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Abstract

This work is devoted to the study of the initial boundary value problem for a
general isothermal model of capillary fluids derived by J.E Dunn and J.Serrin (1985)
(see [17]), which can be used as a phase transition model. We will prove the exis-
tence of local and global (under a condition of smallness on the initial data) strong
solutions with discontinuous initial density when In pg belongs in the Besov space

Bfm(RN ). Our result relies on the fact that the density can be written as the sum
of the solution p; associated to linear system and a remainder density p which is
more regular than py, by taking into account the regularizing effects induced on the
bilinear convection term. The main difficulty concerns the proof of new estimate of
maximum principle type for the linear system associated to the Korteweg system,
the proof is based on a characterization of the Besov space in terms of the semi group
associated to this linear system. Let also point out that we prove the existence of
global strong solution with a smallness hypothesis which is subcritical in terms of
the scaling of the equations, it allows us to exhibit a family of large energy initial
data for the scaling of the equations providing global strong solution. In particular
for the first time up our knowledge we show the existence of global strong solution
for some large energy initial data when N = 2.

We finish this paper by introducing the notion of quasi-solutions for the Korteweg’s
system (a tool which has been developed in the framework of the compressible Navier-
Stokes equations [26, 27, 21, 29, 30]) which enables us to improve the previous result
and to obtain the existence of global strong solution with large initial velocity in

Bf;l. As a corollary, we get global existence (and uniqueness) for highly compress-
ible Korteweg system when N > 2. It means that for any large initial data (under an
irrotational condition on the initial velocity) we have the existence of global strong
solution provided that the pressure is sufficiently highly compressible.

1 Introduction

We are concerned with compressible fluids endowed with internal capillarity. The model
we consider originates from the XIXth century work by Van der Waals and Korteweg
[44, 36] and was actually derived in its modern form in the 1980s using the second gradient
theory, see for instance [17, 34, 43]. The first investigations begin with the Young-Laplace
theory which claims that the phases are separated by a hypersurface and that the jump
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in the pressure across the hypersurface is proportional to the curvature of the hypersur-
face. The main difficulty consists in describing the location and the movement of the
interfaces.

Another major problem is to understand whether the interface behaves as a discontinu-
ity in the state space (sharp interface) or whether the phase boundary corresponds to
a more regular transition (diffuse interface, DI). The diffuse interface models have the
advantage to consider only one set of equations in a single spatial domain (the density
takes into account the different phases) which considerably simplifies the mathematical
and numerical study (indeed in the case of sharp interfaces, we have to treat a problem
with free boundary).

Another approach corresponds to determine equilibrium solutions which classically con-
sists in the minimization of the free energy functional. Unfortunately this minimization
problem has an infinity of solutions, and many of them are physically wrong (some de-
tails are given later). In order to overcome this difficulty, Van der Waals in the XIX-th
century was the first to add a term of capillarity to select the physically correct solu-
tions, modulo the introduction of a diffuse interface. This theory is widely accepted as a
thermodynamically consistent model for equilibria.

Korteweg-type models are based on an extended version of nonequilibrium thermodynam-
ics, which assumes that the energy of the fluid not only depends on standard variables
but also on the gradient of the density. Alternatively, another way to penalize the high
density variations consists in applying a zero order but non-local operator to the density
gradient ( see [39], [40], [41]). For more results on non local Korteweg system, we refer
also to [10, 11, 12, 22, 24].

Let us now consider a fluid of density p > 0, velocity field u € RY, we are now interested
in the following compressible capillary fluid model, which can be derived from a Cahn-
Hilliard like free energy (see the pioneering work by J.- E. Dunn and J. Serrin in [17] and
also in [1, 7, 19]). The conservation of mass and of momentum write:

0 )+ div(pu) =0,

9 .
&(pu) + div(pu ® u) — div(2u(p)D(u)) — V(A(p))divu) + VP (p) = divK,
where the Korteweg tensor read as following:
: 1 / .
divK =V (pr(p)Ap + 5 (k(p) + pri (p))[Vpl?) = div(k(p)Vp® Vp).  (1.2)

k is the coefficient of capillarity and is a regular function. The term divK allows to
describe the variation of density at the interfaces between two phases, generally a mixture
liquid-vapor. P is a general increasing pressure term. D(u) = (Vu +! Vu) defines the
stress tensor, u and A are the two Lamé viscosity coeflicients depending on the density p
and satisfying:

w>0 and 2u+ NA > 0.

In what follows, we are interested in investigating the existence of global strong solution
for the system (1.1) when we authorize jump in the pressure across the interfaces. In
order to obtain a such result, we are going to show the existence of strong solutions in
critical space (it means in spaces as large as possible) for the scaling of the equations



with an initial density which is not necessary continuous (let us point out that it will be
one of the main interest of this paper).

Before detailing this program, let us recall briefly the classical energy estimates for the
system (1.1). Let p > 0 be a constant reference density (in what follows, we shall assume
that p = 1), and let II be defined by:

H(s)—s(/pspz(;)dz—P;p))

!

so that P(s) = sII'(s) — II(s), II' () = 0. Multiplying the equation of momentum
conservation in the system (1.1) by u and integrating by parts over (0,¢) x RY, we obtain
the following estimate:

| Golul® + (1106) = T12) + 5oVl dx+2// ) dadt

w [ o < | (po\u012+<n<po>—H<ﬁ>>+§n<po>|wor?>dx
RN RN

(1.3)
It follows that assuming that the initial total energy is finite:

o= [ oo + (12(p0) = 1)) + "2 TP < 00,

then we have the a priori following bounds when P(p) = ap” with v > 1 and when
vi(p) < 2u(p) + NA(p) < £u(p) with v > 0:

(p—1) € L®(L3), and pluf> € L((0, +o0), L' (®Y)),

VE(P)Vp € L®((0,400), L2RN )N, and +/u(p)Du, € L2((0,4+00) x RV)N

We refer to [38] for the definition of the Orlicz spaces. Let us now recall the notion of
scaling for the Korteweg’s system (1.1). Such an approach is now classical for incom-
pressible Navier-Stokes equation and yields local well-posedness (or global well-posedness
for small data) in spaces with minimal regularity. In our situation we can easily check
that, if (p,u) solves (1.1), then (py,u)) solves also this system:

,0)\(t7 Q?) = p()‘2t7 )\1’) ) U,\(t, 1’) = A'LL()\2t, AHZ’)
provided the pressure laws P have been changed into A2P.

Definition 1.1 We say that a functional space is critical with respect to the scaling of
the equation if the associated norm is invariant under the transformation:

(s u) — (px,ua)
(up to a constant independent of \).

This suggests us to choose initial data (pg,ug) in spaces whose norm is invariant for all

A > 0 by the transformation (po,uo) — (po(A-), Aup(A-)). A natural candidate is the

Besov space (see the section 2 for some definitions of Besov spaces) Bév £ X (Bév O/f 71)N ,



N/2

however since By o]

is not included in L*°, we cannot expect to get a priori L estimate

on the density when pg € Bé\f £ (in particular it makes the study of the non linear term
delicate since it appears impossible to use composition theorems). Typically except in
the case of specific pressure we are not able to deal with this last one. An other difficulty
concerns the control of the vacuum or more precisely of the L*> norm of %, indeed it is
crucial to avoid vacuum in order to involve the parabolicity of the momentum equation.
That is why an other candidate of initial data space would be (Bév £ NL>) x (Bév 402 _1)N , it
will be typically in this last type of space that we shall prove some result of global strong
solution by considering specific physical coefficients. Indeed controlling the L* norm of
the density for general physical coefficients is generally an hard task in fluid mechanics,
even if the Korteweg system allows to obtain regularizing effects on the density. This is
the reason why in the literature the authors consider initial density which are in Banach
spaces imbedded in L* and such that the regularity is propagate via the parabolic
structure of the system.

Let us briefly mention that the existence of strong solutions for N > 2 is known since the
works by H. Hattori and D. Li [32, 33]. R. Danchin and B. Desjardins in [16] improve this

result by working in critical spaces for the scaling of the equations, more precisely the
N

N N
initial data (po—1, pouo) belong to By’; x 322711 (as mentioned previously, let us emphasize
N
on the fact that By is embedded in L*and it plays a crucial role in order to control the

vacuum and the L* norm of the density). In [37], M. Kotschote showed the existence
of strong solution for the isothermal model in bounded domain by using Dorea-Venni
Theory and H calculus. In [32], we generalize the results of [16] in the case of non
isothermal Korteweg system with physical coefficients depending on the density and the
temperature.

1.1 Mathematical results

We now are going to state our main results. As we explained previously, one of the
main difficulty to obtain strong solutions for Korteweg’s system in very general Besov
spaces consists in dealing with the L® control the vacuum % and of the density p without
simply propagating the regularity of a Banach space embedded in L*°. To do this we
shall precisely understand the structure of the equations by developing new arguments
related to the maximum principle.

Before explaining how to prove such results, let us start with observing specific structure
on the Korteweg system when k(p) = % with k£ > 0, indeed it is possible to rewrite the
system (1.1) in a simple way by introducing an effective velocity, see the system (1.10)
(we refer also to [35, 20] where the authors prove the existence of global weak solutions).
More precisely as we shall see in system (1.5) with such capillarity coefficients we are
able to write the Korteweg system with a density unknown depending only on In p (web
refer to (1.5) for more details).

Remark 1 Let us give some explanations on this choice of capillarity k(p) = %, indeed
this regime flows exhibits particular phenomena in the case of the compressible Korteweg
Euler system (which is called quantum compressible Euler system when k(p) = %) At
least heuristically, the system is equivalent via the Madelung transform to the Gross-

Pitaevskii equations which are globally well-posed for large initial data in dimension N =



1,2,3 (we refer to [18]). One of the main difficulty to pass from Gross-Pitaevskii to
Quantic Euler consists in dealing with the vacuum. This is one of the reasons why the
mathematical community is interested in building solitons for this type of problem (one of
the main other reasons correspond to give a negative answer to the problem of scattering
and consequently to study the stability of the soliton, we refer to [5]). We would also like
to mention very interesting results of global weak solutions for the compressible quantic
Euler equation with a regime k(p) = % due to Antonelli and Marcati (see [2]). To finish
let also mention that we prove in [13] that it exits global strong solutions in one dimension
for the system (1.1) when k(p) = % and pu(p) = pp, AN(p) = 0 and furthermore these
solutions converge to a global weak entropy solution of the compressible Euler system
when p goes to 0. It shows in particular that the Korteweg system is relevant to select
the physical solution of the compressible Euler system via a viscosity-capillarity vanishing
process.

When k(p) = %, we rewrite the capillarity tensor as follows (see the appendix for more
details on the computations):

K(p) =sp(VA(Inp) + SV(V ).

We now want to consider the eulerian form of the system (1.1) when k(p) = 5 with

k > 0, we obtain then by dividing by p the momentum equation the following system:

Olnp+wu-Vinp+divu =0,
Ou+u - Vu — %div(2u(p)Du) - %V(A(p)divu) + VF(p) = kVA(lnp) (1.4)
+5V([VinpP),

(Inp,u) t=0 = (In po, uo).
with F(p) defined by FT(p) = P'(p). In the sequel we will use the following definition.
Definition 1.2 We now set:
q = Inp.

One can now state the main results of the paper. In the first theorem we prove the
existence of global strong solution for (1.4) with small initial data and of strong solution
in finite time with large initial data when we choose specific viscosity coefficients and
pressure terms. More precisely we shall deal with the shallow water viscosity coefficients:

1(p) = pp, A(p) = Ap
with ¢ > 0 and 2 4+ A > 0. It leads to the following system:
0rq +u - Vg + divu = 0,

Ou+u-Vu— pAu —2uVq - D(u) — (A + p)Vdive — AdivuVg + VF(p)

) (1.5)
= kVAq+ 5V(|Vgl?),

(q,u) t=0 = (In po, up).

Let us now state our main results, we refer to the section 2 for the definitions of the
Besov space and the Hybrid Besov spaces.



Theorem 1.1 Let N > 2. Assume that p(p) = up, AM(p) = Ap with u >0, 24+ X > 0
and P(p) = Kp with K > 0. We also suppose that:

N N_q
qOGSﬂBfm n and upg € SNByY «n

N N _q-
2 ’ 2
B2,oo BZ,oo

There exists a time T such that (1.5) has a unique solution (q,u) on (0,T) with:

N

g€ LF (B2 )mLT(BQH), and u € L§F (B

w\z

ke,

N 4
Furthermore it exists 9 such that if in addition qo € By, and:

llgoll .y & + lluoll »_, < eo. (1.6)
B 2 2 32

2,00 2,00
then the solution (q,u) is global with:

~N N
213

q € L¥(Bj

,O0

~, ~N N N _ N
)NEN B "), and we I®(BE. ) nINBEL). (1.7)

_N_| N
If in addition of the hypothesis (1.6) we assume that (qo,uo) belongs in BQfg 2% B2 > !
and that qo € L then there exists a unique solution (p,u) of the system (1.1) with
q = Inp. Furthermore for any T > 0 it exists Cr > 0 depending on T such that:

||;||L§9(L°°) +lollLss Loy < Cr-

In addition it implies that for any T > 0:
2 F1 me LY+ Foo( a1 1Tl
qGLT(BQQ)ﬁL(B ), and uELT(322 )ﬂL(B ).
(1.8)

—
Remark 2 Let us mention that the space SN By ~ s the adherence of the Schwarz
"B

2,00
N

N_q
space in By and the same for S N By Nog It is necessary to deal with these spaces
> B

2,00

2,00
in order to obtain strong solution in finite time. Indeed it requires a smallness assumption
on the solution of the heat equation in small time for LY norm with 1 < p < +oo. This

problem exists also for the Navier-Stokes problem.
N N_
For global strong solution with small initial data we can only work with By, N By’ !

N
21
and B2yOO

2,00

Remark 3 We want to point out that in the first part of the theorem 1.1, we solve the
system (1.5) and not the system (1.1). Indeed we do not assume any control on qy in
L™, it means that we have no information on the vacuum of the density. So it is not
clear that a solution from (1.5) is also a solution from (1.1) when there is vacuum. This
result proves in a certain way that the good variable to consider is not the density p but
rather Inp. Let us emphasize on the fact that this result is the first (up our knowledge)



for compressible system where we are able to work with such general critical initial data

N
. . | . . . . . .
(in particular uy € BQfOO what is a classical reqularity for incompressible Navier-Stokes
equations, see [9]).
In the second part of theorem we provide additional hypothesis on the density since
N N

qo = In pg belongs also in L°° N BQE and ug € B;zfl, in counter part we are able to show
that with such initial data we have existence of strong solution for the "real” Korteweg
system (1.1). The main difficulty consists in proving L estimates on q by splitting the
solution q in the sum of the solution of the linearized system qr, and a remainder term q
taking into account the non linear terms. We combine some mazximum principle results on
qr, and reqularizing effect on q on the third index of the Besov space to show that q is well
controlled in L*°. This part is quite technical and involves new ideas for developing some
results of maximum principle type, to do this we show in particular a characterization
of Besov spaces in terms of the semi group associated to the linear system related to (1.1).

Let us finish by observing that in this theorem we authorize that the initial density is
not necessary continuous as in [16], this is one of the main motivation of this paper. In-
deed we can deal with initial density which have some jump, we observe that the density
is immediately reqularized in the sense that p is in C°((0,T),RN) for any T > 0. This
1s due to the fact that the interfaces are diffuse.

Remark 4 The second interest of this theorem it to obtain the existence of global strong

solution with subcritical smallness on the initial data. More precisely we assume that
N N

~N_ 1 N 1
(qo, uo) belongs in (By'y "% N L) x ByYy ~ but we require only a smallness assumption
~N_ 1N N_q
in Byl '? X By, . In particular it allows us to prove the existence of global strong

solution with large initial data in the energy space when N = 2, this is up our knowledge
the first result of global strong solution with large initial energy data for the Korteweg
system when N = 2.

We give a example of such initial data in the corollary 3 where ug.y, can be chose as
N

N_ N_ N_
small as possible in Bzfool but very large in By, ' Let us recall that when N = 2, By !
corresponds to L? which is the energy space for ug (see (1.3)).

An other interesting point is that compared with [16], we can choose initial density with
a large L*° norm.

Remark 5 We now want to point out the specificity of the different physical coefficients,
it is typically the case for the pressure and the viscosity coefficients where P(p) = Kp and
w(p) = pp. Indeed under this form we can check that the variable Inp appears naturally
everywhere but also that there is no non-linear terms depending on the density such that
it would be necessary to have L control in order to deal with them (typically by using a
composition theorem). Let us also mention that it is not possible to obtain the same type
of result for compressible Navier-Stokes equations as we have no reqularizing effects on
the density.

Remark 6 We would like to mention that we could easily extend the result of strong
solution in finite time to the framework of Besov spaces constructed on general LP spaces



when the initial data verify:

N N_q
q € By and ug € Byso

Concerning the existence of global strong solution we would have to assume that qy is in
N N N N

B22,p,oop and uy € B22,p,o<; P the main difficulty would concern the proof of estimate for
the linear system associated to the Korteweg system with such initial data (we refer to
[25] for a such study in the framework of the compressible Navier Stokes equations).

The previous theorem takes into account in an essential way the structure of the viscosity,

capillary and pressure coefficients, indeed it allows us to assume a smallness hypothesis
N N N

only on initial data in Ego;l’? X B;o; " in order to obtain global strong solution. We
would like to extend this result to general physical coefficients and in particular dealing
with the case of the constant capillary coefficient in order to improve the results of [16].
Let us state a new theorem dealing with general pressure and with capillary coefficient
of the form k(p) = % or k with £ > 0.

Theorem 1.2 Let N > 2. Assume that pu(p) = pp or p, A(p) = A\p or X\ with p > 0,
2u+ A >0, k(p) = 5 or k with & > 0 and P a regular function such that P'(1) > 0.
Furthermore we suppose that pg = 1+ hg:

1

1N N_o - N _o N _
)2 2 2 2
NL>* and ug € B271 N 3272 .

N By,

)

~N_
hg € B2272
There exists €9 such that if:

lholl 1 x L < eo.

¥ Yoo ot ||UO||Bg72 y

NBy 21 NByh

then it exists a global unique solution (p,u) of the system (1.1) with p =14 h and:

~N_| N N

Toorp2~h2 2 2 F1 patLy+2 ¥l 00 (T 00
hel (B2,2 N B2,1 )N L (B2,2 N B2,1) N L (L™>) (1.9)

N

~ _ N ~ N N
and uw € L®(Bg, N Bg )NLN B2 NBE).

Remark 7 We would like to mention that this theorem extend the results of [16] in terms
N

‘ o B O |
of rough regularity on the initial data. Here we assume only that ug belongs in By
y¥_1
instead By'y ~, the main task as in the previous theorem 1.1 consists in getting a control

of the density in L°° without assuming hg € BQ% as in [16]. To do this we have to study
precisely the linearized system of (1.1) and involving some results of maximum principle
type, in addition the solution are the sum of solution for the linear system associated
to (1.1) and remainder terms taking into account the non linearities. These remainders
terms benefit from regularizing effects on the third index of the Besov space which will
ensure a L control on the density. For more details we refer to the proof of theorem
1.2.

Let us mention that for the first time up my knowledge we can choose initial density
which are not continuous as in [16], in particular we authorize some jump on the initial
density which is immediately reqularized.



Remark 8 Let us point out that in the previous theorem 1.2 we ask adal,’vitional re%ularity
in low frequencies on (hg,up), indeed we assume that (hg,ug) are in Bffz X (Bflfz)N.
This is essentially due to the fact that we have shown maximum pm’ncipze for the Zsystem
(N) p18 (which does not take into account the low frequencies) and not for the system
(N1) p 20 (see the proposition 3.95). We think that it would be possible to extend the
proposition 3.95 to the system (N1). In particular it will allow to avoid this additional
reqularity on the initial data in low frequencies. For more explanations we refer to the
remark 19.

We are now interested in dealing with the specific case k(p) = “; and p(p) = up, A(p) =0
where we can exhibit a specific structure on the system (1.1), we obtain from system (1.5)
(when A = 0) the following simplified model by assuming that v = u + uVInp (we refer
to the appendix for more details on the computation or [20])):

Op — pAp = —div(pv), (1.10)
pov + pu - Vo — div(up Vv) + VP(p) = 0, '

which is equivalent to the following system if we control the vacuum on the density p
with ¢ = In p:

{@q—,qu+v-Vq= —divv 4 p|Vql|?, (111)

v+ u-Vuv—plAv —uVg-Vo+VF(p) =0,
In this particular case we are able to use a new tool developed in [29, 30, 26, 27, 21] called

the quasi-solutions. More precisely we can check that it exists a particular solution of
the following system (where we have canceled out the pressure P):

{ Op — plAp = —div(pv),

1.12
powv + pu - Vo — div(up Vv) =0, (1.12)

Indeed we verify that (p1, —puV1np) is a particular solution of (1.12) if the density p;
verifies the following heat equation:

op1 — pApy = 0. (1.13)

The idea will consists in working around this quasi-solution which allows us to prove the
existence of global strong solution with small initial data in subcritical norms. Indeed
we are going to search solution under the form:

q=Inp=1Inp; + hy withp; =14+ h; and u=—uVinp; + us.
We deduce from (1.11) that (hg,ug) verifies the following system:
Orho + divug — uVinpy - Vho +ug-Vinp, = F(hg,Ug),

Orus — pAus — uVdivus — kVAhs + KVhy — 2uV In py - Dus — 2uVhy - Duy
+uy - Vug + ug - Vug — p?V(Vinpy - Vhs) = G(ha, us),

(h2(0,-),u2(0,-)) = (B, ug).
(1.14)



with:

F(hQ,UQ) = —ug - th,

12 (1.15)
G(hg,uz) = —ug - Vug + 2uVhy - Duy — KV 1Inpy + ?V(Whﬂ?).

Let us state our main theorem for the system (1.14).

Theorem 1.3 Let N > 2. Assume that u(p) = pp, k(p) = “—; and \N(p) = 0 with > 0

and P(p) = Kp with K > 0. Furthermore we suppose that ug = —uV[ln p{] + uJ and
Inpg = In(p) + kY such that p =1+ h10 and it exits ¢y > 0 such that pi > c; > 0. In
addition we assume that:

N _N N

WeBr 2% WeBr " and u0e BZ "
1 2.1 y g 2.1 ana u2 2.1

Furthermore it exists C > 0, o (depending on hY), and two regular function g, g1 such
that if:

1

Cy(ll(pY T))HL‘X’)HhOH y o exp (Car(ll(eh, )HLoo)HhOII ¥) <35
Pi 21 21 (1.16)

198153 + 8l -0 <o

2,1

then it exists a global unique solution (p,u) of the system (1.1) with: u = —uV In p; + usg
and In p = In p1 + hg with py = 1 + hy verifying the following system:

Orp1 — plApr =0,
p1(0,-) = p} =1+ hj.

Furthermore we have:

~N_1 N ~ ~N_ 1 N9 ~ N _ ~ N

hy € L®(B2, "2)NLNBg ") and up € (B, NIV B, (L17)
Remark 9 Let us mention than the main interest of this theorem is to prove the existence
of global strong solution with large initial data for the scaling of the equation which is

completely new up our knowledge. Indeed it suffices to choose h{(z) = p(Ax) with ¢ €

~N N

327,1_2’7 such that 1 + ¢ > ¢ > 0 we then verify easily that:

(A1 g = llell .

2,1 21
I8z = 11+ el
1 1.18
e (1.18)
¥

5 llzee = |l
P

1
”h H %72 = ﬁ”@”Bﬁfz'

It implies that hY veriﬁes (1.16) by choosing X large enough. In particular it implies that
N

by taking ¢ large in B our initial density hY is large in the critical Besov space Bfoo

2,00

10



for the scaling of the equations. It is also possible to choose  large in B%po which shows

that there is existence of global strong solution for large initial data in the energy space

when N = 2. This is certainly the main interest of this paper.

We could also to choose hi(x) = In(\)p(Ax) with X\ > 0 which shall still improve the
N

previous estimates in term of large initial data in BfQ.

We would like also to point out that the condition (1.16) is in the same spirit that small-
ness condition in some forks of Chemin and Gallagher in [14, 15] for incompressible
Navier-Stokes equations. Indeed in these works the authors prove the existence of global
strong solution for large initial data in B ., which is the largest critical space for the
Navier-Stokes equations.

OOOO

N
Remark 10 We think that we could improve the condition on initial density hY € 351_2
by working around the quasi solution only in high frequencies and by working in low
frequencies directly with p — 1 in the spirit of [25]. It would be then possible to assume
that hY belongs only to Bﬁfl
Let also point out that in this theorem, by a very accurate study on the linear system
associated to the system (1.14) (see the proposztwn 3. 9) we could probably improve the

initial condition on hY by assuming only hY in B271 ’n B22 SN L® with e > 0 (see
the remark 18). In particular it would allow to choose initial density not necessary
continuous.

It may be also probably possible to work with general reqular pressure, it would make the
proof technically more difficult.

We are going to finish by presenting a result of global strong solution with large initial
data when we assume the system (1.1) highly compressible.

Corollary 1 Let N > 2. Assume that u(p) = pp, k(p) = “; and A(p) = 0 with u > 0

and P(p) = Kp with K > 0. Furthermore we suppose that ug = —uV[lnpl] + uY and
Inpg = In(pY) + hY such that p = 1+ hY and it exits c; > 0 such that p? > c; > 0. In
addition we suppose that:

0 ~N_o N 0 ~N_ N 0 N_q
hi€ By 7*, hy € By "? and uy € By

Furthermore it exists ¢g > 0 (depending on hY and the viscosity coefficient j1) such that
for any K < e it exits €1 > 0 such that if

Il gy + Dzl s <er. (1.19)

21 2,1

then it exists a global unique solution (p,u) of the system (1.1) with: u = —uV In p; + usg
and In p = In p1 + hg with p1 = 1 + hy verifying the following system:

opr — pApr =0,
p1(0,-) = p} =1+ hj.

Furthermore we have:

N ~ N_q
he € L°(Bg ) le(B2H’2+ ) and uy € L®(B2, )le(B2“). (1.20)

11



Remark 11 The main interest of this theorem is to prove the existence of global strong
solution for any large initial data provided that K is sufficiently small with P(p) = Kp.
In other terms we get global existence (and uniqueness) for highly compressible fluids in
any dimension N > 2. Up my knowledge it is the first time that we have a result of
global strong solution with large initial data in dimension 3 (under a condition of course
of high compressibility, which means that K must be small in function of the initial data

and in function of p). Roughly speaking K tends to be very small when ||h(1)|]~%72 y s
BZ,I ,
very large.

This article is structured in the following way, first of all we recall in the section 2 some
definitions an theorems related to the Littlewood-Paley theory. Next we will concentrate
in the section 4 on the proof of theorem 1.1 and 1.2. In section 4, we shall prove the
theorem 1.3 by introducing the notion of quasi solution which will play a crucial role. In
section 5 we show the corollary 1. We postpone in appendix (see section 6) some technical
computation on the capillarity tensor and some extensions on the previous results.

2 Littlewood-Paley theory and Besov spaces

Throughout the paper, C' stands for a constant whose exact meaning depends on the
context. The notation A < B means that A < CB. For all Banach space X, we
denote by C([0,T],X) the set of continuous functions on [0,7] with values in X. For

€ [1,4oc], the notation LP(0, T, X) or L%.(X) stands for the set of measurable functions
on (0,7T) with values in X such that ¢ — || f(¢)||x belongs to LP(0,T). Littlewood-Paley
decomposition corresponds to a dyadic decomposition of the space in Fourier variables.
We can use for instance any ¢ € C®°(RY) and x € C®(RY) , supported respectively in
C={¢eRN/3 <|¢| <5} and B(0, 3) such that:

Y e =1 if £#£0,

lEZ

and:

X+ 27 =1 if Ve

leN

Denoting h = F 1, we then define the dyadic blocks by:
A= p(27'D)u = QIN/ h(2'y)u(z — y)dy and Sju = Z Agu.
R k<i—1

Formally, one can write that:

u:ZAku.

keZ

This decomposition is called homogeneous Littlewood-Paley decomposition. Let us ob-
serve that the above formal equality does not hold in &' (RV) for two reasons:

1. The right hand-side does not necessarily converge in S’ (RM).

12



2. Even if it does, the equality is not always true in S'(RY) (consider the case of the
polynomials).

For the non homogeneous decomposition, we define the dyadic blocks as follows:

Aju=0 for 1 < -2,

A_ju = x(D)u,

A= (27 'D)u = 2ZN/ h(2'y)u(z — y)dy, for 1> 0.
RN

Formally, one can write that:

UZZAku

keZ

This decomposition is called non homogeneous Littlewood-Paley decomposition.
2.1 Homogeneous and non homogeneous Besov spaces and first prop-
erties

Definition 2.3 We denote by S;L the space of temperate distribution u such that:
lim Suj 400 =0 in S
Definition 2.4 For s € R, p € [1,400], ¢ € [1,+0], andu € S (RN) we set:

1
lullgg,, = (2" Arullze) ).

leZ

The homogeneous Besov space B , is the set of distribution u in S, such that [ullss, <
~+00.

Remark 12 The above definition is a natural generalization of the homogeneous Sobolev
and Holder spaces: one can show that BS, ., is the homogeneous Holder space C* and
that B5 5 is the homogeneous space H®.

Proposition 2.1 The following properties holds:

1. there exists a constant universal C' such that:
CHullps, < IVull gs-1 < Cllulgs,.-

2. If pr <p2 and 11 <1y then By . < B;;,{Z(l/m‘l/p?).

3. Moreover we have the following interpolation inequalities, it exists C > 0 such that
for any 0 €]0,1[ and s < S we have:

0 -0
el oo < llullsy, a2,

c o =
s —0)s < N+ AN~ N S 5 .
Jull oo < =gy 1ol Il 57

13



Let now recall a few product laws in Besov spaces coming directly from the paradiffer-
ential calculus of J-M. Bony (see [6, 3]).

Proposition 2.2 We have the following laws of product:

e Foralls € R, (p,r) € [1,+00]? we have:

[uvllgg, < C(llullre<lvllsg, + [[vllLellulls;,) - (2.21)

p,r —

o Let (p,p1,p2, 7, A1, A2) € [1,400)? such that:}l) < p% + p%, p1 < Az, p2 < Mg, Il, <
p% + )\% and % < p% + )\—12 We have then the following inequalities:
. : 1 1 N _ N N _ N )
zf51+52+N1nf(0,1—p—1—p—2) >0, s+ 5, < m and82+x < then:

0l oy e S el ol (2.22)
p,T

when s1 + % = pﬂl (resp s2 + /\ﬂl = p%) we replace HUHBZ},THUHBZ%,OO (resp ||’UHBZ§700)

by HUHB;i,lHUHB;g,T (resp HU”B;;wnLOO)7 if 81+ )TA; = pﬂl and sp + % = p% we take
=1.
;fSl‘i‘SQ:O, 51 € (Aﬂl—%,pﬂl—%] andp%—i-piz <1 then:
ol viegpy S el ol .- (2.23)
If |s| < % forp>2 and —g <s< % else, we have:
luvlisy, < Cllullsg, vl ~ . (2.24)
oo
Remark 13 In the sequel p will be either p1 or ps and in this case % = p%_ p% if p1 < po,
resp x = 5o — 3 2 < D1

Corollary 2 Letr € [1,400]|, 1 <p < p; < +oo and s such that:

N N\ 1 1
i Se(_avﬁ) Zfﬁ_"agl;

N 1 1 NN ¢ 1 1
o SG(—E‘FN(;)"‘E—].),E) Zf13+IT1>17

N

then we have if u € By, and v € Bg{oo NL>:

luolipy, < Cllulls;, vl x .
P1,©

The study of non stationary PDE’s requires space of type LP(0,7,X) for appropriate

Banach spaces X. In our case, we expect X to be a Besov space, so that it is natural to

localize the equation through Littlewood-Payley decomposition. But, in doing so, we ob-

tain bounds in spaces which are not type L?(0,T, X) (except if r = p). We are now going

to define the spaces of Chemin-Lerner in which we will work, which are a refinement of the

spaces Li.(B; ).
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Definition 2.5 Let p € [1,+00], T' € [1,4+00] and s1 € R. We set:

ll o ggeny = (30 27 At [ 1)
lEZ

3=

We then define the space z%(Bg}T) as the set of temperate distribution u over (0,T) x RN
such that ||lul|z, By < +oo.
T\=PpP,"

We set éT(Eglr) = E%O(Egl,,) N C([0,7T],ByL). Let us emphasize that, according to
Minkowski inequality, we have:

lllze ey < Mellzegoesy i€ 72 o0 llullzg gy > lullpg sy, 3 7 <p. (225)

Remark 14 [t is easy to generalize propositions 2.2, 2 to sz(B;}T) spaces. The indices
s1, p, r behave just as in the stationary case whereas the time exponent p behaves according
to Holder inequality.

In the sequel we will need of composition lemma in EPT(B;T) spaces (we refer to [3] for a
proof).

Proposition 2.3 Let s >0, (p,r) € [1,400] and u € Z%(B;,r) N LFP(L>).

1. Let F € T/Vl[jlw’oo(RN) such that F(0) = 0. Then F(u) € Z%(B;}r). More precisely
there exists a function C depending only on s, p, r, N and F' such that:

IF @z 5 < Cllull eyl s

oc

precisely there exists a function C depending only on s, p, r, N and F' such that:

2. Let F € W'Z[SH?”OO(RN) such that F(0) = 0. Then F(u)—F (0)u € EPT(B;J). More

! 2
1P(w) = ' O)ullzy s, ) < Clluligezoen)luly g, -

Now we give some result on the behavior of the Besov spaces via some pseudodifferential
operator (see [3]).

Definition 2.6 Let m € R. A smooth function function f : RY — R is said to be a S™
multiplier if for all muti-index o, there exists a constant C, such that:

Ve e RN, (9 F(€)] < Ca(l+ €)1

Proposition 2.4 Let m € R and f be a 8™ multiplier. Then for all s € R and 1 <
p,7 < +oo the operator f(D) is continuous from By, to By ™.

Let us now give some estimates for the heat equation:

15



Proposition 2.5 Let s € R, (p,7) € [1,+]? and 1 < ps < p1 < +oo. Assume that
ug € By, and f € Lp2 (Bp.r 2+2/’)2) Let u be a solution of:

Ut=0 = UQ -

{ﬁtu—uAu:f

Then there exists C' > 0 depending only on N, u, p1 and py such that:
|
HUHE;I(E;tQ/Pl) < C(HU’OHB;T =+ nr2 Hf”z;?(B;;?WLQ/PQ)) .
If in addition r is finite then u belongs to C([0,T], B, ).

Hybrid Besov spaces

The homogeneous Besov spaces fail to have nice inclusion properties: owing to the low
frequencies, the embedding By, < B} does not hold for s > ¢. Still, the functions
of By, are locally more regular than those of B q: for any ¢ € C§° and u € By, the
functlon Pu € B 1- This motivates the deﬁn1t10n of Hybrid Besov spaces mtroduced by
R. Danchin (see a definition in [3]) where the growth conditions satisfied by the dyadic
blocks and the coefficient of integrability are not the same for low and high frequencies.
Hybrid Besov spaces have been used by R. Danchin in order to prove global well-posedness
for compressible gases in critical spaces (we refer to [3] for an elegant proof of this result).
We generalize here a little bit the definition by allowing for different Lebesgue norms in
low and high frequencies.

Definition 2.7 Letly € N, s,t,€ R, (r,r1) € [1,+00]? and (p,q) € [1,+0c0]. We set:

”“ng; L Z QZSHAZUHLP + Z 2lt||AlUHan

I<lp >l

and:

S =

= (@A) + (@ Al a))

1<lp I>lo

u s
| ”B(pt)( D

_ psyt
Remark 15 When p = q and r = r1 we will note to simplify B(p o) = By

Notation 1 We will often use the following notation:

UBF = ZA[U and UHF = ZA[’U,

1<l 1>l
Remark 16 We have the following properties:

) WehcweB 1—B

33752 31734
o Ifs1 > s3 and so > sy then qul <—>qu1

16



Remark 17 In the sequel we shall often use this hybrid Besov space in order to distin-
guish the behavior of our solution in low and high frequencies, in particular we would like
to mention that we can prove results analogous to propositions 2.2 and corollary 2.

We shall conclude this section by some example of initial data verifying the theorem 1.1
with large energy initial data When N = 2.More generally we are interested in defining

N
initial data which are small in B Nt but large in 3272 It implies in particular that
your initial data V,/pg have large energy data when N = 2, furthermore In pg is large in

N
By’ which is a scaling invariant space (it improves in particular the results of [16] where
N
the initial density is assumed small in By’ ).

Let us start with recalling a classical example of function in By ., by sake of completness
we are going to recall the proof (see also [3]).

Proposition 2.6 Let o €]0, N[. For any p € [1,+00], the function |- |~ belongs to

N_o

p
Bp7oo

Proof: By proposition 2.1 it suffices to show that u, = |- |~ belongs to B{\f;f’. Let us
introduce a smooth compactly supported function y which is identically equal to 1 near
the unit ball and such that u is splitting as follows:

Uy = ug +uy with ug(z) = x(x)|z|”7 and wui(x) = (1 — x(x))]z|°.

Clearly ug is in L' and u; belongs in LY whenever ¢ > % The homogeneity of the
function u, gives via a change of variable:

Ajig = 2N ug + h(27-)
= 2I(N+0)y (29.) % h(27") (2.26)
=217 (Agu, ) (27-).

Therefore, 20N~ || Ajuy |1 = | Aot |11, it reduces the problem to show that Agu, is
in L'. As ug is in L', Agug is also in L! according the continuity of the operator Ag on
Lebesgue spaces. By Bernstein inequalities, we have:

[Agur |1 < Cyl|DFAgur || 11 < Ckl| Dy |11

Leibniz’s formula ensures that D*u; — (1 — x)D*u, is a smooth compactly supported
function. We then complete the proof by choosing k such that £ > N — o. (I

We can now deduce from the previous proposition suitable functions verifying the theo-
rem 1.1.

Corollary 3 Let us consider:

oo (2) = S(—7=
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with S defined by SU(§) = 1ieern,p(0,200)(§)U(§). Then for all r € [1,+00], for all M >
for alle1 > 0 it exits € > 0, it exits lg > 0 such that:

luoll Ly v < &1,
2o (2.27)
luoll y -1 = M.

2,r

Proof: In the sequel in order to simplify the notation we shall write ug for ug. . Let
us denote by u, the function ﬁ with o €]0, N[. By (2.26) we observe that:

1A 12 = 21 2) || Ague | 2. (2.28)
It implies that for [ > Iy we have for My independent on € when & < 1—10:
N_
212719 Ayug|| 12 = || Aour—c|| 2 < M.

Indeed using the same arguments than in the proof of the proposition 2.6 we have by
Bernstein inequality for C' > 0:

[Aour—c|lz2 < Cl|Aour—cl|r1,

< O(lxur—ell g + CFIDF((1 = xJur—e)ll ),
< Mp.

According to (2.28) we deduce that for all I > ly:
215D Aol 2 = 27| Aol 2 < Mo2710%.
It implies in particular since Ajug = 0 for [ < [y that:

lwoll -, < Mo27 e, (2.29)

2,00

N
. . 5—1 .
Let us now estimate the norm of ug in By, ~ with r € [1, +-o0[:

N_ 1
lwoll v = Q2 ™Vl Aol 2)

2,r ZEZ
—rl 1
= () 277, (2.30)
1>1p
Ml (— 1yt
‘ 1—2-re’

It implies that for all M > 0, for all » > 0 it exits € > 0 small enough such that:

1 1
(T—5=e) 2 M. (2.31)
We fix now [y such that:
Mg27l0f = ¢y, (2.32)



Let us prove now that when ¢ < % it exist o > 0 such that M, > a > 0. Assume by the
absurd that this is wrong. It implies that it exists a sequel (&,,)nen Which converges to 0
when n goes to infinity such that M. = ||[Aoui—c, |72 goes to 0 when n goes to infinity.
By Plancherel theorem and the fact that we know the Fourier transform of | - |~17¢ (see
[3] p 23) it implies that:

|1—5n

IFAour—e, llze = ena—e, ol - 77Nl 12 —nsbo0 0.

Since we can bound by below [|¢| - |*=*»~V|| ;2 independently of n, it implies that ey 1—c,

goes to 0 when n goes to infinity and this is absurd.
We obtain finally from (2.29), (2.32) and (2.30), (2.31) that:

[uoll 1 <e1,

Meia (2.33)

> .
fuoll 2> =57

2,00

2,00

It concludes the proof of the corollary. O

3 Proof of theorems 1.1 and 1.2

In this part we are interested in proving the theorems 1.1 and 1.2 of existence of strong
solutions in critical space for the scaling of the equations. We want to point out that
in the theorem 1.1 the viscosity and the capillarity coefficients are chosen with a very
specific structure. This fact will be crucial in the sequel of the proof in order to obtain
estimates on the density without assuming any control on the vacuum or on the L* norm
of the density for the theorem 1.1. Indeed when pn(p) = pp and k(p) = % with £ > 0
then the system depends only on the unknown Inp in a linear way and provides a new
entropy (see [20] for more details).

In a second time in order to prove the second part of the theorem 1.1, we are going to
estimate the vacuum (which means the L* norm of %) and the L* norm of the density.
More precisely we are going to write a solution (¢, u) under the form:

(q,u) = (QL,UL) + (57 ﬂ),

with (qr,ur) the solution of the linearized part of the system (1.5). We shall combine
maximum principle arguments on ¢z, in order to bound ¢z, in L* norm and regularizing

~ N
effect on the third index of Besov space for ¢§. Indeed we will prove that ¢ is in L%O(Bfl)
for any T' > 0 which is embedded in L5 (L>). Let us mention that in order to prove that
qr, is bounded in L* norm we shall prove a very accurate characterization of the Besov
space in term of the semi group associated to the linearized part of the system (1.5) (see
the proposition 3.11). For more details on this part which is the main difficulty of the
proof we refer to the subsection 3.4.1 and 3.4.2.

As a first step of the proof of theorems 1.1 and 1.2, let us start with studying the
linear part of the system (1.5) (when we are interested in proving the existence of strong
solution in finite time with large initial data, in particular it implies that we do not
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consider the low frequencies terms coming from the pressure) which corresponds to the
following system:

(N) {&gq + divu = F,

Osu — aAu — bVdivu — cVAq = G,

3.1 Study of the linearized equation

We want to prove a priori estimates in Chemin-Lerner spaces for system (N) with the
following hypotheses on a, b, ¢ which are constant:

0<a<oo,0<a+b<oo and 0<c<oo.

This system has been studied by Danchin and Desjardins (see [16]) in the framework of the
Besov space B3 ;, the following proposition uses exactly the same type of arguments used
in [16] excepted that we extend the result to general Besov spaces B3, with 7 € [1, +-oc0].
By sake of completness we are going to show the following proof.

Proposition 3.7 Let 1 < r < +o0, s € R, and we assume that (qo,up) belongs in

N N_ ~ N ~ N
BQ?TJFS x By, 1+S)N with the source terms (F,G) in L%(Bf:rs) x (Ly(By, 1+s))N.

- N ~ N ~ N ~ N
Let (q,u) € (L%F(BQfT+S+2) OLS}O(Bﬁ:_S)) X (L%F(BQfT+S+1) OLE}O(BQfTJrS 1))N be a solution

of the system (N), then there exists a universal constant C' such that for any T > 0:

Yo S CUlVa, wo)ll yoop, +IVEGIL, oy

(Vg u)ll.  ~ ~
C LB T NI (B2 LBz

Proof: As we mentioned previously, we are going to follow the arguments developed in
[16]. Let us apply to the system () the operator A; which gives:
Ovq; + divuy = F; (3.34)
Oyuy — div(aVuy) — V(bdivy) — cVAg = G (3.35)

Performing integrations by parts and using (3.34) we have:

—c/ u; - VAgqdx = c/ divu; Agqidx,
RN RN
- / Byt Aquda + / F Aqdz,
RN RN

c= o:Vq - Vqdx — ¢ VF - Vqdz,
RN RN

cd 9
=_— - VFdz.
5 77 RNqu! dx c/Rqulv j dx

Next, we take the inner product of (3.35) with u; and using the previous equality, it
yields:
1i(”u 12, 4+ ¢ \Vaq|*dx) + (a|Vuy|* + b|divuy|?)dx
2 dt tize RN RN ! !

— | Gude+c| VqVFdzr. (3-36)

RN RN
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In order to recover some terms in Ag; we take the inner product of the gradient of (3.34)
with u;, the inner product scalar of (3.35) with V¢; and we sum, we obtain then:

d
— / Vq.wdr + c/ (Aq))?dx :/ (G1.Vq + |divy|* + w. VF,
dt RN RN RN

—aVuy : Viq — bAqdivuy)dz.

(3.37)

Let a > 0 small enough. We define k; by:
= ul}s + el Vall: + 20 [ Vauds (3.39)
RN

By using (3.36), (3.37) and the Young inequalities, we have by summing and the fact
that « is chosen small enough:

1d 1 :
5okt + 5 /N(G\VWI2 +bldivey|* + 2ac|Aq*)de < (|Gl 2 (20| Vall 2 + [l £2)
R

T IVE L2 2alwill 22 + IVall ).
(3.39)
For small enough a and applying the Young inequality, we have according (3.38):

1 3
Sk < lwll* + el Varllze < Sk (3.40)

Hence according to (3.39) and (3.40) there exists K > 0 small enough, C' > 0 such that:

1d

5 g+ K2R < Chi(|Gillz2 + [V 2)-

By integrating with respect to the time, we obtain:
a(t) < e 52 (0) + C/Ot e KD (|VE(7)] 2 + 1Gi(7) | p2)d .
Using convolution inequalities we get for 1 < p; < p < +o0:
kil ooy < (275 ka(0) + 270 2D (VEL GOl o 1) (3.41)
Moreover since we have:

C™k < ||Vallp2 + w2 < Chy,

N 2
(5—1+S+;)

multiplying by 2 l, taking the [" norm and using (3.40), we end up with:

(Vg wll - ¥oree < (VE,G)|

( %7%”%) + H(V(JOauO)HB%Aﬂ'
T 2,7

~p1
LT 2,7 2,r

It conclude the proof of the proposition. O

Let us extend the result of the proposition 3.7 to the case where we include the pressure
term inside of the linearized system. This is necessary when we are interested in dealing
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with the existence of global strong solution with small initial data. Indeed in this case
it is very important to take into account the behavior in low frequencies of the density
and in particular the pressure term which provides the behavior of the density in low
frequencies. More precisely we will consider the following linear system:
(N1) {atq + divu = F, '

Owu — alAu — bVdivu — ¢cVAqg+ dVqg = G,

We now want to prove a priori estimates in Chemin-Lerner spaces for system (N1) with
the following hypotheses on a, b, ¢, d which are constant:

0<a<oo,0<a+b<oo, 0<c<oo and 0<d < oo.

This system has also been studied by Danchin and Desjardins in [16] in the framework of
Besov spaces of the type B3, with s € R, the following proposition extends the results of
[16] to the case of general Besov spaces B3, with r € [1, +00] by using similar arguments.

Proposition 3.8 Let 1 < r < 400, s € R, and we assume that (qo,ug) belongs in

~N_ 145N N_1 )
By, BRERA (By, JrS)N. Furthermore we suppose that the source terms (F,G) are in
~ =N s N > N _14s N
LB ) (DB ).

~ =N Nysro ~  ~N g4 Nog ~ Nist1, ~ Nis—1
Let (q,u) € (Lp(BS, 2 )NLE (B, 2 )< (Lp(B2,  )NLF(BZ. )
be a solution of the system (N1), then there exists a universal constant C such that for
any T > 0:

N

- N N + _ N_. . N.. T|ul|l. x + [ul| - N _
||QHL%(B2J%+1+S,1;’+2+5) HQHL%O( 21%2 1+5,g’+5) ” HL;(B;%]TH“) H ”L%"(BQJ?VT 1+s)
S C(quuéﬁ‘—l-ﬁ—s,%-ﬁ—s + "UO|’B£1?%,,+S + “F"Z%(Ez%_l+s’%+s) + HGHZ%‘(B;%_I_FS))

Proof: It suffices to follow exactly the same lines as the proof of proposition 3.7 except
that we have to consider the following k;:

= e + clVall + dlal3 + 20 [ Vo uds
R
Now choosing « suitably small , we deduce that:
1 3
o4 < JullZs + clVal3 +dlal: < 54 (3.42)

By combining energy estimates in frequencies space, we show as in [16] that it exists
¢,C > 0 such that:

d
5%@2 + 22k < Cl(||Gil| 2 + |[(V L F) || 2)-

As in the proof of proposition 3.7 routine computations yield proposition 3.8. O

22



We are now interested in studying the following system with p > 0 and & > 0:
Othg + divug — uVinp; - Vho +uz-Vinp, = F,

Opug — pAug — pVdivug — KVAhy + KVhy — 2uV In py - Dug — 2uNVhe - Duy
+uq - Vug + ug - Vug — /L2V(V1np1 -Vhe) =G,
(hQ(Oa')’UQ(Oa )) (hOaUO)
(3.43)
Here (hg2,u2) are the unknowns, p1~and u1 corresponds to some functions defined in
suitable Chemin Lerner Besov space L”(B,, ,.) that we will precise below in the proposition
3.9 and F, G are source term (we will also precise their regularity). In order to prove the
theorem 1.3 we will need precise estimates on the solution (ha,u2) of (3.46) in terms of
Chemin Lerner Besov spaces, to do this we are going to prove the following proposition.

e ~E_17ﬂ N_q '
Proposition 3.9 Let (h3,u3) € B 1 2 X By and we assume that Inpy belongs in

~ i ~ﬂ_1jﬂ =5 i N9 o~ i N_q > n Nq
Le[®R*, B2, "?)nL'(RY, B2 )andu1 in L®(R*, B2, ') NL'(RT, B2 ).
~N

~ ~ N_
Furthermore (F,G) are in L*(R™, B 2 LE ) x LY(RT, By 1). Let (ha,uz) the solution of
the linear system (3.46) then it emsts C > 0 such that (ha,ug2) verify for any T > 0:

h~~77+h~7_7~|—u~7—|—u~7_
[ zHLlT(Bz;H,J;H) Irally s el v sl
< C(||ng H y H +HFH~ von +HG N

(IR B2 B2 FAGE AL P87 1>)

T 4 4
xexp(C [ (luall* y 1 4+ llwall® y,, +IVInpr|* x 3 +[VInps|® 1) (s)ds ).
0 2 o+3 2 2tg

2 2
B2700 BQ,oo B2,00 2,00

(3.44)

Remark 18 Here to simplify we consider directly RY than (0,T) for any T > 0, we
would like to point out that in the proposition 3.9 the main estimates (3.44) involves
N1 N_1 N1
a control of Vnpy in L%(RJF,BQQ’;Q) N L4(R+,Bfm2) and of uy in L%(RJF,BQfO—gz) N
N_1
L4(R+,B2f002). By Minkowski inequality ( see (2.25)) and since IP is embedded in 1>
for any p > 1, we know that for example:

”vmleL% +BQ+2)ML4(R+ B%*% ||V1np1||”4(]R+BQ4+2)0L4(R+ Bﬁ[%) (3.45)
'3 '3
I ~5-1L5 +1,N+2 ,
Of course when we assume that In py belongs in LOO(]R By ? )NLY (R 200, it
N_

41
implies by interpolation that VIn pq is in Ls (RT, B AE: ) ﬁL4(R+ B

2
27
it proves that with such assumptions we control the right hand sid
(3-44)-
Let us mention that since in the theorem 1.3 we will have uy = —pV 1n p; with py verifying
a heat equation, in particular we could improve the condition on the initial data p(lJ = hcl)—i—l

N
2). In particular

D o

of the inequality
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N _ N
of theorem 1.3 by assuming only h{ € By, ’n B224 NL>® and p§ > ¢ > 0. Indeed with
b 75

such condition V 1n p1 would verify exactly the quantity on the right hand side of (3.45)
which is sufficient to control the right hand side on (3.44).
In fact a more accurate p'roof of the proposition 3.9 by using critical interpolation estimate

would show that hi € B2717 N B2 5 . NL>® (with e > 0) and p} > ¢ > 0 is sufficient for
the theorem 1.35.

Proof: We observe that (hg,usz) are solution of the following system:
Oche + divug = F(hg,u2),
dyuy — pAuy — pVdivuy — kVAhy + KVhy = G(hg, us), (3.46)
(h2(0,), ua(0,)) = (h§, u§)-

with:

F(h2,u2) = F 4+ uVinp; - Vhy —ug - Vinpy,
G(h2,u2) = G+2uV1np; - Dug 4+ 2uVhy - Du; —uy - Vug — ug - Vg
+ 12V(V1npy - Vhy).

By applying the proposition 3.8, we have for any 7" > 0:

hell o, gy B2l y Flluall, oy el oy
FYCEARE A SIS PB4 Lp(Bs )
<C(||hoH Ny +||Uo|| y +||F(77J2,W)||~ _ _1;})+||G(h27U2)H~ _1))
21 2,1
(3.47)
We have only to deal with the right hand side of (3.47), we have in particular:
T
Vg Vel oy = [ IV il gy ()
2 1 ) 0 By
g 3.48
/0 (HVhQH~;,%g+%||Vlnp1||B2%7% (3.48)
HVhall _y g y 4 [IVInp]l +1)(s)ds.
21 200
By interpolation see the proposition 2.1 we have:
[V ha|| X343 S S HW@H“Lg LlHVh2\|4ﬂ N,
By 21 221 2t
(3.49)
4 4
\|Vh211327ﬁ_%,g+ 5 S HVMLLQ v [Vhe| s
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By combining (3.49), (3.50) and Young inequality we have for any ¢ > 0

T
s /0 IV il (5)s
T 21

B

l\')

oo

+\|Vh2||;%,2%,1um|| MHvamu&%)<s>ds. (3.50)
2,1 1 ,00

o &=
VK\J

T
s/ (1Tl .+ CAT 0l [Tl
0

200 2,1

+ Ce HVh2H~N 2. - IHVIHmH ¥ 1)(8)(13

In a similar way by interpolation we have:
oz Vil oy = [ Vil gy )
T
S /O (IVInpill oy yiylluzll_yoy +1VInpl oy gy yluell yy)(s)ds.
2,00 21 200 21
3.51
o , . (3.51)
A 4 4
<[ avml siblally ety
4 4
+ HVlnPlllEi;g N1 Hu2||BQJQV1 1||U2HBQN1+1)(S)dSv
Applying Young inequality it yields:
T
o Vgl oy oy S [ @ellel y o+ CIV Il el
T( ) 200 o2 21
+ C: HU2H ¥ 1HVIDP1||3 1 ﬂ+l)(3)ds'
200 2’ 2212
(3.52)
Let us proceed in a similar way for ||G(h2, u2)||~1 ( y 1y we are going only to treat only
T B2,1
two terms (the other one will be left to the reader). In a similar way, we have
T
IViapDusll oy = [ 911 Dusly(s)ds,
LT(B2,1 ) 0 21
T
S [ (Ve y g IDwl gy + Vgl iy Dl y—y)(s)ds,
0 2oo 2,1 200 2,1 (3 53)
. .
S [ Celual g+ VIl
0

u9 N _
A1) 1 [Juzl| i

+Celluall_y_ [IVInpnll?

3
_1
200 B 2
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and:

T
uy - Vu = uy - Vu s)ds
o Pl o= [ Sl 0
T ) , (3.54)
S [ @bl g+ ol gl + Celially o) o).

2
B2,oo 8271 BQvl 2,00

Finally combining (3.47), (3.50), (3.52), (3.53) and (3.54) we obtain that for C' > 0 and
€ > 0 small enough such that C'e < % that:

Hh2||~ y +Hh2||~ Ny tlull. N +||U2H~ N

EARERS LpBA "?) Lh B LyeB2 )
(Ilh Iy oy + [l ¥ ||F||~ B3y +||GH~ o
2,1 By 21 21 )

T (3.55)
+/0 <€(HU2HB;?V1+1 + Hh2HZl Eﬁﬂgw)) +Ca(HU2HBfI’v;1 + Hh2||§g71g)

2,1

Al gy bl gy + 1m0y 1T I ) )0 ).

;00 200 200 2,00

N

By a bootstrap argument and the Gronwall lemma where we use the fact that:

us(s + [|ha( usl| _ 1 bl
o g Va9l S ol el oy,
we get for C' > 0 large enough:
holl o, g ge Hlib2ll yoa g+ lluall, el oy
FYCEAR N Tp@h ) YRR LpsA )
< C(||h + ||u +|F|. _~_ + |G . _
(I OH s+l P ey +IG, )

T 4
4 3 4
xexp(c /O (ol g + Wl +uv1nm||3 1+||V1DP1||BA§_%)(S)CZ5>-

2,00 2 oo 2,00

(3.56)
It concludes the proof of the proposition 3.9. O
3.2 Existence of local solutions for system (1.5)

We now are going to prove the existence of strong solutions in finite time with large
initial data verifying the hypothesis of theorem 1.1 for the system (1.5). More precisely

we assume that (go, up) belong in B o X B

Existence of solutions

The existence part of the theorem is proved by an iterative method. We define a sequence
(¢",u™) as follows:

anQL+qn7 un:uL+ﬂn,
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where (qr,ur) stands for the solution of:

(3.57)

O:qr, + divuy, = 0,
owur, — Aup, — kV(Aqr) =0,

supplemented with initial data:
qr(0) = qo , ur(0) = uo.
Here A define the Lamé operator Au = pAu+ (A + p)Vdivu. Using the proposition 3.7,

we obtain the following estimates on (qr,,ur) for all 7' > 0:

N

~ g =1 et J- F+1
qr € C([0,T], By',,) N Lp(By's, ) and up, € C([o, 1], By )ﬁLT(B2 )

Setting (¢°, %) = (0,0) we now define (gy, %) as the solution of the following system:

oq" + dlv(ﬂ") =F, 1,
(V1) Oy, — Aty — KV(AG") = Gp—1,
(QTM ﬂn)t:O = (07 0)7

where
Fn—l — un—l i vqn—l’
Gn,lz—(u”_l) YVu 1—|—2/qu” 1 . Du 1_|_)\vqn 1dlvu" 1 (’V(]n 1’2)

— KVg" L.

1) First Step , Uniform Bound

Let ¢ be a small parameter and choose 7' small enough such that according to the
proposition 3.7 we have:

||uL”~ X +1 + ||qLH~ N o <e,
(H ) T 2,00 B2,<x> )
j lurll o +llal x < CAo,
L (By, Y LE(By2)

with Ag = ||qo]| % + HuoH y ;- We are going to show by induction that:
2 ,00

(Pn), (g™, a") Py < Ve
for € small enough with:
g S+2 ~ -1, 7 L T+1\N
Fr = (C([0,T), Bfo) N Li(BZS)) x (C(0,T), Big ) N Li(Big )

As (g°,a°) = (0,0) the result is true for n = 0. We now suppose (P,_1) (with n > 1)
true and we are going to show (P,). Applying proposition 3.7 we have:

1@, @)llpr < CI(VE-1, G-Il vy (3.58)
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Bounding the right-hand side of (3.58) may be done by applying proposition 2.2, lemma
2.3 and corollary 2. We begin with treating the case of || Fj,_1 ”Zl (BY/2y) let us recall that:
T 2,00

Foi=—up-Vq, —a" ' Vg, —ul - vt —a" . vy L (3.59)
We are going to bound each term of we have then:

llur - VqLHflT(Bé\Zj) < H“LHZ%F(BQ’Q‘H)HqLHE%O(B%f)

(3.60)
Hllacllzy gyrzee lurlpee 1)
Similarly we obtain:
||UL vqn 1||L1 N/2 < ||UL||L1 N/2+1)||q ||Z%O(Bé\jé2) (3 61)
HIVE Ty g el gy
T 200 ) T(BQOO )
—n—1 —n—1
o Vel oy = 10 g e IVl ) (3.62)
—n—1 ’
and:
la" =tV < [la" Iz gl
¢ = b L Y
(3.63)
+H 7z a1
q L1 N/2+2) L%O(Bé\’]éffl)‘

By using the previous inequalities (3.60), (3.61), (3.62), (3.63), (P,—1) and by interpola-
tion, we obtain that for C' > 0 large enough:

3
|Fullgs gz < CVE(AGET + VE(L+ Ag) + ). (3.64)
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Next we want to control ||Gn||~1( y 1y According to propositions 2.2, corollary 2 and
LY(B2
3.7, we have:

n—1\x* n—1 < n—1 n—1
I e ST g 0
v(IV n—1,2 B < \V4 n—1 B
IVVG Pl s SV
SIVG g g 1907 oy
< n—1 n—1
~ Hq ||Z§(Bzo: Hq HE4 (B7+7)
vnlDunl vnl~ nl~
IVq [ i SVl fsih | HL4(37 b (3.65)
n—1 n—1
g o 90 vy
vnldlvunl vnl nl
174 Iy o SV g o I vy
+WW1H 1H ”W~ N1,
T 200 T(B;,Zoog)
96"y oy STI
Let us recall that we have by interpolation and the condition (P,—1):
T I el =1 < Ajeh 4 E
L4(B2.2%) ~OO(BZ,%”) i (BQ%“) -0 ’
| LT . - (3.66)
n—1 < un—l 1 un—l 1 <A151—{— .
I g s, ST WOy, < Afed v

Using (3.58), (3.64), (3.65) and (3.66) we obtain for a certain C' > 0 large enough:

3 3 1
1@ @)k < CVE(AdeT + VE(L+ Ao) +¢) + C(Adet +VE)(Adet +E)
+ T(AO + \/g)a

3 3 1
< OVE(Alet +2v/E(1+ Ag) + Aled + Alet + &) + T(Ag + V7)

By choosing T and ¢ small enough the property (P,) is verified, so we have shown by
induction that (¢",u") is bounded in Fry.

Second Step: Convergence of the sequence

We will show that (¢", u™) is a Cauchy sequence in the Banach space Fr, hence converges
to some (q,u) € Fr. Let:

_ qn’ Su = un+1 — ™

n+1

8q" =q
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The system verified by (d¢™, du™) reads:
0:0q¢" + divou™ = F,, — F,,_1,
Oou" — pAdu"™ — (A + p)Vdivou" — kVAIG" = G, — Gp—1,
5¢"(0) =0, ou"(0) =0,

Applying propositions 3.7, we obtain:

16", 6u™)[[ Py < C([|F — Fn—IHLl L(BY/?) + [|Gn — n—IHZ%(Bé\Zf—l))' (3.67)

Tedious calculus ensure that:
Fo,—F,_1=—0u"1-V¢"—u"1-Vég" !,
Gp— Gpo1 = —u™-Véu" ' —su™ 1 Vu" ™ 4 V" - DU+ uVeg" Tt - Dyt
+ AV divou" ! + AVig" Hdive™ !t — KVeg ! + V(Vq" Vot 4+ Vet Vq”_l).

It remains only to estimate the terms on the right hand side of (3.67) by using the same
type of estimates than in the previous section and the property (P,). More precisely we
have via the proposition 2.2 and (P,,), it exists C' > 0 such that:

I = Faetlgy ey < 000y o 1967,
T 2,00
+ [|du M ¥-1 VeIl oy + ™ 1||~ Y1y Vg™ 1||~ N
L%O(BQOO T(BQ,oo ) T( 2,00 (B2,oo ) (3 68)
+[|Vég™™ 1H HU" o, oxey
(BQ,oo LT(B2,0<> )
3 1
< C(Adet + Afet + Ve + ) (6" Y 6u™ )|y
In a similar way we show that it exists C' > 0 large enough such that:
3 1
G = Gty ey < C(AGeR + Afed +VE + &+ DI|Gg" " 6 |y
T 2,00
(3.69)

By combining (3.67), (3.68) and (3.69) , we get for C' > 0 large enough:

3 1
1(5g™, 6u™) || pr < C(Ade® + Adet + VE+e+ 15", 6u" )| .

It implies that choosing € and T small enough (g™, u") is a Cauchy sequence in Fp which
is a Banach. It provides that (¢",u™) converges to (g,u) is in Fp. The verification that
the limit (g, w) is solution of (NHV'1) in the sense of distributions is a straightforward
application of proposition 2.2.

Third step: Uniqueness

Now, we are going to prove the uniqueness of the solution in FrSuppose that (g1, u1) and
(g2, u2) are solutions with the same initial conditions and belonging in Fr where (g1, ;)
corresponds to the previous solution. We set:

6gq=qs —q1 and du=uo — uj.
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We deduce that (dq, ou) satisfy the following system:
0:dq + divéu = Fr — F1,
Opou — pAdu — (A + p)Vdivou — kVASq = Gy — G,
dq(0) =0, ou(0) = 0.

We now apply proposition 3.7 to the previous system, and by using the same type of
estimates than in the previous part, we show that:

og,0u)l| _y S R R T 2 | U X o (7308 + [Juzl| -
1(6g )HFTgI (HmHL?Tl(B;?vojl) ||Q2||LT12(B2§£1) | 1||L2T1(B§:) | 2HLT12(B§OO))
x [|(0q, du)|| _y -
P

We have then for 7} small enough: (dq,du) = (0,0) on [0,71] and by connectivity we
finally conclude that:
q1 = q2, w1 = uz on [0,T].

3.3 Global solution near equilibrium for system (1.5)

We are now interested in proving the existence of global strong solution with small initial
data for the system (1.5). The main difference with the previous proof consists essentially
in dealing with the behavior of the density in low frequencies, to do this we shall use the
proposition 3.7. More precisely we are going to use a contracting mapping argument for
the function 1 defined as follows:

(g, u) = W(t,) = ( z(; ) —i—/OtW(t—s) ( ZEZU) > ds . (3.70)

)

where W is the semi group associated to linear system (N1) witha = p, b=A4+pu,c=k&
and d = K. The non linear terms F, G are defined as follows:

F(q,U) :_U'an
p (3.71)
G(q,u) = —u.Vu+2uVq- Du+ Adivu Vg + §V(\Vq|2).

We are going to check that we can apply a fixed point theorem for the function ¢ in E 5
defined below, the proof is divided in two step the stability of ¥ for a ball B(0, R) in F £l
and the contraction property. We define £ 3 by:

N

~ ~N_4 N ~, ~N N ~ N _ ~ N
= (L=(B2 ") NINBAL ™) x (T2(BA ) NLNBEL))

N N
2

E

1) First step, stability of B(0, R):

Let:
n = llaoll x5y +lluoll .-

2,00 2,00
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We are going to show that i) maps the ball B(0, R) into itself if R is small enough.
According to proposition 3.8, we have:

W (t, ) ( ) Iy <C (3.72)
According to the proposition 3.8 it implies also that:
(el y < OO+ IF @l oy oy +IG @l ) (3.73)

_17 )

The main task consists in using the propositions 2.2 and corollary 2 to obtain estimates
on

IF@ 0y, gy 16wl

Let us first estimate || F'(q, )H~

)

NN . According to proposition 2.2, we have:

. <
lu VCIHZI(EQ%;,%) S qu”zé(éﬁo‘%’%*%)Hu”ﬁwiﬁ)
’ ' (3.74)
Va5 g 3,
Let us now estimate ||G(q, )H~ You Hence by proposition 2.2 it yields:
Il . Sl I gaon, Pl 0 (375)
~N_1 N1 N1
In the same way we have by proposition 2.2 and the fact that By Fol = BQfOOQ,
~N_3N_1 N_1
B2 oo 2 P B, ? (see the remark 3.3):
Vg - D““gl(Bf; S ”Vq””wiﬁ %+5)|\DU||~4(B§O<?%)
+||VQH~4( F-3.4-) [ Dull _, sy
’ (3.76)
IVadival, o S IValg ooy gy vl g
+ ||Vq|\~4 s¥-44-4 [dival| _, ¥4y
It now remains only to deal with the capillary terms:
IV, 5o SHVAPIL,
> > (3.77)
SHV(]H~4 _N_1 N1 HV(]H~ _N_3 N_1 .
Lg(Bfooi’T ?) L4(BZOO§’7 ?)
~N_1 N1 N1 ~N_3N_1 N_1
We have previously used the fact that By’ 27202 oy By ? and By, *'* = By ?.

We are now going to assume that (g, u) belongs in the ball B(0, R) of E> with R > 0.
Combining the estimates (3.74), (3.75), (3.76) and (3.77) we get:

(@ wlly < CUC+1)n+R)*. (3.78)
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By choosing R and n small enough we have:
C((C+1)n+R)? <R (3.79)
It implies that the ball B(0, R) of E % is stable under 1, indeed we have:

$(B(0,R)) € B0, k),

2) Second step: Property of contraction

We consider (qi,u1), (g2,u2) in B(0, R) and we are interested in verifying that 1 is a
contraction. According to the proposition 3.8 we have:

(g2, u2) = (g1, w)| Ly < C(I1F (g2, u2) — F(q1,u1)HE1(§N,1 N

2 ’7)
2,00

+ |G (g2, u2) — G(q,ur)|.. n_, ).
I\(B

8"

We set:
6q=qs —q1 and Oou = uo — uj.

We have:
F(q2,u2) — F(qu,u1) = —6u - Vga — u1 - Vég.
G(q2,u2) — G(q1,u1) = —ug - Vou — 0u - Vuy + uVaqa - Déu + uVoq - Duy
+ AVqodiviu + AVqdivuq + V(VQQ -Véqg+ Viq - Vql).

Let us first estimate || F'(g2, u2) — F(q1, UI)H~1(~%_1 va). We have by proposition 2.2 and
LVBR2 "

2,00
the remark :
<
I a) = Flas )l oy vy S 100l g vy IVl oy gyoy
+”5“”Z§9(371 ||qu||~ ZgﬁH)JerIIN%(BNH HV56]||~ G
* (3.81)
+1IVogll s _y_1 xi2 ||U1H~ N1
BT el

< C(2laz )|y + 2 @)y )| (5a.00) .

Next, we have to bound ||G(q2,u2) —G(q1, ul)\|~1( %_1). We treat only one typical term,
LY(B2.,

the others are of the same form.

| —ug - Vou —éu- vU1|| y NHV&LH ygu 2H~ N_1
B2.") 7 0K R DRy FR0X k)
+[IVéull. v, flu QH~ N +|]Vu1\|~ N |oull. N
7l R AR LLB2) LB (3.82)
+H5uH~g Nl HVU1H~ 3
LT oo T(B )

< C(2l(gz,u2)ll ,x + 2||(‘]17u1)||E%)H(6Q75“)”}5%'
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We can bound the other terms of ||G(q2,u2) — G(q1,u )H~ _1). in a similar way and

this work is left to the reader. Finally by combining (3.80), (3 81) and (3.82) we obtain
for C' > 0 large enough:

(a2, u2) (e, m)l| y <CllGa.6u)ly (I il y + (g2, u2)]

If one chooses R small enough such that RC < %, we end up with using the previous
estimate which yields:

19 (g2, u2) — ¥(gr,u)]l y <~ H(5q, su)ll -

E%
We thus have the property of contraction and so by the fixed point theorem, we have
the existence of a global solution (g, u) to the system (NHV1). Indeed we can see easily
that E> is a Banach space.

Concerning the uniqueness of this solution, it suffices to apply the arguments of the third
step of the result of uniqueness in finite time (see the previous section). More precisely
if (¢,u) is the previous solution and (gi,u;1) an other solution in E% then by setting
0qg = q — q1 and du = u — uy; we show that for 7" small enough:

6¢g=0 and du=0.

on [0,7] and we conclude after by connectivity to get the uniqueness on R¥. [l

3.4 Global solution near equilibrium for system (1.1)

We are now interested in proving the existence of global strong solution for the original
system (1.1), as explained in the remarka 3 the main difficulty consists in observing that
a priori the system (1.1) is not equivalent to the system (1.5). Indeed we need at least to
control the L norm on the density p and on the vacuum % in order to propagate on the
density p the regularity proved in theorem 1.1 for the unknown ¢ = Inp. Furthermore
we shall easily verify that with such regularity on (p,u) then (p,u) verify the system
(1.1) and is a unique solution of (1.1). To do thls we are going to assume additional

1 EAS
hypothesis on (g, ug) since now (qo,ug) is in B 2 with gqo = Inpg € L (this last
condition implies in particular that pg and belong in L).

The first part of the proof consists in gettlng L estimates for the linear system (N),
and the second part consists in splitting the solution (g, u) under the following form:

(qau) = (QL,UL) + (57 ﬂ),

with (gr,ur) solution of (N) with F' = G = 0 and (q1(0,-),ur(0,-) = (qo,up). The key
points will be to show that gy, is belonging in L (L>) for any T" > 0 and that ¢ is more
regular that q;. More precisely by a regularlzmg effect on the third index of the Besov

space we shall prove that g is in LOO(B221) for any T' > 0 with is embedded in L3 (L>).
It will then be sufficient to deduce a control of Inp in LY¥(L>) and to propagate the
regularity of ¢ on p via the proposition 2.3.
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3.4.1 Result of maximum principle type for the linear system (V)

Let us start with studying the following system:
O¢yq + divu = 0,
Ou — pAu — (A + p)Vdivu — kVAg = 0, (3.83)
(¢(0,-), u(0,-)) = (o, uo),

with ¢ > 0 and A + 2u > 0. We are interesting in characterizing the Besov space in
term of the semi group B(t) associated to the system (3.83), it shall be useful in order
to obtain L™ estimates for q. More precisely we have the following proposition.

Proposition 3.10 Let s be a positive real number and (p,r) € [1,+oc]?. Let (q,u) the
solution of (3.83) with (q,u)(t) = eB®(qo,uo) and with the following notation:

(qu U) (t) = eB(t) (VQO7 UO)'
Then there exists a constant C' > 0 which satisfies:

11250 (a0, o) 1o Il g a2y < CU(Vao, w0)lpze ¥(Vao,uo) € By (3.84)

Proof Apply operator A to the first equation of (3.83) and operators div and curl to the
second one; we obtain the following system with v = 2p + A:

0:Aq + Adivu = 0,

Opdivu — vAdivu — kA%g = 0,

Occurlu — pAcurlu = 0,

(¢(0,-),u(0,)) = (g0, uo)-

We observe that the third equation is a heat equation and we know via lemma 2.4 p 54
in [3] that it exists C, ¢ > 0 such that:

(3.85)

|eH2 Ageurlug || r < Cefczm"HAlcurluoHLp Vp € [1, +o0]. (3.86)
Let us study now the following system:
Osc+ Av =0,
0w — pAv — KAc =0, (3.87)
(6(07 ’)7 U(O, )) = (007 UO)'

where ¢ = Aq and v = divu. Denoting by U(t) the semi-group associated to (3.87), we
deduce from Duhamel’s formula that:

(g )=o)

We are now interested in proving estimate of the same form than (3.86) for eV ) (A;c, Av),
and to do this we are going to prove the following lemma which is a direct consequence
of the lemma 3 of [16]. For the sake of completeness we are going to recall its proof.
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Lemma 1 For any p € [1,4+00] and any t > 0 we have:

4k
2

—cmin 29y,
1€V (Agco, Aguo) || r < Ce ™™ A ol 1o + || Aquol Lr)- (3.88)

Proof: Simple calculus show that U(t) = e *A(P) with:

_( o0 kP
0= igp e )
Following [16] we show that:

e—tA({) _ 6—% ( hy (tvg) + %hQ(tag) hg(t,f) >
_thQ (t7 g) hl(t7 g) - %hQ (t7 g) 7

with: -
, i t
Bt €) = cos(V |€[28), ha(t,€) = SRIED 4o oy,
1%
hi(t,€) =1, ha(t,€) = tg%if v? = 4k,
. )
ha(t.€) = cos(v [E21), ha(t,€) = SRIETD oo oy
and v’ = \/|rk — ”TQ| Let ¢ defined as in the definition of Littlewood-Paley theory, then

denoting a;;(t, ¢) the coefficients of the matrix e~*4(¢) and:

Agbij(t,x) = Ag(F~Haij)(t,2)) = (2m) N / e ai(t,€)p(279€)dE.
Let us show now that:
18(big)(t, )| 1 < Cememintig)?ome (3.89)

where ¢ depends only on p, k and ¢ is a universal constant. We first remark that
|AgbijllLr = (| hijqllLr with:

higa(t.) = (2) ™ [ (e, 2m)pn)dn,
Let us observe that the functions h;j, can be rewritten under the form:
o) = [ €7 FaiPO(E)de. (3.90)

with f € C>®(R"). By integration by parts and Leibniz’ formula, we obtain for all
a e NV,

(—iz)hy(x) = Z(%)/eim'gaﬂf@qIinQt)aa_%(ﬁ)d&- (3.91)

BLa
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Next, from Faa-di-Bruno’s formula, we deduce that:

PraiPy = S @@ (P, 0% (aiP)). (3.92)

it ym =6, vil =1
Let us suppose first that ©? > 4k. Then, we just have to prove that:

lhgllpr < Cem, (3.93)

for f(u) = ¢l =2 We have:

. / 2
m v ue—uu/ ,

Fr () = (@' = 2)

so that |f™(u)| < (V' + L)yme=ru/2. Using (3.91), (3.92), we prove the existence of
constant C, g, such that:

&l
|:Eahq(l‘)| < Z Z Ca”37m(22qt)m6_yt22q/8.

B<am=1

For any constant ¢ < 1 and m € N, there exists (), such that ue™ < C),e” . This
clearly yields (3.93).

When v? = 4k, it suffices to verify (3.93) for f(u) = ue /2 and f(u) = e”**/2. This
is a direct consequence of (3.92) and Leibniz’ formula. When v? > 4x, we have to check
(3.93) for:

Flu) = exp( (1+ H)u) nd f() = exp(5(1 /1= 5u)

Using again (3.92) we have:

—cvt229 (14 1—3—’2‘)’6_Cyt22q(1_ 1_%)

|z%hg(z)| < C'max(e ) < Cee)2

and we conclude to (3.89).
We obtain finally by using (3.89) and the Young inequality for the convolution:

17O (Ageo, Aquo)llze < Ce ™ BB (A eq | 1o + [ Aquoll10).
It proves the lemma, 1. [l
Via the Bernstein lemma, the lemma 2.4, (3.86) and (3.88) we obtain that VI € Z:
120 (8,40, Apuo)|| e < Ce ™ B2 (1A Vgl o + || Aguo1). (3.94)
According the estimate (3.94) we have by setting V' = (Vqo, ug) for ¢, C' > 0:

12 AePOV || 1o < Ct5225e =42 9205 | A V|| 1.
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We are now going to adapt a criterion to define some Besov space in terms of the heat
kernel (see theorem 2.34 in [3]) to our case, it means to the semi-group B(t).
Since V' belongs in S,,L and the definition of the homogeneous Besov semi norm we have:

[t POV o <> (162 2PV 1,
leZ

< CHV”BﬁS Z t522lse—ct22l e
=

where (¢,)1ez is a element of the unit sphere of {"(Z). If r = 400, we easily show (3.88)
by using the following lemma (we left to the reader the proof of this last one).

Lemma 1 For any s, we have:
sup Z ps2lsg—et2 4

>0 ez,

Let us deal now with the case r < +o00, combining Holder’s inequality with the weight
22se=ct2” 31d lemma 1, we obtain:

e B(t dt oo 2l +021 dt
| eIV G < Vit [T (T e ey
0 proJo =

oo dt
< CHVH%pf,gs /0 (Z t522lsefct22l )rfl(z t522ls€fct22l C:l)ia

IEZ leZ t
oo dt
< Vil /0 (3 et g
leZ

Using Fubini’s theorem and the change of variable u = ct2/, we have:

+oo dt Foo dt
J A e A S
0 BT 0

t t’
leZ
< TV,
p,T
with T'(s) = f0+oo t*~le~tdt. The proposition 3.10 is thus proved. O

Let us prove now L estimate for the density solution ¢ of the system (3.83). We
recall that in the sequel ¢ will correspond roughly speaking to Inp, in particular L™
estimate on ¢ shall also provide L*° estimate on p and %.

N
Proposition 3.11 Let gy € By’y, up € Bé\gl and qo € L. Let (q,u) the solution of the
system 3.83, then we have for all T > 0:

sup (V[ (Vg,u)(t,)llz=) < Cll(Vao, o)l x ;-
t€[0,T] By

|MHUf@m)§\Mdhw'+CUKV%%U®HBg_y

2,2

(3.95)
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Proof: The first estimate in (3.95) is a direct application of the proposition 3.10 applied

N 1
top =400, r =400, 5= % and using the fact that By, =~ is embedded in BO_O%OO.

Let &£ the fundamental solution of the Laplacian operator, and we define the operator
(A)~! by the convolution operator (A)~'f = £ % f with f € S’ (RV). By applying the
operator (A)~1div to the second equation of (3.83) and using the fact that Ac = divu,
we obtain the following system with ¢ = (A)~divu:

1
0 — “Ag = —— e,
I I
Orc — pAc — kAg = 0.
Let us prove that ¢ belongs in L3°(L*°) for any T > 0; by Duhamel formula we have:
BN 1 (" s ga
q(t,z) =er “qy — / en Oc(s)ds. (3.96)
B Jo
By the maximum principle for the heat equation, we deduce that:
LITN
ller = qollzoe(zoey < llg0ll poo my- (3.97)
Next we are going to consider fot eﬁ(tfs)Aﬁsc(s)ds, we recall that:

) %2 Os(A) " Hdivu(s, -),

) %z (85[(5 . divu(s, )]),

) *g ([Z 0;€ *, 6sui(3? )])’

=3 (K(—=) #0 O€) %4 Dsuils, ),

t—s (3.98)

)] *g 5) kg Osti(8, )

— S

= S AIK( ) e (€ 52 Do)

]

= D OIK( =] (A)7 Dsuils, ),

with %, the convolution in space and setting n = ﬁ:

T 1 _l=I?
K() = e~ i
Vit (471'#75)%
We deduce that:
—2x; 1 |=|?
B[ ( (@)= % ¢ T
E T A E (e B



We easily check by a change of variable u = —2— that:

VA(t—s)

) < =
Vi W= s

Then by Young’s inequality we have for 0 < s < t:

19: [ (

N=r %ﬁoiiﬂtﬁnmwasu(s)um (3.99)

with C' > 0. By applying the operator (A)~! to the second equation of (3.83) we show
that:

[10:[K( ) e (A)710sui(s, )l Lee <

O(A) My = pu + k. (3.100)

We conclude as follows by using (3.98), (3.99) and (3.100), then there exists C' > 0 such
that:

t t
E(_5)A _1 1 1

en 0sc(8)ds||poo(r00y < ( su S||AT 0su(s)]| Lo ————ds,
H/0 re(s)dsll o (ro) < (0<sI<)t\[H su(s)lle )/0 Vt—s4+/s

<7 sup \/g”lu’u(sa ) + KVQ(Sa ')HLoov (3101)
0<s<t
< Crm Sup \/EH(U(Sv ')7 VQ(‘S? ))HLOO
0<s<t

because:

t
/ 1 1 d
—ds = T.
0 Vt—s+/s
By using the first estimate in (3.95) we deduce that by using (3.101) and (3.97) we obtain
that for any T > 0, it exists C' > O:

lgllzge ey < llgollzoe + Cll(Vao, wo)ll_x .-

2,2

It achieves the proof of the proposition 3.95. O

3.4.2 The unique solution of (1.5) verifies p € LY (L)
Regularizing effect on the third index of the Besov spaces

Let us start by recalling that we are concerned now with initial data such that (qg,ug)
N

N
belong in (Byy N L) x Bf;l. This additional regularity assumptions on the initial
data will be crucial in order to prove L* estimates on In p. We are going to begin with
proving additional regularity assumption on the solution (¢, ) of the system (1.5) which
verify (q,u) € E with E defined as follows:

N
I N

E= (IR, B T)n D RY, Bet 212 « (T=®", Bl ) n LNRT, B )
- » 2,00 » 2,00 » 2,00 » 2,00

Indeed we are interested in splitting the unique solution (¢, u) constructed in the subsec-
tion 3.3 as the following sum:

(Q7u) = (C]L,UL) + ((j, ﬂ)
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with (¢r,ur) the solution of the system (N1) with F=G=0a=pu, b= A+ pu, c =k,
d = K and with initial data (In pg, ug). Compared with the subsection 3.3, we are going
to show that the remainder term (g, @) is more regular than (qr,ur) and is in the space
F' defined as follows:
~ ~N_|N ~N_ | N ~ N_1 o~ N
F = (I®°®" B2 "2)nIMRY, B2 ) x (T=R", B2, nI'®RY, B ).

This type of regularizing effect on the remainder (g, @) in term of the third index on the
Besov spaces has been observed for the first time by Cannone and Planchon in [9] for the

incompressible Navier-Stokes equations. We are going to use similar ideas in your case
than [9], to do this let us use the proposition 3.8 which ensures:

+ ||lug|| - N
L S A S S (3 S

+ |luLl . N LN u
[ul] (R+BQ+1)NH(10|| P | 0\\322

As in the subsection 3.3, we know that (g, a) verify the following system:
0q + diva = F(g,a),
Oi — pAu — (A + p)Vdiva — kVAG+ KVq = G(q,a), (3.103)
(g,)(0,-) = (0,0),

with:
F(q,u) = —u- Vg,

G(q,u) = —u-Vu+2uVq- Du+ Mdivu Vg + gV(]Vq\Q).
We are going to apply the proposition 3.8 to (g, ), it implies that:

" . ) all 7
HqHLOO(RJr,B;%jl JQV) HQHLl(Rﬂ 21+1 2+2) I H % (R+, B;zvl D) Il (R+B2“) (3.104)
< ||IF(q, _ - + ||G(q, - y- .
H (q )H +7 27N1 1, 71}) H (q )H ]RJF 32 1 )

It remains only to bound the terms F(q,u) and G(g, u) on the right hand side of (3.104).
Let us start with F(g,u)and u - Vg which that we rewrite under the following form:

u-Vg=u-Vg+ur -Vg+ur-Vqr.

According to proposition 2.2 we have:

la-Vall, —xoy SIValy —y gy llall, oy +IVall, —y g5y
Lh(BY "?) BT s LA(BA, 227
X HfLHNg(BQgﬁ%),
. 7 < " 7
Jur Vq!lle ¥ NIIVQIIZ%E;%_%,%%)IIuLIIn% i +||Vq||~% 55143,
X [lur 13y
. <
Jur, qu”ZlT(Bfﬂ) < HV(JLHE%E;JZ_%,%%)HULH% st +HWLH~% 5184
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Let us deal now with the term G(q,u) and in particular the term u - Vu, we have then:

uw-Vu=u-Vu+ur- -Vu+ur-Vuy,.
We have then by proposition 2.2:

o - Vul _ 3 _ _Vu - + |Vl _ Ll
[ ”L;wm L Sl 3 IVl =3 [Vul . [
lur -Vall .~ Su LH yolvall_ oy +lVall_ oy lu LH~ N
s H "~ (B2 Lv(B2) e sk
Jug - Vur|l_ xo Slucll. v IIVULH~ N +||VuL||~ N flu LH~ :
L%’(BZQI 1) LOO(BQZ 1 222 22 1 2( 22)
(3.106)

We can proceed similarly for the terms Vg - Du and divu Vq. Let us treat the last term
V|Vq|? we have then:

Val* = Vaq-Vi+Va- Var + [Var .
By proposition 2.2, we get:
IV(IVal? )||~ L S < Vel I, ¥

21 T

IVacll, yos SIVall g ey IVal,

N1,
T( 2,1 ) T(B22 ) %(BQ?Q 2)
Vq-Vq| . < ||Vall- Vil \% _ 1,
IVq QHLIT(BZ%A S q”L%(Bﬁ;%)H qHL4T( A-b) +1Vall_ 745 ﬁ;)H qHL‘;(Bﬁ)ﬁ)
(3.107)
By collecting the estimates (3.105), (3.106) and (3.107) and by interpolation we obtain
that it exists C' > 0 such that:
RS R SO HL e Il
< Olualy g, sl gy + loaly, o+l gy
S L uq||~ i)
x (|lg . + - N
(HQHL (R, B;g; 1, 2) HqH 1(R+’BQQI+1 2+2) ” H °°(R+,B21 + |lu ”Ll(R+ Bglﬂ))
JrC(HULH~ s Hlacll iy el HQLH~ Nenyee )
22 By ) 2,2 ) < (By% )

(3.108)
Let us recall that via the first part of the theorem 1.1 and the proposition 3.8 (see the

proof in the subsection 3.3) we have for a C' > 0 and M > 0 large enough:

HULHZOO(Bngl) +lacll wdo ¥ + llucll nein + HQLHZOO(Bﬁ:I,gH) < Ceo,
HUIIZM(BZg;) + ”quioo(Bi;l%) + HuHZl(B;?Vo:l) + HQIIEOO(BZ%L%H) < Mey,
with:
€0 = llaoll 1.y + lJuoll .- (3.109)
B2,oo

2,00
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By choosing ey small enough we can apply a bootstrap argument in (3.108) which implies
that it exists C' > 0 such that

ql| . _ + 19|~ + [Juf| - o Hufl.

IIQI\LOO(R+7BQ% o HqHLl(w,Bﬁ“mBﬁ“) | !!LN(R+7B2% I HLl(w,Bﬁ“)
2

< C(HULHZoo(BQ%l) + HQLHZOO(B%A,% + HULllZl(BZ%H) + HQLHZoo(BQ%“’%“)) :

(3.110)
It proves finally that (g, @) is in F' and achieves this subsection.

q is bounded in L (L>®(RY)) for any T >0

In order to show that ¢ is bounded in L (L>®(RY)) for any T > 0 we shall use the
proposition 3.95. Indeed we have seen in the previous subsection that:

(¢,u) = (qr,ur) + (g, ),

with (qr,ur) solution of the system (N1) with F = G =0a = pu, b = XA+ u, ¢ = K,
d = K and with initial data (In pg, ug). In particular it implies via the definition of the
semi group B(t) in the proposition 3.10 and the Duhamel formula that:

t

(qu(t), uL(t)) = €% (g0, uo) + /0 B30, KVqr)(s)ds.

N
By using propositions 3.7, 3.95 and the embedding of By’ in L we deduce that for any
T > 0 it exists C' > 0 independent on T such that (here [-]; defines the first coordinate
of the vector field):
t
lgzllzse zoey < [P (g0, wo)al|ge zoe) + H[/D eP=9)(0, KV qr)(s)ds]

1\\5%0(32%),

< C(Impolle + (Va0 iy, + IVal, v )

2,2 7P )
(3.111)
From proposition 3.8, we know that it exists C' > 0 such that:
HQLHZOO(EQ%_L%) + ”qL”gl(gﬁﬂ%z) < O(||q0||§2%_1’% + ||u0||B2%_1). (3.112)

Let us deal now with the term HVqLH~1 ( %_1) on the right hand side of (3.111), we have
L7 (By,

by interpolation for a constant C' > 0:

1 1
lac @Iy < CllgeON* x_ lac @I -
B2 BT B7
2,2 2,2

-

It implies that by Holder’s inequality and (2.25) that it exists C,C; > 0 large enough
such that:

1 1
2 2
<Olarl? o, Narll? .

(O, |
T\ P22 7{Bal2

7( 2,1

3 1 1
< CTallqcll® -, llacll® (3.113)
LE(B2 ) L

S e
T (

T\ P22

3
< CiT(llqoll _y -1y + lluoll v _y)-
B B

2,2 2,2
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Combining (3.111) and (3.113) we get:

t
gzl rge zoey < 1€ (g0, uo)]all ze(zoc) + H/ P70, KVar)(s)dsi| . x
0 LOTO(B2,1)

3
< C(lmpollz= + | (Vao.uo)ll g, + 1T (lqoll _y oy + ol -,
By, By By

(3.114)
We have then proved that g7, belongs in L7, (L°°). Since we have seen that (g, u) is in F,
N

it implies in particular that ¢ belongs in L™ (Bfl) which is embedded in L*°(L*). We
deduce that ¢ = g1, + ¢ belongs in LjS (L°).

It remains only to prove that (p,u) = (exp(q),u) is a global strong solution of (1.1) and
we define h = exp(q) — 1 with p = 1 4+ h. By proposition 2.3 and the fact that p and %
belong in L (L) we easily show that h is for any 7' > 0 in:

loc

Nt e T o
Q)HL’%(BQQ,OO : )

o =N
HT = (LT (B22,oo
With such regularity on h and u, the verification that (p,u) is a solution of (1.1) in the
sense of distribution is a straightforward application of propositions 2.2 and 2.3. The
uniqueness follows also the same line than in the proof of subsection 3.2. O

3.5 Proof of the theorem 1.2

In the theorem 1.2 we are interested in extending the results of theorem 1.1 to the case of
general pressure P and also to the case of constant viscosity and capillary coefficients. It
implies in particular that the eulerian form of the system 1.1 does not only depend on the
_ : VP(p) : : : _
unknown ¢ = In p. Typically the pressure term o is non linear in terms of ¢ = In p,
that is why we need to control the L* norm of the density in order to estimate this term
in Besov space, indeed otherwise we could have a loss of regularity on this term. For
this reason it seems impossible to hope a result of global strong solution involving only

a smallness hypothesis on [[qof| y and |lug| x_, as it is the case under some specific
B2 oo BQ,oo

physical condition in the theorem 1.1.

We are going now to explain how to adapt the previous arguments of the proof of theorem
1.1 to this new situation. We are only dealing with the case u(p) = pu, AM(p) = A, k(p) = K
and P a regular function such that P'(1) > 0, here y > 0 24X > 0 and £ > 0 (the other
case are similar to treat). The system 1.1 is equivalent to the following system where we
set in this section p = 1 4 h. Let us mention that in this case a straighforward calculus
gives:

divK = kpV Ap.

We can then rewrite the system (1.1) as follows:

Oth + divu = F(h,u),
dvu — pAu — (p + N)Vdivu + F' (1)Vh — kVAh = G(h, u), (3.115)
(h7u> t=0 — (h()au()):
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/

with F'(p) = P/Sp) and:

F(h,u) = —u- Vh — hdivu,

G(hﬂvﬂ)=(F'(1)—F/(p))Vh+(p 1) Ay Jr(/“;A )i — A\)Vdivi — u - V. (3.116)

Let (hr,ur) the solution of (N1) witha =y, b=A+p, c=r,d=P (1), F=G =0
and the initial data (hg,up). In the sequel we will consider solution under the form:

(h,u) = (hr,ur) + (h,w).

In order to prove theorem 1.2 we shall use a fixed point theorem, more precisely we are
going to consider the following functional:

w(ﬁ,a):/otW(t—s) < ggzg; ) ds (3.117)

W (t) is the semi group associated to (N1) with the following conditions a = u, b = A+ p,
¢ =k, d = P'(1). The proof is divided in two step the stability of ¢ for a ball B(0, R) in
E% defined below and the contraction property. We consider E 5 defined as follows:

N
N FAR
2 2

=1yt N
E 21 )le(B22,1 )) .

N N
2 Lo
7

= (E®(B "2)n El(éfl“’%”)) x (L*(B,

1) First step, stability of B(0, R):
By using the proposition 3.8 we have: for C' > 0:

HhLH~ N N+||hL||~ oo Hllucll.  owoy Hllurll oy
LB " FAGEARE A LB ARG A

< Clllholl Ly -1y + lluoll ).

2,2 2,2

(3.118)

By combining the proposition 3.95 and 3.8, we have for any 7" > 0 and C > 0 independent
onT":
Ialzgeiaey < Cllhollzo ++lholl_y s + ol _y_.)- (3.119)

2,1 2,1

N N
Remark 19 Let us mention that the condition (ho,ug) € Bffz X (Bffz)N plays only
a role in the previous estimate (3.119) in order to bound the term P'(1)Vhy that we
consider as a remainder term for the system (N). Indeed we are interested in applying
proposition 3.95 and the Duhamel formula. It would be possible to avoid this additional
regularity by extending the proposition 3.95 to the system (N1).

It remains only to apply the proposition 3.8 in order to get a priori estimates on (h, @),
indeed we have for C' > 0:

[ (h, D)y < C(IF(h, Wl =y, SN IG(h w)ll, B )- (3.120)

2 )
T 21 T 2,1
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By applying proposition 2.2 and lemma 2.3 (indeed we have seen via the estimate (3.118)

- ~ N
and the fact that A is in L>°(By’) that h belongs in L> and p =1+ h > ¢ > 0) we have
as in (3.108) for a function C' > 0:

[ (h, @)

p¥ S COURllz) (fucll |y + ”hL”Zoo(Bio‘l’%)Jr HhLHZl(

(B )

o FI o F ol e IR )
)

N
N4
BQ?oo )

el e+l

)

x (||| _ N~ +|h] N
(I HLOO(R‘F,BQJ% =N | HLI(R+,B;?VI+

+C hl > Ur|| - N_, + h ~ N_ | N
(17l o= ) (1 L”Loo(B;é 3 | LHLN(BZJ?V2 Ly

ey A +lal

N_4
(R,By )

N
LGN |
P21 1(R+732?1 )

2
+ HULHEl(Bi-H) + HhLHZOO(BQ%-H’%-M)) .

(3.121)

)
We set

eo = ||lho|| vy & 4+ ||uol| ~_, + ||M + |[ho]|
0= OHBZJ?VQ s OHB;%,le [[hol|zee + | OHBQJ?VI

T HuOHBﬁ,Q. (3.122)

By choosing R = Meg with M > 2, it suffices to choose £y small enough such that (3.121)
ensures that: B
ek, y < R.

The proof of the contraction follows the same lines as in the proof of the theorem 1.1
and is left to the reader. It achieves the proof of the theorem 1.2. O

4 Proof of the theorem 1.3

2

We are now interested in proving the theorem 1.3 where we assume that k(p) = “7,

w(p) = pp and A(p) = 0. We have observed that it exists quasi solution, it means a
solution of the form (p1, —puV 1n pq) with:

opr — pApr =0,
(p1)t=0 = (p1)o-

This quasi solution (p1, —uV In p;) verifies the following system:

o .
5P T div(pu) =0,

a 2
= (pu) + div(pu @ u) — div(2pD(v)) = jpVAIn p — %V(]V Inpf?) =0,

(psw)i=o = ((p1)o, =1V In(p1)o).

We are now interested in working around this quasi solution, more precisely we search
global solution of (1.1) under the form:

(4.123)

q=Inp=1Inp; + hy withp; =14+ h; and u=—uVlinp; + us.
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We deduce from (1.11) that (hg,ug) verifies the following system:
Othe + divug — uVinpy - Vhg + ug - Vinpy = F(ha, uz),

Orug — uAus — uVdivue — kVAhe + KVhy — 2uV In py - Dus — 2uVhsy - Duy
+ uq - Vug + usg - Vug — M2V(V Inp; - VhQ) = G(hg, ’LLQ),
(h2(07 ')7 u2(07 )) = (hg, ug)

with:

(4.124)

F(hg,u2) = —ug - Vha,

2 (4.125)
G (hg,uz) = —ug - Vug + 2uVha - Dug — KV 1n p; + ?V(th\?).

We have now to solve the previous system (4.124) and to do this we are going to apply
a fixed point theorem. We start with defining the following map :

W(h,u) = Wit,- ( ) /W1 (t—s) < EZ“;) ds . (4.126)

where W is the semi group associated to the following linear system (4.127):
Otho + divug — uVinpy - Vhe +ug - Vinp; =0,

Orus — pAus — uVdivue — kVAhe + KVhy — 2uV1In py - Dus — 2uVhsy - Duy
+u1 - Vug + uo - Vug — M2V(Vlnp1 -Vhy) = 0.
(h2(07 ')7 u2(07 )) = (hg, u(%)
(4.127)
The non linear terms F, G are defined in (4.125). We are going to check that we can apply
a fixed point theorem for the function v, the proof is divided in two step the stability of
N N
¥ for a ball B(0, R) in E2 and the contraction property. We define now E2 by:

N _
N N
2 2

=1yt N
A NLBA)Y.

E

N N
2L
7

= (E<(Bg, ") NI B ) x (I%(B,

)

1) First step, stability of B(0, R):

Let:
n = h =N + u -

200

We are going to show that ¢ maps the ball B(0, R) into itself if R is small enough. By
using the proposition 3.9 we have:

h <C F(h, G(h
lo(h,w)ll Ly < C(n+|IF( u)HLlT(Eﬁ_I,g)HI <’“)”z;(gj%-1>)

xexp( / HulH ! +Hu1H3N 1+HV1np1H3N+1 F IVl )(S)dS)-
BQoo
(4.128)
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The main task consists in using the propositions 2.2 and corollary 2 to obtain estimates
on
1 (R, wll_,

2,00 )

P
Let us first estimate ||F'(h,u)

I, oy

N zg) According to proposition 2.2, we have:

2,00

e - VhlL it ||Vh||~4( 53 %%%)HUHB(BZ%‘%)
* : (4.129)
FIVRL syl g
(Byh ) L3(Byh %)
Similarly for ||G(h, u)||~ y = we have:
21
-l o Sy e 9,
(4.130)
el oy Il g
L 2 21 )

. . . . = S N
The most important term is certainly K'V In p; which belongs in LI(B;’1 ) since we have

N_
assume that In p{ belongs in 32271 2 N L*> and the fact that p; verifies a heat equation
(1.13). Using propositions 2.3, 2.5 and the maximum principle it exists a regular function
g such that:

||V1np1||~ Gy, Slnpdl ¥y
B ) (By%))

=

<ol el o (1131)

2.1)

< gl 19>||Loo>||h0H ¥

2 1
We deal with the others terms in a similar way and combining (4.128), (4.129), (4.130)
and (4.131) we obtain for a C' > 0 large enough and using the fact that (h,u) is in the
ball B(0, R) of E2

I (h, )l Ly < C(n+ R+ g(ll(p} T%)IILoo)IIhOH =)

21

'S

<o( [ (ll s+l Il Iy ),
200 200 °°
(4.132)

Let us recall that p; verifies a heat equation (1.13), we deduce from propositions 2.5 and
the maximum principle that it exists a regular function g; such that:

/]R+ (HU1||2g 1t HU1||3 ¥eh + IIVIDP1II3N y VI ? N+§)(S)ds

2

- i’ (4.133)
a1(ll(pY )||L°°)||hOH y-

By

-
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From (4.133) we deduce that for a C' large enough we have:

4
(H( T))HL‘X’)Hh(l]H N, xexp| C (Hmll 1t HulH3 Nyl
2
P1 B R+ B2 +32

2,1

to

oo 200

FIVInpS y + ||v1np1||3 . 1)<s>ds> (4.134)

200 oo

< g(ll (o} Tl))HL"O)HhOH x—exp (Con (]l (o, ¥ )HLoo)HhOII L)

21 21
In particular it implies that:
4 4 4
Cnexp( C [ ([l y_y +lwall® y o +IVIp]® +HV11101H N1 )(8)ds
R+ 2 2t3 +

2
B2,oo

2,00 2 e}

< Cnexp(Ci ([l (p1, )||L°°)||h0” 7)

(4 135)
Let us prove now the stability of the functional 1, from label (4.132) let us choose:

1
R = 4Cnexp(Car(l (0%, ) =) IS ). (4.136)
P1 B2,1
and suppose that:
g(ll(nf )IILoo)IIhOHB < Cn. (4.137)

2,1

Now combining (4.132), (4.136) and (4.137) it yields:

2

I (h,w)ll y < 2Cnexp(Cou(]l(p} ;?)IILoo)IIhOH )+ CR?exp(Car([l(Y, P )IILoo)IIhOH )

2 1 2 1
(4.138)
From (4.138) we need to assume that:
1
R? < 2Cnexp(Cy1 (]| (p}, o)llLoo)llholl y)- (4.139)
Pi 2 1
Indeed combining (4.139), (4.138) and (4.136) shows that:
lhu)l_y <R (4.140)

This concludes the proof of the stability except that it remains to choose n and to verify
that it implies the condition 1.16 of theorem 1.3. The condition 4.139 via (4.136) is
equivalent to:

16C%n* exp(2Cg1 (| (oY, Tl))HLoo)Hh il )S2Cnexp(091(H( Tl))HL‘X’)HhOH y)-

21

(4 141)
and:

1
8Cnexp(Car (]l (o1 E)lle)llh?HB%) <L (4.142)

1 2,1
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From (4.137) let us choose:
= G068 ) =) 1S (1,143
n= Cg P1> p(l) L 1 BQ%;Q :
The condition (4.142) implies by using (4.143) that:
1
8g([l(pY —0)||Loo)||h°|\ ¥ 2 exp(Car(ll(Y, —g)llz=) ]l y) < 1. (4.144)
P1 pl B2,1

Let us point out that this condition corresponds exactly to the condition (1.16) of the
theorem 1.3. It concludes the proof of the stability of the functional . Let us prove now
some contraction properties of the functional .

2) Second step, contraction properties:

Consider two element, (h,u) and (h',u") in B(0, R), according to proposition 3.9 we have:

[k, w) = ()| Ly < C(IIF(hu) = F(R, U)||~ i + |G (h,u) = G(R'u)]

E L (B
xexp(C [ (' y_y + Hu1||3 yoy IV bt HVlnm||3 £ )(0)s).
R+ BZOO oo oo
(4.145)
Let us deal with the term ||F(h,u) — F(h',u )||~1 ~771 g’)’ we have then by proposition
LY (B2
2.2 and by denoting 6h = h — h" and du=u —u'":
PO ) =Pl oy S 100l sy 190, gy,
+loull__ oy IVE Iy =y g+ lull IVOhIl_ 5 25—
U N R ATk A TR 0 S R # (A S (4.146)
+ |\V5h|| N AL lull .,y
2200 22 2) L%"(BQQOO 2)

Clth,wll Ly + 200, a )|y ) (5, 5U)|!Eg-

We proceed similarly for the term ||G(h,u) — G(h',u )||~ N (let us mention only

T 21

that the delicate term KV lnp; disappears by the subtractlon). We get finally for a
C > 0 large enough by using (4.133):

o, u) — (0 )|y < CEIGB Iy +2] (0 )] ﬂ)uwh,au)nﬂ

<exp(C [ (!,
2

< 4CRexp (Coi([[(n}, )HLoo)HhOH 3 ) 1(0h, 0u)ll gy,

21

+Hu1H3N 1+vam\m p IVl 1)<s>ds),

, OO

(4.147)

20

yoi)
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From (4.136) and (4.143

~—

we have with Clarge enough:

ACRexp (Car([|(ph, )HLoo)Hh I ))ZlGCneXP(Cgl(H(p HLoo Il x))

21

»—lO‘ =

= 16Cq([|(p1, P )IILoo)IIhOH y QGXP(Cgl(II( Tl))HLoo)HhOH 7))

21 21

In particular we ensure the contraction property via (4.147) if: i
10Rex (Cor(lih )l I 3) < 5 (1.149)

By using (4.148), the previous condition (4.149) is realized if:
16Cy(| (o1, P )HLoo)HhOII 2P (Car(li(eY, )||L°°)||h0” ;)) % (4.150)

Let us mention that the condition (5.152) is exactly the condition (1.16) of the theorem
1.3. It achieves the proof of the contraction property of 1) and by the fixed point theorem
we have proved the existence of global strong solution under the hypothesis (1.16). It
concludes the proof of theorem 1.3.

5 Proof of corollary 1

It suffices to apply the same proof than for the theorem 1.3, in particular to apply a fixed
point theorem for the function ¥ previously defined. The main difference concerns the
way to deals with the remainder term KV In p;. Following the same arguments than for
the estimate (4.131) we have for a regular function g and C > 0:

KVinp|._ In ,
Vgl o S I h

—

<CKg(||(p1, )I!Loo)llhl\L s (5.151)
27

0 0
< CKyg(|[(p7, pTl))HLOO)H%HBg_z

21

-

By using exactly the same arguments than in the previous proof we need the following
smallness hypothesis with C' > 0 and g, g1 regular function in order to ensure the stability
of the functional v for a ball B(0, R) with R defined as previously:

(5.152)

M\'—‘

16K Cy(|l(p E Mze<) HhOH y 2eXP(Cgl(H( F)I!Lw)l!hOH y)) <
1 1

21

If we choose K small enough this last condition will be verified, the rest of the proof

follows the same lines as in the proof of theorem 1.3 which achieves the proof of corollary
1.
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6 Appendix

In this appendix, we just give a technical lemma on the computation of the capillarity
tensor.

Lemma 2 When k(p) = 5 with k>0 then:

1
divK = kp(VAInp + §V(|V1np|2)).

and:

divK = rdiv(pVV In p).
Proof: We recall that:

divK = V(pr(p)Ap + %(H(p) +pr (p))|Vp|?) = div(k(p)Vp ® Vp).

When £(p) = 4, we have:
divK = kVAp — ﬁdiv(;v,o ® Vp). (6.153)
But as: .
Ap=pAlnp+ ;IV,OIZ,

we have by injecting this expression in (6.153):

divK = kpVAlnp+ kVpAlnp + /{V(;!VpIQ) - /@div(;Vp ® Vp). (6.154)
As we have:

ﬁdiv(;v,o ®Vp) =kAlnpVp+ V(;Wln pl?) — ng(Wln p?).

It concludes the first part of the lemma.

We now want to prove that we can rewrite the capillarity tensor under the form of a
viscosity tensor. To see this, we have:

div(pV(VInp)); = > 9i(pdij Inp),

= [0:p0i; In p + pdyi; n p,

)

=p(AVinp); + Z p0; In p0;0; In p),

= p(AVInp); + £(V(VInp);,
= divK.

We have then:
divK = kdiv(pVV1np) = kdiv(pD(V Inp)).
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