2 12 |©(s) 2 | o ) s

cla~b, 1<a<s®

t—1 1 aba
5/1 m(z Z ||B1’b’ ’X||[Bl+81]||9(5)JZHL2H@(S)Z]||LQ

a<l cSa~b

+ 3" YT IBEYON | pass10(5) T2l 12 ©(5) 2| Lon ) s

1<a<ss  cSa~b

Using lemma and interpolation we have for £; < 1/4 and €1 — 3e > 0,

D 2 B N gy 3ol R enm ) g,

a1l cSa~b a<l1 cSa
€1 —3¢ 1761*‘36 HwHX
I ()llize S Mo Mol ™™ S s

In high frequencies we have:

2 3/2 4/3 H¢HX

St S EETT < T ()l $ I

1<a<s cSa~b

Finally we conclude that if min (g1 — 3¢,1/3 — 3e — §(k + 7/6)) > 3e (this choice is possible
provided € and § are small enough):

k1 =1 1 —z(t 5 ach + < =1 H’ZH?X
v 1 HOI:A s)(J2)%, 0(s)zF]ds|| » < o a ds

a,b,c (t o S)1+3€

The case b < ¢ ~ a is very similar, the case a < b ~ ¢ involves an infinite sum over a
which can be handled as in the non time resonant case with observation (6.11). The term

=17
vk / fez(t_s)HBiL’b’c’X[@(s)zi, O(s)(Jz)*]ds is symmetric while the terms
1 S

=l _s a,b,c L.
v [ Lo e (L pier ()%, 005) 4

1
= BN O(s)2%, 5 Ri6)(5)2*])ds|| v
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are simpler since there is no weighted term Jz involved.

The last term to consider is

t—1
[V [ e S BN e (s)s 00 s

S
a,b,c
Let us start with the zone b < a ~ ¢. We use the same indices as for Babc. s =1+4¢q,
1 _ - 1 _
1=1/2+¢e—e1/3,51=4/3, - =T7/18+¢,
t—1
1 .
HV’“ / Zeilt=s)H Z Bg’b’c’X [@(s)zi, @(s)zi]dsHLp
1 5 b<a
t—1
by, X _
S/ S5 (D D U®UEIB" " [lipree U O(s)2ll 2 |U O (5)2]|| o
) a1 bSa~c
b,c,X
+ ) d Z By ipum U1 0(8)2] 12[(V) O ()] | L ) ds
1<a<s b<ar~c
(6.17)
For M <1 we have if g1 < 1/4:
,b,e, X _
>0 D UBUEIB ey £33 0 <1
a1l b<c~a a1l b<c~a
Furthermore we have from proposition
_ - [
U () e S Il 1T ()l S U IR T2 N0 1567 S 555
S 5
Now for M 2> 1
2()1/2 4/3 HZ”
é X
Z Z rg Z a S s H<v>k@(s)2HLq1 S s1/3-3¢"
1<a<s®  bSe~a 1<asst

If min (3(e1 — 3¢)/5,1/3 — 3 — §) 2 3e, injecting these estimates in (6.17)) gives

vk R T B2 X19(5)J2, O(s)z2]d < i I=1% ds < 2115
H ) ;6 ( Z 2 [ (5) 2, (S)Z] SHLPN 1 (t_s)1+3581+3€ SNM'

b<e~a

The two other cases ¢ ,S a~band a < b~ ccan be treated in a similar way, we refer again to
the observation in the case a < b~ c.

It concludes this sectlon the comblnatlon of paragraphs [6.1.2] and [6.1.3] gives

< =I5 + lI=01%
~ <t>1+35

ei(t_s)HQ(z(s))ds

‘W’%P

Remark 6.3. From the energy estimate, we recall that we need k > 3 (see (5.3))). The strongest
condition on N seems to be (N —2 — k)§ > 1. In the limit ¢ — 0, we must have at least
1/3 —(k+7/6) > 0, so that N > 18.
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6.2 Bounds for the weighted norm

The estimate for ||z [; e t g=isH Bz, z]ds|| 2 can be done with almost the same computations as
in section 10 from [22]. The only difference is that Gustafson et al deal with nonlinearities
without loss of derivatives. As we have seen in paragraph the remedy is to use appropriate
frequency truncation, so we will only give a sketch of proof for the bound in this paragraph.

First reduction Applying ze~ " to the generic bilinear term U o B;[z*, 2¥], we have for
the Fourier transform:

t t N N
]:(:Ue_itH/ =Y B, [E, 2] :/ /d Ve <e_iSQUBj(77,£ —n)zE(s,n)2E(s, & — 77)> dnds

" oo (6.18)
As the X7 norm only controls ||Jz| 12, we have to deal with the loss of derivative in the
nonlinearities. It is then convenient that & —n < n in order to absorb the loss of derivatives;
to do this we use a cut-off function (£, n) which is valued in [0, 1], homogeneous of degree 0,
smooth outside of (0,0) and such that (£,n) = 0 in a neighborhood of {n = 0} and (¢, n) =1
in a neighborhood of {§ —n = 0} on the sphere. Using this splitting we get two terms

[ [ ve(e 0B e~ mote.F .6~ ) s, .

//Rd < 01— (5:"7))UBj(77a§_n);(syﬂ);(s,é—nodnds.

By symmetry it suffices to consider the first one which corresponds to a region where |n| 2
€], 1€ — n| so that we avoid loss of derivatives for Vez*(s, & —n).

An estimate in a different space and high frequency losses Depending on which term
V¢ lands, the following integrals arise:

FlI = / /RN *ZSQV (0(¢, nUDB;j(n, & — n))zi(s U)Zi(s ¢ — n)dids,
Fly = / / e*iSQH(f,n)UBj(??,f — n);(&n)v?);(s,f — n)dnds,
0 JRN

t 4 . .
Fly = / / ¢ (15T )O(E, mUB; (0, € — 1) 7% (s, m) 2% (s, € — n)dnds
0 RN
t
= .7-"(/0 e 5B, [zi,zﬂds),

Bj(n,§ —n) = (isV)0(&,mUB;(n, £ — ).
The control of the L? norm of I; and I is not a serious issue: basically we deal here with smooth
multipliers, and from the estimate ||z xe_”Hz||L1TL2 < HzHL1TLoo||:ce_”H
apparent that we can conclude. The only point is that we can control the loss of derivative

with:

2llpeore S N21%, it s
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on Jz via the truncation function #; and it suffices to absorb the loss of derivatives by z. Due
to the s factor, the case of I3 is much more intricate and requires to use again the method of
space-time resonances.
Let us set

I2llsy = llzllgerr + 1U°
—itH

z||L2TW1»6>
Izllwz = lloe™ 2l g -

Gustafson et al prove in [22] the key estimate

t .
H/O B_ZSHSB[Z:E,Z:‘:]CZSHL%O[; S ||z||%TﬂWT’

where B is a class of multipliers very similar to our B;, the only difference being that they are
associated to semi-linear nonlinearities, and thus cause no loss of derivatives at high frequencies.
We point out that the Sy norm is weaker than the X7 norm, indeed HU_1/6Z”L%W1,6 S
||Z”L%W2,9/2 S HZHXTH1/<t)5/6HL2T S 12|l x,- Moreover we have already seen how to deal with

high frequency loss of derivatives by writing (see paragraph |6.1.3))
Bj[2%, 2] = Bj[1 — O(t)2%, %] + B;[0(t) 2%, 2%, (6.20)

Let 1/q = 1/3 + ¢, the first term is estimated using Sobolev embedding and the fact that N is
large enough compared to 9:

t
[ ] emsmlet a8 [ sl - 0)slwslelsas < [ L,
0

S = ”XT'

The estimate of the second term of follows from the (non trivial) computations in [22],
section 10. They are very similar to the analysis of the previous section (based on the method
of space-time resonances), for the sake of completeness we reproduce hereafter a small excerpt
from their computations.

As in section one starts by splitting the phase space

t .
/ e’(t_S)HsBj[G( * jEds—E:/ i(t=s) abCT+BabCX)[@(s)zi,zi]ds

0 a,b,c

For the time non-resonant terms, an integration by parts in s implies:
t
/ e’(t*S)HsB?’b’C’T[@(s)zi,zi]ds
0
t
=- / e <(B;)“’b’C’T[@(s)zi,zi]ds + (BT s0 ()N, 27
0

+(B))“PeT[O(s) 2, sNE] + (B)) 0T [—657°0(s)|V |27, zi]> ds

+[ st(B/)abcT[S@( ) :I:’ :I:H07 ( )
6.21
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with: . .0
1
B/:zbcT’ BabcT‘ vt abcTe
We only consider the second term in the right hand side of , in the case ¢ < b~ a. All
the other terms can be treated in a similar way. The analog of lemma in these settings is
the following:

Lemma 6.3. Denoting M = max(a,b,c), m = min(a,b,c) and | = min(b, c) we have:

I8y 5 (7 ) 1) (6.22)

We have then by applying theorem

Ht/m —isH }E: ly abc]’scw )Afzi,zi]dsHLz

cSa~b

S I (AR P R D PR P

cSa~b
(6.23)
From lemma [6.3] we find
> U@IBY iy S “lez,
cSanb cSa (6.24)
< Z a4y a2 <1
a<l a>1

Next we have (as previously forgetting cubic and quartic nonlinearities)
V)Nl S Nzlfpas S 1215, /()22,
and from (6.4) |U"2(s)|| s < (s)7%/5 so that
—isH b,e,T +
[ / ST (B T[N 2, 2 ds] xS el (572 Ol S 12l

cSa~b

6.3 Existence and uniqueness

The global existence follows from the same argument as in dimension larger than 4: for N = 3,4
combining the energy estimate (proposition , the a priori estimates for cubic, quartic
(section [5.2)) and quadratic nonlinearities (section@ and the proposition we have uniformly
inT

”L%"(L"O))

1 < Ot (Wollnars + ol + 101, Gl

+ [0l granrexp (C'l|4]| x, H (‘|¢HXT7Hl_i_l”L%O(LOO))))'
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with G and H continuous functions so that from the standard bootstrap argument and the
blow up criterion (see page |3) the local solution is global.

6.4 Scattering

It remains to prove that e~"H4)(t) converges in H*(R3), s < 2n + 1. This is a consequence of
the following lemma:

Lemma 6.4. For any 0 <t; < t9, we have

1 e s e < AP (6.25)
" L N(t1+1)1/2 .

Proof. We focus on the quadratic terms since the cubic and quartic terms give even stronger

decay. From Minkowski and Holder’s inequality and the dispersion |||z < M%:

ta t2 2
| [ e N sl S [P leds, £ [0l

t1 t1 t1

to 1
S Wl [ s

Interpolating between the uniform bound in H*"*! and the decay in L? we get
”efitle(tl) i efitgHw(tQ)HHS g 1/<t1>(2n+lfs)/(4n+2)’
thus e~*H4 converges in H* for any s < 2n + 1. For d = 3, the convergence of xe ")

in L? follows from an elementary but cumbersome inspection of the proof of boundedness of

t ) to .
xe~"H ). If one replaces everywhere / ze U N ds by / ze “H N, ds, every estimates ends
0 t1

up with [|¢]/% ttf J(1+s)"H'ds, k=2,3,4, ¢ > 0, so that ze~"*4) is a Cauchy sequence in
L?. A careful inspection of the proof would also allow to quantify the value of ¢’.

A The multiplier estimates

The aim of this section is to provide a brief sketch of proof of lemmas[6.2] and let us recall
that Bi, B2 and Bz depend on the phase Q@ = H(&) F H(n) F H( — n) in the following way

ab,c B; a c
Byt = o U XXX,

a.b.c BV Q a c
Y = eV OO I — ),
abc V,Q2 . .
By =, (Bjm’b,QU(ﬁ)x (X" (mx“(€ — 77)>,
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Recall the notations:

’5’ ~a, ’77‘ ~ b, ‘C’ ~C
M = max(a,b,c), m = min(a, b, c), | = min(b,c).

(A1)

The function x4, resp. Xp, Xc, are smooth cut-off functions that localize near || ~ a (resp
In| ~ b, |¢] ~c). We set as in [22]:

a=1[C—¢, B=C+al, nt=Exn. (A:2)
As a first reduction, we point out that the B}s satisfy the pointwise estimate
VEB; (0,6 — )| < (M)*F (A-3)

We will see that the term [=% causes less loss of derivatives than if V, hits 1/Q and |V, 9,
so that it will be sufficient to derive pointwise estimates for V*(U/?), V*(UV,Q/|V,Q[?, and
then multiply them by (M?) to obtain pointwise estimates for the full multiplier.

A.1 The +— case

If Q= H()+ H(n) — H( —n) Gustafson et al in [22] decompose the (§,7,() region (with
¢ =& —n) into the following five cases where each later case excludes the previous ones:

1. |n| ~ €] >> [¢| (or ¢ << b ~ a) temporally non-resonant.
2. a > /3 temporally non-resonant.

3. |¢| > 1 spatially non-resonant.

4. |n*| << M|n| temporally non resonant.

5. Otherwise spatially non-resonant.

The estimates of lemmas [6.26.1| are essentially a consequence of the pointwise estimates in [22],
section 11, except in the fifth case where we provide a necessary improvement. We sketch all
five cases for completeness,

1. If || ~ |&] >> [¢], we have

Q] =Q=H(&)+ H(n) - H(C) = H(M) ~ M{M). (A.4)

VOl £ IVH)| £ (1), (920 5 (A5)

From these estimates, the B; estimate (A.3), the volume bound [{|¢| ~ m}| ~ m?® and
U(¢)Bj ¢

Q xX“x"x HL;O(H;) N mgfs, which is better

an interpolation argument we obtain H

than .
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2. In the second case a > /3 so that |(| ~ | Z I€]-
We cut-off the multipliers by: (o = ({ ¢ ), for a fixed I' € C°°(R?) satisfying I'(x) =

for [z] > /3 and T'(z) = 0 for || < 3. In this region,

> ~ < < I A.
920 2 (M)le] ~ (Mym. [V,9 £ Fy7 + T S (A.6)
(M)ym _ 19|
Va0l = [V2H(n) = VPH(Q)| = [V2H(n) = V2H(=()| S TR (A.7)
As a consequence:
3 3 3
U() b o (M2 M2 om (M)Mz"  (M)I2°
— XX 700 775 = ~ . A.
Remark A.1. The use of the normal form is essential here as for general Babc we
would obtain in equation (-/
U(§) b R i
a c o rra A.

and the term % could not be controlled. The same issue applies for the next areas.

3. The case M ~ |¢| 2 1 and a < v/3. We remind that the symbols to estimate are:

V,Q a c a,b,c
U OX X X (€ =), V- (B (A.10)
V€|
According to [22], the pointwise estimates in this region are
9,9 ~1Ic = ol + )6 2 el (9480 < el * S el h ()

Differentiating causes the same growth near |n| = 0 as in (A.3)), we deduce for s € [0, 2]

2p2
B ,Vvéigx[a]U(é) (é)xb(n)xc(ﬁ—ﬂ)\\gzﬁ<A2)Sb (a) = (M)21275{a)" ", )
19, (g - B O ~ ), 5 14,

4. The case |n| << M|n| corresponds to a low frequency region, where the symbol has a
“wave-like” behaviour. In this region

1>> M ~[¢], a <3, || = [nl|sin((n,£))] << M]n], (A.13)

100Mb
CP(R) satisfying x(u) = 1 for |u| < 1 and x(u) = 0 for |u| > 2. In particular

1
The localization uses the (singular) cut-off multiplier x|, = X( inl > with y €
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1
’V];X[J_]‘ S (M)k7 for all Kk > 1. The worst case is M = |([, in this case Q does
not cancel thanks to the slight radial convexity of H:

Jellmlqel + D)

Q=H(+n)—H() —H(y M?*m, |V,9Q| << [€]. A.14
For higher derivatives we have:
14k _ okt k1 i k —k
[V QU = VYT H () = VI H(Q)] S M [VaBil S 17 (A.15)

For |n| ~ b, |n*| << Mb, the region has for volume bound b(Mb)? = M?2b3, we get by
integration (for s integer) and interpolation

- U(a)(M2b3)1/2
L2 ~ MQm(Mb)S

c

U a c 1 _sqar—s
Hg(f)xmx[a]x x'x SETMTE (A.16)

5. In the last case we need a slight refinement of the symbol estimates from [22]: in the fifth
area, || 2 Mb ~ [clln], M ~[(] << 1, a=]|¢—¢] < V3.

We have |V,Q| = [H'(]n)i + H'(IC1)C| ~ H'(|n]) — H'(IC]) + 7+ ¢] = [+ ], and

oA InAaE=m)|  Inngl Intlél
= e T e i e

indeed, if 7, ¢ form an angle 6, |n A ¢| = |n|||| sin @] and |ﬁ+z| > |sin@)|. Thus |V,Q| 2
(€1l 1/(Inll¢h) 2 1&] (in [22], the authors only used [V, Q| 2 [C][€]).
For the higher derivatives, we combine (A.15) with |V, Q| > |¢|lnt|/|nl|¢] to get

vEQ
Vk =2, v, S |£k|71 N k712 I
(V| ~ Mnlk=18 ~ [n|F=2|nt|

(A.17)
so that we have the pointwise estimate
2 k
SR\ R
IVQI\ V€ &l m- [

Following [22], we then use a dyadic decomposition |n*| ~ p € 2Z, Mb < pu < b. For
each p integrating gives a volume bound pb'/? and using interpolation we get for s > 1

r V0
V2P

v

Ul(a)ub'/?
ap®

I0©/1Vellllgs < D ~ B2

MbSush

A.2 The other cases

The —+ case This case is clearly symmetric from the +— case.
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The —— case The decomposition follows the same line as in [22]. Note however that the
analysis is simpler at least for M > 1. Indeed in this area |V, Q| ~ |H'(n) — H'({)| + |7 —
82 |1nl = 1<l + 17 = & ~ In — €| so that we might split it as {5 — ¢| 2 max(nl, <)} and
{|n—¢|] << max(|n|,|¢|)}. The first region is obviously space non resonant. The second region
is time non resonant, indeed since M 2 1 we have in this region [£| ~ || ~ |¢| 2 1. Using a
Taylor development gives

H()—-H(n)—H()=H2n+(-n)—H(n)—H(n+{—n) = H(2n)—2H(n) +O(a)|¢ —nl),

this last quantity is bounded from below by |n|? for || > 1, |¢ — 5| small enough.

For M < 1, we can follow the same line as for ZZ by inverting the role of § and ¢. Note that
the improved estimate in the last area relied on |V, Q4 _| > [+ ¢| > |nH|€]/(In]|¢]) and can
just be replaced by [VyQ——| 2 [7 = ¢| > |n*[¢]/(nll¢]).

The ++ case We have Q = H(&) + H(n) + H(C) Z (€] + [0l + [C (1 + €] + [n] + [C]), the

area is time non resonant.
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