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On a Lagrangian method for the convergence from a
non-local to a local Korteweg capillary fluid model

Frédéric Charve* Boris Haspot |

Abstract

In the present article we are interested in further investigations for the barotropic
compressible Navier-Stokes system endowed with a non-local capillarity we studied in
[7]. Thanks to an accurate study of the associated linear system using a Lagrangian
change of coordinates, we provide more precise energy estimates in terms of hybrid
Besov spaces naturally depending on a threshold frequency ( which is determined in
function of the physical parameter) distinguishing the low and the high regimes. It
allows us in particular to prove the convergence of the solutions from the non-local
to the local Korteweg system. Another mathematical interest of this article is the
study of the effect of the Lagrangian change on the non-local capillary term.

1 Introduction

1.1 Presentation of the system

The local and non-local Korteweg systems aim to study the dynamics of a liquid-vapour
mixture in the diffuse interface approach (DI), where the phase changes are seen through
the variations of the density. These systems are based upon the compressible Navier-
Stokes system with a Van der Waals state law for ideal fluids, and endowed with a
capillary tensor modelling the behaviour at the interfaces between the phases. This
capillary term was introduced in the DI approach in order to obtain physically relevant
solutions by penalizing the high variations of the density.

We refer to [7] for a physical presentation of the diffuse interface model, and of the
local and non-local Korteweg systems. Let us recall that the local model of the capillary
term was introduced by Korteweg and the non-local model was introduced by Van der
Waals and renewed by F. Coquel, D. Diehl, C. Merkle and C. Rohde (for an in-depth
presentation of the capillary models, we refer to [33] and [10]).

Let p and u denote the density and the velocity of a compressible viscous fluid. As
usual, p is a non-negative function and u is a vector-valued function defined on R?. In
the sequel we will denote by A the following diffusion operator

Au = pAu+ A+ p)Vdivu, with >0 and v=XA+2u>0.
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The Navier-Stokes equations for compressible fluids endowed with internal capillarity
read:

atp + le (pu) = 07

O(pu) + div (pu @ u) — Au+ V(P(p)) = kpVD|p].

Let us mention that the capillary coefficient x may depend on p but in this article only
the constant case is considered. In the local Korteweg system (NSK), the capillary term
Dip] is given by (see [16]):

Dlp] = Ap,

and, in the non-local Korteweg system (NSRW) (introduced in its modern form by C.
Rohde in [32] and also [10], see Van der Waals [36] for the original works), if ¢ is an
interaction potential which satisfies the following conditions

(|1 +1*)¢() € L'RY), | P@)de =1, ¢ even, and ¢ 20,

DIp] is a non-local term:
Dp] =¢xp—p.

If we compute the Fourier transform of the capillary terms, we obtain ((;?(5 ) —1)p(€&)
in the non-local model, and —|£|?p(€) in the local model.

We are interested in the closedness of the solutions of these models when &5\(5) is
formally ”close” to 1 — |£|?. In [7], we approximated the local Korteweg model (NSK)
with a non-local model such as system (INSRW) where we chosed a specific function ¢,
in the capillarity tensor. In this paper we will once more consider the following non-local
system:

(NSRW) { Ope + div (P'eua) =0, -
Ou(peuiz) +div (peu @ ue) — Aus + V(P(pe)) = pe 5 V(9e * p= = pe),
where 1,z 1 o|?
o= o) with 6a) = e T
For a fixed £ the Fourier transform of ¢, is gz/b;(g) = ¢~=’I¢I* and when ¢ is small, %

is close to —|¢|?.

We will consider a density which is close to an equilibrium state p and we will intro-
duce the change of function p = p(1 + ¢). For simplicity we take p = 1. The previous
systems become:

(K) g+ u.Vqg+ (1+q)divu =0,

du+u.Vu— Au+ P'(1).Vq— kVAq = K(q).Vq—1(q)Au,
and
(RW:)

Oqe +u:. Vg + (1 4 ¢o)divu. =0,
K
Oyue + ue. Vue — Au. + P'(1).Vq. — 6—2V(¢€ *qe —q:) = K(q:).Vge — I(qe)Au,
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where K and I are real-valued functions defined on R given by:

~ P'(1+q)

K@) = (P - T

q
d I(q) =——.
) d 1=

1.2 Existence results

Let us now recall some results concerning the local and non-local Korteweg systems.
As for the compressible Navier-Stokes system (we refer to [3], [11], [17], [6]) both of
these systems have been studied in the context of the existence of global strong solutions
with small initial data in critical spaces for the scaling of the equations. For example,
concerning the strong solutions, we refer to [14], [22] (and [19] in the non isothermal case)
for a study of (NSK) system, and to [18] for (NSRW). In [23], we show the existence
of global strong solution with large initial data on the rotational part when we add a
friction term.

Let us mention that the well-posedness of the compressible Euler Korteweg system (when
i = A = 0) has been studied in the case of variable capillary coefficient by Benzoni,
Danchin and Descombes in [4].

The solutions of the compressible Navier Stokes or non-local Korteweg systems have
the same behaviour. Namely the density regularity is separated by a frequency threshold:
in low frequencies, the solution is subject to a heat-type smoothing, and in the high
frequencies, there is only a damping effect due to the term of pressure (modulo that
the pressure is at least locally increasing with respect to the density). The solution
of the local Korteweg system is more regular: for all frequencies, we have a parabolic
regularization on the density (see [14, 22]). We refer to the appendix for the definitions
of the Besov spaces introduced in the following results.

Theorem 1 ([1/]) Assume that P'(1) > 0, min(u,v) > 0 where v = 2u + A, that the

L ; . S e oL . .
initial density fluctuation qo belongs to 322,1 N 32271, and that the initial velocity ug is in

Ld_
(B3, 1)d. Then there exist constants ng > 0 and C' > 0 depending on &, u, v, P'(1) and
d such that if:

laoll g L <k
-1 11

+ ol
2,1

.d d
22,1 22,
then system (K) has a unique global solution (p,u) such that the density fluctuation and
the velocity satisfy:
.d_q . d . diq .dyo
¢ €C(Rw, B, NB3)NL Ry, B N B5),
. d_q .dyq
weCRy, By NI Ry, B3

+

1

1 .

Moreover the norm of (q,u) in this space is estimated by the initial norm C'(||qo]| . 4
B}, nB

d
2
2,
ol )

Remark 1 Further in this article R. Danchin and B. Desjardins provide a Fourier study
of the linearized system and observe different behaviours whether the quantity v? — 4k
is positive, negative of zero. In all cases they obtain parabolic regularization.



Remark 2 In [21], the second author obtains some generalizations of [14] in as much as
with a specific choice on the capillarity and the viscosity k(p) = /—1), wu(p) = p, we obtain

the existence of global strong solution with ug € Bé;} and In(1 + qo) € Béw N Bé;}
(let us point out that in this case we can work with discontinuous initial density). We
also refer to [23] for the existence of global strong solution with large initial data on the
irrotational part when we added a friction term. In the sequel as we shall deal with a
Lagrangian change of coordinate which requires a Lipschitz control on the velocity, we
need to work in the framework of the functional space introduced in [14]. The second
reason Is that the existence of global strong solution for the system (N.SRW') with initial

d d_q
data in B3 N By remains open and is probably false in general.

As for the compressible Navier-Stokes system, in the (NSRW') model the density fluc-
tuation has two distinct behaviours in some low and high frequencies, separated by a
frequency threshold. This naturally leads to the definition of the hybrid Besov spaces,
involving two different regularities for low and high frequencies, introduced in [7] and
defined for . = [3 logy(zzz) — 1] (v is a constant and Cp = 8) and s,t € R by :

def . 1 .
lall e =D 2% Asgllz2 + D 5_22”HAIQHL2- (1.1)

1<l. 1>,

Definition 1 ([7]) The space E? is the set of functions (q,u) in
. . . . . . d
<Cb(R+= B3 ' N B3y N LRy, BEF N B§+2’8)) X (Cb(R—H By N LY (R, BS?))
endowed with the norm

def
gl 2 hull o gy + el g + e

+ HUHLlBSjI + “q”L13§+l,s + HqHLlB§+2,s. (12)

We first state the global well-posedness for system (RW.) with uniform estimates with
respect to ¢ (see [7]):

Theorem 2 ([7]) Let ¢ > 0 and assume that min(u,v = 2p + X) > 0. There exist
two positive constants nr and C only depending on d, k, u, A and P'(1) such that if

el
2

.d_q . d .d_q
q € B3y N B3y, up € By, and

1 .

+ ||uw <
H%HB§; OBQgJ I oHBQgil <nr

1

d
then system (RW;) has a unique global solution (pe,u.) with (g-,u.) € EZ such that:

g1 .4 )
51 NB3 1

1(ge; ue) |l 4 < Clllaoll + Jluoll .
B B L B

d
2
2,



Remark 3 Note that in the low frequency regime (I < l. ~ —%log g), the parabolic
regularization for q. is the same as for the Korteweg system, indeed the low frequencies
. d . d
of g. are in L} (B;jl N BQQ’ILQ).
The main result in [7] is the following: when the initial data are small enough (so that
we have global solutions for (K) and (RW,)) the solution of (RW;) goes to the solution
of (K) when ¢ goes to zero.

.d_ . d
Theorem 3 ([7]) Assume that min(yp,2pu+X) > 0, P'(1) > 0 and that gy € B3, ! NB; 4,

.d_q
ug € B3, . There exists 0 <n < min(ng,nr) such that if

\\QO\\BQ%I_IOBQ%

o luoll g <,

2,1
then systems (K) and (RW;) both have global solutions and ||(¢: — ¢, ue — u)|| ¢ tends
E

to zero as € goes to zero. Moreover, with the same notations as before, there exists a
constant C = C(n,x, P'(1)) > 0 such that for all a €]0,1] (if d = 2) or a €]0,1] (if
d>3), and for all t € R,

1(ge — qyue —w)|| 4, < Ce?,

E2¢

This results relies on the following estimates:
Proposition 1 (/7], Proposition 1) Let ¢ > 0, s € R, I = [0,T[ or [0,4+00] and v €

. d . d
LI, B;jl) N L2(I, B3 ). Assume that (q,u) is a solution of System (LR;) (see below)
defined on I. There exists a constant C' > 0 depending on d, s, u, v, p, k such that for
allt e I,

HUHztooB;;l + \|Q||ztooB§31 + ||Q\|zg<>3§’1 + ||u\|zg35§1 +llalizrgerrs + llallzs povas

C [y (Vo]
<Ce

g HIOI2 4 Jar
N |
21 P (lluollgs + laoll gy + llgoll 5,

1INz gt + I1F g, + G 7y 3=t (13)

Remark 4 Let us point out that the main difficulty consists in obtaining the previous
accurate estimates in Besov space depending on the parameter € for the linear system
(LR;). Indeed it is quite tricky to deal with the convection terms (let us point out that
it is absolutely necessary to integrate the convection term v-Vq in (LR.) in order not to
loose regularity on the density in the remainder term F', indeed (RW.) does not provide
any regularizing effects on the density in high frequencies), in [7] we use energy methods
and symmetrizers.

The goal of this paper is to propose a more robust method which allows us to precisely
keep track of the dependance with respect to the physical coefficients: viscosity and
capillarity.



1.3 Statement of the results

Classically, as in the study of compressible Navier-Stokes systems-type in critical spaces
(see [11, 6, 17]), for proving the theorems 2 and 3 (see [7] section 2) the key point consists
in obtaining a priori estimates on the following advected linear system (¢ > 0 is fixed
and for more simplicity we write (q,u) instead of (g, u.)):

Oq+v.Vg+divu = F,
(LR:)

Btu—l—vVu—Au—i-qu—— (e xq—q) =G.

With
Au = pAu+ (A + p)Vdivu.

As mentioned before, in the present article we are interested in obtaining, from a
different point of view, these energy estimates by using a Lagrangian change of coordinate.
Our method provides a more precise dependency of the various constants with respect
to p = P'(1) and the well-known ratio v /4« (that also appears in the local system, and
in any evanescent Viscosity—capillarity limit. In the 1D case, we refer to [8] for the study
of this limit (when 7= = O(1)). This result is proven via the introduction of an effective
velocity).

Remark 5 In Proposition 7 we provide two equivalent (and more accurate) expressions
for the hybrid norm ||.|| gs.s+2 and we will only use them:

| e
lig, ~ 30— 214 e

JET

bexf—f

Il ggsae ~ 122

T
~ S min(—5, 22| As e (1.4)
JEZL

2xV9e=V4e Yo in fact the same regularity as
15

Consequently the non-local capillary term
. .d_o .d_q
the local capillary term VAgq : both of them belong to Ltl(Bi1 NB3y ).
Let us now give the main result of the present article, which is a sharper version of
Proposition 1 (see the previous section):

. d
Theorem 4 Lete > 0, ——+1<8< 5+1,1=10,T[ or [0,+00] andveLl(I,Bf’fl)ﬂ

L2(I,B§71). Assume that (q,u) is a solution of System (LR.) defined on I. There exists
eg > 0, a constant C > 0 depending on d, s such that if ¢ < g, for all t € I (denoting
v=p+2\ and vy = min(v, 1)),

lullze ggr + llallgge gyt + Vllallgge gy, + vollulizy gy +vllallzy o + 02 llllgy poves

c/ (Ve g + oI i
S C L2 74& B

2,1 2,1
YAk

% (luoll g + llaol g + vlaollpg, + 1F gy g + VIFl g, +1IG 7y ) (15)



where )
1 4k V7,
Cp% = Cmax(\/ﬁ,%)max(§7(ﬂ) ),
1+ A+upl+p+v 1
Chise = | A + max(1, ﬁ)

Yo

Remark 6 The viscous coefficient C,;s. satisfies:

B %—i—max(l,y—%) IfX+p >0,
Cise = 20 4 omax(1,4) IFA+p <0
v ) 3 [

and when both viscosities are small, we simply have C;sc < max(1,

).

X
ol

Remark 7 The norm ||q||71 3s+1.s-1 in the left-hand side has to be compared to the term
t Pe
lqll71 gs+1.« from proposition 1. Thanks to the last term in the left-hand side, there is no
t Pe

loss of regularity. We only chose to write it this way in reference to the more meaningful
equivalent expression from (3.49).

Remark 8 Let us give a few comments about the advantages of the Lagrangian method
compared to the symetrizers techniques used in [7]:

e First we are able with this method to provide accurate estimates tracking the
physical coefficients and especially the influence of the ratio ﬁ (we also refer to
[14] for the importance of this ratio in the local Korteweg system). Indeed it plays
an important role when considering the vanishing viscosity-capillarity process. In
the one dimensional case we proved in [8] the global convergence of the classical
Korteweg solutions to the global weak entropy solutions of the compressible Euler
system when k = v? and v goes to zero. Let us also mention the works of Lax and
Levermore ([30]) who consider the non-viscous case and prove a vanishing capillarity
process from the KdV equation to the Burger equation in the context of dispersive
shock solutions (the main tool is the inverse scattering theory). Lefloch also studies
the KdV equation with viscosity, and shows that the previous ratio is critical for
the convergence towards a weak entropy solution or to a dispersive shock solution
(notice that this also seems to be observed in numerical simulations). In particular
we expect our linear a priori estimates to be useful to study the vanishing process.
This is the object of a future work.

e Seconds, the coefficients of the last two terms in the left-hand side of (1.5) are v
and v?, which in the setting k ~ v? with v small, are larger than the v® obtained
in [7] (see the end of section 2.1 therein).

e Another important feature of the present paper is that this method allows us to
deal with Besov spaces constructed on general L” spaces with r # 2 in the spirit
of [6]. Indeed, such results cannot be obtained with symmetrizers methods, which
are by nature based on energy methods and scalar products in L?>. We refer to the
appendix for results in this direction and to [7] for the compressible Navier-Stokes
system.



The paper is structured in the following way: instead of using energy methods and
symmetrizers (see [11, 7]), we will first consider the linear system (L R.) without transport
(this is the object of the second section, where we precisely study the different frequency
regimes). In section 3 after presenting the Langrangian change of coordinates, we provide
equivalent expressions for the hybrid Besov norm, and perform the Lagrangian change
of variable, as introduced by T. Hmidi in [24] (in high frequency regime, transport terms
prevent any direct use of the linear estimates).

Asin [15, 6, 25, 26, 27] we get estimates on the advected linear system and for this we
need to bound additional external force terms generated by the change of variable. This
is done thanks to estimates dealing with the action of a lagrangian change of variables
on frequency truncation, such as the one proved by Vishik (see [37]), we also refer to
[3]. In this part we focus on the main difficulty of the present article which consists
in estimating the commutator of our non-local capillary operator under the Lagrangian
change of variables. We end this section by giving an extension of our estimates allowing
results in Besov spaces defined on L™ with » # 2. The appendix is devoted to give the
main tools of the Littlewood-Paley theory and recall classical results on the Lagrangian
flow.

Remark 9 Let us mention that another approach would consist in introducing an effec-
tive velocity as in [17] in order to diagonalize the system in a certain way and to cancel
out the coupling between density and velocity. This is the object of another article.

Remark 10 For general considerations about non-local operators we can refer to the
work of Rohde and Yong (see [34]) and the recent paper of Alibaud, Cifani and Jakobsen

(see [1]).

2 Linear estimates

The aim of this section is to obtain linear estimates for the following system:
{ 0rq + divu = F,

L.
(Le) 6tU—Au+qu—§2V(¢e*q—Q)=G-

With
Au = pAu+ (A + p)Vdivu.
Let us state the frequency-localized result that we will use in this article:

Proposition 2 Let e >0, s € R, I = [0,T] or [0, +o0c[. Assume that (q,u) is a solution
of System (L.) defined on I. There exists €y > 0, a constant C' > 0 depending on d, s,
co and Cy such that if e < eg, for all t € I (as usual vy = min(v, u)), and for all j € Z,

I8l + 2B gulygpe+ (0402 (1sale -+ vmin( . 2 Byl

1 4k 1?2 9
< CmaX(\/ﬁ,%)maX(ﬁ,(ﬂ) )

x (14 v2) 1&gl + IAzuollge + (1 +v2) | A Flly 2 + 145G g2 (26)



2.1 Study of the eigenvalues

As in [11] or [6] we first introduce the Helmholtz decomposition of u. If the pseudo-

-~

differential operator A is defined by Af = F~1(|.|f(.)), we set:

v=A"ldivu,
(2.7)
w=A"lteurlu

then u = —A~'Vov + A~'divw and the system turns into:
Oiq+ Av =F,

(L) v — vAv — pAq + gA(gbs xq—q) = A"ldivG,
dw — pAw = A teurl G.

The last equation is a heat equation, easily dealt thanks to classical heat estimates in
Besov spaces (we refer to [3] chapter 2), so we can focus on the first two lines and compute
the eigenvalues and eigenvectors of the matrix associated to the Fourier transform of this
new system:

8q+ |€[o = F,

~ ~ ~ K 221412 ~ 7
00 + v|¢)? —p!§\q+€—2\§!(e Sl —1g=—

Il

As the external forces appear through homogeneous pseudo-differential operators of de-
gree zero, we can compute the estimates in the case F' = G = 0 and deduce the general
case from the Duhamel formula. So we finally study the following system:

I _ 4T B 0 —|£|>
@(6)‘“)(@) th AQ): <p|s|+§|s|<1—e—62'f'2> el )

The discriminant of the characteristic polynomial of the matrix is:

A= e (P — 4 (p+ 51— )),

¢G.

and thanks to the variations of function f. : z +— v2x — 4 <p +5(1 - 6*525’3)), we obtain

the existence of a unique threshold x. > 0 such that

A {< 0 if [¢2 < 2.,

> 0 if [¢]? > ..

We emphasize that when % > 1, f. is an increasing function on R, and when % <1,
fe is decreasing in [0, 6% log(‘i—é{)] and then increasing.

Proposition 3 Under the same assumptions, we have:

( 4dp 2
if = >1
V2 — 4k 4k ’
AR Y = T P
e—0 € K 4Kk ’
[T°R7 ry
(2 lfﬂ <1,



1—e™ %
T

. Moreover

2
where a,@ v = a(g;) is the umque positive root of function x — 1 — ﬁ“
we have —1<agy <

1

Proof: First, as the function h : 2 — 1=¢— decreases from [0, 00| to 0, 1], we easily

prove that the following function:

2
fe(x) dp Akl —e =7
- SR A 9.
9:(2) v vz 1?2 (28)
is an increasing function from ]0,00[ to | — 0o, 1], and for a fixed = > 0, it is increasing

with respect to e (Vo > 0, V0 < ¢ < €, g-(z) < ges(x)), which implies that ¢ — x.
increases when e decreases to zero.

Then, computing gs(y%Q) —e i — pe

, which is positive when ¢ is small enough, as g.
is increasing, we obtain that z. < % %z when ¢ is small enough. Computing gs(y ) =
— 28 h(e22 24p) < 0 we easily get that . > 12’ . Finally we obtain that:

If” > 1, as for all z, 0 < h(z) < (xe) =
Wthh implies that the sequence 565 is bounded (and therefore convergent because
monotonous), so that 2z goes to zero, and thanks to the fact that f-(z.) = 0 and

h(z) — 1, we obtain that z. — 24—1’4_
x—0 e VS 2R

o If ﬁ = 1, guided by the value of ge(%) =1- ‘”’l — h(eC), and thanks to function
study and Taylor expansions, we get that:

2p1+ &2 21
/2p cu <y BRIEVE
K 19 K 19

o If Z < 1, guided by the value of ge(%) we obtain that for sufficently small e

2 2
a(¥= a(®=) +¢
) o i) e
€ €

2, . . o . e .
Where a(%:) is the unique positive root of function x + 1 — ﬁ—’; 1 < ~ and satisfies

dr 1<aw<4“ ]

v

Then we can compute the expressions of ¢ and :

-For the low frequencies (A < 0), when || < \/Z:, we have:

tA tA

q(&) = 3 ((1 + 5t + (1 - ﬁg))ew‘*> (&) — i 00(6),
6(6) =1 <p+ 6%(1 — 6*52‘5‘2)> %%(5) 41 1 <(1 o ﬁg))et)\-F + (1 + S(ig))et)\_) 6\0(5)’

with:

= V/=0:(EP) = \/ % (p+ S5 —e=le)) -1 (2.9)

and

re =~ s,

10



-For the high frequencies (A > 0), when [{| > |/z., we have:

—~ R A _th o
7€) = 5 (1= gg)e™ + (1 + 7hy)e™ ) @(6) + g €),

R . . A _tho \ ~
5(6) = — (p+ 51— e 1)) oG (©) + 4 (1 + 7)™ + (1= )™ ) @(8),

with:
R() = Vg:([£P) = \/1— ﬁ (p+€—ﬁ2(1—e*€2\5\2)) (2.10)
and
_ e
Ay = 5 (1£ R(€)).

Remark 11 It will be crucial for the time integration to observe that

B ey _ VP
p - =) = CEE0 pya 4 R

Remark 12 In the low frequency regime, both eigenvalues provide parabolic heat regu-
larization. In the high frequency regime, when |£| is large, A, ~ —v|€|? (which generates
parabolic regularization), but A\_ ~ —(p+ %), that only provides a damping. This is the
same behaviour as for the compressible Navier-Stokes system, and we refer to [11], [3]
and [6] (for a precise computation of the Fourier transform of the solutions).

Remark 13 These results have to be compared to the same study for the local Korteweg
system, in this case the matrix becomes:

( 0 —[¢] >
[€l(p + slE)*) —vigP )

And the discriminant of the characteristic polynomial, A = |¢|? ((y2 —4K)[€]? — 4p),
satisfies:

—v 244 (12— 2 . . .
o If % <1, A<0and \p = €l ilthp (E—dr)lE] (parabolic regularization

everywhere),

° Ifﬁ > 1, A < 0 then A > 0 with threshold —-2—, and in the high frequency regime,

v2—4K’
2
when || is large, A_ ~ —%(1 —/1 - i—’;) which, contrarily to the previous cases,

generates parabolic regularization.

11



2.2 Pointwise estimates
2.2.1 Thresholds

As seen previously, we recall that x. satisfies:

(4p 2
ﬁ lfz_/i>17
1 /2
IR e S
2
a(Z—) . 2
\ 62“ if - < 1.

But in the following we will be able to get a frequency threshold of size 1/¢2 in each of
the three cases, for that we will not directly use z. as the announced threshold but a
larger term, y., defined the following way (we refer to (2.8) for the definition of g.):

DN 3
951(1) 1fM<Z’ 2
Ye = where M = —. (2.11)
- )i M > o
YV} =T
As g. is an increasing function from |0, 00[ to | — oo, 1[, we have z. < y.. The following

property shows that y. is large enough:

Proposition 4 Under the previous estimates, there exist two constants 0 < y; < 72 and
€g such that for all 0 < ¢ < gg,

7 72
1’5<_2§y5§_2-
15 15

. _ 2 3 . 3 3 . _ 2 3
Moreover, if M = - > 4, then v1 and 7y, are universal constants, and if M = 7- <

then we have: 1 3
— —1l<a(M) < < < —.
i a( ) 71 <72

<
- M

W =

Proof: Here it will be more efficient to compare ﬁ to % instead of 1:

First case: If M = ﬁ > % we define 1 and 9 by:

1 1
h(m) = 5 and h(y2) = 7.

As 95(6%) —1— V‘é—’bg? — ﬁh(C), we obtain that

7 1 4p
96(8_2) =1 e

and if € is small enough (depending on p, v,y and M),

72 1 4p
96(8_2) =1-—- 2—252 > e (ye)



Second case: If M = ﬁ < %, 1 and 7o are defined by:

3 1
h(y1) = ZM and h(vyz) = §M

Like previously, we compute:

gi! 1 p o 1
— ) = 1 —_— - =
e g2 ) 4 vy c 4 c
and if € is small enough (depending on p, v and 7,),

Y2y 1 5
95(8—2) =1-5- P > ge(Ye),

In both cases we conclude using that function g. is increasing.

In the second case, to get the lower estimate we use that h(y;) < M = h(a(M)) to
obtain that (remind that the function h is decreasing) a(M) < ;. We conclude thanks
to the fact that a(M) > & —1> 1. W

2.2.2 Estimates

Now that we have defined the frequency thresholds z. and y. we can state the main
result of this section:

Proposition 5 Under the previous notations, there exists a constant C', such that for
all j € Z and all ¢ € 27C where C is the annulus {¢ € R?, ¢y = % < gl < Cy = %}, we
have the following estimates (we denote by f; = Aj f and we refer to the appendix for
details on the Littlewood-Paley theory):

o IF €] < /7o
(1+02)G0)] < Ce 5 (1 +v2)fa@s0) + 1+ L) e)l)
GO < CeF (14 020)(1+ VP + )3 (©)] + [73E))
o If T2 <[] < B

(14 v2)|g(6)| < % o (0 +v29)l@5©)] + (1 + L)lFe5©)1)

55(8)] < 15 1 =) (2703 + [05()]) »
— g if M > 3.

o If ] > \/ye:

(14 v29)|3;(€)| gc<e— +eus2(“’”l>t> <(1+V2j)\QO]( )|+ 1+ )05 )!),

N (1 95(00223)) mcg2 (1\/95(0322]-))) (,jgj@jj(gﬂ + |@(5)|) )

27
utcOQ J

el <c (e

13



Proof: We split the study according to the two frequency thresholds:
Low frequencies: assume that & € 27C with || < \/zc, then the discriminant A < 0
and the system has two non-real conjugated eigenvalues, thanks to (2.9), we can write:

. L _eth - LA _etho

G(§) =3 <(€M+ +e) + Zg(ig))) G0.4(€) — g 004 (6),

R . " - e _etA B LA _gth .
) =i (p+ 51— e 1)) =056 + 3 (™ + ) + i 75 ) Ty (),

with:

S(§) = V—g:(I€?) = \/@ <p + E%(1 - e*€2\£\2)> 1

and

Ao =—

”’5‘2 (1£i5(€)).

Here we have to cope with two difficulties:

1. neutralize S(¢)~! for frequencies close to \/Zz, as S(£) goes to zero as || goes to
Ve,

2. if we are not careful, the first term in the expression of the velocity will provide
either 672, either 272 which would make our estimates useless.

The first point will be adressed by considering the following block:

etM — etr- vile)? ei%s@) - e‘iﬁs(@ ) o vt sin(“2 5(¢))
e s intlef? = —ivtlgfreE 222
(&) 255 5(€) 5-5()
Asfor all x > 0, ze™* < %e‘x/Q, we obtain that:
|et>‘+ — etr- | 4 _vrjg? (2.12)
—_— | < —e” T4, .
5(8) Te
We then deduce:
R _utc%22j - 1
501 < 5 (IE01 + sl ) (213)
And finally:
. ut0222j .
v2|gi(&) < Cem 1 (2] q0;(&)] + [T0(6)]) - (2.14)

For the velocity, we can also use (2.12), except for the first term (that provides large
coefficients described as difficulty 2 in the previous page.):
oA _ ot

v[glS(€)

We can observe that S(&) > ,/% -1 = ﬁ 4p — v2|€]?, which makes sense only
when [£] < 2,/p/v. Therefore we split the study into two cases:

A=i(p+ S0 —e=kR))

14



o If [¢| < /2p/v then v[¢|S(§) > /4p — V2[€]> > 2p and as 1 — e™® < z, we get:

p+ &[]

2

Using this together with (2.12), we get:

v

([ ]+ le]) < —5=2=2e

NeT

2p Lilel
‘A’§ P+ K3 ,t\2§\.

501 < ce ¥ (VA + i)+ w50

going back to the density we can estimate the last term, and in addition to (2.14),

we obtain: .
_ vtcd2?

13 (O] < Cem 7 (lg0,5 ()] + [v05(E)]) -

o If /2p/v < || < /@, then we have ge(i—g) < g:(|¢]?) < g=(x.), which implies:

4k
2

4 K 21212
1 —( —1—*5‘5‘) 2(1
< o (4 0= ) <o+ 2

and we obtain for the velocity:

.  wtcd2¥ 4 S o
5] < Ce 8 (04 SwIa o] + e )

and for the density fluctuation, thanks to (2.13), as [£| > +/2p/v, we also have:

2527
Vtco2 J

(6] < Cem 4<@wm+j%%mm)

Finally, gathering these estimates gives the first point of the proposition 5.
Remark 14 Note that gg(%) < gg(%) < 0= ge(zc) so % < xe in any case.

Remark 15 We emphasize that in the case of the compressible Navier-Stokes system
(see [6]), such a distinction was not necessary as the analogous of S(§) was ,/% -1

and the threshold was located at |¢|* = 3—’2’.

High frequencies: assume that ¢ € 2/C with |¢| > V/Ye > /e, then the discrim-
inant A > 0 and the system has two real eigenvalues. Thanks to (2.10) we write the
localized quantities:

tA

- /\ e _ethe
7€) = 3 <(1 - %)eth + (1 + %)ew\_) 00,5(§) + WUOJ(@,

R " _ e _tA o O\ —
G(€) = — (p+ 51— e =WF)) S gi ) + (14 glg)e™ + (1 - ghg)e™ ) W3(6),

ma:xwam%:Vﬁ—;ﬁﬁ(p+gu—e%%%) (2.15)

15



and

re =201 e

vtg|? . .
We have e+ < e~ 2 and as explained, when || is large we cannot hope to get

parabolic regularization from A_. But the definition of y. implies that in this case

1 : 2 3
1M =1 <4,
ge(’ﬂz) > 9:(y:) = . L.

[SY]

therefore 3 5 < R <1, 14+ R(¢) € [1,2] and 1 — R(¢) € [0,3]. More precisely, as

€ > ye > %, we have:

n 21e12
1_R(§)2 _ V2?§|2 <p—|— 6_2(1 — e ¢ ‘5‘ )) 2 p

1— R(£) = = > —(1—e ).
©= TR T R(E) Z gt e
So that we can bound A_ = —%5‘2(1 — R(€)) and - < e 152177 Which allows to
estimate the density fluctuation the following way:
. 1 1 . e et
a;(& §_<1+ e 4 et >q7'£+7v,-§,

vtlgl? 4

<5 e u’52“‘””>(|aa;<s>|+

1

Sg@©l). @10
213

Using successively that [£] > ¢p2/ and [¢] > 7z > @ yields the estimate given in

proposition 5.

Concerning the velocity, we have two main difficulties in this frequency domain:

e Obtain parabolic regularization for the velocity, even when the ”damping eigen-
value” A_ is involved.

-2

e As previously, estimating like before the first term provides coefficients ¢~ * (un-

bounded in €) or 2% (too many derivatives).

In order to neutralize these large coefficients, we rewrite the velocity as in Remark 11:

A =801 RE)( + RE) s a0 (©)],
[G()] < A+B+Cwith { B=5(1+ )™ [505(6)],
(

g — D (w56l

We can easily estimate B:

vte 2221

B < Ce "V fg5(6)] (2.17)
The other two terms involve A_ and have to be handled carefully as we wish to get L'

in time estimates:
utc02 25

C<C-R(§))e =B 555 (€))-

16



Using the fact that function g. is increasing, as co2’ < |¢] < Cp27, we have:

\/96(0322j) < R(é) =V 9€(|£|2) < \/96(0322j)
1—1/9:(C32%) <1—R(€) <1 —1/ge(c52%),
so that we can write:

vte2227 -
c<c (1—\/ge<c322j>> o V@) ). (2.18)

We estimate the last term by:

and

viel P T
A =20 - R+ RE) e
A < Ay + Ay with e_utgF (14+R(€))
Ay = Y1 = R)1 + R(©)) R 0@

Ay is easily dealt:
utc%QQj

Ay < CV2j67T|%,\j(£)|’

and finally we get:

) ) _ vieg2?) ./ 2925))
Ay < Cv2i <1—\/95(C%22J)>€ —( gE(CO2J)>’QO7j(§)‘-

Gathering these estimates together with estimates (2.17) and (2.18) leads to the an-
nounced result in this case.

Remark 16 Though small, terms like 1 — \/g-(C2227) will allow to get L' in time
estimates with parabolic regularization.

Medium frequencies: assume that ¢ € 2/C with /7. < |¢| < /7z. We use the
same formula as in the high frequency case. Due to the fact that R(&) goes to zero when
|€] goes to /T, we write the localized density and velocity as in the low frequency case:

o e oA oths _ VIR _
56 = (2 + e + ) @) + i ©)

~ el e ethe 1/, o e et
0j(§) = = (1= R(§)(1 + R(f))wqw(f) T3 <€ et + W) 00,5 (&),

In this frequency domain, we define m such that:
LitM =2 <3,

def
0= e\ Le R = € 2 mo= e\ve) =
Voe(a2) < R(§) = Vg:(1P) < R BV e ul SV

17



As m < 1 we have

{1 <1+ R(¢) <2 (2.19)

l-m<1-—R(E) <1

The aim is to get parabolic regularization and neutralize the possibly vanishing R(§)
near /x, by considering the following blocks:

|et)\+ _ 6t>\7 | _ et)\7 _ 6t>\+ _ et)\_ 1— et(>\+—>\7)
R(¢) R() R(E)
As Ay = —%5‘2(1 + R(£)) (see 2.10), we have: Ay — A_ = —v|¢]2R(€) and then (thanks

to the variations of function h and to (2.19)):

oA _ oA 1 — e VHEPR(E)

vtlg|?
| = vt|e]PeN ——————— < t[¢Pe < wt|g)Pem 2 U,
TRe T R = <
Finally, using once again that ze ™" < %e_””/Q, we obtain:
e+ — eth- C vtle]?
< ——r (mm), 2.20
e < e (220)
From this we easily get that:
>N C 71/150822]. 1— o 1 o
BO1 < e V0 (IG5 + @) (2.21)

Using successively that ¢ € 2/C and |¢| > \/7z > @ the estimate of proposition 5. As
Ay > A_, with the same method, we obtain the corresponding estimate for the velocity.
This ends the proof of the proposition. H

2.3 Time estimates

As in the case of the compressible Navier-Stokes system (see [6] section 3.1), due to the
choice ¢g = 3/4 and Cy = 8/3 (see the appendix), we can observe that there exist at
most two indices j = jo—1or Jo = Jo such that \/y: € 29 [cq, Co) for j € {10,30}.

The aim of this part is to prove the following result, which implies Proposition 2.

Proposition 6 Under the same assumptions as in Proposition 2, there exists a constant
2
C such that for all j € 7Z (denoting M = - ):

e For all j < j,,
ol ce + 022 sl + (402 (lagllzmre + 127 lasll ) <

)HWHB) ,

(7. M%) (14 02) 0+ VPl 2+ (1 +
(2.22)

18



e For all j > j,,
. . 14
[villLeere + VQQJHUJ'HLgL? + (1 +v27) (||%HL;>°L2 + 8—2HQJ‘HLgL2> <

. 1
C max(1, M) ((1 02 g0y lle + (1 + ﬁuvo,jup) |

(2.23)

Remark 17 Notice that due to the separated results in low and high frequencies, the
coefficients here are more precise than in Theorem 4.

Proof: As previously, three cases have to be considered:

High frequencies: if j > jj + 1 then \/yz ¢ 27[co, Co] and for all £ € 27C, we have
Z—% < VY: < o2 < €] < Cp2’ so that we only use the high frequency case from the
previous proposition. Integrating with respect to ¢ (we recall that the frequencies are

localized in 27C), we obtain thanks to the Plancherel formula:

. _vtyg
(1+v2)llgjllpz < C (e 3 4w (<1+u2ﬂ>uqojup+<1+ T)lvoglz)

follae < € (&5 + (1= Vor@m) e 4 0T ) (1912 + onls2)
This immediately implies that:
(1402l < O (@4 v2)llao iz + (L L)lleollce)

[vjlleere < C (¥27]lqo 4]l 2 + llvoi]l22) -

The L}-estimates require a little more work:

2

(1 +v2) g5l 2 < C (5 + 25 ) (L +v2) oz + (1 + Zp)lleolzz )

1— ( 222]’) .
lvjllpize <C <Vc§1221 + ch?gzj 1\/5:(2%22j)> (v2lqo,jll 22 + llvoill2) -

Thanks to the definition of +; (see Proposition 4) we can write:

mo [eMiEM=2 >3
m_{gifM:§<§,
o that: 2¢2 ve? g2 ooy g2 M
e T 2 ) S e

Proposition 4 also implies that 1/v; is bounded from above by a universal constant, so
that we obtain:

2
. € . 1
(1+v2) g3 z2 < O max(1, M) ((1 +v2) gl e + (1 + ﬁumgug) L (2.24)
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We now turn to the velocity: as function g. in increasing, we get that 95(0322j ) <

. _ 2927
9-(C32%7) and then 11957((20222;)) > 1. This term has to be bounded uniformly in € and
—V 9= (L

j. Thanks to the expression and variations of g. we first write:

1—/g:(c2%)  1—g.(c32%) L Vo C322%)
1-— 95(032%‘) 1- 95(02223 1+ /g:(c32%)

C2£—|— 02
2
<4-JE 8“2j<4 0, (2.25)
CO£+1 67802 0
K g2

as function z — 1 — e™% is increasing. This yields:
il g2 + v27 [J0s]| a2 < C (v27|lao,ll 22 + w03l 22) -
so that estimate (2.23) immediately follows.

low frequencies: when j < j, —1 we know that \/y. ¢ [c027, Cp27] and here we will
have to consider both cases |{| < z. and z. < |£| < y.:

lasllze < € (181 a1y llie + 151 ymaiei<yimllie) -

Using the medium and low frequencies estimates from Proposition 5 provides:

. vtcd22d 1 vt 227
(vl < € (&5 4 e = 0om)
—m

. 1
(@ v2lalloe + 0+ oz .- 220)
which implies:
(14 02) (laillere + 2 gil10) <
C ; 1
e (2l + (4 —lng e ) - (220

Let us recall that from Proposition 4 we have:

1<

The same can be done to the velocity and gives:

[0jll g L2 + 2% [[vjll 1 2 <

O max(1, 1?) <<1+u2ﬂ‘>< FVBL+ i (€ )|+|@<5)|). (2.28)
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Which implies 2.22 in the case j < Jo— L.
Threshold frequencies: in the case j € {10,30}, we know that \/yz € 27[cg, Co]

which may also be true for \/z.. Therefore we are forced to write (even if the first term
of the right-hand side is zero when M > 1...)

lgill: < C (||‘1Aj1{\5\<\/E}HL2 + 161 ym<ie< etz + ||@'1{|£|>\/ZTE}HL2) :

Using all three estimates from Proposition 5, together with the specific bounds

il 2627 72
E <29 < 6—2,
0 0
we end up with:
. 1 vtc222] _rl-e”71 2452j
(1+ ]/2‘7)qu-||L2 <C (1 e~ 1 (1-m) +e v m c§2 Jt>
—m

. 1
x ((1 ) laogllee + (1 + ﬁuvo,jup) . (229)

The rest of the proof follows the lines of the low frequencies case, except that for the
time integral, we get:

V2% (1 + VQj)HQjHLtIB <

1 V2 oy ; 1
_— 1 27 ; 1+ — ; 2.
C <(1 —m)?2 + 41— e—’h) <( +v2)llqollr2 + (1 + \/2—9)‘7}071‘9) , (2.30)

From Proposition 4, we have:

e JeRitM >4, G foiM=g
l—em =) Axipy<s 0 7T B <12if M <3
3M 1 1 T—M = 4
which allows to write:
1 vy

1
< 2 — < 2 )
(1 —m)? + el = C <maX(1,M ) + M max(1, M)> < C'max(1, M*)

Doing the same frequency truncations for the velocity achieves the proof of the proposi-
tion. M.

2.4 End of the proof of Proposition 2

Let us recall that in 2.7, w satisfies a classical heat equation, then for all j € Z (still in
the homogenous assumption):

lwjll e 2 + 12 Jwjll i 2 < Cllwogllzz,

and, together with Proposition 6 (we recall that vy = min(v, ) = min(u + 2A, u) > 0),
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e For all j < j,

. , | ;
lwjllpse e + V022j”ujHLt1L2 + (1 +v2) (H%‘HL§°L2 + me(gaQQJ)HQjHLgB) <

(7. 24%) (14 02) (14 VBl + (1 = o ).

(2.31)

e For all j > j,,

. . 1
lujll poe 2 + 1022 ugll s 2 + (1 4+ v27) <||%HL;;°L2 + len(§a22])||QjHLgL2> <

. 1
O max(1, M) ((1 2o llpe + (1 + —)HUOJHL2> ,

VP

(2.32)
which implies Proposition 2. H

3 Proof of the advected linear estimates

3.1 Presentation of the difficulties

The aim of this section is to prove Theorem 4. A natural idea is to use Proposition 2
and put the advection terms as external forces: we can write that for all j € Z,

Il + 0021 A ulagse + 0 +02) (1Asaln + vmin( 5. 21 el ) <

C, .2 | (L+v2)|Ajaolz2 + 1 Aseollze + (1 +v27) (1A5Fllyze + 1450 Va) 12

Y4k
+ (185G 2 + 18 (0.9 1y 12 ) ] (3.33)

The next step consists in multiplying by 276—1 with —%l +1l<s< % + 1 and sum over
all frequencies. There are three additional terms to estimate. Thanks to paraproduct
and remainder laws (we refer to (4.125) in the appendix) we have:

HU'VUHB;? < HTvVUHngl + ”TVUU”B;f + HR(U,V@L)HBST
<o (Hvumuwuggll 190l gl + HUHBgo,OOHVUHB;;) <l Il

1 1 1 K
2 P} . 2 2 .
< Ol g ol ol < gevolilaggs + gl g Tollaggr, (330
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Consequently there exists a nonnegative summable sequence (¢;(t) = ¢;(u,v,t)) ., whose
sum is 1 such that for all j € Z,

. . t 1 K
—i(s—1 2
HAj(v.Vu)HLtle <27 )/0 cj(7) <ﬁ”0“u1135j1 +C Q_VOHU

2 .
HBQ%lHUHBS’_ll dr.

(3.35)

Similarly we obtain thanks to Proposition 13:

lo-Vall g < Clivl g llallgg, < Clivl

2,1

1 1
(lall g+l ) Ul s + lall a3

d
2
2,1
and there exists a nonnegative summable sequence whose sum is 1, once again denoted

by (¢;(t) = ¢j(q,v,1)) ;cz, such that for all j € Z

1

t
14 (0.q)l| 32 < 2796 / cj<7><—2K< lall geerot + 1 llall )
0

K 1
+ €2 max(t, )P g (g +u||q\|351>>df. (3.36)
2.1 ’

Writing the Bony decomposition,
lo-Vallgs, < 1ualls; -+ [ Togell s, + IR0, Vo)l

Using (4.125), we get that:
. . 1
qolls, + 1R 0, < Cllol g, < Mol g5 (Tl + vl )-

which implies that there exists a nonnegative summable sequence whose sum is 1, once
again denoted by (c;(t));jez such that:

t
V2| Ay (Togo + R(v, V)| 2 < €296V /0 ol g (lalsgs +vlialgg, ) dr
2.1 ’ !
(3.37)

Unfortunately, we are not able to estimate this way T, Vq: there are too many derivatives
involved in high frequency for the density fluctuation. But if we restrict to the low
frequencies when j < 0 we can deal with this term: as the frequencies of Sy_1v.A;Vq
are localized in an annulus of size 2¥, there exists an integer N; (only depending on the
parameters chosen in the Littlewood-Paley theory) such that:

Aj(T,Vg) = > Aj(Sk-10.A:Vg)
|k—j|<N1

and for all j <0,

27| A; TVl <270 > [[vlln2¥)| Al 2
|[k—j|<N1
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There exists a nonnegative summable sequence (d;(t) = di(q,t))iez_ , with [|d[[pz_) <1
and a constant C' = C'(N7) such that for all [ < Ny,

[81g(®) 2 < Ca(®)2 D llg(0) gy,
where the low frequency summation is well-defined because:

lalggn, = 3 2 Al < [ 262 Aglze [3 251 Ao
AR PN I<N; I<N;

As we consider j < 0, we have j — Ny < k < j+ N; < Ny < —log, ¢ if € is small enough,
so that we can write

. 1 1
|Akallze < Clp(®)275 gl fralall,

and then

o 1 1

25T V)e < Cdi)0llr=llaloras lall 5,

where d;(t) = 32 _ji<n, dp2U=F)% is in 1'(Z_) as a convolution of summable sequences
(and its norm is bounded and only depends on s). Finally, we obtain that for all j <0,

L. . t 1 1
V1A, (E 9Dl < 27 [ @l lal ol dr

<2960 [ ) (gl ens + CE folrligly ) dr (338)
: 40 g Ml + = Il vl -

For all j € Z and t € I, let us introduce:

Uj(t) = HAJ‘UHL§OL2+V022]HAJ’UHLtIB‘*‘(l‘*‘VQ]) <HAJ‘QHL§°L2 + len(E—QaQQJ)HAjQHL}B

(3.39)
and
U(t) =l e 1Nl gr + ol ey ol s ol o oms+lal e
(3.40)

. d
Using estimates (3.35), (3.36), (3.37), (3.38) in (3.33) (and the fact that By, — L*°, see
appendix), we obtain that there exists a nonnegative summable sequence whose sum is
1, denoted by (¢;(t));ez such that for all j <0,

Ui(t) <C 2

Y4k

Uj(0) + (L +v2) | A Fll g2 + 185G 112

1

t
—7(s—1 2
b 2t >/0 &5(7) (ollull s + vl oo + vl goeas ) dr

+ 02527“‘?71) / c;(7) ((max(l, %) + Vio) ||v(7')||2% + CH’U(’T)HB%_H> U(T)dT] )

0 2.1 2,1
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When j > 0 we are not able to estimate the problematic term T,Vq with this method.
The key idea is to get rid of every advection term using a Lagrangian change of variable
as in [24] to [27], [15] and [6]. This is the main difficulty of the article and the object of
the following section.

3.2 Lagrangian change of coordinates

As stated before, the aim of this part is to get rid of the advection terms involved in
system (LR.). Let us first consider the localized equations (as usual we set f; = A;f...)
written in the following way:
8,5(]]‘ + Sj_lv.qu + div Uj = fj,
. K
atu]' + ijlv.vu]' — .Auj —i—qu]' — E—QV(ng * Q5 — qj) = gj,

where the external force terms are defined by:
[i=F+ <Sj_1v.qu - Aj(v.Vq)> and g; = G + (Sj_lv.Vuj - Aj(v.Vu)> .

These two terms can be estimated thanks to the following commutator estimate from
[15] (we refer to lemma B.1 from appendix B):

Lemma 1 (/15]) There exists a sequence (c;)jez € 1*(Z) such that lcllinzy = 1 and a
constant C = C(d, o) such that for all j € Z,

185105 s = A0V 12 < Ce237Voll g hlgg,

b
S
2,oomL

Remark 18 Let us emphasize that we considered, up to adding external force terms
that we can control (f; and g;), the advection by the low frequencies of v, that is exactly
the quantities that we were not able to deal with.

Let us set v;; as the flow associated to Sj_lv:

{atwj,tcc) = Sj_1v(t, ()

r0(z) = . (3.42)

we can also write: .
Yixr) =2 —|—/ Sj,lv(T, V- (x))dr.
0

Thanks to propositions 14 and 15 from the appendix (we refer to [15] or [6]), there exists
a constant C' such that:

llg o)l < e“VgllLr for all function g in LP,

||D11Z)j:l,:t||L°° < BCV’

IDYE, — Iyl < eV -1, (3.43)
DRl 02V 1) for k22,
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where .
def
V) = |IVo(r)||peedr. (3.44)
0
Let us also emphasize that in the present case, the jacobian determinant of the change
of variable will play a crucial role in the obtention of uniform estimates with respect to

¢ (contrary to the case of lemma 2.6 from [3] where it produces a term that we are not
able to sum):

tdiv Si_1v) (T, T
{det(szj,t(m)) — oo @iV 85 10) (1 ) )T (3.45)

det(Dy7) (z)) = e Jo (v 85100 X (rt)dr — o= Jo (div Sj-10) (70005 () dr

)

75

where X;(7,t,2)) denotes the two parameter flow associated to S;_jv (we refer to (4.126)
in the appendix).
_ We will now perform the announced change of variable, for a function &, let us define
h = hojs = h(t,;;). Then we have 0yq;(t,x) = (0rqj + Sj—1v.Vq;)(t,;(x)), which
provides the following system:
8q; + diva; = fj + R}, 1)
- ~ - K - - .
&guj — .Auj +quj — E—2V(¢€ * qj — qj) = gj + RJZ + R? + KR]',

where most of the remainder terms Rj, R2 and RJ are exactly the same as in [6] (with
the same convention: if f : R? — R™ is a differentiable function then Df denotes the
Jacobian matrix of f, and Vf is the transposed matrix of Df.):

Rj(t2) == Te(Vil(t,2) - (I — Vi, (154(2))))
Rt 7) 1= Va5t @) - (Vo (0()) — L)
and R := pRj + (A + p) R? with
Ry (@) i= Tr((Vo5 (y4(w)) = 1a) - VDT (1, @) - DUy (10(a))
FV Dt ) - (DU; (50(2)) = 1)) + VT (£,@) - Av3} (14(2))
RO (t,2) := Tr(DiZj(t, z) - aszpjjg(zpj,t(x)))
D R () - Oy (W) - Bty (04(w))

a,b,c,b#a,c#k
d
3 R (@) - (O (1 al@) = L) - 0, (4 (@) + (0005 (W) — L) )
i=1

There is only one additionnal remainder term compared to [6]:

¢e x Vq; — Vg; ¢: * Vq; — VG,
Rj=—=——FfF—ctj————3— (3.47)
Thanks to the definition of ¢. and ¢ we obtain that:
Qe x [ — 1
5 J; . = (2) (f(z —e2) — f(z))dz (3.48)
€ €4 Jrd
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and the difficulty comes from the fact that we need to obtain bounds in L}L? that are
uniform with respect to e, that go to zero when ¢ is small (estimated by eCV) 1),
and that do not involve too many derivatives (that is 2°7) for the density fluctuation
in high frequencies. Remember that formally ”%*E—];_f — Af” so we formally have
"R; — Agj o — A(gj o))" this term has no reason to be small in € and the best
we can hope is to get uniform bounds with respect to e.

Dealing with R; is the object of the rest of this section.

3.3 Precisions on the capillary term

Before dealing with R; let us briefly go back in this section to the convolution term
written in (3.48): for a function f,

8*/\_ 1 _ e—clE?
e Py 10}

Proposition 7 For any suitable function f and any s € R, the following two norms are

equivalent:
e x f = f
2

1 llgerae ~ | s - (3.49)

Proof: When we consider a frequency localization of f: if j € Z,

A A, | el —
Per Bl =Bl g = A2 Rte),

and thanks to the Plancherel formula,

e x A f— A f 1= ekP\? —
J€2 = H%Q =C 216< c2 ) |Ajf(£)|2d£

Thanks again to the fact that on Ry, g : x — 1—e % is increasing and h : x — (1—e™ %) /z
is decreasing, if ¢p2? < [¢| < Cp2?, we can write:

| L o322 | _ =2 | _ (3%
<

2 — 2 — 2 ?

€ € €
and 229275 2 2 22927
cgl—efcos2j<1—e*€|5| C21 — e 0= 2"
2 2 = 2 =2 2
Ch € € g €
therefore ) oo
HAQSe*f—fH 2N1—e_0052JHAlfH i
¥l 52 L 52 L
Remark 19 Obviously we can replace ¢y by any positive constant.
1—6_C(2)E222j

On the other hand, it will be useful to compare = and min(a%, 227).
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o If 27 > 6% then 27 5203 > c% and as function g is increasing and bounded from above
by 1:

l—e % _1—e w2

< -

2

S ey
= < . = mm(g— 2%7). (3.50)

o If 27 < ELQ then 2j5203 < Cg and as function h is decreasing as for all x > 0,

0 < h(z) <1 we have:

l—e % 1—e =2 1
- <
& T 2@y 7

and | e )
e _ . ' .
(1—e0)2% < = < c32% =k mln(g—Q, 227), (3.51)

From (3.50) and (3.51), we deduce that for all j € Z:

Loy 1 — e R
(I1—e C0)mm(€—2,22]) < — Q= < max(l,cg)mln(e—z,QQJ),

and

Multiplying by 27¢ and summing over j € Z, we obtain that
P x f = f

122 gy ~ e

Remark 20 This new formulation seems more natural than (1.1) as instead of a fixed
frequency threshold there is a continuous transition zone between the parabolically reg-
ularized frequencies and the damped frequencies.

Remark 21 Notice that the norm obtained by replacing 5(,5) = e léP by el js
equivalent (the multiplicative constants depending on «).

Remark 22 Our space is a particular case of the general hybrid Besov spaces introduced

. 5.2
by R. Danchin (see [11, 3]): we refer to the appendix for the fact that BST** ~ B3

Remark 23 In the L"-setting, we can prove that for all j € Z:

g x Ajf — Asf

e2

1 A
lor < Cmin(, 22) [ Ao
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3.4 Estimates on the capillary term

In this section we wish to focus on the capillary term:

¢6*VQj_VQj ¢5*V(7j—V(7j

Rj =
J 2 2

© %‘,t -
Thanks to
Vg; =V(gj o) = Vgjothje x Dy = Vg o x (DYj — 1a) + Vgj o,

we obtain the following decomposition: R; = I; + I1; with

O — o
Iy = $e*9; = 5 ?2 9 where g; = Vaj 0y x (I — Dy),

3.52

¢ Vq; — Vg, ¢e * (Vqjothj) — Vg0, (8.52)

The main difficulty of this paper is then clearly established and consists in estimating
(locally in frequency) the commutator between the Lagrangian change of variable and
the non-local operator:

L= 01 [ 6:) (@ = 2) = fa) d

2 22
For a function f, and for all j € Z we set f; = A]f and:

IIJI»:II]((f) Pe * fj fjOwjﬂf_¢6*(fjowj,t)_fjowj,t.

e2

(3.53)

Theorem 5 Let o € R. There exists a constant C' = C, ¢ such that for all f € B("+2 7
there exists a summable positive sequence (¢;(f))jecz whose sum is 1 such that for all t
so small that

0V _1< (3.54)

l\.')lr—l

e
and for all j € Z,

ML(f) e < CeCY (V4 €2V — 1)es(£)2-97 2 f flle

where V (t fo |Vo(r)|| L dr.

Remark 24 As a by-product we obtain that under the previous assumptions, if t is
small enough,

f f

ol Aot — e (Ay Tty < OOV (V40 —)es(n2 o 2L 20y

even if neither of the left-hand side terms are spectrally localized.
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Proof: Let us first rewrite the non-local operator:

:¢€*f_f

e2

L(f)(@) @ =% [ o= (@) - 1@)dy.  (35)
In the works of T. Hmidi, S. Keraani, H. Abidi, M. Zerguine (we refer to [24], [25], [26]
and [27]) the key idea is to express the difference 11 J’ as an integral formulation and
try to retrieve the desired Besov norm thanks to an equivalent expression of this norm
involving finite differences of f of order 1 (that is expressions of the type 7_, f — f where
T_yf(x) = f(x +y)) or order 2.

Remark 25 Due to the equivalent forms of our hybrid norm, it would be useless here
to simplify the expression of II]’(f) and write II]’~ = 6% ((ge * fj) 0o jr — de * (fj 0j4)).

We refer to the following results of [3] for these useful alternative characterizations of
Besov norms (we also refer to proposition 1.37 with a simpler proof in the specific case
of Sobolev spaces):

Theorem 6 ([3], 2.36) Let s €]0,1] and p,r € [1,00|. There exists a constant C' such
that for any u € Cy,

,HT—yu —ufre

CilHU’HBg’T S | ’y‘s

HLT(Rd;#) < CHUHBZS}’T'

and in the case where s = 1,
Theorem 7 ([3], 2.37) Let p,r € [1,00]. There exists a constant C' such that for any

u ey,
| T—yu + Tyu — 2u|| rr

—1
C M ullyy < s e, a0y < Clully

[y ol

Remark 26 We emphasize that in the second case, when the regularity index s is an
integer, we have to use finite differences of order 2 instead of order 1. In the present
article, due to the capillary term we will have to completely rewrite these results.

For example, in [25], the authors need to estimate in LP the commutator |D|*(f o)) —
(ID]*f) o in terms of the Bﬁl-norm of f (with « €]0, 1[), where # is the flow associated
to a divergence-free vectorfield. To do so they write both terms in the commutator in
a unified shape and manage to get the result thanks to a non-local expression of the
fractionnal derivative:

D) = Ca [ Ty,

and thanks to an equivalent expression of the Besov norm, using finite differences of
order 1. Let us emphasize that in this case, the vectorfield is divergence-free therefore
the Jacobian determinant of ¢ is 1, which simplifies the estimates.

In our case, we have to estimate I/ ]’ which is a commutator between the non-local

operator L. and the Lagrangian change of variable. Our operator is still non-local but the
vectorfield is not incompressible anymore, and more important, we will have to construct
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an analogous of the finite difference expression of our hybrid Besov norm. As the Jacobian
determinant of 1);; is not constant we cannot use the following estimate, used in [24],
[25], which is due to Vishik (see [37] in the divergence-free case):

1Au(Ajaod)|r < C2701) V90D | oo - | Ajal| o (3.56)
In the non measure-preserving case we can recall the following result:

Lemma 2 (/3] lemma 2.6) There exists a constant C' > 0 such that for all global diffeo-
morphism of R% 1, for all p > 1, for all tempered distribution a, and for all j,1 € 7, we
have

1Au(Aja0d)|pe < C277)|Jw™ |z | Ajall e (IV T | oo | TW || oe + 21|V poc ).

Using this result in our non measure-preserving case involves an additionnal term (due
to the Jacobian determinant) that we are not able to deal with (indeed, the first term
in our case is not summable in /). On the other hand, we cannot hope to use a better
estimate than the following one, that is small when ¢ is small but consumes too many
derivatives:

175 (e () = f;Ollr2 < CVO)2 | £l 2
To bypass this difficulty we will simply write directly the expression in the Lagrangian
variable and precisely trace the Jacobian determinant. Let us go back to our estimate:

() = 4 / 0 (@) — ) (S (4) — 5 (yal@))) dy
= [ 0nle =) (Fi(wsalo) = S sa(0)) ). (357
R

Let us now study II;(iﬁ;tl ()) instead of IT}(z):

11503 @) = 5 ( [ 0ea =) (150) = £y dy
[ 005 ) =) (5 (Wialw)) — @) dy). (359)

Performing in the second integral the change of variable y = ¢71(z), we obtain:

[ 005 ) =) (1303a00)) = ) dy
/ 6o (U1 (2) = UTH(2)) (F5(2) — f5(@)) |detDY7 A (2)|d=  (3.59)

Thanks to (3.45) we have (recall that X; is the two-parameter flow associated to S;_jv:
Xj(Tv t, Z) = wjﬂ' © w]_,tl(z))

- div S;_qv 7, X;(7, 1, 2))dT
D) — JRCRTS )
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so that

115005 @) = 5 ( [ 0eta =) (150) = £
¢
QSE(w;tl(x) —T/J;tl(y)) _/ (le ijlv)(’r’ Xj(Tatay))dT
1— Y e Jo dy). (3.60)
€

|2

Recall that for all z € RY, ¢.(z) = on L 52¢ ~ 42 and perform the change of variable
z = =¥, we obtain:

lyf*

ITi(4;; (x) = m (/Rd e 4 (fi(z—ey) - fi(x).

BP (| WE@-vite-P
4 B e2|y|? —/ (div S—1v)(1, X,(1,t,x — ey))dT )
e J0 dy |.

1—e

(3.61)

As we want to estimate the L? norm of this quantity, that is a Besov norm with integer
regularity index s = 0, the finite difference of order 1 will not be sufficient for our need,
and we will have to introduce finite differences of order 2. Indeed, using the present
quantity would only involve a term in e|y| and when estimating in low frequencies, there
would be either a multiplicative coefficient 1/ or an additionnal derivative term 277 (that
would prevent any convergence when —j is large). To be able to do a correct estimate
we need at least £2|y|?.

To do this we simply write I1} = %(I I; + 11I}), and perform the change of variable
z = —y in the second integral. If we set:

(A _ E <1 B W;tl(x) wjtl(x —5y)\ )

4 e2|y|?

/ (div S;_1v) (7, X (1, t, 2 — ey))dr,

C = lyl* <1 |¢]t( z) =, ($—|—€y)|2>, (3.62)

T e2[yP?

t
D=- / (div $;_10)(r, X; (r, £, @ + ey))dr,
0
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then

P

IIj(; () = W </Rd€ 4 (filw—ey) = fi(2)) [1 —eteP] dy

P
+/ e 4 (filz+ey) - fi(2)) [1—6CBD}dy>
Rd

= III; + IV;. (3.63)

where
1 _w
111 = 2(2m)de2 /Rd e 4 (fi(z—ey) + filz +ey) — 2f;()) [1 — ee”] dy,
T e
W= gz [e * et en) = f@) e - e ay

(3.64)

Remark 27 Even if there is only a finite difference of degree 1 in the second term, we
will be able to get correct estimates thanks to the coefficient ee® — eCeP.

We will make an extensive use of the following elementary consequence of the mean-value
theorem:

Lemma 3 For any z,y € R, [¢® — e¥| < |z — ylemax(@v),
Let us begin with I11;:

Proposition 8 Under the previous assumptions, there exist a positive constant C' = Cy 4
and a nonnegative sequence (c; = ¢;(f));jez whose summation is 1, such that if t is so

small that e2CV®) —1 < %, we have:

P
B3,

g Qexf—f
[ ITT}| 2 < C(V + €Y —1)e“V 277 chETH '

To prove this result we will successively prove the following lemmas:

Lemma 4 There exists a constant C' such that for all j € Z, f, and all t is so small that
eQCV(t) —1< %

1 20V cv

1 _lwl?

Xz )¢ It —e + il ey) = 2650 ady, (3.65)

where V' is defined in (3.44).
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Lemma 5 For all 0 € R there exists a constant C, q such that for any f € Bg |, there
exists a nonnegative summable sequence (c;j(f))jez with |c;(f)lli(z) = 1, such that

1 _lwl?

= Rde 16 ||fi(-—ey) + fi(+ey) = 2f5()| 2 dy

Gex f— f

< Ca,d2_jacj(f)” 2

lg, (3:66)

Proof of lemma 4: we only need to estimate with lemma 3 the following decomposition
of the coefficient appearing in I11;:

1—eteB =1-eB 4 eP(1 - ).
The first estimate is straightforward: as |B| < Cf(f |V S;_10(7) || Ldr < CV(t),
11— eB| < |BlelBl < cvi()efV O, (3.67)

Before estimating the second term, as in the work of T. Hmidi and S. Keraani ([25]) we
need to give a precise bound for the variation ratio of the flow:

Lemma 6 Under the same assumptions, for all z,y € R? with y # 0, we have:

54 (@) = ) (2 — ey)

e2|y|?

—1] <XV g,

Proof: For all = # y € RY, thanks to (3.43),

|¢;t1 (z) — %}1 (v)]
|z =yl

< | Dy}l < eV,

Similarly, for all = # y € R,

() — s
W}],t(’m). — Zj,t(y)‘ < Hij,tHLoo < eC’V(t).

and applying it at w;tl () and w;tl(y),

— |z — y|71 < CV (1)
|¢j,t (z) — ?/)j,t (y)]
so that we get that for all z and y # 0,

)

1 1 2
_e 20V 20V _ 1) — 20V _q < ¥, (%) = ;p‘j,t’;x —<y)| L1 < 20V _
< 2y <

in other words,

1N = N2
L] < _e20V() < 1 (‘wj,t (z) wj,t (x —ey)| _1> <1

= = 20V(t) _ 1 e2[y|?
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that is exactly the announced result. B
Coming back to lemma 4 and thanks to lemma 3, we immediately get that:

w(BQCV(t) —1) |y[?
eBl1 — e < elBleldlja] < Ve 4 T(G2CV(t) —1). (3.68)
Gathering (3.67) and (3.68), we get

2
M(&CV(H —1)

2
11— e?eP || < LV () CV(t)+e 4 |yl (270 1)

4
so that, taking the L2-norm in the expression of I11; from (3.64), we obtain:

) [y
2(2myie? /Rde 4 £ —ey) + fi(+ey) — 20| r2]l1 — e?eP | Lo dy,

1 cv(t) w2 ’y\Q _Wl? Wi 2evi 1y acvn)
R — —
= 2@n)i? /Rde CV(t)e 4 1 e (e 1)
< AIf5(—ey) + fi( +ey) = 2f5()llzdy.  (3.69)

Assume that ¢ is so small that 2€V(®) —
et < 2e*:’““/2)
- €

11|z <

% then (using again that for all x > 0,

2 2 2 2 2
o 2 eevinn WP A2
4 4 T e
which ends the proof of lemma 4. B
Remark 28 Similarly, writing L.(f;) = 3(L(f;) + Le(f;)) and performing the change
of variable z = —y in the second term lead to:

Lo
Lelfy) = gz ¢ 4 Ua—en) + o+ o) = 20,(a) do

taking the L2-norm we obtain that:

P
e * f] i 1 /
Pe*ti=li _ 4 _ ) d
H oo < gz [ 4 M=)+ i+ 20) = 20,0 ady
and as 7o (A f) = Aj(1of) (which is localized in frequency), we immediately get that:
beri =1, P
£
1=y, <5 [ 16— e+ £ ) = 20Ol

On the other hand, lemma 5 gives the reverse estimate so that:

WP
lallgevae ~ %5 [ € 16 1C= )+ £l +20) = 26Ol do
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Proof of lemma 5: let us adapt the proof of [3] (th 2.36 and 2.37). As f; = A, f, we
can write that for all = and y,

filx —ey) + fi(x +ey) — 2fj(z) = (T_gijf + TEijf — 2Ajf> (x)

and as in the proof of theorem 2.37 from [3], thanks twice to the mean value theorem,
we get that:

ey DG f + 7oy D f = 28, fllr2 < C292(y> > 1A fllpe,

7' =<1

and thanks to the definition of the hybrid Besov norm H% I By, = ||l go+2.0, there

exists a nonnegative summable sequence (whose summation is 1) (¢;); ez such that:

277'%¢;, Hw.f—f

min(Z%,2%") g2

HTfsijf“‘Tsijf _2AijL2 < C22j52|y|2 Z
I3 —j1<1

lgs -
32,1

Moreover .
1 1 max(g2,272")

min(%,2%")  min(Z%,2%) max(e2,27%)’

and thanks to the following result,
Lemma 7 ([11], Proposition 5.3) Let a > 0, a,b € R. Then we have

max(a,270) — 20— if g <.

max (o, 27%) - {1 if a>0b,
as |7/ — j| <1, we obtain that:

1 1
mln( , 22" mln( ,227)’

so there exists a nonnegative summable sequence of summation 1, that we will also denote
by (¢j)jez, such that:

. . : , s P f f
I7eyBf + ey f = 281 < G222y 22797 ¢y max(e?, 279 | 2L
On the other hand, we can also roughly write:
. . . . L Y ¢ * f — f
17—y Aj f + TeyAjf — 24 fll 2 < 3|4 fllz2 < C2797¢; max(e?,2 QJ)HETHB&‘

Combining the last two estimates, if we define j., € 7Z the unique integer satisfying
1 <ely|2’ev < 2 (that is e|y|27sv ~ 1) , we get the following statement:

. . . . Y (b * f — f

ey Dj f 4+ TeyDj f — 28, f |12 < Co2777¢;max(e?, 2 ZJ)HaT

y 22ey? ifely|2 <1 (< Jey)
1 ifely|27 > 1 (5> jey).

3¢
B3 4

(3.70)
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We can now prove lemma 5: let us follow the proof from [3] and begin by splitting the

integral:
1 _ly?
o [ I e+ g o)~ 24,0 oy
1 A v vl
§—2<22J52/ , \yIQe‘g_ﬁder/ . 6_?_”@)
€ ely|2i<1 elyl27>1
< Cr2 e max(e?, 27| L 3
We have:

1

1
y 1|y| IGdy—CO ree 161 dr§0d0 re s2dr = Cy(1 — e 32e22%7)
YI<—7

. 1
S Cd mln(l, m) (372)
Similarly,
‘ZJ‘Q > 7& d—1 & ,ﬁ -1
/ 6 dy = C/ e w6 dr < C’d/ re s2dr = Cge 32:22%7. (3.73)
‘y| E2J j i
Plugging this into (3.71), we obtain that:
1 ,M
5 [ W UBC e+ B+ 20 = 2650 ady
o 1 Gex f—f - ) 1 R
<C,277 cjmaX(Lg?Q?j)H € 3 HBS,1Cd <22152m1n(1, 222j)+€ 32522%)
< Ca7d2fjgcj||¢€7ff||30 (Rl +R2), (3.74)
where

Ry = 2%¢% min(1, ) =1,

1
Zagay) max(L, o5

— 1 _ I S .
22je 3252221) < maX(l, Ce 6452221) < C,

1
R2 = max(e 32¢2227

which ends the proof of lemma 5. B
Lemmas 4 and 5 immediately imply proposition 8, and we can now turn to IV;:

Proposition 9 Under the same assumptions, there exist a positive constant C' = Cy 4
and a nonnegative summable sequence (¢; = ¢;j(f))jez whose sum is 1, such that if t is
so small that ¢2¢V(®) — 1 < %, we have:

[1Villzz < CoalV 46V = 1)V aroey| 22 02Ty

g1

To prove this result we will prove the following lemmas:
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Lemma 8 There exists a constant C such that for all j € Z, f, and all t so small that
e2CV() _ 1 < %

1
[1Vjl[z2 < W(V +eV — 1)V

1 : Do 2
X = /]Rd min(1,e2’ |y|)e” 1 || f;(. +ey) — f;()|lL2dy, (3.75)
where V' is defined in (3.44).

Lemma 9 For all o € R there exists a constant C, q such that for any f € Bg |, there
exists a nonnegative summable sequence (c;(f))jez with |c;(f)|li(z) = 1, such that

5 [ minLe2 e W+ ) = £ Olledy
pexf—f

< Coa? 97611 P

lsg, (376)

Proof of lemma 8: as announced here we can only rely on a finite difference of order 1,
and we need to carefully estimate the following coefficient to obtain summable sequences
in low frequencies:

etef —eCelP = Bt — ) 4 (P — eP).

Let us begin with the second term: thanks to lemma 3 (we refer to (3.62) for the expres-
sions of the various terms involved),

leP — eP| < emax(IPLIB)| D — B| < emax(PLIBD (| D| 4 |B))

t
< 2¢V / |div S;_1(7)| peedr < 2VeCY. (3.77)
0

and then,
2
lyl (2CV) _ 1)

eCleB —eP| < 2e 4 VeV, (3.78)

This estimate is useful only for high frequencies: indeed for the low frequency regime,
as in the proof of proposition 8, after integration with respect to y, the result won’t be
summable when j goes to —oo. In order to get a suitable estimate for low frequencies,
let us use once again the elementary mean value theorem:

’eB o eD’ < emax(|D|,|B|)u) o B’

< V@)

t
/ (div Sij_qv(r, X;(1,t,x + ey)) — div.Sj_qv(1, X;(1,t,2 — 5y))> dr
0

t
- ecv(t)/ 2ely|[[V (div S 10(r, X;(r,t, ) [zedr. (3.79)
0
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Obviously:
v (div Si_1o(r, X;(r t, z))) = Vdiv $;_1v(r, X;(r,t, 2)) x DX, (7,1, 2)),
so that, thanks to the Bernstein lemma (we refer to the appendix), (3.43) and (3.45):
19 (div $10(r. X;(7.,) Nl < [Vliv $10(r. X, £, )| 1D X (7.1, D)
< |Vdiv §;_10(7)|| g eV ® < 27| V()| eV, (3.80)

and
t
B —eP| < 620V2<€23|y|/ Vo (7)|| poedr < €26V 227 |y|V (2). (3.81)
0

Combining (3.78) and (3.81) we end up with the better estimate:

2
M(@CV(U —-1)

e“leP —eP| < Ce 4 V'V (t) min(1,27|y|), (3.82)

which now can be used for all frequency. The same has to be done for the other term:
rough estimates first imply that

2
W gzeven _ g |

2
led — €€ < emaxUALICDg max (| A, |C|) < 2e 4 %(620‘/@ —1). (3.83)

And more precisely (needed later for the low frequencies convergence), we write that:

2
W gzevenr _q

led —e| <e 4 |F|, (3.84)
with
b P (@) @t eyl |95 (@) - v (@ — eyl
1 20,12 - 20,12
4 [yl eyl
1
= = (V5 @) =¥ @ + ey = 05 @) — 5 @ —ey)?) . (3.85)

Thanks to the identity |a|?> — |b|> = (a + bla — b), where (.|.) is the usual scalar product
in R?, we get:

1
1Pl = 1 | (2070 @) = w5 (0 + 9) = w3l (0 — ew)| v (0 — ) = 5 (@ + ) |
1
< 2050 @) — w5 e o) — 5k — )| X g — ey) — U (@ )l (386)

Thanks to the mean value theorem (used twice for the first factor and once for the
second), we can write:

ely* |1 D* 4y lzee | D3 Nl pee

o |

1 _ _
[F| < @(dyl)QHDQ%,SIILw x (ely) DYy e <
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and using the estimates for the flow (see (3.43)), we obtain that
|[F| < CelyP27e Y (e — 1),

and )
W 2ever 4

led —eC| < Ce 4 ely|?27eV (Y —1). (3.87)

From (3.83) and (3.87) we deduce that:

‘ @(6201/(15) 1)
eBle?t — eC < CeCVO(CV® — 1) min(1,e2 |y|)|y|’e 4 . (3.88)

Finally, thanks to (3.88) and (3.82),

| WE gove )
lete? — e“eP|| oo < CeV D (V(t) + eV H — 1) min(1, 27 |y|) (1 +[y[*)e 4 :

(3.89)
Taking the L2-norm in (3.64), and thanks to the previous estimate, we have:
L, e
A_B C _D
11Villzz < W/Rde AN +ey) = fiOlzlle”e” — e e || Leedy
1 V() V()
< —1
—2(27T)dce (V+e )
1 _@ , @(@CV(H —1)
<z [, 4 minLe2 D+ lyMe 4 153+ ey) = £l ady

(3.90)

and as previously, if ¢ is small enough so that 2¢V®) — 1 < %,

11Villzz <

1
< g Ce O + V0 1)

ly|?

x5 [P 8 minL e DI+ en) - 0y (39
R4

We conclude thanks to the fact that for all > 0, ze™* < Ee_%. [ |
The proof of lemma 9 will follow the lines of the proof of theorem 2.36 from [3]:

fiw+ey) = (@) = (850 = A ) @)
and thanks to the mean value theorem,

I7eyAif — Ajfllre < C2elyl > A flre,

7' —jl<1
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and as in the proof of lemma 5, using the definition of the hybrid Besov norm, there
exists a nonnegative summable sequence (whose summation is 1) once more denoted by
(¢)jez (depending on f and t) such that:

. . ) o o Gex f— f
ey i f = Ajflle < CPely|2797 ¢y max(e?, 27%) | =—5— | 5,

On the other hand, a rough estimate provides:

. . . . oy Gk [~ ]
ey f = Ajfllze <214 fllze < C279%¢;max(e?, 27%) | =5l -

so that we end up with:
I17ey A5 f = Ajf 2 < Co279%¢jmax(e?,27%)|

Vely] ifeyl2/ <1 (j < Jjey)
1 if ely[2 > 1 (j = jey).

e f— f
82

HBgyl
(3.92)

Returning to the integral, we have:

5 [ min(t 2l 81+ ) = £0ledy
L bexf—f

< max(1
< max( 5

i . , i
)Coa277%¢; ()] HBS1/Rdmln(1’€222j‘y’2)e 6 dy. (3.93)

T £292)

Then the same computation as in the proof of lemma 5 leads to:

ééﬁmﬂ@?Mk?WEvmw—MMm@
Pex f—f

< Ca,d2_jacj(f)” c2

g, (399)

This concludes the proof of lemma 9 and together with lemma 8 it implies proposition 9.
Finally, propositions 8 and 9, with the first estimate from (3.43) end the proof of theorem
5 B

3.5 End of the proof

Once obtained the desired estimates of the additionnal remainder term introduced by
the effect of the Lagrangian change of coordinates on the non-local capillary term, we
can go back to the use of the linear estimates from proposition 2 on system (3.46): for

all | € Z, as q;(0) = ¢;(0,45,0(.)) = ¢;(0),
. . . . 1 .
1A || oo 12 + 102% | Al 2 + (14 v2") (HAlquL;’OLQ +vmin(, 22l)HqujHLgL2>

<C e | (L4121 A1g;(0)]| 2 + 1 A0 (0|2 + (1 + v2)|Auf + AR} 2

T4k

+ HAlgj + AIRJ2 + Ale’ + /SJAIR]‘HLtlel . (395)
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Let us recall that thanks to (3.41), all we need is to estimate the high frequencies, that
is (gj,u;) for j > 0. For this, as in [15] and [6], let us define some Ny € Z (that will be
fixed later), and write:

~ - CV 1~ cv e ~ A~
lgjllze = 1@ 0 ¥5 e < €“Vllgilee < e [ 1Si-mo@ille + D 1A
1>j— N

Moreover, as in [15] and [6], we can use the version of (3.56) given by lemma 2 in the
non measure-preserving case (we refer for example to [3] lemma 2.6, or [15], lemma A.1)

to obtain: .
18- NoGill 2 < CeCY (7Y =1+ 27NV ) [|g;]l 2,
so that:
lgilize < Ce“V [ (Y =1+ 27 gl + D 1AGlze | (3.96)
[>5—Ny
and for the velocity,
[ujll 2 < CeY ((ecv — 1427wl + Y AT | - (3.97)
[>5—No

Multiplying (3.96) by 27 and using that in the summation, [ > j — Ny, we obtain:

2lgjl 2 < OV — 14+ 27V gill 2+ Y 22N A2
[>5—No
Then, going back to U; (we refer to (3.39) for the definition), we can write that for all

Jj=0,

U;(t) < CeV (eCV -1+ 2_N°ecv) U, (t) + max(1,2*Y0) Z

[>j—No

. . 1
<||Aluj||L§°L2 + VOQQZHAIUJHLgL? + 1+ V2l)<HAIQJHL°°L2 + me(g )HAJQJHL1L2>> ]

(3.98)

where we used once again lemma 7 to prove that for all [ > j — Np:
oL o 1 gy, max(e?,27%) 2N, Lo
mln(6—2, 2 ']) = mln(€—2, 2 )W < 24470 I’IllIl(6 2 ) (399)
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Thanks to (3.95) we obtain that for all j > 0,

Uj(t) < ceV (eCV -1+ 27N°ecv) U, (t) + max(1,2*2Y0)C 5 x

Y4k

> (@+v2)Ag Oz + 1A 012 + (14 v2) (IAFl ar + 18R] 1s12)
1>j—No

1 AGs i e + 1AR a2 + AR | L2 + 6l AR [y 12) | (3.100)

Except Rj, all of the remainder terms are the same as those from [6]. As we will sum
for I > j — Ny, we need to provide estimates involving some positive power of 2/, To
do this we use the well-known method of Vishik (see [37]) which takes advantage of the
Bernstein lemma: the idea is to derivate the function in order to obtain a positive power
of 27~ which is summable over [ > j — Np. Let us detail this for example on f] thanks
to (3.43),

1Al 2 < C27Y ANV Fill 2 < C27Y|V f; 0 ll 12| Dl £

< C2 ' V|V il e < 027V £ o

and thanks to lemma 1 (for 0 = s — 1), we can write that there exists a nonnegative
sequence (¢;(t))jez € I'(Z) such that |||z = 1 and a constant still denoted by C' =
C(d, s) such that for all j € Z,

2,

1AF e < €251V (HFjuLz + (2T HQHB;f) SENCRTI
) :
Similarly, we obtain that (using lemma 1 for o = s in the second case):

|AGi |2 < C271eCY <\|Gj||L2 +¢;(H)27 7DV \lullssf)

2,1

A Afill iz < CIATVF 1 < C21eCY <2J‘HFJ~HL2 + (0279 DIVol_y llglg,

2,1

(3.102)
With the same argument we obtain (we refer to [6], section 3.2 for details):
1AR] |2 < O (e = 1)eV D |luj]| 2 < CF (Y — 1)eV 2% |u; | 2
LA 1 A 1 ji—l(,CV CV 92j .
2| ARz < CIATRY|L < 02 (eY — 1) 2 108

||41R5||L2 < C271 (Y —1)e“V 2| g5 2
IARE| L2 < CA+ pl + )27 7H(eCV = 1)eCV 2% |luy] 2

Remark 29 Note that the last estimate from the first line is valid only when j > 0. Let
us recall that we already treated the low frequencies thanks to the linear estimates (we
refer to (3.41)).
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All that remains is to estimate kR;: as for the other terms, a direct estimate will not
be sufficient as we eventually have to sum over [ > j — Ng. We then need to use the
Bernstein lemma in order to be able to factor by a positive power of 2/7¢. Let us recall
that R; = I; + 11;(Vq) with (we refer to (3.52)):

P *gj — gj
% where g; = Vg; o1 X (Ig — Di)jy),

Ifjl(f) _ ¢s*g—fj ot — ¢s*(fj°wj;;)_fjowj,t.

I =

Let us recall that section 3.4 is devoted to the following estimate (see theorem 5 for
details): there exists a nonnegative summable sequence ¢;(t) (whose sum is 1) such that

for all j € Z (recall that V(¢ fo IVo(T)|| peedT),

N e B3
W%UWWSGW§WV+¥mCJpﬁpﬂW¢ f ﬁb

Let us begin with I;: a rough estimate gives:

o * Ajg; — Ayg; I

1A e = |22

.1
RIS len(6—2722l)ngHL2
1
< Cmin(=5, 2)[Vg; 04l 2 (Ta — Diby) e (3.104)
Thanks again to lemma 7,

1 1
mln(— 22y = m1n(—2,22])

max(527272j) < L 22].) 1 if j — Nog <1<,
— 5 57 min .
max(f;?, 2—2l) g2’ 22(1—4) if j <1,

so that (thanks to (3.43)) as max(1,22(-7)) < 22No92(=3) (Nj will be taken positive),
. 1
| ATl < CeTV (€7 = 1)22M02207) min( 5, 2%)|[ V| 12,

which implies that in our case, in order to use Vishik’s trick we need to derivate three
times A;I; because we have to absorb 22(=7) and obtain a positive power of 2/~ (which
is summable over [ > j — Npy):

¢ * A V3g; — A V3g; I,z

1A 2 < C27H| ANV Ll 2 < C27%| 2

We then compute the third derivatives of g; = Vgj o1 x (I — D)) and obtain that:
Vg5l 2 < Ce*V (Y = 1)2% Vgl 2,
which allows to conclude that

. 1
1ALl 2 < C’e4CV(eC 1)2] 192No mln( )quJHL2 (3.105)
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For the second term (/T ;(Vq)), we have to derivate one time and decompose VII; into
three parts:

¢ x V2q; — V3q;

VII; = oty sy — ¢e x (Vg5 0 st - Dija) — (Vg5 0 Pjs - DY)
g2 ’ '

2
£
= Aj + B + Cj, (3.106)

where

* V2q; — Vq;
Aj = b ij 9oy (Db — 1),
Bj = I1I}(V?q),
Cj= b x (Vg5 000 - (D — L)) — Vg5 0y - (D¥e — La)
g2 ’

and thanks to the Bernstein lemma:
|AT ;|| 2 < C27Y| AV 2 < C27! <HAlAjHL2 + | AyByll 2 + HAlCJHLQ) . (3.107)

Thanks to theorem 5 with o = s — 2 and for ¢ small enough (e>¢V —1 < %, see the proof

of theorem 5) there exists a nonnegative summable sequence (c;j(7));cz whose sum is 1
such that

¢ * V2q — Vq
82

g (3.108)

1AB; 2 < [1Bjll 2 < Cae (V+€*7Y —1)¢;(Vq,7)277072)|

¢ * Vg —Vq
52

HBSEQ’
< Coae® (V4 Y = 1)ej(V2q, 7)272770 D)
A direct estimate gives:

¢ * V3q; — V3q;

1A1A; 2 < 145ll2 < | 2

o Yjillp2 - 1DV — Ia|lpe
< 0V (e 1)2JH%IIL2, (3.109)

and finally, for the same reason as in I}, rough estimates of Ale will provide min(e%, 22l <

22(=7) min(eig, 227) and we once again have to derivate Cj: this time we will derivate only
two more times because we already have 2~ in factor:

. . , 1 ..
~1 —31 cv,.C .
27 A2 < C27HANVEC | 2 < CE*CV(eCY - 1)22M02) mln(€—2722j)HquHL2-

Plugging this together with (3.109) and (3.108) into (3.107), and using (3.105) allows to
get the estimate on R;:

* Vg — Vq

JAIR;|| < CeCV(V 4 &2V —1)277192Noc, (1)279( D) i lps-r  (3:110)

c2
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Plugging (3.101), (3.102), (3.103) and (3.110) into (3.100), then summing over [ > j — Ny

implies that for all j > 0 and for ¢ small enough (e?¢V —1 < %) we have:

K

w@>scémlofv—1+2NﬂU<> wa{4<u+uwm%mmg+wwmmw

| i |
2Bl 241Gl (7Y =1) (U N+l + et )27 gl 2 + V5l 2

+A2J@1 SOV (100 g + Vg gy, + ()l g dr

2,1

1% 62

t ; Vqg—-V
—|—%(V—|—620V—1)/0 cj(T)QJ(s1)V2||M||B;_11d7>]. (3.111)

As j >0, we have 1 < min(%,2%) and

1+|)\+,u|+,u+1/ 1
T

> )Uj(t),

(LHA+M+u+Vﬂ”MMup+WV%Muz<(
1<

so that (remember that ¢ is so small that ¢ %

9 1+ A 1
P 140 14
2, 22 ((1 +v2)]lg;(0)ll2 + us (0)ll2 + (L + v2))|Fj | Ly 2 + Gyl y 2

+Azﬂ“1 IV g () gg +vlam)lgg, + ()55 )dr

2,1

e2

! : Vqg-V
—i—%(V—l—ezCV—l)/o cj(r)w(*l)zﬂuwHB;ldT . (3112

Let us fix Vg > 0 large enough, and take ¢ small enough so that:

9 1
0.2 No < =
4C 8’ ( )
3.113
S —1y (14 2M¢ AR pTy (1N 1
4 pe Vo V2 8
Then we obtain that for all 7 > 0,
Uj(t) < 3025N°C 22 ((1 +v27)]1g5(0) || 2 + [|u;(0)]| 2
+(1+V2j)HF}‘HLgL2+HGjHLgL2+/0 2796V, (7)||Vo(r )HBg U(r)dr
2.1

¢ xVq—Vq

t
K .
20V 1 / . 27](371) 2
+—V2(V +e ) ; ci(7) v >

HBglldT) (3.114)
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Now, if ¢ is so small that:

1 2
BC2PNC L (V 4+ —1) < S, (3.115)
KR

"4k

then for all j > 0,

Y4k

217V (8) < 3C2PNC e <2j(8_1)Uj(0) + (1+V2j)2j(8_1)HFjHLt1L2 +2j(5_1)HGjHLgL2

! 1, [t Vqg—V
+/ SR OII U(T)dT> +—y2/ ()1 EL N ar (3.116)
0 0 ,

2
21 2 €

Going back to the low frequencies, if we take K = (QCp ,2)~1in (3.41), then for all j <0

Y4k

2Dy (1) < C .2

"4k

Qj(sfl)Uj(o) + (1+ y2j)2j(s’1)\|AjF||Lt1Lz + 2j(371)||AjGHLgL2

, t 1 1
—j(s—1) ) . + 2
+ 2 /O cj(7) <(ma><(1a ys) + VO)IIv(T)II .2%1 + \Iv(7)\|35r1> U(T)dT]
1

t
+§2—J<8—1>/ ¢i(7) <u0|yuHB§+11+quHB§H,Sfl+u2uq|135+2,5>d7. (3.117)
0 )

Summing over j € Z gives that

U(t)
Ut) < =~ +C, 2 (U(O) HIEN gy +VIE Ly, + G L sy

I+ A+p[+p+v
40

+

+max(1,%))/0 W/(T)U(T)> (3.118)
where

VO X [V <wo © Loy + @I i @9

2
B2,1 B2,1

and thanks to the Gronwall lemma, we obtain that for ¢ small enough (satisfying condi-
tions (3.54), (3.113) and (3.115)),

Ut) <20, 2 <U(0) HIE gy + VIl + HGHLgB;;1>
1 A 1
20 L ATPTHELTY |, Ly
xe Pix Yo v (3.120)

Using conditions (3.54), (3.113) and (3.115) gives the result for small times ¢ (it does
not depend on the initial data, only on V'(¢) and such that (3.113) is satisfied), then we
globalize the result (for example as in [26], end of section 4) for all time ¢ by subdividing

Tit1
[0,¢] into intervals [Tj+1,T;] where we have 20 I Vindr_y < 1 as well as the analogous

of (3.113) (we also refer to [3] chapter 10 for a connexity argument). Hl
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3.6 Extension of the results

In this short section, we mention the following extension of the linear estimates from
proposition 2 in Besov spaces constructed on L" spaces with r # 2. This high-frequency
result can be obtained from the Fourier expression of the solution of the linear system as
done in [6] (see section 2.1).

Proposition 10 Under the same assumptions as in proposition 6 (adapted to r # 2),
there exists a constant such that for all j > j,

. . 14
lvjllLeoLr + V22j||vj||Lt1LT +(1+v27) <HQJ‘HL§°U + 8—2||Qj||Lt1Lr) <

)Hvo,me> ,

, 1

(L 0) (1402l + (1 -

(3.121)

Using the Lagrangian change of variable, remark 23 and the methods from [6], we

obtain the analogous in the L"-setting of theorem 1.5 for high frequencies, which is similar

to the key proposition 6 from [6] that leads to the main result of [6]. Let us recall that

in this case, the regularity index of the Besov spaces is g — 1 which is negative when

d < r, that allows initial data with large modulus provided that they have fast enough
oscillations.

4 Appendix

The first part is devoted to a quick presentation of the Littlewood-Paley theory and
specific properties for hybrid Besov norms used in this paper. The second section to
general considerations on flows.

4.1 Besov spaces
4.1.1 Littlewood-Paley theory

As usual, the Fourier transform of u with respect to the space variable will be denoted by
F(u) or u. In this section we will briefly state (as in [6]) classical definitions and properties
concerning the homogeneous dyadic decomposition with respect to the Fourier variable.
We will recall some classical results and we refer to [3] (Chapter 2) for proofs (and more
general properties).
To build the Littlewood-Paley decomposition, we need to fix a smooth radial function
X supported in (for example) the ball B(0, %), equal to 1 in a neighborhood of B(0, %) and
such that r — x/(7.e,) is nonincreasing over R . So that if we define ¢(&) = x(£/2) —x(§),
then ¢ is compactly supported in the annulus {¢ € R% ¢g = 2 < [¢] < Cp = 5} and we
have that,
VEeRIN{0}, D 27 =1 (4.122)

IEZ
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Then we can define the dyadic blocks (A;)iez by A; := p(27'D) (that is Aju = @(271€)u(€))
so that, formally, we have

u=>Y Au (4.123)
l

As (4.122) is satisfied for £ # 0, the previous formal equality holds true for tempered
distributions modulo polynomials. A way to avoid working modulo polynomials is to
consider the set S; of tempered distributions u such that

lim | Syul[z =0,
l——o00

where $; stands for the low frequency cut-off defined by S; := x(27'D). If u € S, (4.123)

is true and we can write that Sju = Z Aqu. We can now define the homogeneous Besov
k<l—-1
spaces used in this article:

Definition 2 For s e R and 1 < p,r < oo, we set
1
lullgs = (ZQ”SHAWHEP> if T<oo and ||ullgs = sup 2%(| A o
p,T . D, 1

We then define the space B;T as the subset of distributions u € S, such that ||ul| 5. is
’ P,
finite.

Once more, we refer to [3] (chapter 2) for properties of the inhomogeneous and homoge-
neous Besov spaces. Among these properties, let us mention:

e for any p € [1,00] we have the following chain of continuous embeddings:

50 P 0 .
Bp,l — [P — Bp,oo,

d
e if p < oo then BJ, is an algebra continuously embedded in the set of continuous

functions decaying to 0 at infinity, in particular we make in this paper an extensive
d

use of the injection B;l — L

e for any smooth homogeneous of degree m function F on R%\ {0} the operator F (D)
maps By, in B ™. This implies that the gradient operator maps B, , in B;;l.

We refer to [3] (lemma 2.1) for the following result describing how derivatives act on
spectrally localized functions:

Lemma 10 (Bernstein lemma) Let 0 < r < R. A constant C' exists so that, for any
nonnegative integer k, any couple (p,q) in [1,00]?> with ¢ > p > 1 and any function u
of LP, we have for all A > 0,

Supp@ © B(0,AR) = [|D*ul[za < CFTINFNG=) |1yl
Suppa C {€ e RY /rA < €] < RA} = C " I\F|ju|zp < || DFullr < CEFINE||u| 0.
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This implies the following embedding result:

Proposition 11 Foralls € R, 1 <p; <py <ooand 1 <ry <ry < oo, the space B;lﬂ’l
1 1
is continuously embedded in the space Bp%i(pl P2 ).

In this paper, we mainly work with functions or distributions depending on both the
time variable ¢ and the space variable x. We denote by C(I; X) the set of continuous
functions on I with values in X. For p € [1, 00|, the notation LP(I; X) stands for the set
of measurable functions on I with values in X such that ¢ — ||f(¢)||x belongs to LP(I).

In the case where I = [0, 7], the space LP([0,T]; X) (resp. C([0,T]; X)) will also be
denoted by LL.X (resp. CrX). Finally, if I = R™ we alternately use the notation LPX.

The Littlewood-Paley decomposition enables us to work with spectrally localized
(hence smooth) functions rather than with rough objects. We naturally obtain bounds for
each dyadic block in spaces of type LI.LP. Going from those type of bounds to estimates
in L%B]‘;r requires to perform a summation in ¢"(Z). When doing so however, we do

not bound the LgB;’,T norm for the time integration has been performed before the £"
summation. This leads to the following notation (after J.-Y. Chemin and N. Lerner in

[9)):

Definition 3 ForT >0, s € R and 1 <r,p < 00, we set

lullzy = 121 Agul g 1ol oy

One can then define the space E%B}‘;’r as the set of tempered distributions u over (0,7") x
R? such that lim, , o Syu = 0 in LP([0,T]; L(R%)) and llull7p s < 0o. The letter T
Tp,r

is omitted for functions defined over R™. The spaces ZL}B;,T may be compared with the
spaces LgB;’,T through the Minkowski inequality: we have

lullzg sy < lulligsy i r>p and Jullg s > lullypp i r<p.

All the properties of continuity for the product and composition which are true in Besov
spaces remain true in the above spaces. The time exponent just behaves according to
Hoélder’s inequality.

Let us now recall a few nonlinear estimates in Besov spaces. Formally, any product

of two distributions u and v may be decomposed into

wv = T,v + Tyu + R(u,v), where (4.124)

T := Zsl_luAlv, Tou := Zsl_lvAlu and R(u,v) := Z Z A Ap.
I I i<t

The above operator T is called “paraproduct” whereas R is called “remainder”. The
decomposition (4.124) has been introduced by J.-M. Bony in [5].

In this article we will frequently use the following estimates (we refer to [3] section 2.6,
[11], [18] for general statements, more properties of continuity for the paraproduct and
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remainder operators, sometimes adapted to ng;r spaces): under the same assumptions
there exists a constant C' > 0 such that:

[Tuvll g, < Cllullsellvlgg, < Clll g ol (4.125)

2,1

ITuvll gy < Cllullpy, Mollgg, < Cllull gllvlpg, (& <0),

21

1B, )| gor+o2 < Cllull gy Nvll gz < Cllull srtd [l (s1+ 52> 0),
? 21
IR, ) ., 4ayg < CIR(w, )| grss < Clluflgsr 0]l g2 (514 52 > 0).
B 2 1,1 2,1 2.1

2,1

4.1.2 Complements for hybrid Besov spaces

As explained, in the compressible Navier-Stokes system, the density fluctuation has two
distinct behaviours in some low and high frequencies, separated by a frequency threshold.
This leads to the definition of the hybrid Besov spaces. Let us begin with the spaces that
are introduced by R. Danchin in [11] or [3] (we will use these spaces only in the appendix
to prove estimates with the Hybrid norms introduced in (1.1)):

Definition 4 For a > 0, r € [0,00] and s € R we denote

d .
lull go.r 3 2 max(a, 277 | Agul 2
lEZ

For example with r € {1, c0}:

fullgoee = > 2 VA2 + > a2 Aullze, and

I<logy (L) I>logy ()
. 1 .
lullgsr = > 2V Awl+ ) EQZSHAWHL%
1<logy(L) I>logy(+)

Remark 30 As stated in [3] we have the equivalence

1 < <

5 (lll sy +allullgy ) < Tullgaee < lull gt +allulls,
We refer to (1.1) and Proposition 7 for the precise expression of the hybrid norm used in
the present article. Let us just mention that this particuliar hybrid norm is accurate for
our problem, but it is also related to the hybrid norms introduced by R. Danchin:

geene =1 g

Let us now state the following result (Proposition 5 from [7])

Proposition 12 Let s € R, o > 0. For all ¢ € BS™® N B3, we have

lal, < lall g llal

o1



Remark 31 For all q € 32«5—11 N Bil — B¥™ we have

Il < lall syt + gl g,

Bg—l—l,s

and when ¢ > 0 is small enough, for all ¢ € , we have

lallges < lallges < lallgsrie < lallgeries + lallgeeae.

so we can use the hybrid norms introduced in (1.1) and we will in fact use the following
results:

Proposition 13 Let s € R. There exists a constant C' > 0 such that for all 0 < & < 1,
and all ¢ € By 7' N B3, N BTl q BST2S e have

lal%, < Clllall gy + lallgg gl oo+l geea.)

4.2 Estimates for the flow of a smooth vector-field

In this section, we recall classical estimates for the flow of a smooth vector-field with
bounded spatial derivatives. We refer to [15] or [6] for more details. We also refer to [24]
for the incompressible Navier-Stokes case.

Proposition 14 Let v be a smooth globally Lipschitz time dependent vector-field. Let
W(t) = fg IVo(t')|| e dt’. Let 1y satisfy

Vi () :x+/0 (', Yy (z)) dt’.

Then for all t € R, the flow 1 is a smooth diffeomorphism over R® and one has if t > 0,
1Dy [z < €O,

| DYEY — Iy||poe < eV —1,

t
D% e < VO [ D2
0

t t 2
D% e < 0 [P 310 [0 e O )
0 0

As in [6] we also introduce the two-parameter flow (¢,¢', ) — X (¢,¢',2) which is (uniquely)

defined by
t

X(t,t x)=2x +/ o(t", X", x)) dt". (4.126)
t/
Uniqueness for Ordinary Differential Equations entails that
X(t,t", Xt ¢, 1)) = X(t,t', ).

Hence ¢y = X (t,0,-) and ¢; ' = X(0,t,-).
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Proposition 15 Under the previous notations, the jacobian determinant of X satisfies:
det(DX (t,t,z)) = eJo @V Xt @)dr (4.127)
and

det(Dyy(z)) = elo(@vo)rar(@)dr
det(Dy; (2)) = e~ Jo (divo)(r,.X (rt,2))dr _ o= [y (divo)(Tropy; ! (2))dr

Proof: differentiating (4.126) with respect to x, one gets by virtue of the chain rule,

t
DX (t,t',x) =1+ | Dv(r,X(r,t,z)) - DX(r,t',z)dr. (4.128)
t/

This immediately implies that:
H(DX)(t,t',x) = Du(t, X(t,t',z)) - DX (t,t',x),

and

Oydet(DX (t,t',z)) = tr (Dv(t, X (t,1',2))) - det(DX (t, 1, x)),

so that we obtain the result. H.

The authors wish to thank Raphaél Danchin, Taoufik Hmidi, Miguel Rodrigues and
the anonymous referees for useful remarks and suggestions.
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