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Chapitre 1

Introduction

Cette introduction se décompose en deux grandes parties : la premiere section est des-
tinée & une présentation des équations de Navier-Stokes compressible avec un terme de
capillarité de type Korteweg pour des interfaces diffuses. Nous commencons par décrire
les phénomenes de changements de phase pour des fluides multi-constituants, en expo-
sant quelques méthodes de simulations numériques qui permettent de tenir en compte des
différents parametres physiques influencant le comportement du mélange aux interfaces.
On s’intéresse plus particulierement au cas d’un fluide pur se présentant sous forme de
deux phases liquide et vapeur, on rappelle ainsi la méthode dite du second gradient. Nous
reprenons ici dans une large mesure les grandes lignes des travaux de [45], [44] et [33]. Nous
écrivons ensuite les équations de bilan en expliquant les relations de fermeture ainsi que le
terme de capillarité introduit par Korteweg. Puis nous donnons un rapide historique des
résultats mathématiques portant sur le sujet. Pour conclure cette section, nous présentons
les résultats obtenus dans cette these sur le systeme de Korteweg a interfaces diffuses. Dans
le premier chapitre on obtient 'existence et I'unicité de solutions pour le systéme non iso-
therme avec des données initiales critiques du point de vue du scaling des équations. On
distingue le cas de données initiales proches d’'un état stable et celles dites globales. Dans
le second chapitre on s’intérresse a l’existence globale de solutions faibles en dimension un
et deux. Dans le cas de la dimension deux on remarque qu’une hypothese sur le controle
du vide est nécessaire.

Dans la seconde section, on s’intéresse a nouveau au cas d’un mélange liquide vapeur,
a la différence que le modele est étudié sous le point de vue de méthodes dites a inter-
faces discontinues. On reprend ainsi le systeme de Coquel, Rohde et leurs collaborateurs
(voir [19]) qui introduisent un nouveau terme de capillarité et ou le modele considéré est
isotherme. On rappelle dans un premier temps les travaux antérieurs sur le sujet. Nous
présentons ensuite les résultats obtenus dans la these sur ce systeme. On montre ainsi dans
le troisieme chapitre ’existence globale de solutions faibles pour des dimensions N > 2 avec
des données initiales appartenant aux espaces d’énergie. Enfin dans le dernier chapitre, on
obtient 'existence et 'unicité de solutions dans des espaces critiques pour le scaling des

équations. On distingue a nouveau le cas des données initiales proche d’un équilibre et celui



avec des données grandes.

1 Equations générales

1.1 Présentation des méthodes d’étude du modéle

Nous allons nous intéresser au cas des écoulements multi-constituants qui mettent en
jeu des phénomenes de changement de phase. Ceux-ci interviennent dans de trés nom-
breux processus industriels. Ainsi, dans le domaine de ’industrie chimique, les processus
de distillation sont utilisés afin de séparer les composants d’un mélange par évaporations
et recondensations successives.

Dans I'industrie nucléaire, les phénomenes de changement de phase se révelent tout autant
primordiaux, aussi bien en fonctionnement nominal qu’en situation incidentelle ou acciden-
telle et occupent ainsi une place prépondérante dans les études de streté. En particulier, les
situations incidentelles ou accidentelles provoquant le renoyage du coeur d’un réacteur font
intervenir des phénomeénes de changement de phase multi-constituants importants comme
lors de la mise en contact d’eau froide avec un gaz chaud, typiquement de ’azote ou de
I’hydrogene.

Les nombreuses études sur les phénomenes de changement de phase de fluide multi-constituants
ont ainsi permis la mise en évidence du comportement souvent complexe des mélanges. Le
comportement d’un mélange différe en effet bien souvent de celui d’un fluide pur possédant
les mémes propriétés physiques, notamment en ce qui concerne le coefficient d’échange d’un
mélange aussi bien en ébullition qu’en condensation. L’étude des coefficients d’échange
de mélanges s’avere étre un probleme délicat et impose une bonne compréhension des
phénomeénes locaux intervenant dans les processus de changement de phases des mélanges.
En outre I’étude des phénomeénes locaux permet une meilleure compréhension des phénomenes
a plus grande échelle. Cependant, les expérimentations présentent certaines limites en par-
ticulier dans le domaine des écoulements diphasiques ou elles sont complexes a réaliser ; on
privilégie ainsi la Simulation Numérique Directe (SND) consistant en la résolution
des équations du mouvement locales et instantanées. La SND apparait ainsi comme un
complément aux études expérimentales et elle permet d’avoir acces a I’ensemble des gran-
deurs instantanées, comme par exemple la température aux interfaces dont les valeurs in-
fluencent les coefficients d’échange, alors que la mesure de celle-ci via des expérimentations
s’avere compliquée.

La simulation numérique directe des écoulements diphasiques a eu un essor important vers
la fin des années 80. Il existe actuellement de trés nombreuses méthodes de SND, certaines
reposant sur la dynamique moléculaire et les autres sur la mécanique des milieux continus.
Nous allons a présent nous concentrer sur les méthodes de SND basées sur la mécanique
des milieux continus, en distinguant deux type de méthodes, les méthodes a interfaces dis-
continues et les méthodes a interfaces diffuses. Leurs différences reposent sur la description

des interfaces.
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Méthodes a interfaces discontinues

Ainsi dans le cas des méthodes a interfaces discontinues, 'interface séparant deux phases
est considérée comme une surface de discontinuité. Une telle description repose sur la
théorie de Gibbs dans laquelle une interface est d’épaisseur nulle et dotée de propriétés
physiques, en particulier d’'une énergie surfacique qui correspond a la tension surfacique
du fluide (voir [53]). Dans ces méthodes, les équations du mouvement du fluide, & savoir
les équations de bilan de masse, de quantité de mouvement et d’énergie, sont résolues de
fagon séparée dans chacune des phases. Des bilans et des conditions aux limites classiques
aux interfaces (voir [24] et [42]) sont appliquées afin de raccorder entre elles les solutions
obtenues dans chacune des phases. On étudiera plus précisément leur comportement dans
la section 4 en s’intéressant a un modele d’interfaces discontinues introduit par Coquel,

Rohde et leurs collaborateurs dans [19].

Méthodes a interfaces diffuses

Nous allons maintenant nous concentrer sur les méthodes dites a interfaces diffuses.
Elles sont liées a une modélisation des interfaces séparant deux phases comme des zones
volumiques d’épaisseur non nulle a travers lesquelles les grandeurs physiques d’un fluide
varient de facon continue. Une telle modélisation est basée sur une formulation thermo-
dynamique issue de la théorie de la capillarité de Van der Waals, qui a pour origine le
modele des interfaces liquide-vapeur et qui suppose que I’énergie d’un fluide dépend
du gradient de sa masse volumique. On peut montrer en conséquence qu’elle implique
une valeur non nulle de I’épaisseur des interfaces et que les interfaces sont alors munies
d’une énergie en exces non nulle qui est précisément la tension interfaciale. Nous allons
a présent étudier la méthode dite du second gradient qui est destinée a la simulation de
fluides diphasiques liquide-vapeur ( voir [43] et [44]) et correspond en fait & une dérivation
moderne des travaux de Van der Waals. C’est cette modélisation qui sera développée dans

la suite pour décrire les équations de Korteweg.

Méthode du second gradient

Dans le cas des méthodes du second gradient, c’est la masse volumique ou densité du
fluide qui sert de parameétre d’ordre conformément a la formulation initiale de la théorie
de la capillarité introduite par Van der Waals. L’énergie interne volumique du fluide est

alors supposée étre de la forme :
. K
U(8,p,Vp) =U"(S,p) + 5[Vpl* (1.1)

ol p définit la densité, S est ’entropie volumique, U représente I’énergie interne volu-
mique classique, c’est a dire indépendante du gradient de masse volumique, et x désigne le
coefficient de capillarité interne. Une dépendance en |V p|? plutot qu’en Vp s’explique par

le fait que I’énergie est une grandeur indépendante du systeme de coordonnées choisi et ne
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peut donc dépendre que du produit scalaire de ses variables vectorielles. Cette modélisation
permet de rendre compte des fortes variations de masse volumique & travers les interfaces
liquide-vapeur supposées d’épaisseur non nulle, et donc de considérer la masse volumique
comme une fonction continue de l’espace, méme a travers les interfaces. En fait I’ensemble
des grandeurs physiques relatives au fluide peuvent étre considérées comme continue.
L’intérét de cette méthode repose sur la gestion des interfaces et de leur déplacement qui
est intrinséque au modéle puisqu’un seul systeme d’équations aux dérivées partielles suffit
pour décrire I’ensemble d’un systéme liquide-vapeur, y compris les interfaces, permettant
ainsi de prendre en compte directement le changement de phase ainsi que les changements
de topologie des interfaces. De plus le modéle complet reste thermodynamiquement cohérent,
ce qui permet en particulier que la prise en compte de la tension interfaciale soit intrinseque
au modele.

En revanche, la méthode du second gradient présente une difficulté importante liée a
I’épaisseur des interfaces : physiquement, les interfaces liquide-vapeur ont certes une épaisseur
non nulle, mais, sauf au voisinage immédiat du point critique, cette épaisseur est trop faible
(de I'ordre d’une dizaine d’Angstroms) pour que les interfaces puissent étre discrétisées par
un nombre suffisant de points tout en gardant un nombre raisonnable de mailles pour le
systeme simulé. Il est donc nécessaire, pour des raisons numériques, d’augmenter artificiel-

lement les interfaces.

1.2 Présentation des systemes d’équations

Nous allons a présent rappeler le systeme général d’équations de bilan régissant le mou-
vement d’un fluide liquide- vapeur. Nous insisterons aussi grandement sur les différences
notables qu’engendre chaque méthode de simulations numériques que ce soit celle a inter-
faces discontinues ou & interfaces diffuses. Ces variations se situent essentiellement dans
I’appréciation du tenseur de capillarité. Ainsi les deux systémes que ’on étudiera se distin-
gueront par leur comportement aux interfaces et donc implicitement par la régularité des
solutions.

Nous rappelons maintenant le systéme général d’un fluide lors d’un mélange fluide-vapeur
et par la méme nous montrerons certaines similitudes qu’il partage avec le systeme de
Navier-Stokes classique.

Nous considérons ainsi un fluide de densité p > 0, de vitesse u € RY, d’entropie s, d’énergie
de densité e et de température § = (%)p. Nous notons w = Vp et nous supposons que
I’énergie interne spécifique e dépend de la densité, de 'entropie spécifique s et de w. En
terme dénergie libre, le principe de la thermodynamique prend la forme d’une relation de
Gibbs généralisée :

~ P 1

ou T est la température, P la pression et ¢ un vecteur colonne de RV et ¢* le vecteur

adjoint. Dans la suite nous préciserons la forme que prend ¢, celui ci modélisant la partie
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capillaire du systeme.

La conservation de masse, du moment et d’énergie s’écrivent :
Op + div(pu) = 0,
O(pu) + div(pu @ u + pI) = div(K + D) + pf,

O (ple + 3u?)) + div(u(pe + Splul® + p))
=div(D+K) - u—Q+ W) +pf - u,

ou :
D = (Adivu)I + p(du + Vu), est le tenseur de diffusion,

Q= —UVT, est le flux de chaleur.

Le terme
W = (Oip +u* - Vp)p = —(pdivu)é

correspond au travail intersticiel qui a pour but d’assurer la balance entropique, il a été
introduit pour la premiere fois par Dunn and Serrin dans [28]. K est le tenseur de capillarité
et nous préciserons ultérieurement sa forme selon les méthodes SDN employées.
Concernant les coefficients (A, p1) ils représentent la viscosité du fluide et dépendent a la fois
de la densité p et de la température T. Le coefficient thermal 7 est une fonction positive
dépendant de la température T et de la densité p.

liquide-vapeur.

Cas du systéme de Korteweg

Nous allons ici succintement rappeler la forme du systéme de Korteweg et plus précisément
la forme du tenseur de capillarité K. En suivant le modeéle de Dunn et Serrin dans [28]
(pour plus de précision on réfere le lecteur aux sections 3 et 4), il existe trois fonctions Iy,

II; et ¢ telles que la pression et I’énergie interne s’écrivent sous la forme :

P(p,T) = TPi(v) + Py(v),
eo = —To(v) + o(T) - T (T),
avecv:%et ott P, =TI et Py =TI,.
De plus en supposant que 1’énergie interne soit une fonction croissante de la température
T, on pose :
U(T) = o(T) — Ty (T) avec U (T)>0.

13



Enfin pour simplifier les notations, on pose 6 = \II(T) On peut alors réécrire le systeme

(1.2) sous la forme suivante :

( Op + div(pu) = 0,

div(D) | V(Po(p) + T (0)Pi(p))

NHV Ou+u-Vu — = divK,
P p
8t6+u've_M‘F\P_l(e)})l(p)div(u):D:vu'
\ 1) P) P)

avec x le coefficient thermal. K représente le tenseur de cappilarité et celui-ci s’écrit sous
la forme suivante :
K = (pdivg)] — u,

avec ¢ = kw ou k est le coefficient de capillarité.

Cas du systeme de Rohde

Nous allons ici seulement rappeler le systéme de Rohde en insistant sur la forme du
tenseur de capillarité, on précisant ici que ce dernier emploie une méthode a interfaces
diffuses. De plus on s’intéresse au cas du systeéme isotherme. Pour plus de précision sur la
physique du systéme on renvoie a la section 4 de cette introduction.

Le systéme s’écrit sous la forme suivante :

Op + div(pu) =0
(NSK) O(pu) +div(pu @ u) — pAu — (A + p)Vdivu + V(P(p)) = kpVD|p]
(pt=0,ut=0) = (po, uo)

avec : D[p] = k(¢ * p— p), on précisera ultérieurement les conditions sur la fonction ¢ et &
coefficient de capillarité.
Nous pouvons a présent faire les remarques suivantes sur chacun des deux systemes.

— Le premier systeme (N HV') découle de la théorie du second gradient via des méthodes
thermodynamiques et implique par la méme un tenseur de capillarité tres régulier,
effectivement la modélisation physique suppose que les interfaces sont d’épaisseur non
nulle. Nous présenterons par la suite une méthode permettant d’établir ces équations.
Nous rappellerons ainsi dans la section 3 la forme de la fermeture thermodynamique
proposée par C. Fouillet dans [33].

— Le second systeme (NSK) est obtenu via une méthode d’interfaces discontinues ol
I'on cherche a minimiser 1’énergie libre volumique et elle a pour conséquence un
tenseur de capillarité fortement discontinu d’un point de vue mathématique. Elle est
introduite dans [19] par Coquel, Rohde et leurs collaborateurs. Nous présenterons
dans la section 4 la description physique précise du modele.

Enfin nous pouvons constater que lorsque dans chaque systéeme le tenseur de capillarité

est nul, on retrouve le systeme de Navier-Stokes classique. On va ainsi voir par la suite
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que le comportement du systeme (NSK) est proche de celui de Navier-Stokes alors que le
comportement du systeme (NHV) differe considérablement par la régularité qu’implique
le tenseur de capillarité.Nous allons maintenant rappeler dans la section suivante certains
résultats majeurs sur le systeme de Navier-Stokes compressible et par la suite mettre en
lumiere les différences fondamentales ou les similitudes que possedent dans chaque cas les

systemes capillaires avec le systeme de Navier-Stokes.

2 Systeme de Navier-Stokes standard

2.1 Présentation du modele physique

Nous allons maintenant rappeler le systéeme de Navier-Stokes compressible non iso-
therme qui est en fait un cas particulier du systéme (NSK) lorsque x = 0. Ensuite nous
passerons en revue certains travaux antérieurs concernant ce systeme.

Les équations de Navier-Stokes compressibles non isothermes décrivent 1’évolution d’un gaz
compressible, notamment dans 'atmosphére pour des altitudes suffisamment faibles. Les
équations complétes de Navier-Stokes modélisant les fluides compressibles s’écrivent sous

la forme suivante dans (0,7) x RN, avec T > 0 fixé :
Op + div(pu) =0,

O(pu) + div(pu @ u) + dive = pf,

3 (23)
O (pE) + div(puH) + Pdivu = div((o + PI) - u) + div(kVT) + pf - u,
2 2
E:e+%7 H:h+%7 h:e+M7
2 2 P

oll p représente la densité du fluide, u € RY sa vitesse, T la température, k le coefficient de
conductivité thermique, o le tenseur de tension, P la pression, e I’énergie spécifique interne
et h I'enthalpie spécifique. On note E 1’énergie spécifique totale et H ’enthalpie spécifique
associée. Les forces de masse sont décrites par le champ de vecteur f.

Les équations de (2.3) représentent respectivement ’équation de la masse, I'équation du
moment et celle de I’énergie. De plus pour obtenir la fermeture du systéeme on suppose le

fluide Newtonien, il existe alors deux coefficients de viscosité pu et A tels que :
o =2uD(u) + (Adivu — P)I

ot D(u) est le symétrisé du gradient de vitesse Vu. Enfin pour obtenir une cloture ther-
modynamique des équations, la pression ansi que 1’énergie interne dépendent de la densité

p et de la température T:
P="P(p,T) et e=E(p,T).

D’apres le second principe de la thermodynamique, on impose des conditions de compati-

bilité dites équations de Mazwell :

~ o ~ OP
Pp,T) = p* (=)= + T (—=
(0. T) = ()7 + (=

)
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L’entropie est définie & une constante pres sous la forme :

oS 1 tOS 1 P

(%)p—?e (%)T—f— pr’

D’autre part I’entropie doit étre une fonction concave de (%, e).

2.2 Historique des résultats

Nous allons ici plus précisément nous concentrer sur les solutions faibles de Navier-
Stokes et ainsi faire référence a certains résultats majeurs notamment ceux de P-L Lions.
2.3 Solutions faibles

— Cas du systéme isotherme

Nous considérons ici le cas isentropique ou ’on postule que la pression P ne dépend que

de la densité p. Pour fixer les idées, on prend :
P(p)=ap’, a>0, v>1.

Cette restriction consiste essentiellement a considérer une évolution adiabatique du fluide

en négligeant le flux de chaleur visqueux. Le systéme correspondant devient :

Op + div(pu) =0,
(2.4)
O(pu) + div(pu @ u) — div(2ud + X(divu)I) + VP = pf,

avec les conditions initiales :

pji—o = po € L'(RY) N LY (RY),

2
(im0 = ma avee 0L e p1(@),
0

2
ol par convention %(x) = 0 lorsque po(x) = 0.

L’existence de solutions faibles globales en temps pour le systéme complet (2.3) incluant la
température est encore ouvert sauf dans le cas monodimensionnel. Les résultats d’existence
et d’unicité en dimension 1 sont dis & A.V. Kazhikov et V.V. Shelukin [48], [46], [47], [67],
[66], D. Serre [65] et D. Hoff [38], [39], [40].

Nous allons maintenant rappeler un résultat fondamental de ces dernieres années du a
P.-L. Lions dans [52] qui montre I'existence de solutions faibles globales pour le systeme
(2.4). Ce résultat représente réellement le pendant du théoreme d’existence globale de so-
lutions faibles de J. leray pour le systeme de Navier-Stokes incompressible. P.-L. Lions

obtient ainsi le théoréme suivant :
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Théoréeme 1. Si y > % et N =2, ~v > % et N =3, ou vy > % et N > 4, alors, il
existe une solution globale (p,u) dans L>(0,00; L7(RN)) N L2(0,00; H'(RN)), telle que
p € C([0,00); LP(RN)) si 1 < p < 7, plul® € L®(0,00; L'(RN)), et p € LI((0,T) x RY)
pour tout q¢ € [1,v — 1+ %’Y] si N >3, etqe[l,2y—1) si N = 2. En outre, pour tout

t >0, on a l'inégalité d’énergie :

1 t
/ Colul? + —2 ) (t, 2)dx + / / (Va2 + A+ ) ldivul?)(s, 2)deds
RN v—1 0o JrN

Nous allons maintenant expliquer succintement les idées de la démonstration de ce
théoreme. Lions commence par construire des solutions approchées (pp, un)nen pour (2.4)
vérifiant les inégalités d’énergie du systeme, ces solutions sont construites apres plusieurs
approximations successives du systéme (2.4) par régularisation en introduisant notamment
des effets de viscosité sur la densité. La partie délicate consiste ensuite dans la stabilité
de ces solutions. Toute la difficulté repose ainsi dans le passage a la limite dans le terme
de pression. Un des phénomenes primordiaux qui y contribue grandement est la notion
de pression efficace P = P(p) — (2 + M)divu introduite par Hoff dans [39]. Lions montre
ainsi que cette expression multipliée par p® avec € > 0 est plus réguliere au sens des
distributions que les inégalités d’énergie initiales ne pouvaient le laissent présager. L’utili-
sation astucieuse de cette expression dans ’équation du moment permet ainsi d’avoir des
résultats de convergence forte sur la suite p, dans L] ((0,T) x RY) vers une limite p. Un
des éléments essentiels pour cela est la notion de solutions renormalisées introduite par
Lions et Di Perna dans [26], [27] et qui permet en effet de tester la convergence forte de la
suite approchée (py,)nen vers p via l'utilisation de fonctions concaves.

En outre un autre point crucial de cette démonstration est un théoréeme de commutateur
de type Coiffman, Meyer, Rochberg (voir dans [18]).

On peut cependant remarquer que pour N = 2,3, on ne peut atteindre le méme seuil
limite, c’est a dire v > % . En fait la difficulté majeure correspond a pouvoir renormaliser
I’équation de masse sans supposer nécessairement que p appartient a L?OC(LQ) (ce qui est
le cas dans les travaux de P.-L. Lions qui a besoin de choisir v assez grand pour obtenir
pE L%oc(IRJr x RY), ceci en utilisant un gain classique d’intégrabilité sur la densité p qui

dépend du coefficient 7).

Le théoréeme 1 de Lions a ainsi été récemment amélioré par E. Feireisl, A. Novotny et
H. Petzeltova dans [29], [30], [32] en ce qui concerne le coefficient v de la pression dans
les cas spécifiques N = 2 et N = 3. Effectivement pour N = 2,3 Feireisl, A. Novotny et
H. Petzeltova dans [32] a étendu le seuil critique de v & v > % comme c’est le cas chez
Lions pour les dimensions supérieures. Pour de plus nombreux détails nous faisons aussi
référence au livre de Novotny et Straskraba [60].

Pour contourner la difficulté concernant la possibilité de renormaliser ’équation de masse,
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E. Feireisl dans [29] introduit une nouvelle notion appelée oscillations defect measure et

notée oscy[pn, — pl.

Définition 1. Soit Q un ouvert de RN et une suite (pn)nen telle que :
pn — p faiblement dans L'(Q).

P , . o
Nous définissons 'expression oscy|pn, — p| comme suit :

0scy[pn — p](2) = sup (lim sup / Tk (pn) — Ti(p) |Pdadt),
k>1 n—+oo JQ

ou Ty, est une fonction troncature.

E. Feireisl montre ainsi que si 'on contréle ces oscillations defect measures alors on

peut renormaliser ’équation de masse.

Proposition 1. Soit @ C RY un domaine arbitraire, N > 2 et (pp)nen une suite de

fonctions positives telle que :

2N

pn — p faiblement(—*) dans L*°(0,T;L7(Q)), v > N 12

et
oscplpn — p)(O) < ¢(O) pour un certain p > 2,

et pour tout ouvert borné O C (0,T") x L.
De plus si :
Uy, — u faiblement dans L?(0,T; W12(Q,RN)),

0l pr,, Up, T€SOlENt I'équation de la masse au sens des solutions renormalisées sur (0,T)x €.

Alors (p,u) sont des solutions renormalisées de l'équation de la masse sur (0,T) x €.

La subtilité de ces oscillations defect measures oscy|p, — p] s’explique par le fait que
leur contréle permet d’étre dans I'une des situations suivantes :

— pp converge vers p fortement dans L*(O), O C (0,T) x  un ouvert.

— pn est borné dans L2(((0,7) x Q) \ O).
Chacun de ces deux phénomeénes considérés individuellement permet alors aisément en
s’appuyant sur la démonstration de Lions de conclure a la convergence forte de p, vers p.
Enfin on remarque que la proposition 1 peut s’appliquer pour v > % car on a % > ]\2,—]):2
pour N > 2.

Nous allons maintenant considérer le cas le plus général du systéme de Navier-Stokes iso-
therme ou les coefficients de viscosité dépendent de la densité p. Le systéme s’écrit alors :
Op + div(pu) =0,

(2.6)
I (pu) + div(pu ® u) — div(2p(p)D(uw)) — V(A(p)divu)) + VP(p) = pf,
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On peut remarquer que lorsque u(p) = p, A(p) = 0, P(p) = p? et N = 2 le systeéme (2.6)
correspond au fameux modele de Saint-Venant.

Ici dans le cas de la recherche de solutions faibles du systéme (2.6), on ne peut appliquer
aisément les techniques de P-L Lions. Effectivement il s’avere délicat de pouvoir extirper la
pression efficace en appliquant un opérateur différentiel du type (A)~!div. Il devient donc
difficile d’acquérir simplement un gain d’intégrabilité sur la densité p.

De ce fait, le premier résultat véritablement marquant et faisant apparaitre un gain de
régularité sur la densité p est di & D. Bresch, B. Desjardins et C.-K Lin dans [13] ou ils
s’intéressent & des coefficients de viscosité spécifiques de type Saint-Venant u(p) = p et
A(p) = 0. IIs montrent ainsi pour le systéme de Korteweg et avec ce choix de coefficients
de viscosité une nouvelle inégalité d’énergie permettant un gain de régularité sur la densité
p, avec p € L2(H?).

A la suite de cela, ils étendent dans [8] ce type d’inégalité d’énergie & des coefficients
de viscosité plus généraux que ceux de Saint-Venant. Il est a noter cependant que cette
condition (2.3) sur les coefficients de viscosité n’englobe pas le cas des coefficients constants

étudiés par P.-L. Lions. Ainsi sous la condition algébrique suivante :

A(s) = 2(sp (s) — u(s)),

ils démontrent alors la proposition fondamentale suivante qui permet un meilleur controle

de la densité p que ne le permet les inégalités d’énergie classiques.

Proposition 2.

e / ol / 21(p)D(u / Ap)ldival? + X2 / IV

(2.7)
= / P(p,0)divu.
Q

ou x correspond a un coefficient de tension surfacique.

L’égalité (2.7) se distingue ainsi des égalités d’énergie classiques par le fait qu’elle nous
incite a considérer de nouveaux espaces d’énergie avec un renseignement sur le gradient de
la densité p sous la forme suivante Vu(p) € L>(L?).

On arrive ainsi & avoir quasiment des renseignements en norme L (H') sur p ce qui
est totalement nouveau et permet par la méme de passer facilement a la compacité dans
le terme de pression (alors que cela consistait la difficulté essentielle pour le systéme de
Navier-Stokes a coefficients constants).

Cependant selon le choix des coefficients de viscosité, une nouvelle difficulté entre en jeu
lorsque du vide apparait, effectivement la vitesse u ne peut étre définie lorsque les coeffi-
cients de viscosité A\(p) et u(p) s’annulent. On perd alors des renseignements sur Vu. Cette
difficulté rend alors délicat le passage a la compacité sur le terme pu ® u o 'on ne peut
utiliser les résultats classiques de type Lions.

D. Bresch et B. Desjardins évitent cette difficulté en introduisant une pression qui empéche
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d’une certaine maniere 'apparition du vide, celle-ci étant de plus choisie en corrélation avec
les coefficients de viscosité et leur comportement autour du vide. Ils imposent ainsi les re-
lations suivantes entre la pression P et les coefficients de viscosité lorsque p est petit :
— Pour tout s < A, p(s) > cos™ avec A, ¢y des constantes et % <n<letcs™<
p(s) pour s > A avec m > 1.
— P.(p) ~ —p~! pour p < p, avec p, une constante. D’autre part ! dépend notamment
de n.
Cette pression P explose ainsi au voisinage du vide, ce qui physiquement a pour but de
montrer la contraction extréme des élément lorsque le vide apparait, ce phénomene explique
physiquement I'impossibilité d’une densité nulle.
Pour plus de détails sur le choix des coefficients voir [9]. Il est a noter que loin du vide on
est proche d’une pression type gaz parfait.
En fait ce lien entre la pression froide et les termes de viscosité est essentiel et permet
ainsi de controler divu en norme L?(L?) lorsque la viscosité s’annule. Ceci permet ensuite
de passer a la compacité le terme pu ® u. Via des inégailtés de Holder la pression froide
absorbe les difficultés liées au vide sur les termes u(p)|Vul? et A(p)|divu|> € L'(L'). Nous

rappelons ici le résultat principal de Bresch et Desjardins dans [9].

Théoréme 2. Supposons que la viscosité vérifie (2.3) ainsi que d’autres hypothéses plus
techniques et que le gaz considéré soit parfait de type polytropique. Les données initiales
(po, mo, Go) avec Gy = poeg sont prises telles que :

H(0) = / (poeo + |m0|2)dx < +o00,
Q 2po

la densité initiale py vérifie :

po € L'(Q), et % e L2(Q)N

et l’entropie initiale de densité so = C,, log(ﬁ—g) satisfait :
pPoSo € Ll(Q)
Alors il existe une solution globale en temps de (2.3).

Il est a noter que le théoreme précédent est un résultat de stabilité, car il admet ’exis-
tence d’une suite de solutions approchées au probleme vérifiant les inégalités d’entropie
requises. Il reste alors a construire ces suites approchées vérifiant les nouvelles inégalités
d’énergie introduites par Bresch, Desjardins.

Ainsi dans [10], Bresch et Desjardins construisent des solutions approchées du systéme
(2.6) vérifiant le choix précédent sur les coefficients de viscosité ainsi que sur la pression
(qui est somme d’un terme de type pression froide et d’un terme barotropique). De plus
ces solutions approchées vérifient uniformément les inégalités d’énergie introduite dans [8].

La construction de ces solutions repose sur la régularisation du systéme (2.6) par un terme
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de type capillaire qui permet le controle du vide et donc I’existence globale de solutions.
Finalement Bresch et Desjardins obtiennent I’existence globale de solutions faibles pour le
systeme de Navier-Stokes isotherme avec leur choix spécifique concernant les coefficients
de viscosité ainsi que la pression.

Enfin dans le méme registre, il est a signaler cet article de Bresch, Desjardins et Varet
dans [12] qui considérent toujours le systeme de Navier-Stokes compressible avec le méme
choix pour les coefficients de viscosité mais avec en plus un terme de trainée de la forme
rop|ulu. Ils obtiennent alors l'existence globale de solutions faibles avec cette fois-ci des
pressions barotropiques de la forme ap” avec v > 1. Il est a noter que ce résultat répond
a Dexistence globale de solutions faibles pour le systéme de Saint-Venant avec terme de
trainée modélisant ’aspect onduleux des fonds marins. La clef de ce résultat est le gain
naturel d’intégrabilité sur la vitesse u qu’apporte le terme de trainée, il permet ainsi de
passer a la compacité dans le terme pu ® u sans évoquer le rajout d’une pression froide.
Pour pallier & cette restriction qu’impose une pression froide dans le cas du systeme (2.6),
récemment dans un article extrémement intéressant A. Mellet et A. Vasseur dans [55]
étendent le résultat de Bresch et Desjardins dans le cas isotherme en autorisant le choix
d’une pression isentropique. Cela permet ainsi de traiter le cas trés important du modele

de Saint-Venant :
Op +div(pu) =0
d(pu) + div(pu @ u) — div(pVu) + Vp? =0

La preuve repose sur une nouvelle inégalité d’énergie des plus astucieuses qui permet d’ob-
tenir un gain d’intégrabilité sur la vitesse u, élément essentiel pour ensuite passer a la
compacité dans le terme pu ® u.

Ils obtiennent ainsi la proposition suivante :

Proposition 3. Supposons que :

2p(p) + NA(p) = viu(p)
pour un certain v € (0,1) et soit 6 € (0,%). Alors nous avons l'inégalité suivante :

d 1+ |uf?
dt RN 2

c(/RN (%)%m) = (/ P2+ In(1 + yu\2)]%dx> fe /RN ()| V.

Finalement A.Mellet et A. Vasseur obtiennent le théoréme de stabilité suivant.

01+ e+ 2 / u(p)[1 + (1 + ful)|D(w)2dz <

Théoréme 3. Soit @ = RN ou TVN. Supposons que v > 1 et que u(p) et A\(p) sont deux
fonctions C? de p vérifiant les conditions de Bresch, Desjardins exceptés celle sur la mino-
ration de p et X. Soit (pp,un)nen une suite de solutions de satisfaisant les inégalités avec

des données initiales :

Pn/t=0 = po €t pntin/i=0 = pyug
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et satisfont les inégalités suivantes :

n‘u8‘2 g n\7Y 1 ny|2
Po +——=(pg)" <C, —|Vulpg)de < C,
Q 2 y—1 Q Po

[t 8w g <
pour un & > 0 petit.

Alors a extraction pres, (pn,+/p,un) converge fortement vers une solution faible de (2.4)
satisfaisant les inégalités d’entropie.

La densité p,, converge fortement dans C°(([0,T); LI%OC(Q)), /P, Un converge fortement dans
L2(0,T; L2 (Q)) et le moment my, = ppu, converge fortement dans L'(0,T; L} (Q)) pour

loc loc

tout T > 0.

Ce théoreme est un résultat de stabilité. Pour garantir un résultat final de solutions
faibles, comme dans le cas de Bresch et Desjardins il est nécessaire de réussir a construire
une suite de solutions approchées (py, tn )nen vérifiant les différentes inégalités d’énergie, et
ceci reste compliqué étant donné la complexité des deux inégalités d’entropie et notamment
celle introduite sur la vitesse u. Il semble difficile de régulariser le systéme (2.6) tout en
conservant chacune des deux inégalités d’énergie. Ainsi il est a noter que les solutions
approchées introduites par Bresch et Desjardins dans [10] ne sont pas adaptées au cas du
résultat de Mellet et Vasseur, car elles ne préservent pas le gain d’énergie sur la vitesse
u. Le probleme concernant l'existence de solutions faibles du systéme de Navier-Stokes
isotherme avec des pressions barotropes pour ce type de viscosité reste donc a 'heure
actuelle complétement ouvert pour les dimensions supérieurs a 2. Cependant dans le cas
spécifique de la dimension une Mellet et Vasseur dans [56] obtiennent I’existence de solutions
fortes globales avec un choix précis sur la viscosité pu(p) pour les faibles densités avec
un comportement de type p® ou a € (0, %) Effectivement ceci permet de contréler le
vide et d’obtenir ainsi des solutions fortes, il est a préciser que ce qui rend possible cette
démonstration est qu’en dimension une, la structure du tenseur de viscosité n’introduit
qu’un seul coefficient p et donc on est soulagé de la contrainte du type 2u + NA > 0.
Enfin on rappelle aussi des travaux concernant le comportement asymptotique des solutions
faibles de Feireisl sur le systeme (2.4) avec f = V¢ de A. Novotny et 1. Straskraba dans
[60], [61], [62]. En fait ils montrent que les solutions ont des trajectoires compactes. Ainsi en
travaillant sur 2 un domaine borné et en choisissant certaines conditions sur vy le coefficient
de puissance dans la pression, ils montrent que pour toute suite (¢,)ncny On peut extraire

une suite (s, )nen telle que :

lim {[p(sn) = poollLa() = 0,

n—-4oo

Jmlpusa)llre) = 0.
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De plus la fonction ps, est une densité d’équilibre qui conserve la masse de pg et qui vérifie

les conditions suivantes :
VP(poo) = pmV¢,

/pooda::/podw, Poo > 0.
Q Q

Novotny et Straskraba montrent donc que les solutions se stabilisent donc asymptotique-
ment vers un état d’équilibre (p, pu) = (poo,0). Il peut étre ensuite intéressant de mieux

connaitre po, pour savoir si celui-ci admet du vide en fonction du choix de pg.

Cas du systéme non isotherme

Dans cette section nous nous intéressons a présent aux résultats concernant Navier-
Stokes non isotherme, et nous allons rendre compte des différences fondamentales qu’im-
plique I’équation de la chaleur. Nous rappelons ici I’équation de Navier-Stokes non iso-

therme :

Op + div(pu) =0,

O(pu) +div(pu @ u) — pAu — (A + p)Vdivu + V(P(p)) = 0,

8 (pQ(T)) + div(pQ(T) u) — div(K (T)VT) = (2uD(u) 4+ Mdivu I) : Vu (2.8)

— deivu,

(pt:O; ut:O) - (P07 uo, T0)7
ot K est le coefficient du flux de chaleur et Q une fonction C2(0, 00) représentant la contri-
bution d’énergie thermale et dépendant de la chaleur.
Les premiers résultats d’existence globale de solutions faibles sont ceux de P-L Lions dans
[52] pour le cas de pression isentropique avec des coefficients de viscosité constants, cepen-
dant une nuance importante est & noter sur la définition de solutions faibles. Effectivement
si concernant I’équation de masse et 1’équation du moment notre solution (p,u,8) vérifie
le systéme au sens des destributions, il en est tout autrement en ce qui concerne I’équation

sur la température. Cette derniére n’est satisfaite que sous forme d’une inégalité au sens

des distributions :

T ~ ~ ~
/0 /]R QU + p9(Tyu - V6 -+ Kn(T)Agdds
/ / T)(T Pydivu — D : Vu)¢ dadt
]RN

/ L K @I Podade~ [ pQu(To)o(0)da.

pour toutes fonctions A telle que :
— h € C?[0,00), h(0) = 1, h non décroissante sur [0, o0), lim,_, h(2) = 0,
— h"(2)h(z) > 2(K (2)? pour tout z > 0.

et nous avons :

Kn(T) = J3 —n(p. T)h(=)dz, et Qu(T) = J; soh(z)dz

23



— et pour toute fonction ¢ satisfaisant :
>0, pcW2((0,T) x RV).

Il est a noter que physiquement cette inégalité au sens des distributions a un sens car elle
respecte les inégalités thermodynamiques. Le probléeme reste cependant entierement ouvert
concernant I’obtention de solutions faibles vérifiant véritablement au sens des distributions
le systeme complet (2.8).

Les premiers & avoir comblé (avec des conditions spécifiques sur les coefficients de vis-
cosité et avec 'ajout d’une pression froide comme on ’a vu précédemment) cette lacune
en obtenant des solutions faibles sur le systéeme de Navier-Stokes non isotherme sont D.
Bresch et B. Desjardins dans [9] avec de véritables égalités au sens des distributions sur
I’équation thermique. La difficulté principale pour passer a la limite dans ’équation ther-
mique releve du manque de régularité sur la densité p et 'impossibilité alors d’employer
des méthodes de compacité. Seulement dans le cas de Bresch et Desjardins la découverte
de cette nouvelle inégalité d’énergie apporte de nouveau renseignement sur la densité et
suffisament de régularité pour permettre des méthodes de compacité dans I’équation ther-
mique. Dernierement Feireisl dans [31] étend encore les résultats précédents au cas ou les
coefficients de viscosité dépendent de la température, pour cela il extirpe & nouveau la
pression efficace P(p) = P(p) — (2uu(p) + Mp))divu et montre des propriétés similaires sur

P que Lions en utilisant astucieusement un commutateur sur les coefficients de viscosité.

2.4 Solutions fortes

— Cas du systéme isotherme

L’existence de solutions régulieres locales ou globales pour des données petites est connue
depuis J. Nash et V. Solonnikov [68],[69], qui a obtenu les premiers résultats d’exis-
tence et de régularité en temps petit. Partant de données initiales (pg,up) € L¥(RY) N
Wha(RN) x Wl’z_s(]RN) pour un ¢ > N telles qu’il existe m > 0 et M > 0 vérifiant
0 < m < po(z) < M presque partout dans RY, il obtient Pexistence de solutions fortes
(p,u) sur un intervalle de temps (0, 7) appartenant & L>((0,T) x R¥)NL2(0, T; Wh4(RY))
telles que 0 < m(t) < p(t,z) < M(t) < +oo, dp et dyu € LI((0,T) x RN).

Les travaux sur les solutions fortes consistent ainsi essentiellement & construire des solu-
tions dont les données initiales soient le plus proche possible des espaces d’énergie ou du
moins critiques du point de vue du scaling des équations.

Ainsi nous pouvons citer parmi les trés nombreux travaux répertoriés des résultats de So-
lonnikov dans [68], [69] ou encore Hoff dans [38], [39], [41]. Ces solutions ont toutes la méme
particularité a savoir que la densité est minorée par une constante strictement positive, ef-
fectivement on cherche a éviter les phénomenes délicats engendrés par le vide, a savoir une

perte de parabolicité sur I’équation du moment et donc une perte d’effet régularisant.
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Enfin comme c’est le cas pour Navier-Stokes incompressible atteindre des espaces de
données critiques pour le sacling des équations est un enjeu et s’avere souvent délicat
via des difficultés liées a des problemes d’analyse harmonique, les derniers résultats mar-
quants a ce niveau sont I’oeuvre de R. Danchin dans [23], [20] et [22]. Il montre 'existence
et 'unicité de solutions globales avec des données initiales proches de 1’équilibre qui ap-
partiennent a des espaces de Besov critiques au sens du scaling. De plus il obtient dans
ces mémes espaces de Besov l'existence et 'unicité de solutions locales en temps avec des
données initiales grandes, en imposant cependant une condition de petitesse sur la densité
initiale associée a une condition de stricte positivité sur la densité. Dans ces théoremes, un
point essentiel est donc le controle du vide ainsi que celui de divu dans L%(B%) — L1(L*>)
qui s’avere essentiel pour controler I’équation de masse et donc propager la régularité sur
la densité p.

Enfin concernant la résolution du probléeme de shallow-water, peu de travaux ont été réalisés
concernant les solutions fortes; on peut citer ceux de W. Wang et C.-J. Xu dans [73] ou

ils obtiennent le résultat suivant :

Théoréme 4. Soit s > 0. On prend les conditions initiales suivantes : ug € H**5(R?),

ho — h € H**3(R2) et on impose la condition de petitesse suivante :
|ho — R g2rs << h.
Alors il existe un temps T, et une unique solution (u,h) au probléme telle que :
u, h —hg € L*([0,T); H*™*), Vu € L*([0,T], H***).

De plus, il existe une constante c telle que si ||hg — h||g2rs + ||uo||g2+s < ¢ alors on a
T = +o0.

Comme on 'a vu, la plupart des travaux sur les solutions fortes considérent donc des
données initiales telles que la densité initiale soit minorée par un nombre strictement positif,
ceci afin de controler le vide et bénéficier des effets régularisants de I’équation du moment,
cependant peu de travaux sur les solutions fortes concernent des résultats avec une densité
initiale pouvant admettre I’état de vide. Ceci est d’autant plus intéressant que les solutions
faibles de P.-L. Lions n’imposent aucune contrainte sur le vide, effectivement la densité pg
appartient & L'(RY) N LY(RY). Cependant il est vrai que Lions obtient aussi des résultats
dans des espaces d’Orlicz ou la densité est proche d’un état stable ce qui est le cas des
travaux sur les solutions fortes préalablement cités.

L’un des premiers a avoir répondu a ce probleme est B. Desjardins dans [25] qui considére
le probleme de Navier-Stokes compressible isotherme sur un tore. Il obtient alors dans le
cas de la dimension N = 2,3 un résultat d’existence de solutions faibles en temps fini
en prenant py > 0, pg € L®(TV) et ug € H'(TY)V. De plus il aboutit & un résultat
de solution fort-faible a partir de ses solutions qui sont plus régulieres que celles de Lions,

elles conservent ainsi la norme L°° sur la densité. On rappelle que le probleme des solutions
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forts-faibles sur les solutions de Lions reste complétement ouvert méme en dimension 2.

Enfin derniérement Cho, Choe et Kim dans [16] (voir aussi [17]) obtiennent de véritables
solutions fortes avec des données initales qui autorisent le vide. Effectivement ils prolongent
les résultats de Desjardins, ainsi dans le cas N = 3 ils obtiennent l’existence et I'unicité
de solutions en temps fini dans un ouvert €2 en choisissant des données initiales telles que
0<pg€e H NWhe avec 3 < g < +0o0 et ug € Dé N D? avec la condition de compatibilité

suivante :

Lug + VP(po) = /pog avec g€ L?.

Concernant le comportement asymptotique des solutions fortes avec une donnée initiale

proche d’un état stable, on renvoie aux travaux de Kobayashi et Shibata dans [49].
— Cas du systéme non isotherme

Dans le cas non isotherme d’autres nombreux résultats d’existence de solutions fortes sont
a signaler dans la littérature & savoir notamment ceux de Hoff dans [40], [39].

Enfin dans le cas d’une densité initiale minoré par une constante strictement positive, R.
Danchin dans [21] obtient des résultats similaires au cas isotherme. Il assure ainsi 'exis-
tence et I'unicité de solutions en temps fini pour des données initiales grandes citiques pour
le scaling des équations avec (qo, ug, o) € B 3 xB> 1xB>2 Cependant il est & préciser
que dans ces travaux il travaille avec une énergie interne bien spécifique, c’est a dire linéaire
par rapport a la température ce qui lui permet d’atteindre le cas des espaces critiques. En
outre il impose une condition de petitesse sur la donnée initiale. Enfin il obtient I'existence
de solutions globales et leur unicité pour des données initiales proche d’un état physique
stable. Pour conclure nous citerons aussi les travaux de Cho et Kim qui étendent leur
résultats au cas non isotherme (voir [15]), ot 'on rappelle que les densités initiales peuvent

étre astreintes a du vide.

3 Navier-Stokes capillaire de type Korteweg

3.1 Présentation physique
Etablissement des équations de bilan

Nous allons maintenant rappeler le systeme d’équations de bilan régissant le mouve-
ment d’un fluide décrit par la théorie du second gradient apres avoir présenté une méthode
permettant d’établir ces équations. Ce systeme d’équations nécessite d’étre fermé par I'ex-
pression de I’énergie du fluide en fonction des variables thermodynamiques du systéme.
Nous présenteront ainsi la forme de la fermeture thermodynamique proposée par C. Fouillet
dans [33].
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Dans [43], les équations de bilan régissant le mouvement d’un fluide pur décrit par la
théorie de la capillarité de Van der Waals sont établies a partir du principe des puissances
virtuelles, ici une méthode plus simple et plus directe va étre utilisée.

Les équations de bilan pour un fluide pur peuvent s’écrire sous la forme générale suivante :

Op
V- =0
du
pa =V T+pg,
d;f (3.9)
py TV Q@=V-(V-T)+pg-u,
ds
pdt + v QS - 87
ol % représente la dérivée particulaire définie par % = % +u - V. La premiere équation de

(3.9) désigne le bilan de masse ol p définit la densité du fluide, u sa vélocité ; la seconde
équation est le bilan de quantité de mouvement, T représentant le tenseur des contraintes
et g le vecteur gravité (la seule force extérieure est la force de gravité) ; la troisieme équation
est le bilan d’énergie totale, I'énergie totale massique e étant définie a partir de ’énergie

interne massique u par : )
e=1u + i\uP, (3.10)

et @ caractérisant le flux d’énergie.
Enfin la derniere équation de (3.9) est le bilan d’entropie ou s définit I'entropie spécifique,

Qs est le flux d’entropie et Ay la création d’entropie.

Afin de déterminer les expressions de T et @@, une équation de bilan d’entropie est écrite a
partir des trois premieres équations de (3.9) ainsi que (3.10), et celle-ci est identifiée a la
derniére équation de (3.9) pour déterminer Qs et A,. L’application du second principe de
la thermodynamique selon lequel la création d’entropie Ay doit étre positive quel que soit le
mouvement considéré nous permet alors de déterminer la forme du tenseur des contraintes
et du flux d’énergie.

Si 'on fait 'hypothese que 'on se situe dans des conditions d’équilibre thermodynamique

local, expression (1.1) de I’énergie interne conduit a la relation suivante :

di' ~ds Pd d
8o p+v dvp

— A1
dt dt  p?dt dt (3:11)

ou T représente la température, x le coeflicient de cappilarité interne et P la pression

thermodynamique totale définie par :

~ o’
P=p (8/) )sz (3‘12)
La température T du systeme peut étre définie par :
~ ou’
T = (E)p,w (3.13)



En utilisant la définition (3.10) de 1'énergie e ainsi que l’expression (3.11) de ddit et la

premiére équation du systéme (3.9), puis en multipliant I’équation du moment par u, le
bilan d’énergie assure l’expression suivante :

ds

— _\. D .
i Vog+71":Vu (3.14)

pT
ol ¢ représente le flux d’énergie et 7 le tenseur des contraintes dissipatives, de plus on a

les expressions suivantes :

q=Q — kpVpV - u,
P =T+ PI+kVp®Vp—pV - (kp)l. (3.15)

En identifiant la forme générale du bilan d’entropie de (3.9) et I’équation d’entropie sous
la forme (3.14), on déduit les expressions suivantes pour la création d’entropie A; et le flux
d’entropie Qs :
A = 4. VT + iTD : Vu,
T2 T

Qs = (3.16)

4
T

Ces expressions de la création d’entropie et de flux d’entropie sont telles que les équations
d’énergie et d’entropie du systéme d’équation de bilan de (3.9) sont redondantes : les
équations de masse, de quantité de mouvement et de quantité d’énergie ainsi que 1’équation
(3.11) permettent en effet d’écrire ’équation d’entropie (3.14) dont la forme est strictement
équivalente a I’équation d’entropie de (3.9) du fait des relations (3.16).

Le systeme (3.9) se réduit alors & un systéme de trois équations qui s’écrivent en utilisant

(3.15) sous la forme :

0
L1V (pu) =0,

ot

d -

Pd—? = -V(P—pV-(kVp) =V - (kp@Vp)+ V- P + pg, (3.17)
"’ds D

7¥ - v, - Vu.

o i V-qg+71 :Vu

Il est & préciser que ’équation de bilan d’entropie de (3.17) est équivalente a I’équation de
bilan d’énergie totale de (3.10) si 'on tient compte des relations (3.11) et (3.15). Il reste
maintenant a préciser les formes générales du flux d’énergie g et du tenseur des contraintes

dissipatives 77

Relation de fermeture

En utilisant le second principe de la thermodynamique qui affirme que la création d’en-

tropie doit étre positive, i.e Ag > 0, sil’on fait 'hypothese que les dissipations thermiques et
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mécaniques sont découplées, on en déduit les expression de ¢ et 72 sous la forme suivante :

q= —k‘VTV,
5 (3.18)
P =2uD + (k — g,u)tr(D)I,

(ot par simplification on a supposé la conductivité thermique ¢ et le tenseur de contraintes

D isotropes)

visqueuses T
La premiere équation est la relation de Fourier classique, ou k désigne la conductivité
thermique, et la seconde représente le tenseur des contraintes ot p désigne la viscosité
dynamique et D la partie symétrique du tenseur V - u.
Pour que le systeme des équations du mouvement (3.17) soit completement fermé, il est
également nécessaire de se donner une forme pour 1’énergie du systeme afin de pouvoir
exprimer P et s en fonction des données du systeme. Du fait que la densité et la température
sont les variables thermodynamiques les plus aisées a controler physiquement, 'utilisation
de I’énergie libre semble particulierement appropriée.
L’énergie libre volumique F' du systeme est définie a partir de I’énergie interne volumique
U suivant la relation :

ou

F == U - S(%)p’vp

(3.19)
En supposant que le coefficient de capillarité interne x est indépendant de ’entropie volu-
mique S, on peut montrer que F' a la méme dépendance que énergie interne dans (1.1)
selon Vp :

~ c ~ I{
F(T,p,Vp) = F(T,p) + 5|Vl (3.20)

Si 'on se donne une forme pour F' Cl(f, p), les expressions de Pets peuvent alors étre
déduites de (3.12), (3.13) et (3.19) :

~ oF
P=—F+p(5-) 5y,

1 oF (3.21)
*= 5 e

Dans la suite pour simplifier la présentation, on suppose k constant, on expliquera dans le
chapitre 2 les modifications & apporter lorsque k varie.
Forme finale du systéeme

En définissant la pression thermodynamique classique P par la relation :

o "Nl 8Fd
P=p( (gp) ), = —F 4 p o ) 7 (3.22)

en utilisant (1.1) et (3.12), et 'hypotheése x constant, la pression thermodynamique totale

du systeme P s’exprime en fonction de P par :

ﬁzp—gvﬁ. (3.23)
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En utilisant de plus la relation vectorielle suivante :
K
V- (kVp@ Vp) = V(5|Vol*) + V(pV - (:Vp)) = pV(V - (5Vp)), (3.24)
le bilan de quantité de mouvement (3.17) peut alors étre écrit sous la forme :

pd—l: =-VP+pV(V - (kVp)) + V-7 + pg. (3.25)

De plus en introduisant le potentiel chimique du fluide (ou enthalpie libre massique) défini

par :
;L oud oF
= = ~ 3.26
wo=( ap )s = ( ap )7 (3.26)
la relation de Gibbs-Duhem s’écrit :

dP = pdy’ + psdT (3.27)

on peut alors réécrir le bilan de quantité de mouvement (3.25) sous la forme :

du -~ D

P = —pVu? — psVT +V - 77 + pg. (3.28)

ou 1Y est un potentiel chimique, appelé potentiel chimique généralisé, défini par la relation :
2 p que, app p que g s p

w=p — V- (kVp). (3.29)

Enfin intéressons-nous a ’équation d’entropie. En définissant la capacité calorifique spécifique

a volume constant ¢, par :

o’
Cp = (ﬁ)pﬁp’ (3.30)
et en utilisant (3.13), on montre la relation suivante :
~ 0s
Cy = T(ﬁ)p. (3.31)

L’équation d’entropie dans (3.17) peut alors s’écrire sous la forme d’une équation d’évolution

de la température :

~,0s @

dr
S v A D7y — )= 3.32
T qg+7°:Vu—p (a,o)Tdt (3.32)
Enfin en utilisant la relation de Maxwell suivante :
Os 1,0P
(8_p)f = _?(ﬁ)”’ (3.33)
I'équation (3.32) peut alors s’écrire sous la forme :
dT p OP, dp
— =-V- Divu—=(=) —. 3.34
peus q+7":Vu T(aT)Pdt (3.34)
Cette forme de ’équation en température consiste en fait & une simple réécriture du terme
de changement de phase pf(g—f))f% ou % prend des valeurs substantielles a l'interface
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seulement si celle-ci est traversée par un flux de masse di & un phénomene de changement
de phase.

On obtient finalement le systeme d’équations du mouvement suivant :

B,
L4V (pu) =0,

ot

du g = D

par = —pVu —psVT +V 70+ pg, (3.35)
ir b T ,0P, dp

pcvdt— V-g+1 'vu+p(af)”dt’

oil les expressions de ¢ et 77 sont données par les relations (3.18) et les expressions de
19, s, ¢y et P sont déduites de 'expression de I’énergie libre volumique grace aux relations
(3.29), (3.26), (3.21), (3.31) et (3.22).

On peut alors remarquer que, du fait que les variables p, u et T sont continues dans tout le
systeme, ce systeme décrit le mouvement de I’ensemble du fluide, y compris celui
des interfaces. Les interfaces sont localisées dans les zones de fortes variations de densité
p, leurs déplacements par convection ou par changement de phase sont donc complétement
intégrés dans la solution des équations du mouvement.

Pour rappel ce modele physique remonte donc aux premiers travaux de Korteweg et Van
der Waals dans [50], par contre son étude mathématique n’est que tres récente et fait suite
aux nouveaux travaux de Jamet dans [44] ou Truedell dans [70] qui utilisérent comme
expliqué précédemment la théorie du second gradient. Nous allons donc ici décrire certains
travaux récents en commencant par ceux sur les solutions faibles puis ceux traitant des
solutions fortes. Le modele (3.35) du point de vue mathématique sera étudié sous la forme

du systeme (NHV') précédemment cité dans la section 1.
3.2 Solutions faibles

Cas du systéme isotherme

On s’intéresse ici au systeme (NHV') sous sa forme isotherme que l'on réécrit comme

suit :

Op + div(pu) =0,

O (pu) + div(pu @ u) — div(2u(p)Du) — V(A(p)divu) + VP(p) (3.36)

H;) 2
= V(kAp+ 5 [Vol).

Avant de rappeler les principaux résultats concernant les solutions faibles, nous allons
commencer par décrire les inégalités d’énergie liées au systeme lorsque les coefficients de
viscosité et de capillarité sont des constantes (ceci pour simplifier les écritures). En effet
ceci nous donnera alors une idée du comportement mathématique du systeme et surtout des

termes éventuellement délicats & controler pour obtenir des solutions faibles. Effectivement

les inégalités d’énergie vont tout de suite mettre en lumiere les termes présentant un manque
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de compacité. On suppose (p, u) une solution approchée du systéme (3.36), et ’'on multiplie

I’équation du moment par u, on obtient alors 'inégalité suivante :

1 B K ¢
[ Golu + @) 1) + 5190y 0de +2 [ [ @up(: D

m 2 K
o pavaide < [ (2004 @) - 115) + 59 P)as,

RN 2p
ou II est défini comme suit :

1(s) 3</p Po(;)dz B Po(ﬂ)>'

z p

En imposant I'inégalité suivante sur les données initiales :

™m 2 K
o= [ ) ) + ST < e, (@a

on obtient les estimations a priori suivantes :
(p) = 1(p), et plu* € L=(0,00, L' (RY))

Vp € L=(0,00, LXRV)N, et Vu € L(0, 00, RV)N.

Afin d’obtenir des solutions faibles, R. Danchin et B. Desjardins dans [23] considérent une
suite de solutions approchées (py,, Uy )nen du systéme (3.36) avec des coefficients physiques
constants et ils cherchent a obtenir des propriétés de stabilité sur le systeme. On se rend
alors rapidement compte que le terme délicat pour 'obtention de solutions faibles corres-
pond au terme quadratique Vp, ® Vp, provenant du tenseur de capillarité. En effet d’apres
nos estimations a priori venant des inégalités d’énergie, Vp, ® Vp, est uniformément borné
dans L>°(L') si 'on choisit des données initiales vérifiant uniformément (3.37), on obtient
donc qu’une convergence au sens de la mesure a extraction pres vers une mesure v. Toute
la difficulté repose sur le fait de savoir si v correspond réellement a Vp ® Vp avec p défini
comme limite de p,,. Il est a préciser que par rapport a Navier-Stokes isotherme le terme

de pression P(p) est aisé & traiter étant donné la régularité L°>°(L?) que I'on a sur Vp,.

R. Danchin et B. Desjardins répondent partiellement au probleme dans le cas de la di-
mension N = 2 en imposant certaines conditions sur la densité p,, ils obtiennent ainsi le

résultat suivant :

Proposition 4. Il existe n > 0, T' > 0 tel que tant que :

(Eo)n + sup 6,(t) <n Vn.
te[0,7

avec : _
Pn— P
On(t) = [ ==L

p
alors il existe une solution faible (p,u) sur (0,T) du systéme (NHV') isotherme telle que

p—p € L3(0,T; H'(R2) N H2(R2)), u € L2(0,T; HL(R2)) N L=(0, T; L2(R2))2.
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La preuve repose sur des inégalités d’énergie qui permettent un gain de dérivabilité sur
la densité p, ceci en extirpant astucieusement un effet régularisant du tenseur de capillarité.

Le passage a la limite par compacité de (py,u,) vers une solution est alors aisé.

Le probleme des solutions faibles pour le systéme isotherme avec des coefficients de vis-
cosité constants restant complétement ouvert, D. Bresch, B. Desjardins et C-K. Lin dans
[13] se sont intéressés au cas ou les coefficients de viscosité étaient variables. Ils se sont
concentrés tout particulierement sur le cas des coefficients intervenant dans le modele de

Saint-Venant p(p) = Cp et A(p) = 0 avec C' > 0. Le systéme s’écrit alors :

Op + div(pu) =0,
O(pu) + div(pu ® u) — Cdiv(pD(u)) + V(P(p)) = kpVAp.

(3.38)

On rappelle ici leur définition de solutions faibles.

Définition 2. Nous disons que (p,u) est une solution faible sur (0,T") du systéme précédent
si et seulement si les propriétés suivantes sont vérifiées :

— Nous supposons que :

\V4 2 2
50:/ (H%Jrﬂ(po)m [ g' ) < 400
Q

Fo = 2u2/ IVv/pol* = /pO]yVIngol2 < +00
— en plus nous avons :

p € L*(0,T; H*()),

Vp et V/p € L®(0,T; (L*(Q)Y),
Vpu € L®(0,T5 (L*(Q)N),
VpD(u) € L2(0,T; (L2(2)) V),

avec p > 0 presque partout, et :
dp + div(pu) =0 dans D ((0,T) x Q), pi—o = po dans D ()

et pour tout p € C([0,T] x Q)N tel que o(T,-) =0, on a :

/pouo po(0 / / pou- 0o+ pu® pu: D(o) — p*(u- p)divu — vpD(u) : pD(p)

—vpD(u) : o @ Vp + (p)divy — Rp>Apdivep — 2Fp(¢ - Vp)Ap = 0.
IIs obtiennent alors le résultat d’existence suivant.
Théoréme 5. Soit N = 2,3. Il existe alors pour le cas périodique Q@ = TN une solution

globale (p,u) du systéeme (3.38) qui vérifie la définition 2.
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On peut remarquer que ces solutions faibles sont trés particulieres dans la mesure ou
les fonctions tests dépendent elles-mémes de la solution et s’écrivent sous la forme py avec
© € C([0,T] x Q)" (ce que I'on va expliquer). La démonstration de ce résultat repose
sur un gain de dérivée par rapport a la densité p en utilisant des inégalités d’énergie, qui
proviennent essentiellement de la structure tres spécifique des coefficients de viscosité (on
a vu que ces gains de dérivabilité sur la densité p ont été étendus par ces mémes auteurs
a des coefficients de viscosité plus généraux dans le cas du systeme de Navier-Stokes).
En contrepartie du choix de ces coeflicients de viscosité une nouvelle difficulté apparait,
consistant en une perte d’information sur la vitesse u lorsque le vide intervient. C’est
pourquoi D. Bresch, B. Desjardins et C-K. Lin ont besoin d’utiliser ces fonctions tests pp
pour pouvoir passer a la compacité notamment dans le terme pu ® u.

On rappelle ici le gain de dérivée par rapport a la densité p obtenu :

Lemme 1. Nous avons l'inégalité suivante :
/ 0 1 K
40/Q P (p)|Vp|* + C’/{/Q |VVp|? + E/Q (§p|u + OV log p|*+11(p) + §|Vp|2)

< C’/QpD(u) : D(u).

Enfin concernant le cas non isotherme aucun travaux & ma connaissance traitent du
sujet, on pourrait cependant sans difficultés aucune transcrire les résultats de Bresch et
Desjardins avec un choix de coefficients de viscosité de type Saint-Venant au cas non

isotherme.

3.3 Solutions fortes

Les premiers a avoir vérifié si le modele complet non isotherme était bien posé sont
Li et Hattori dans [36] et [37] en 1996. Ils obtiennent des résultats d’existence globale
et d’unicité avec des données initiales proches d’un état stable dans les espaces de So-
bolev H® x H*™' x H*7? avec s > % + 4 (ou N représente la dimension) ainsi que des
résultats d’existence en temps fini et unicité avec des données initiales grandes. De plus ils
considérent des pressions convexes, n’intégrant pas le cas des équations de Van der Waals.
Plus récemment un travail de Raphaél Danchin et Benoit Desjardins concernant le cas
isotherme dans [6] améliore considérablement les résultats précédents, effectivement ils ob-
tiennent des solutions avec des données initiales dans des espaces critiques du point de
vue du scaling des équations. Expliquons brievement ce que nous entendons par scaling
du systéme. La notion de scaling fut introduite par Fujita et Kato dans [34] pour les
équations de Navier-Stokes incompressible, et son usage est depuis lors devenu classique
pour différents types de systeme d’équations aux dérivées partielles.
On peut ainsi vérifier aisément que si (p,u, ) est une solution du systeme (NHV), alors

(px, uy, 0y) est aussi solution du systéme ot on a posé :

pa(t,z) = p(N2t, Ax) , up(t,2) = Au(N2t, Az) et O)\(t, ) = N2\, Ax)
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et ol les pressions Py, P; ont été changées en APy, \2P;.

Definition 3.1. Nous dirons qu’un espace est critique au sens du Scaling si sa norme

associée est invariante par la transformation suivante :

(P, u, 9) - (PA, uy, 9)\)
(ceci pour n’importe quel X > 0).

Ceci suggere de choisir les données initiales (pg, up, ) dans un espace dont la norme

est invariante pour tout A > 0 par la transformation :

(po, 10, 80) — (po(A-), Aug(A-), A*Bo(A-)).

Un candidat naturel vérifiant cette propriété est le produit suivant d’espaces de Sobolev
homogenes E = HN/2 x (HN/z_l)N x HN/2=2 Cependant une difficulté majeure apparait
apres utilisation de cet espace, celle du contréle du vide et donc du comportement en
norme L*° de la densité p. Effectivement le vide comme dans de nombreux problémes
liés a la mécanique des fluides engendre de nombreuses contraintes techniques souvent
infranchissables et dans le cas présent des solutions fortes, la principale correspond a une
perte de parabolicité sur I’équation du moment.

L’idée est donc de trouver un espace invariant selon le scaling des équations qui permet en
plus d’absorber le vide.

Danchin et Desjardins choisissent alors dans le cas du systeme isotherme de prendre leurs
données initiales dans ’espace F' = Bfljl X (Bfl_l)N . Effectivement cet espace F est critique
pour le scaling des équations et est en réalité un raffinement du produit d’espaces de Sobolev
homogenes correspondant, on a ainsi Bfljl < H%. Mais le choix de F permet surtout de

N
controler le vide car on a l'injection suivante By’ — L.
b

Notation 1. Dans la suite on utilisera la notation :
BSJ = BS.

Avant de préciser le résultat de Danchin et Desjardins, pour la compréhension des

théoréemes donnons la définition suivante :

Définition 3. Soit p > 0, § > 0. Nous noterons dans la suite :

q:pip et T=60-—6.
p

Ils obtiennent ainsi un résultat d’existence globale pour des données proche de I’équilibre
dans [23].

Théoreme 6. Soit p > 0 tel que Pl(ﬁ) > 0. Supposons que la fluctuation de la densité

1 1

initiale qo appartienne a B> N B>~ , que le moment initial mqy soit dans B> et le
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terme de force f est dans Ll(R,B%_l)N. 1l existe alors une constante g > 0 dépendant

seulement des coefficients physiques ainsi que de la dimension telle que si :

laoll yx g1 + lImoll yy < €0

alors le systéme a une unique solution (q,m) dans :
~ N N N N ~ N N
E=(C(BT nB="YnLY (B>t nB>t)) x (C(B=~")nL'(B=t))".
Il est & noter que la densité initiale ¢y appartient a B> N B> et non pas seulement a
B %, ceci est di au fait que sur un théoreme d’existence globale, on doit aussi de maniere
conséquente tenir compte du comportement des basses fréquences.
Danchin et Desjardins obtiennent en plus un théoreme d’existence et d’unicité avec des

données grandes sur un intervalle de temps fini.

Théoréeme 7. Supposons que le terme de force extérieure appartienne a (L%(B%_I)N, que
le moment initial mg soit dans (B%_l)N et la fluctuation de densité initiale qo dans BY.
De plus on impose que la densité initiale soit strictement positive soit pg > ¢ > 0.

Alors il existe un temps T > 0 tel que le systéme avec pour données initiales (qo, mg) ait

une unique solution (q,m) dans :

Fr =(C([0,T); BY) N L'(0,T; B2 %)) x (C([0,T); B> )N L'(0,T; B> *1)) V.

La démonstration de ces théoréemes repose essentiellement sur le contréle du vide ou
notamment pour le second théoréeme on vérifie que la condition de stricte positivité de
la donnée initiale est conservée a temps petit, ceci permet ainsi d’utiliser un effet la pa-
rabolicité de I’équation du moment. Enfin on remarque qu’on obtient également un ef-
fet régularisant sur la densité p, qui provient évidemment du terme de capillarité. Ce
phénomene radicalement nouveau par rapport a des résultats similaires de solutions fortes
sur le systeme de Navier-Stokes compressible permet ainsi de ne pas imposer de conditions
de petitesses sur la densité gy, ceci du au fait que 'on évite certains cas critiques lors de
I'utilisation du paraproduit de Bony.

On peut aussi rappeler les résultats de Benzoni, Danchin et Descombes dans [4], [5] qui
se sont intéressés au cas du systeme de Korteweg isotherme non visqueux. Comme pour le
cas d’Euler compressible, une difficulté majeure se révele avec la perte de parabolicité sur
I’équation du moment. On perd ainsi le gain de dérivabilité sur la vélocité u, la difficulté
est alors d’obtenir de bonnes égalités d’énergie sur p et u sans pertes de dérivées avec des
données initiales assez régulieres, la démonstration repose notamment sur des théoremes
de commutateurs. Ainsi ils obtiennent des résultats de solutions fortes en temps fini avec
les données initiales (qg,up) dans H T2+ 5 3 1F avec £ > 0. D’autres travaux sur la

stabilité a l'infini du systéme sont & noter, on renvoie aux travaux [2], [3].
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4 Navier-Stokes de type capillaire avec méthode a interfaces

discontinues

4.1 Présentation physique

On s’intéresse maintenant au cas du systeme de Navier-Stokes compressible isotherme
avec un terme de capillarité non local récemment mis & ’honneur par Rohde dans [63] et
[19].

Avant de passer en revue certains travaux sur le sujet nous rappelons ce nouveau modele
concernant toujours les changements de phases liquide-vapeur ou F. Coquel, C. Rohde et
leurs collaborateurs dans [19] dérivent le modele de transition de phase en considérant un
nouveau terme de capillarité. Ils se concentrent donc sur le probleme d’un fluide compres-
sible pouvant évoluer & la fois sous forme liquide ou vapeur, la densité déterminera 1’état
du fluide et celle-ci variera dans I'intervalle (0, b) avec b > 0. Nous écrivons ensuite 1’énergie
libre sous la forme :

Wip) = pul5) et W e CH(0.)

ol w(p) est 'énergie interne. On va noter les différents états du liquide comme suit :

— vapeur si p € (0, 1)

— spinodal si p € (aq, a2)

— liquide si p € (a2, b)
avec ay, as € (0,b).
On va ici utiliser une méthode basée sur les modéles a interfaces discontinues pour déterminer
un nouveau tenseur de capillarité. Dans ce type de méthodes on rappelle que les équations
du mouvement sont généralement résolues de fagon séparée dans chacune des phases, ce
qui entraine nécessairement des discontinuités aux interfaces qui sont supposées d’épaisseur
nulle.
Ainsi si 'on considere le probleme & interfaces discontinues, chercher ’équilibre statistique

du systeme revient alors & minimiser la fonctionnelle suivante :

Folpl = inf /Q W (p(x))dx

ou 'on définit I'ensemble admissible Ay pour la densité p avec m > 0 comme suit :
Ao ={p e @)W)€ 1), [ pla)do = m}.

ot Q est un ouvert de RV

On impose donc une conservation de la masse avec la condition [, p(z)dz = m, et on
cherche a minimiser ’énergie libre pour atteindre 1’équilibre statistique. Le calcul varia-
tionnel nous indique alors que 'on obtient un état constant par morceaux sur la densité
ne prenant que deux états physiques, c’est a dire ceux de Maxwell 3 et [ (voir [19] pour
plus de précision sur les états de Maxwell).

Cependant il existe de nombreux minimiseurs de la fonctionnelle Fy prenant seulement la
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valeur (31 et (o, ainsi il apparait nécessaire de sélectionner les minimiseurs en choisissant la
bonne solution physique, de ce fait on décide d’ imposer une condition sur la largeur des
interfaces dans le cas des modeles a interfaces diffuses.

Cependant Van der Waals fut le premier a proposer une autre approche au probléeme en
constatant cette non unicité des minimiseurs. Il décida plutét de pénaliser le comporte-
ment aux interfaces en introduisant un terme de capillarité, il considéra ainsi le probleme
de minimisation suivant :

2k
Fealpd = inf [ (W(pu(a)) + S IVp.0)) o
PEA0cal JO 2

avec !

Alocal = HI(Q) N AO

et k représente le coefficient de capillarité interne.

Modulo de bonnes estimations sur W on peut vérifier que Fj, ,; possede bien des mini-
miseurs p° et si la suite de ces minimiseurs (o).~ converge dans L'(Q) alors sa limite
p répond bien aux deux seuls états physiques §1 et B2. De plus cette solution minimise
I'épaisseur des interfaces (voir [58]).

Coquel, Rohde et leurs collaborateurs dans [19] présentent un autre choix de minimiseurs
afin d’éviter de supposer les interfaces d’épaisseur non nulles et ainsi obtenir des solutions
régulieres comme c’est le cas pour les méthodes d’interfaces diffuses initiées par Van der
Waals. Ils se ramenent ainsi au cas original des interfaces discontinues avec la fonctionnelle

Fy. 1ls choisissent alors un domaine d’admissibilité proche de Ag :
Aglobal = L2(Q) N Ag.
On choisit ensuite ¢ une fonction paire telle que :

¢ € L°RY) N CYRY) n W LRY), p(x)dr =1, et ¢ > 0.
RN
On pose ensuite :
1 =z

6:(2) = o7 o(2).

Maintenant pour x > 0, nous cherchons un minimiseur p° € Agjpa pour la fonctionnelle

€

suivante :

Foopalp®] = inf /Q <W(p€(w))+£ /Q ¢a(rc—y)(pa(y)—pa(x))zdy>dw.

pEAlocal

Coquel, Rohde et leurs collaborateurs ont ainsi introduit un nouveau terme de capillarité.
Ce terme non local pénalise les fortes variations de densité aux interfaces sur une échelle
de largeur de I'ordre de €. L’ensemble Ay, peut a présent contenir des fonctions avec des
sauts, ce qui signifie que les interfaces peuvent étre considérées comme discontinues.

Ensuite ils dérivent I’équation en transformant 1’étude variationnelle en un systeme équivalent
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d’équations. Dans la suite on fixera ¢ = 1 et on consideérera le systéeme obtenu. Celui-ci
s’écrit sous la forme :
Op + div(pu) =0,
F(pu) + div(pu @ u) — div(u(p)D(u)) — V((A(p) + p(p))divu) + V(P (p))
= kpVD[p],

(pt=0, ut=0) = (po,uo)-
(4.39)

ou KV D[p] correspond au terme de capillarité et 'on écrit D[p] ainsi :

Dipl =¢*p—p.

Les résultats mathématiques recensés sur ce systéme sont ceux de Rohde dans [63], ce
dernier montre dans le cas de la dimension deux que le modele est bien posé et obtient un
résultat d’existence et d’unicité en temps fini pour des données initiales grandes (qg, ug)

appartenant au produit d’espace de Sobolev suivant H* x H4.

5 Présentation des résultats sur Korteweg

Je vais ici présenter mes résultats concernant le systeme de Korteweg en commengcant
par traiter du cas des solutions fortes pour le systéme non isotherme et ensuite de celui

des solutions faibles.

5.1 Solutions fortes

Dans le chapitre 2, je me suis ainsi intéressé au systeme (INHV') non isotherme avec
des coefficients dépendant de la densité ainsi que de la température. Effectivement il est
trées important de considérer toutes les dépendances du systeéme, ceci car au voisinage des
interfaces, les fluctuations de densité sont tres importantes et jouent considérablement sur
la variation de la capillarité. D’autre part ces travaux font la connexion avec les travaux de
Bresch, Desjardins et Lin dans [13]. On peut ainsi relier ces résultats avec coefficients de
viscosité variable et les leurs; effectivement en considérant le comportement asymptotique
en temps des solutions de ces derniers on tombe alors dans le cadre de théoreme d’existence
a données petites. Ainsi les résultats suivants permettent de définir leurs solutions faibles
comme de vraies solutions au sens des distributions avec des fonctions test ¢ € C*°(]0, 7] x

Q)N pour des temps suffisamment grand.

Théoreme 8. Soit N > 3. Supposons que la fonction ¥ satisfasse \I/(f) = AT avec A > 0
et que tous les coefficients physiques soient des fonctions réguliéres dépendant seulement

de la densité. Soit p > 0 tel que :

k(p) >0, wu(p) >0, Xp)+2u(p) >0, n(p)>0 et 9,FPy(p) > 0.
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Supposons de plus que :
~N N
g €B2 2, uge B2~ 76632 L2,

1l existe un g9 dépendant seulement des coefficients physiques tel que si :

9ol 5 1y + lluollzy  + 1 Toll 55 4 x> <eo

alors (NHV) a une unique solution globale (p,u,T) dans EN/?

N ~N_| N
2 72

)N LNRy, B2 52 H2)] x [Cy(Ry, B2 ~HN 0 LY (R4, B2 TH)N]
% [Ch(Ry, B2 71272 N LY Ry, B2+ 2],

Remarque 1. La notation BSt dans le précédent théoréme définit un espace de Besov

avec différents niveaux de réqularité, s en basses fréquences et t en hautes fréquences.

On peut généraliser le résultat précédent au cas N = 2, cependant il est nécessaire
d’exiger plus de régularité sur les données initiales. Effectivement on est soumis & quelques
difficultés techniques liées a des cas critiques concernant le paraproduit de J.-M. Bony.

Nous souhaitons ensuite montrer I'existence globale de solutions pour le systeme de
Korteweg pour des données petites avec les conditions les plus générales possibles en ce qui
concerne les coefficients physiques. Afin de controler les termes non linéaires de 1’équation
thermique, plus de régularité est exigée. Nous avons notamment besoin de controler la

norme L de la température.

Théoreme 9. Soit N > 2. Supposons que ¥ soit une fonction dépendant de 6. Nous
supposons en plus que tous les coefficients physiques sont réguliers et dépendent de p et 6

excepté de k qui dépend seulement de la densité. Nous choisissons (p,T) tels que :

k(p) >0, p(p,T)>0, MNp,T)+2u(p,T) >0, n(p,T) >0 et d,P(p,T) > 0.

De plus nous supposons que :
g€ B> L2+ yoe B> L3, Tye Br b,
1l existe un 1 dépendant seulement des coefficients physiques tel que si :

HQOH~ + HUOHE%A,% + H%Hggq N <€

7 LY+ vz —

alors (NHV') a une unique solution globale (p,u,T) dans :

=[Cp(R, Bz 3 ’];—H) N LI(R 7§%+1,%+3)] %
N Ll(R BN+1, B +2) ] [Cb(R+ %—1,%) ﬂLl(R_,_,E%‘Hv%‘*‘?)]_

wlz
S
=
+
ool
w2
L
vz
=

40



Dans le théoréme suivant j’établis ’existence en temps fini de solutions pour le systeme
de Korteweg avec des données grandes. De plus on suppose la densité initiale minorée
par une constante strictement positive. On montrera comme dans tous ces théorémes la

persistence en temps petit du controle du vide.

Théoreme 10. Soit N > 3, U et les coefficients physiques sont comme dans le théoréme
8. Nous supposons que (qo, uo, 7o) € B> x (B%_l)N x B2>~2 et que po > ¢ pour un certain
c>0.

Alors il existe un temps T tel que le systéme (NHV') a une unique solution dans Fr
Fr =[Cr(B>) N L(B> ™) x [Cr(B> )N N L(B2 Y]
< [Cr(B> )N LR(B?)] .
Enfin on peut obtenir le méme type de résultat dans le cas N = 2 modulo le choix de
données initiales plus régulieres et ceci pour les mémes raisons que dans le cas du théoréme

8. D’autre part le théoreme 10 sera étendu au cas général concernant le choix des coefficients

physiques. Comme dans le théoreme 9 plus de régularité sur les données initiales sera exigé.

5.2 Solutions faibles

Dans le chapitre 3 je me suis intéressé a la recherche de solutions faibles du systeme de
Korteweg isotherme, afin de prolonger les résultats de R. Danchin et B. Desjardins dans
[23].

Dans le cas isotherme, on rappelle que le systéme s’écrit sous la forme suivante :
Op + div(pu) = 0,
O(pu) +div(pu @ u) — pAu(X + p)dive + V(P(p)) = kpVAp.

(5.40)

On rappelle ici la forme du tenseur de capillarité :

kVAp = divK,

K
avec K ;= §(Ap2 —|Vp|?)i; — Kk0;pd;p.

Dans le théoréme suivant nous généralisons un résultat de R. Danchin et B. Desjardins
dans [23], en montrant que pour avoir des solutions faibles globales en dimension N = 2 il
n’est pas nécessaire de controler la norme L* de la densité p. Effectivement de la méme
fagon nous avons cherché un gain de dérivée sur la densité p et plus particulierement sur
p?, afin de pouvoir contrdler par compacité le terme quadratique en Vp ® Vp. Dans ce
but nous nous sommes intéressés a des dérivées fractionnaires permettant ainsi d’étre plus
précis dans les inégalités d’énergie.

De plus il est a noter que la structure régularisante du terme de capillarité ne permet qu’un
gain de dérivabilité sur Vp? alors que I'on en souhaiterait un sur Vp, ainsi le controle du
vide semble primordial.

Nous considérons alors une suite approchée (py, U, )nen du systeme (5.40) avec des données

initiales uniformément bornées dans les espaces d’énergie.
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Théoreme 11. Soit N = 2. Nous supposons qu’il existe un 3 > 0 tel que :
pn(t,x) > B pour presque tout (t,z) € (0,+00) x R? et V¥ n.
Alors il existe n > 0 tel que si les données initiales vérifient :

IV pollz2 + [[v/pouollz2 < n

il existe une solution globale (p,u) du systéeme (5.40) avec % € L®(L™®) et p? € L2(H'3)
pour 0 < s < 2.

Dans le théoréme suivant, je me suis intéressé au cas de la dimension un, effectivement
on remarque que dans nos inégalités d’énergie apparait un terme en A®p? avec s < %
que 'on peut contréler en norme L* en dimension un, on peut donc avoir un gain de
dérivabilité sur la densité p sans d’hypotheses de petitesse sur les données initiales et de
controle du vide.

On obtient ainsi 'existence de solutions faibles en temps fini en dimension un avec des
données initiales grandes dans l'espace d’énergie. Cependant on impose une condition de

stricte positivité sur pg et on montre qu’on peut la conserver sur un temps petit.

Théoréme 12. Soit N = 1. Soient (po,ug) les données initiales du systéme (5.40) dans
lespace d’énergie avec pg > ¢ > 0. Alors il existe un temps T tel que nous avons une

solution (p,u)sur (0,T) X R au sens des distributions.

Enfin on montre aussi en dimension un, ’existence de solutions faibles globales avec des
données initiales proches d’un état stable, effectivement notre gain de dérivabilité étant sur
p? on a besoin de controler % pour retranscrire celui-ci sur Vp et ainsi traiter par compacité
le terme Vp ® Vp.

La condition de petitesse permet ainsi de malitriser le vide.

Théoréme 13. Soit N = 1. Soient (po,uo) les données initiales du systéme (5.40) dans

Pespace d’énergie et vérifiant la condition suivante :

IVpoll2 + [[v/pouol L2 < n

pour un n > 0 assez petit.

Il esiste alors une solution (p,u) du systéme (5.40) en temps global.

6 Présentation des résultats sur Rohde

Nous allons nous concentrer ici sur des résultats relatives au systeme de Rohde en

commengcant par ’existence de solutions faibles puis par celle de solutions fortes.
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6.1 Solutions faibles

Dans le chapitre 4, j’étudie donc le systeme (4.39). Dans le cas présent, on considére

les coefficients de viscosité constants et on considére le systeme suivant :

Op + div(pu) =0,
Oi(pu) +div(pu @ u) — pAu — (A4 p)Vdivu + V(P (p)) = kpVD|p], (6.41)
(pt=0,u=0) = (po, uo)-

Je me suis d’abord concentré sur le probleme de ’existence de solutions faibles avec données
initiales dans 'espace d’énergie pour des pressions de la forme P(p) = ap?. On utilise
des techniques proches de celles de P-L Lions pour le cas de Navier-Stokes compressible,
cependant la présence du terme de capillarité permet de choisir v > 1 pour la dimension
deux et trois car il nous fournit facilement un contréle L? sur la densité. De ce fait, on
peut renormaliser les solutions sans contraintes sur le coefficient . Pour simplifier les
notations nous écrivons le théoreme pour le cas des dimensions N < 3 et nous supposons
construite une suite (pp,u,) de solutions approchées du systéeme (6.41) conservant les

inégalités classiques d’entropie. Nous obtenons alors le résultat suivant :

Théoréme 14. Soit N = 2,3 et P(p) = ap? avec v > 1. De plus les données initiales

appartiennent a l’espace d’énergie et vérifient les conditions suivantes :
~ po > 0 presque partout dans RN, py € L' N L* avec s = max(y,2),

2
— mgy = 0 presque partout sur {py = 0} et % eL!.
Si en plus nous supposons que (pg)n converge dans L*(RN) wers py alors il existe une so-

lution faible (p,u) du systéme (6.41) et nous avons en plus :

~ pn —n p dans C([0,T], LP(RM)) N L7 ((0,T) x RY) pour tout 1 < p < s, 1 <r <gq,
avecqzs—l—%—l st N =3,

~ pn —n p dans C([0,T], LP(R?)) N L"((0,T) x K) pour tout 1 < p < s, 1 <r < g,
avec K un compact arbitraire dans R? si N = 2.

De plus nous avons :

~ ppln — pu dans LP(0,T; L™ (RN)) pour tout 1 <p < +oo et 1 <r < %,
— pn(ui)n(uj)n — ppusuj dans LP(0,T; LY(RM)) pour tout 1 < p < +o0, 1 <i,j <N

st N = 3.
~ pn(ui)n(uj)n — pnusu; dans LP(0,T; LY (Q)) pour tout 1 < p < +oo, 1 < i,j < N
avec Q un ouvert arbitraire de R? si N = 2.
~ pn — p dans C([0,T], LP(RM)) N L"((0,T) x RY) pour tout 1 < p < s,1<7r <gq,
avec q = S + % -1,
Ce théoreme étant simplement un résultat de stabilité, on s’attache dans le chapitre
6 a la construction de ces solutions approchées (p,,uy), ceci requiert plusieurs niveau

d’approximation du systeme (6.41), notamment en introduisant un terme de viscosité sur
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la densité. On peut ensuite étendre le résultat & des pressions plus générales et notamment

au cas de lois de pression croissantes mais non convexes.

Théoréme 15. Le théoréme 14 a encore lieu et de plus, P(py,) converge vers P(p) dans
LY(K x (0,T)) pour tout compact K.

De plus comme le modele est destiné a décrire le phénomene de transition de phase
(o les lois de Van der Waals sont particulierement adaptées), on considére une pression
approchée de celle de Van der Waals, on définit ainsi la pression Py sous la forme :

_RT*,O
=5,

Py(p) —ap? for p<b—6 pourun 0 >0 assez petit sur p > b— 0,

et nous étendrons la fonction Py & une fonction croissante sur p > b — 6. On montre alors
que le théoreme 14 a encore lieu pour Py.

Enfin on finit ce chapitre par I’étude de solutions faibles proche d’un état d’équilibre,
ceci dans le but d’étre dans les conditions des résultats de solutions fortes précédemment
rappelés, c’est a dire éviter le vide. Dans ce cas en travaillant dans des espaces d’Orlicz
avec (pp — p) € L5 , on obtient a nouveau 'existence globale de solutions faibles.

Enfin dans le dernier chapitre on conclura cette thése par des perspectives sur les différents

sujets étudiés, en donnant quelques directions pour des travaux ultérieurs.

6.2 Solutions fortes

Dans cette section on va se concentrer sur les résultats concernant les solutions fortes.
Ainsi dans le chapitre 5 je me suis intéressé au cas du systeme (4.39) de Navier-Stokes
compressible isotherme avec terme de capillarité non local récemment remis a ’honneur
par Rohde dans [63] et [19]. Je cherche & améliorer les résultats de Rohde dans [63], Weike
et Xu dans [72] et j'explique le lien de ces solutions fortes avec les nouvelles inégalités
d’énergie introduites par Bresch, Desjardins et Mellet, Vasseur.

Nous allons maintenant donner les principaux résultats obtenus concernant ’existence glo-
bale et I'unicité de solutions avec des données initiales proches d'un état d’équilibre et
I’existence et I'unicité de solutions avec des données initiales grandes.

Dans le théoréme suivant on montre I’existence et 1'unicité d’une solution globale en temps
pour des pressions générales avec des données initiales proches d’un état stable. De plus
'on travaille dans des espaces de Besov construits sur la norme L? qui sont critiques pour

le scaling des équations.

Théoreme 16. Nous supposons N > 3. Soit p > 0 tel que P’(ﬁ) > 0. Nous supposons que

les coefficients et X sont infiniment réguliers et vérifient :

o

n(p) >0 et 2u(p) + A(p) >
1l existe deux constantes g et M telles que si qy € B>~

laoll 5oy 1y + lluoll 3+ <0
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alors (4.39) a une unique solution globale (q,u) dans E> qui satisfait :

g, w)ll Ly < M(llaoll 5505 + lluoll )
ou :

— [Cy(RY, B2 ~12) 0 LYRY, B2T12)) x [Cy(RT, B2 ~)N 0 LY(R, B2 )V,

vz

E

On remarque que 'on impose plus de régularité sur les données initiales en supposant
qo € B>~! afin de controler le comportement en basses fréquences des solutions.
Il est & noter que le théoreme suivant prend en compte le fameux cas du systeme de Saint-
Venant lorsque x = 0, u(p) = p, A(p) = 0 et P(p) = p? et améliore les travaux de Weike
Wang et Chao-Jiang Xu (voir [72]).
Dans le cas de la dimension deux, on montre aussi ’existence globale et I'unicité de so-
lutions avec des données initiales proches d’un état stable. Cependant pour des raisons
techniques liées au paraproduit de J-M Bony, on exige un peu plus de régularité sur les

données initiales que I’on prend dans B%!*T¢ x B%¢ avec € > 0.

Dans le théoréme suivant, on montre ’existence et 'unicité de solutions en temps fini avec
des données initiales grandes. Cependant on remarque que pour pouvoir travailler dans
des espaces critiques du point de vue du scaling, on est obligé d’imposer une condition de
petitesse sur gg. On s’intéresse aussi aux espaces de Besov construits a partir des espaces
LP avec p € [1,+oc[, 'intérét étant de pouvoir avoir des données initiales appartenant a
des espaces de Besov avec une régularité négative.

Effectivement dans le cas ot k = 0, cela nous permet d’étre proche des nouvelles inégalités
d’énergie introduites par D. Bresch et B. Desjardins dans [7] ainsi que Mellet et Vasseur
dans [55]. En particulier Mellet et Vasseur dans [55] obtiennent un gain d’intégrabilité sur
la vélocité /pu dans l'espace L>®(L**®) avec a > 0, donc modulo le contréle du vide
on peut obtenir un gain d’intégrabilité sur u. Pour pouvoir utiliser les résultats de Mel-
let et Vasseur (c’est a dire controler la norme B 771 de ug avec p > N par ||ug|| e, plus
des renseignements en basses féquences sur ug) on aurait besoin d’avoir leurs inégalités
d’énergie dans des espaces d’Orlicz avec une condition a la Lions sur les données initiales
(po — p) € L. Ainsi on ne peut appliquer tels quels leurs résultats & nos théorémes car
nous travaillons dans des espaces qui n’autorisent pas le vide. Dans le dernier chapitre sur
les perspectives, j'explique 'intérét d’essayer d’obtenir les inégalités d’énergie de Bresch,
Desjardins et Mellet, Vasseur dans des espaces d’Orlicz pour éviter le vide et ainsi faire le

lien avec les solutions fortes dans le cas de la dimension deux.

Théoréme 17. Soit p € [1,+o00[, N > 2 et p > 0 telle que Pl(ﬁ) > 0. Nous supposons que

les coefficients et X sont infiniment réguliers et que :

n(p) >0 et 2u(p) + A(p) > 0.
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Soit qg € Bp? et ug € By

N N _
Y. Supposons alors que :

ol ~ <e¢
B

pour une constante € suffisamment petite.
Alors il existe un temps T > 0 telle que les résultats suivants ont lieu :

N
— i)Ezistence : Si p € [1,2N] alors le systéme (4.39) a une solution (p,u) dans F,’

avec !

s |2

. N N N
p

N1 o< N
Ff =Cr(By) < (Lp(By = NCr(By )

~—

Iz

— i) Unicité : Si de plus 1 < p < N alors l'unicité a lieu dans F," .

Il est & noter que dans le cas de l’existence on peut faire varier p dans 'intervalle [1,2N]|
alors que dans le cas des résultats d’unicité p ne peut appartenir qu’a l'intervalle [1, N]
avec N qui est un cas limite.

De plus on peut minorer le temps 7' en fonction des données initiales, nous le préciserons
dans le chapitre 5.

Dans le théoréme suivant, nous considérons le cas ou la densité initiale appartient a I’espace
p+ By " ® et satisfait 0 < p < po- Ceci permet l'existence et I'unicité de solutions en
temps fini sans imposer de conditions de petitesse sur quHB . En contrepartie on est
obligé d’imposer plus de régularité a qy. Ce théoreme améliore les résultas de Rohde [63]

dans le cas de la dimension deux ainsi que ceux de Wang et Xu sur shallow-water dans
[72].

Théoréme 18. Soit ¢ > 0, N > 2 et p € [1,2=]. Soit p > 0 une constante telle que

’1-e

P (p) > 0. Nous supposons que les coefficients et X sont infiniment réguliers et que :

w(p) >0 et 2u(p) + A(p) > 0.

N
P

N N
Soit qo € BY pour une constante p > 0 et ug € Br el Supposons qu’il existe une

constante p telle que nous avons la condition de stricte positivité :

0 <p < po.

Alors il existe un temps T > 0 tel que le systéme (4.39) a une unique solution (p,u) dans
N
(5,0) + F v,

De plus nous obtenons a nouveau un contréle sur le temps 7' qui peut étre minoré en

fonction des données initiales.
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Chapitre 2

Existence of solutions for
compressible fluid models of

Korteweg type

Abstract

This chapter is devoted to the study of the initial boundary value problem for a general
non isothermal model of capillary fluids derived by J.E Dunn and J.Serrin (1985) in [15, 25],
which can be used as a phase transition model.

We distinguish two cases, when the physical coefficients depend only on the density, and
the general case. In the first case we can work in critical scaling spaces, and we prove global
existence of solution and uniqueness for data close to a stable equilibrium. For general data,
existence and uniqueness is stated on a short time interval.

In the general case with physical coefficients depending on density and on temperature,
additional regularity is required to control the temperature in L* norm. We prove global
existence of solution close to a stable equilibrium and local in time existence of solution

with more general data. Uniqueness is also obtained.

1 Introduction

1.1 Derivation of the Korteweg model

We are concerned with compressible fluids endowed with internal capillarity. The model
we consider originates from the XIXth century work by van der Waals and Korteweg [21]
and was actually derived in its modern form in the 1980s using the second gradient theory,
see for instance [20, 26].
Korteweg-type models are based on an extended version of nonequilibrium thermodyna-
mics, which assumes that the energy of the fluid not only depends on standard variables
but on the gradient of the density. Let us consider a fluid of density p > 0, velocity field

u € RN (N > 2), entropy density e, and temperature 6 = (%)p. We note w = Vp, and we
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suppose that the intern specific energy, e depends on the density p, on the entropy specific
s, and on w. In terms of the free energy, this principle takes the form of a generalized Gibbs
relation :
o~ p 1 *
de =Tds + —<dp+ —¢" - dw
P p

where T is the temperature, p the pressure, ¢ a vector column of RV and ¢* the adjoint
vector.
In the same way we can write a differential equation for the intern energy per unit volume,
E = pe,

dE = TdS + gdp + ¢* - dw

where S = ps is the entropy per unit volume and g = e — sT + % is the chemical potential.
In terms of the free energy, the Gibbs principle gives us :
dF = —SdT + gdp + ¢* - dw.
In the present chapter, we shall make the hypothesis that :
¢ = Kw.

The nonnegative coefficient k is called the capillarity and may depend on both p and T.
All the thermodynamic quantities are sum of their classic version (it means independent
of w) and of one term in |w|?.
In this case the free energy F decomposes into a standard part Fy and an additional term
due to gradients of density :
F=Fy+ %H‘w‘?

We denote v = % the specific volume and k = vk. Similar decompositions hold for S, p and
g: 1

P =po— §K;,,|w|2 where : K, = k:; and pg = —(fo);

g=go+ %Kg|w|2 where : K, =k — Tvk:;: and eg = fo — Tv(fo);:

The model deriving from a Cahn-Hilliard like free energy (see the pioneering work by
J.E.Dunn and J.Serrin in [15] and also in [1, 8, 17]), the conservation of mass, momentum

and energy read :

Op + div(pu) =0,
O (pu) + div(pu @ u + pI) = div(K + D) + pf,
di(p(e + 3u?)) + div(u(pe + 3plul® +p)) = div(D + K) -u - Q+ W) + pf - u,

with :
D = (Adivu)I + pu(du + Vu), is the diffusion tensor

K = (pdivg)l — ¢pw*, is the Korteweg tensor

Q= —UVTV, is the heat flux.
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The term
W = (Oip +u" - Vp)p = —(pdivu)é

is the intersticial work which is needed in order to ensure the entropy balance and was first
introduced by Dunn and Serrin in [15].
The coefficients (\, p) represent the viscosity of the fluid and may depend on both the den-
sity p and the temperature T. The thermal coefficient 7 is a given non negative function
of the temperature T and of the density p.
Differentiating formally the equation of conservation of the mass, we obtain a law of conser-
vation for w :

Oyw + div(uw® + pdu) =0 .

One may obtain an equation for e by using the mass and momentum conservation laws

and the relations :
div((=pI + K + D)u) = (div(—pl + K + D)) - u — pdiv(u) + (K + D) : Vu .
Multiplying the momentum equation by u yields :

(div(—pI + K + D)) - u = (0(pu) + div(puu®)) - u = at(p‘T“’z) + div(p‘Tu’zu) .

We obtain then :
p(Oe +u* - Ve)+pdivu = (K + D) : Vu+diviW — Q) .
In substituting K, we have (with the summation convention over repeated indices) :
K : Vu = pdivedivu — ¢;w;0;u; ,
while :
—diviV = div((pdivu)e) = p(dive)(divu) + (w* - ¢)divu + ¢; p@iiuj.

In using w; = J;p, we obtain :

K :Vu—divW = —(w* - ¢)divu — ¢;0;(pd;u;)
= —(w* - ¢)divu — (div(pdu)) - ¢.

Finally, the equation for e rewrites :
p(Oe +u* - Ve) + (p+w* - ¢p)divu = D : Vu — (div(pdu)) - ¢ — div@Q .

From now on, we shall denote : d; = 9, + u* - V.
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1.2 The case of a generalized Van der Waals law
From now on, we assume that there exist two functions Il and II; such that :
po = T1I, (v) + TTy(v),

co = —Tlo(v) + @(T) = T (T).

We now suppose that the coefficients A\, i depend on the density and on the temperature,
and in all the sequel the capillarity x doesn’t depend on the temperature.

Moreover we suppose that the intern specific energy is an increasing function of T:

(A) U'(T) > 0 with U(T) = o(T) — T (T).

We then set 6 = \I/(f ) and we search to obtain an equation on 6. In what follows, we

assume that x depends only on the specific volume.

Obtaining an equation for 6 :

As: .
e = —Ilp(v) + 0 + §ﬁ]w]2,

we thus have : .
de = —IIy(v)dyv + dy + §m;\w\2dtv + rw* - dyw .

By a direct calculus we find :

dyv = vdivu and w* - dyw = —|w|*divu — div(pdu) - w .
Then we have :

df = dye + v(p — TT1; (v))dive + k|w|?dive + rdiv(pdu) - w.
And in using the third equation of the system, we get an equation on 6 :
dif + vdivQ + vTTl; (v)dive = vD : Vu + div(pdu) - (kw — v¢) + (k|w]? — vw* - ¢)divu .
But as we have ¢ = kw and k = vk we conclude that :
dyf — vdiv(xV0) + 0¥ (O)IT; (v)dive = vD : Vu

-~ ’

with : x(p,8) = n(p, T)(¥~) (6) .

Obtaining a system for p, u, 0 :

We obtain then for the momentum equation :

divD n Vpo  divK n EV(Kp|w|2)

dtu —
p p 2 p
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!
where K, = k — pK,,.

And by a calculus we check that :
1 /
divK + 3V (Kyw?) = pV(xAp) + £V (x| VpP?).
Indeed we have :

1
I =V (pdiv(kVp)) — div(kww®) + §V(Kp|w|2)

! 2 ’ 2 . 3 4
=[pV(kAp) + KV pAp + pV (K, |p|7) + K,V |V p] — [kdiv(ww®) + K, w - Vpw],

+ [5VIwl + %Ww — V(o).
=[PV (kAp) + KV pAp + £V (1 pf?)] = [rdiv(ww)] + [5 Vo),

=[PV (kAp) + KV pAp + EV (1 pl?)] — [mwdive + SV wf] + [S V|,
=PV (rp) + EV (1, IV I?) -

Finally we have obtained the following system :

atp + le(pu) = 0,
ivD P \P—l P,
Byt + - Vi — dl; ~ V(strp) + L0l ¥ p (0)Pi(p))
(NHV) y
= (%210,
9,0 +u- Vo — dlv(');ve) n \I’_l(H)Pllgp)div(u) _ D :qu7

where : Py = IT,, P, = II; and T =v1(6).
We supplement (NHV') with initial conditions :

pt=0 = po > 0 us—g = ug, and O;—¢ = 0.

1.3 Classical a priori-estimates

Before getting into the heart of mathematical results, let us derive the physical energy
bounds of the (NHV') system when k is a constant and where the pressure just depends

on the density to simplify. Let p > 0 be a constant reference density, and let II be defined

. i < [ R, PO(P)>
S p

(s) —TI(s), IT' (5) = 0 and :

’

so that Py(s) = sII
AIL(p) + div(ull(p)) + Po(p)div(u) =0 in D'((0,T) x RM).
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Notice that IT is convex as far as P is non decreasing (since Py(s) = sII' (s)), which is the
case for -type pressure laws or for Van der Waals law above the critical temperature.
Multiplying the equation of momentum conservation in the system (NHV') by pu and

integrating by parts over RY, we obtain the following estimate :

/RN (%plul2 + pb + (IL(p) — II(p)) + gIVpIQ) (t)dx + 2/0 /RN (2uD(u) : D(u)

Imo|?

12
+ (A + p)|divul )dmﬁ/RN( 2

K
+ pobo + (IL(po) — I(p)) + §\V00\2)d95-
It follows that assuming that the initial total energy is finite :

mo? K
- / (’2—0’ + potlo + ((po) — 11(p)) + 5 |Vpol*)d < +o0,
RN p 2

then we have the a priori bounds :
I(p) — 1(p), plul*, and p6 € L>(0,00, L' (RY))

Vp € L0, 00, L2RV)N, and Vu e L2(0, 00, RV)N*.

2 Mathematical results

We wish to prove existence and uniqueness results for (NHV) in functions spaces very
close to energy spaces. In the non isothermal non capillary case and P(p) = ap?, with a > 0
and 7y > 1, P-L. Lions in [22] proved the global existence of variational solutions (p,u, )
to (NHV') with k = 0 for v > % if N >4, v> 3N if N =23 and initial data (pg,mo)

N—+2
such that : )
Imo c

Po
These solutions are weak solutions in the classical sense for the equation of mass conser-

H(pO) - H(ﬁ)v Ll(RN)v and pOHO € LI(RN)'

vation and for the equation of the momentum.

On the other hand, the weak solution satisfies only an inequality for the thermal energy
equation.

Notice that the main difficulty for proving Lions’ theorem consists in exhibiting strong
compactness properties of the density p in Lf L. Spaces required to pass to the limit in the
pressure term P(p) = ap?.

Let us mention that Feireisl in [16] generalized the result to v > % in establishing that
we can obtain renormalized solution without imposing that p € L%OC, for this he introduces
the concept of oscillation defect measure evaluating the lost of compactness.

We can finally cite a very interesting result from Bresch-Desjardins in [5],[6] where they
show the existence of global weak solution for (NHV') with x = 0 in choosing specific type
of viscosity where u and A are linked. It allows them to get good estimate on the density
in using energy inequality and to can treat by compactness all the delicate terms. This

result is very new because the energy equation is verified really in distribution sense. In
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[23], Mellet and Vasseur improve the results of Bresch,Desjardins in generalize to some
coefficient p and A admitting the vacuum in the case of Navier-Stokes isothermal, they use

essentially a gain of integrability on the velocity.

In the case x > 0, we remark then that the density belongs to L°(0, 00, H*(R")). Hence,
in contrast to the non capillary case one can easily pass to the limit in the pressure term.
However let us emphasize at this point that the above a priori bounds do not provide any
L control on the density from below or from above. Indeed, even in dimension N = 2, H'!
functions are not necessarily locally bounded. Thus, vacuum patches are likely to form in
the fluid in spite of the presence of capillary forces, which are expected to smooth out the
density. Danchin and Desjardins show in [14] that the isothermal model has weak solutions
if there exists ¢; and M; such that :

a <|p|<M; and [p—1] << 1L

The vacuum is one of the main difficulties to get weak solutions, and the problem remains
open.

In the isothermal capillary case with specific type of viscosity and capillarity u(p) = pp and
A(p) = 0, Bresch, Desjardins and Lin in [7] obtain the global existence of weak solutions
without smallness assumption on the data. We can precise the space of test functions used
depends on the solution itself which are on the form p¢ with ¢ € C’(‘]’O(RN ). The specificity

of the viscosity allows to get a gain of one derivative on the density : p € L?(H?).

Existence of strong solution with s, u and A constant is known since the work by Hat-
tori an Li in [18], [19] in the whole space RY. In [14], Danchin and Desjardins study the
well-posedness of the problem for the isothermal case with constant coefficients in critical
Besov spaces.

Here we want to investigate the well-posedness of the full non isothermal problem in cri-
tical spaces, that is, in spaces which are invariant by the scaling of Korteweg’s system.
Recall that such an approach is now classical for incompressible Navier-Stokes equation
and yields local well-posedness (or global well-posedness for small data) in spaces with
minimal regularity.

Let us explain precisely the scaling of Korteweg’s system. We can easily check that, if

(p,u, ) solves (NHV'), so does (px, ux,0y), where :

pa(t, ) = p(N2t, \x) | up(t, z) = Mu(N’t,A\x) and 60)(t,z) = A20(\%t, \z)

provided the pressure laws Py, P; have been changed into APy, \2P;.

Definition 2.2. We say that a functional space is critical with respect to the scaling of the

equation if the associated norm is invariant under the transformation :

(p7 Uu, 0) — (p)n Uy, 9)\)
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(up to a constant independent of \).

This suggests us to choose initial data (pg, ug, 6p) in spaces whose norm is invariant for
all A > 0 by (po, uo, 80) — (po(A-), Aug(A-), A2Gp(X-)).

A natural candidate is the homogeneous Sobolev space HN/2 x (HN/2-1)N » gN/2=2
but since HV/? is not included in L, we cannot expect to get L control on the density
when pg € HN/2 The same problem occurs in the equation for the temperature when
dealing with the non linear term involving U~1().

This is the reason why, instead of the classical homogeneous Sobolev space H $(RY), we will
consider homogeneous Besov spaces with the same derivative index B*® = BS’I(RN ) (for
the corresponding definition we refer to section 4).

One of the nice property of B® spaces for critical exponent s is that BN/2 is an algebra
embedded in L*°. This allows to control the density from below and from above, without
requiring more regularity on derivatives of p. For similar reasons, we shall take 6y in B 5
in the general case where appear non-linear terms in function of the temperature.

Since a global in time approach does not seem to be accessible for general data, we will
mainly consider the global well-posedness problem for initial data close enough to stable

equilibria (Section 5). This motivates the following definition :

Definition 2.3. Let p > 0, § > 0. We will note in the sequel :

and T =6 — 0.

p—p
i

q:

One can now state the main results of the paper.
The first three theorems concern the global existence and uniqueness of solution to the
Korteweg’s system with small initial data. In particulary the first two results concern
Korteweg’s system with coefficients depending only on the density and where the intern

specific energy is a linear function of the temperature.

Theorem 2.1. Let N > 3. Assume that the function U defined in (A) satisfies O(T) = AT
with A > 0 and that all the physical coefficients are smooth functions depending only on
the density. Let p > 0 be such that :

k(p) >0, p(p) >0, Ap)+2u(p) >0, n(p) >0 and 0,FP(p) > 0.

Moreover suppose that :

~N_| N N
2 72 2

~N N
,up€ B2t Ty e Bz7b272,

There exists an ey depending only on the physical coefficients (that we will precise later)
such that if :

’qo”é—glfl,—]} + Huo”é%fl + H%|’§—12\171,—12\£72 < €
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then (NHV) has a unique global solution (p,u,T) in EN/? where E* is defined by :
E® :[Cb(R-‘rv Es—l,s) N Ll (R—H §S+178+2)] X [Cb(R-‘rv Bs_l)N N Ll(R-i-v B8+1)N]
X [Co(Ry, B2 N LN Ry, BTH)).

Remark 1. Above, Bt stands for a Besov space with regularity B® in low frequencies and
Bt in high frequencies (see definition 3.4).

The case N = 2 requires more regular initial data because of technical problems invol-

ving some nonlinear terms in the temperature equation.

Theorem 2.2. Let N = 2. Under the assumption of the theorem 2.1 for ¥ and the physical
coefficients, let € > 0 and suppose that :

Qo € EO,H—E . ug € EO,E . T € EO,—I—FE )
There exists an €9 depending only on the physical coefficients such that if :

ol o + 0l gr + 15l 0 1v < 20
then (NHV) has a unique global solution (p,u,T) in the space :
B =[Cy(Ry, BYH) N LI R, B2)] x [Cy(Ry, B 21 LH(Ry, B2+ )
v [Cb(RJ”Eo,—Ha’) n LI(R+7§2,1+5,)]'

In the following theorem we are interested by showing the global existence of solution
for Korteweg’s system with general conditions and small initial data. In order to control the
non linear terms in temperature more regularity is required. That’s why we want control

the temperature in norm L.

Theorem 2.3. Let N > 2. Assume that ¥ be a regular function depending on 0. Assume
that all the coefficients are smooth functions of p and 6 except k which depends only on the
density. Take (p,T) such that :

k() >0, w(p,T)>0, Xp,T)+2u(p,T)>0, n(p,T) >0 and 8,P(p,T) > 0.

Moreover suppose that :

ol

N ~
-1.4

geB2z"b2t yeB ,Toe B

vl

N
-1,4

There exists an €1 depending only on the physical coefficients such that if :

HQOHE%A,%H + HUOHE%A,% + H%Hg%q% <e

then (NHV) has a unique global solution (p,u,T) in :

F% =[Cy(Ry, B2 M2 N L Ry, B 1349 < [Cy(Ry, B2 12N
N ~
2

)N LY Ry, B2 Th2+2)),

~N
N1

N LY Ry, B2 2 2)N][Cy(Ry, B

)
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In the previous theorem we can observe for the case N = 2 that the initial data are
very close from the energy space of Bresch, Desjardins and Lin in [7].
In the following three theorems we are interested by the existence and uniqueness of solution
in finite time for large data. We distinguish always the differents cases N > 3 and N = 2

if the coefficients depend only on p, and the case where the coefficients depend also on T.

Theorem 2.4. Let N > 3,and ¥ and the physical coefficients be as in theorem 2.1. We
suppose that (qo,ug, 7p) € BY x (B%_l)N x B>~2 and that po > ¢ for some ¢ > 0.

Then there exists a time T such that system (NHV) has a unique solution in Fp
Fr =[Cr(B%) N Ly (BT )] x [Or(BZ YN n LL(BZ V]
x [Cr(BE7%) N LL(BT)] .

For the same reasons as previously in the case N = 2 we can not reach the critical level

of regularity.

Theorem 2.5. Let N =2 and ¢ > 0. Under the assumptions of theorem 2.1 for U and
the physical coefficients we suppose that (qo,uo, 7o) € Bblte x (EO’E )2 x B~L-1+e gnd
po > ¢ for some ¢ > 0.

Then there exists a time T such that the system has a unique solution in Fr(2) with :

Fr(2) =[Cr(BY) 0 LL(BY)] x [On(B°F 2 0 (B )]
x [Cr(B~"14) 0 LL(B1H9) .

In the last theorem we see the general system without conditions, and like previously

we need more regular initial data.

Theorem 2.6. Under the hypotheses of theorem 2.3 we suppose that :

~N N

(g0, u0,To) € B2 21 x (B%)N x B? and po > ¢ for some ¢ > 0.

Then there exists a time T such that the system has a unique solution in :

N

Fr =[0r(B>2 71 N LB T3 9)] x [Cr(B%)N 0 Lp(B*)V]
x [Cr(B7) N Ly(BT ).

This chapter is structured in the following way, first of all we recall in the section 3 some
definitions on Besov spaces and some useful theorem concerning Besov spaces. Next we will
concentrate in the section 4 on the global existence and uniqueness of solution for our system
(NHV) with small initial data. In subsection 4.1 we will give some necessary conditions
to get the stability of the linear part associated to the system (INHV'). In subsection 4.2
we will study the case where the specific intern energy is linear and where the physical
coefficients are independent of the temperature. In our proof we will distinguish the case
N > 3 and the case N = 2 for some technical reasons. In the section 5 we will examine the
local existence and uniqueness of solution with general initial data. For the same reasons
as section 4 we will distinguish the cases in function of the behavior of the coefficients and

of the intern specific energy.
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3 Littlewood-Paley theory and Besov spaces

3.1 Littlewood-Paley decomposition

Littlewood-Paley decomposition corresponds to a dyadic decomposition of the space in
Fourier variables.
We can use for instance any ¢ € C(RY), supported in C = {£ € RYV/3 < |¢] < £} such
that :

> 7l =1 if ££0.

leZ

Denoting h = F ¢, we then define the dyadic blocks by :
Aju = 2lN/ h(2'y)u(z — y)dy and Sju = Z Agu.
RY k<i—1

Formally, one can write that :

UZZAku

keZ
This decomposition is called homogeneous Littlewood-Paley decomposition. Let us observe
that the above formal equality does not hold in S’ (RV) for two reasons :
1. The right hand-side does not necessarily converge in S’ (RM).
2. Even if it does, the equality is not always true in S (RN) (consider the case of the
polynomials).

However, this equality holds true modulo polynomials hence homogeneous Besov spaces

will be defined modulo the polynomials, according to [4].

3.2 Homogeneous Besov spaces and first properties

Definition 3.4. For s € R, andu € S’ (RY) we set :

lullpe = Q2" 1A 12)-
lEZ
A difficulty due to the choice of homogeneous spaces arises at this point. Indeed, ||.||zs
cannot be a norm on {u € S'(RV), |ul|ps < +oo} because ||u||ps = 0 means that u is
a polynomial. This enforces us to adopt the following definition for homogeneous Besov

spaces, see [4].

Definition 3.5. Let s € R.
Denote m = [s—g] ifs—% ¢ 7 andmzs—%—l otherwise.
— If m <0, then we define B® as :

B® = {u e S'(RY) /llullgs < oo and u = ZAlu inSl(RN)}.
lEZ
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~ Ifm >0, we denote by P, [RY] the set of polynomials of degree less than or equal to

m and we set :
B = {u € S (RY)/PuRY] /|[ull s < 00 and u=>" Aw in 5’(RN)/7>m[RN]} .
I€Z
Proposition 3.1. The following properties hold :
1. Density : If |s| < &, then C° is dense in B.

2. Derivatives : There exists a universal constant C such that :
CHullps < [[Vullgs—1 < Cllul|ps.

3. Algebraic properties : For s > 0, BN L* is an algebra.
4. Interpolation : (B%t, B%?)y; = Bfs2+(1=0)s1,

3.3 Hybrid Besov spaces and Chemin-Lerner spaces

Hybrid Besov spaces are functional spaces where regularity assumptions are different
in low frequency and high frequency, see [12].

They may be defined as follows :

Definition 3.6. Let s, t € R. We set :

lull goe =D 29[ Agull 2 + Y 27| Aqull 2 -
q<0 q>0
Let m = —[% + 1 — s], we then define :
- B ={uec S'RY) /|ullz.. < +o0}, if m <0
- B = {u € §'(RY)/Pn[RY] /||ul| 5., < +o00} if m > 0.
Let us now give some properties of these hybrid spaces and some results on how they

behave with respect to the product. The following results come directly from the paradif-

ferential calculus.

Proposition 3.2. We recall some inclusion :
~ We have B®* = B,
~ If s <t then B> = BSN B!, if s >t then B! = B® + Bt.
— If 81 < s9 and t; > ty then BS1i — Btz

Proposition 3.3. For all s, t > 0, we have :
[uv]| 5o < Cllullzoe V]l o + 0l oo [Jull 7o) -
For all s1, 89, t1, to < % such that min(sy + s2, t1 +t2) > 0 we have :

[[uv]] ¥ < Cllull oy 10l 5ot -

Esl +t17—‘[2\r— ysgtto— o
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For a proof of this proposition see [12]. We are now going to define the spaces of

Chemin-Lerner in which we will work, which are a refinement of the spaces :

LA(B®) := LP(0, T, B*).

Definition 3.7. Let p € [1,+o0[, T € [1,+0] and s € R. We then denote :

S 1 S 1
|]qupT(§SL52 2211 / A (t)]|?,dt) i Zzlg / 1A u(t)||f ,dt) /e

<0 >0

And we have in the case p = o0 :

ol e ey = D 2 1Al w2y + 3 2 vl e )
1<0 >0

We note that thanks to Minkowsky inequality we have :

||u‘|L%(§S1,52) < HUHE%(EN»%) and HuHLl (351 152) HuHElT(ESLé‘z)'

From now on, we will denote :

1
Iy gy = 20 [ 10 a)
1<0
! g 1/p
Il gy = 222 IA0l0) 00
>0
Hence :
HUHZ’%(le HUHLP B.sl +” HLP B.sl .52)

We then define the space :
Eé;«(féshsz) = {u c L%(ESLSZ)/HUHZ;(ESI’SZ) < OO}

We denote moreover by Cp(B*%?) the set of those functions of Z%O(Esl""’?) which are
continuous from [0, 7] to Bs152_ In the sequel we are going to give some properties of this

spaces concerning the interpolation and their relationship with the heat equation.

Proposition 3.4. Let s, t, s1, s2 € R, p, p1, p2 € [1,+00]. We have :
1. Interpolation :

. 1 0 1-0
HUHZ%(ESt ”uHLpl BSl t1 ” ‘LPZ B52 t2 thh 6 € [07 1] and ; = E + p2

s=0s1+ (1 —0)sa2, t =0t + (1 —0)ts
2. Embedding :

N
2

LA(B*Y) «— LA(Cy) and Cp(B7) — C([0,T] x RY).
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The Z{}(B;) spaces suit particulary well to the study of smoothing properties of the
heat equation. In [9], J-Y. Chemin proved the following proposition :

Proposition 3.5. Let p € [1,4+00] and 1 < py < p1 < 400. Let u be a solution of :
Oyu — pAu = f
Ut=0 = UQ -

Then there exists C > 0 depending only on N, u, p1 and p2 such that :

[ullzor (gst2rory < Clluollps + CllflI ez go—2+2/mm) -

To finish with, we explain how the product of functions behaves in the spaces of Chemin-

Lerner. We have the following properties :

Proposition 3.6.
Let s >0, >0, 1/ps+1/p3 = 1/p1 + 1/ps = 1/p < 1, u € LE(B*Y) N L2 (L) and
v e LA (B N LE? (L™).

Then wv € Lb(B*') and we have :
||UU||Z;(§s,t) < CHUHZPTl (Loo)HUHZPTAL(és,t) + ||U||EPT2(L<><>)Hu||ZPT3(§s,t)-

Ifsisotita <5 5148 >0, thi+ta>0 L4+ =1 <1 ue LAY (B*1) and

1
N N’ p1 P
v € L (B*>%2) then uv € LE (B T2~ 2oty

2) and :

HUUHZP (Esl+327—12\1,t1+t27—12v—) S CHUHZS}(Esl’tl)HUHZS,,2(§S2¢2) °
T 2 ’

For a proof of this proposition see [12]. Finally we need an estimate on the composition

of functions in the spaces Eg(é;) (see the proof in the appendix).

Proposition 3.7. Let s >0, p € [1,+00] and uj,ug--- ,uq € Ef}(B;) N LF(L>).

(i) Let F € I/Vl[ost’oo(RN) such that F(0) = 0. Then F(uy,ug, - ,uq) € Ef}(B;).

C

More precisely, there exists a constant C' depending only on s,p, N and F such that :
| (u1, ug, - ,Ud)Hsz(Bg) < Cllwallzse (zoeys lluallpge ooy, -+ s luallnse (o))

(Hul”Z;(Bg) oot H“dHZ”T(B;))'

(ii) Let u € Ef}(ésl’s?), s1, s2 > 0 then we have F(u) € ZC’}(ES“S?) and

VF@)zp gorsea) < Clllullzge o)l 25 ooy
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(i1i) If v, u € Z{}(B;) N LF(L®) and G € W[SH?”OO(RN) then G(u) — G(v) belongs to

loc

Z{}(B;) and there exists a constant C depending only of s,p, N and G such that :
1G(u) - G(U)Hzg(gg) < C(HUHL%"(LOO)a ”U”Li}o(Lw))(HU - UHEPT(B;)(l + ”UHL;S(LOO)
+ ”U”Li}o(Lw)) + v — U”L?ﬁ(LOO)(HU”ig(B;) + HUHE”T(BIS,)))'

(iv) If v, u € LO(B5"™) N L (L™®) and G € WS RNY then G(u) — G(v) belongs

loc

to E%(Bf,l’sz) and it exists a constant C depending only of s,p, N and G such that :
1Gw) = GOz sy < Clllulzge ooy ol cemey) (10 — g g (1 + e e

+ ”U”L%O(LOO)) + [Jv — UHL%O(LOO)(HUHQF(E;LS?) + ”U”Eg(ggl’%))y

The proof is an adaptation of a theorem by J.Y. Chemin and H. Bahouri in [2], see the
proof in the Appendix.

4 Existence of solutions for small initial data

4.1 Study of the linear part

This section is devoted to the study of the linearization of system (NHV') in order to
get conditions for the existence of solution. We recall the system (NHV') in the case where

k depends only on the density p :
Op + div(pu) = 0,

I (pu) +div(pu ® u) — divD — pV(kAp) + (V(Po(p) + TPi(p))
(NHV) K

Moreover we have :

div(D) = (A + p)Vdivu + pAu + V(AN)divu + (du + Vu) Vi,
= 2\ + p)Vdivu + pAu + 01 A(p, 0)V pdivu + 92 \(p, 0) VOdivu

+ (du + Vu)oru(p, 0)Vp + (du + Vu)dapu(p, ) V6.

66



We transform the system to study it in the neighborhood of (p, 0, #). Using the notation of

definition 2.3, we obtain the following system where F, G, H contain the non linear part :

0yq + divu = F,
_ by = , —
RN HTWWVU —~ PRV Aq + (Py(p) + TP;(p)Vg
(M) Pi(p)
+ —F—=VT7T =G,
' (T)

o7 — Xa1 + TP givus —sp
p p
This induces us to study the following linear system :
Oyq + divu = F
Ou—filu— (i + N) —eVAq— Vg — VT =G
0T — aAT + ddivu = H
ou — pAu = PG

(M)

where v, ¢, a, 3, v, 0 and 1 are given real parameters. Note that system (M) with right
hand side considered as source terms enters in the class of models (M /), it is only a matter

of setting :

=5, A= R, 8= Py(p) + TP(p), v =

I

y €=

p

=
| >

Pip) _X s_Th(p)
puiTy
We transform the system in setting :

d=A"tdivu and Q = A tcurlu

where we set : ASh = F~1(|¢|*h) (the curl is defined in the appendix).
We finally obtain the following system in projecting on divergence free vector fields and on

potential vector fields :

8tq + Ad = F,
Opd — vAd — eN3q — BAq — yAT = A~ 1div G,

: T —aAT +6Ad=H
(Ml) at (0% + 0Ad s
00 — IAQ = A teurl G,

u=—A"'Vd—- A 1divQ.

The last equation is just a heat equation. Hence we are going to focus on the first three
equations. However the last equation gives us an idea of which spaces we can work with.

The first three equation can be read as follows :

q(t,€) q(t,€) F(t,€)
(My) O | dt,e) | +AQ | dit,e) | =] ATdivG(L€)
T(t,€) T(t,€) H(t,€)



where we have :

0 g0
A©) = | —elsP —plel viglP =]
0 3l algl?

The eigenvalues of the matrix —A(&) are of the form [£|2A\¢ with A¢ being the roots of the

following polynomial :

Pe(X) = X7 + (v + ) X? + <€+Va+%>X+ <ae+%>.

For very large &, the roots tend to those of the following polynomial (by virtue of continuity

of the roots in function of the coefficients) :

X3+ (v+a)X?+ (e +va)X +ae.

The roots are —a and —g (14 4/1 — %)

The system (M) is well-posed if and only if for |¢| tending to 400 the real part of the

eigenvalues associated to A(§) stay non positive. Hence, we must have :

e, v, a>0.

Let us now state a necessary and sufficient condition for the global stability of (M /).

Proposition 4.8. The linear system (M,) 1s globally stable if and only if the following

conditions are verified :
(%) v,e,a>0, af >0, v6(v+a)+vB >0, v6+8>0.

If all the inequalities are strict, the solutions tend to 0 in the sense of distributions and the
three eigenvalues A\1(§), A+ (&), A_(§) have the following asymptotic behavior when £ tends
to 0 :

0
(e () ~ (DB e e AT

MO~ =57705 266+ )

Proof :

We already know that the system is well-posed if and only if v,a > 0. We want that
all the eigenvalues have a negative real part for all &.
We have to distinguish two cases : either all the eigenvalues are real or there are two

complex conjugated eigenvalues.
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First case :

The eigenvalues are real. A necessary condition for negativity of the eigenvalues is that
P(X) >0 for X > 0. We must have in particular :

P§(0)2a6+%20 VE #0.

This imply that a8 > 0 and as > 0. Hence, given that a > 0, we must have § > 0 and

g > 0. For £ tending to 0, we have :

vo + ) + af
€12 '

Making A tend to infinity, we must have P¢(\) > 0 and so vd + 3 > 0.

The converse is trivial.

Pe(A) ~ al

Second case :

P¢ has two complex roots z4+ = a £ ib and one real root A\, we have :
Pe(X) = (X — N)(X? —2aX + |22 %).

A necessary condition to have the real parts negative is in the same way that P:(X) > 0
for all X > 0.

If v6 + 3 > 0, we are in the case where £ tends to 0 (and we see that P is increasing).
We can observe the terms of degree 2 and we get : A 4+ 2a = —a — v then A and «
are non positive if and only if Pe(—a — v) < 0 (for this it suffices to rewrite P like
Pe(X) = (X = N)(X?% —2aX + |24]%)). Calculate :

vB+ vy + ayd
€12

With the hypothesis that we have made, we deduce that P:(—a — v) < 0 for £ tending to
0 if and only if v3 + vvd + ayd > 0.

Pi(—a—v) = —ve —v’a —

Behavior of the eigenvalues in low frequencies :

Let us now study the asymptotic behavior of the eigenvalues when £ tends to 0 and all
the inequalities in (A) are strict.
We remark straight away that the condition vd + 3 > 0 ensures the strict monotonicity of
the function : A — P¢(\) for £ small. Then there’s only one real eigenvalue A\ (§) and two
complex eigenvalues A\ (&) = a(&) £ ib(§).

Let e~ < _v?fﬁ < eT < 0. When £ tends to 0, we have :

Pe(A) ~ [E[2(A(y8 + B) + af3)).
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Then P¢(e”) < 0 and P¢(e*) > 0 and P has a unique real root included between e~ and
et. These considerations give the asymptotic value of A\;(§).

Finally, we have :

M(€) +2a(€) = —a —vand — (a(§)* +b(E)*A(E) = af + 3

whence the result. O

We summarize this results in the following remark.

Remark 2. According to the analysis made in proposition 4.8, we expect the system (M)

to be locally well-posed close to the equilibrium (p,0,T) if and only if we have :

(@) 1(p,0) =0, \(p,0) +2u(p,0) 2 0, k(p) =20, and x(p,T) > 0.
By the calculus we have :
S anO (p7 T) T anO(ﬁa T)
=0 I, y=—————=—, 6= —"—"—=.
0= 00op 1) Y= o (T p

We remark that ¥§ > 0 if Oreg(p,T) > 0. In the case where 1 verifies n(p,T) > 0, the

supplementary condition giving the global stability reduces to :
(D) 8pp0(ﬁ7 T) > 0.

Now that we know the stability conditions on the coefficients of the system (M /), we
aim at proving estimates in the space E%
We add a condition in this following proposition compared with the proposition 4.8 which
s : y6 > 0, but it’s not so important because in the system (NHV) we are interested in,

. _ 1
we have effectively vd = () > 0.

Proposition 4.9. : Under the conditions of proposition 4.8 with strict inequalities and
with the condition 43 > 0, let (q,d,T) be a solution of the system (M') on [0,T) with
initial data (qo,wo,To) such that :

qo € BV dy € BN Ty € B2 for some s € R.

Moreover we suppose that for some 1 < rq1 < 400, we have :

~ o~ 342 g 942 ~ s34 2 ~ 342 g 4r 2
FeLn(B >t geli(B "), Heln(B > '),
We then have the following estimate for all i <r < +o0 :

lall gy s 22y +IT gy s 2omaiz, + g, o2, S Dol + ol

+ 11 Toll gar,s—2 + 1]

5 3+232+2 +H H 53+2 +”H” (B 3+234+2

L}(B 1) L} (B )
Proof :

We are going to separate the case of the low, medium and high frequencies, particulary
the low and high frequencies which have a different behavior, and depend on the indice of

Besov space.
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1) Case of low frequencies :

Let us focus on just the first three equation because the last one is a heat equation that
we can treat independently. Applying operator 4A; to the system (M{), we obtain then in
setting :

q=2A0g, d=Ad, T, = AT

the following system :

owq + Ady = Fy, (4.1)
oud; — vAdy — eN3q — BAq — vAT; = A~ HdivG, (4.2)
at’fl — OéA'E + (5Adl = Hl. (43)

Throughout the proof, we assume that § # 0 : if not we have just a heat equation on (4.3)
and we can use the proposition 3.5 to have the estimate on 7 and we have just to deal with

the first two equations. Denoting by W (t) the semi-group associated to (4.1 —4.3) we have :

t F(s)
wt) | =wo | w |+ [ we-9| @@ | i
o(t) o " H{(s)
We set :
1 = Bllalz + lill7 + S 1Til7e — 2K (Aar, i)

for some K > 0 to be fixed hereafter and (-,-) noting the L? inner product.

To begin with, we consider the case where FF' = G = H = 0.

Then we take the inner product of (4.2) with d;, of (4.1) with 8¢; and of (4.3) with v7;.
We get :

1d vy Yo

(3 + Blals + LIT) + vIVdRs — e(hoadi) + VTR =0, (44)
Next, we apply the operator A to (4.2) and take the inner product with ¢;, and we take the
scalar product of (4.1) with Ad; to control the term %(Aql, dy). Summing the two resulting
equalities, we get :

d
a@\%dﬂ + A7 — v(Ady, Aq) — e[| A%q]|F2 — Bl|Aq3: — v(AT;, Ag) = 0.  (4.5)

We obtain then in summing (4.4) and (4.5) :
1d ) ) 5 5 12y, A >
570+ WVl — K|[Adi]72) + (KBl Aqllz. + Kel|Aqllz2) + = VTilza
2dt J

(4.6)
+ Kv(Ady, Aq) + Ky(ATy, Aqp) — e(Aqp,dy) = 0.

Like indicated, we are going to focus on low frequencies so assume that [ < [y for some [y
to be fixed hereafter. We have then Ve, b, d > 0 :
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[(Ady, Agr)| < —Hqullp +3 H Ady7

C 5200 (4.7)
< §\|qu||i2 + 2 ndi
c
(A%, di)| = [(A2qi, Ady)| < Sl 7
Moreover we have : [|[Vd||3, = ||Ad;||3.. Finally we obtain :
C2%h ya Ky 2
S - (K Ky DA + (22— AT |,
b (2% d
20 2
K[B+¢eC2 °—u§—a 5 —7§]|]AquL2§0.
Then we choose (b, ¢, d) such that :
s v B
b_QV’C_s’d_27’

which is possible if v > 0 as v > 0, € > 0. In the case where v < 0, we recall that v and ¢
have the same sign, we have then no problem because with our choice the first and third
following inequalities will be satisfied and if v < 0 in the second equation the term ’y%l is
positive in taking d > 0. So we assume from now on that «v > 0 and so with this choice, we
want that :

2
Yo,

— K(1+ 220
( B

(RGN

2
+eCQ”0—cm”0%;>(L

ya
0
We recall that in your case v >0, 8 >0, a >0 and v > 0, § > 0. So it suffices to choose

K and [y such that :

v 2a 1612 1
K<min[—2 2%} and 2% <min( 22~ ).
<Imn<m1+cm%g%y 5> o <Imn<&kﬂ%kc>

K7>0

Finally we conclude in using Proposition 3.1 part (ii) with a ¢ small enough. We get :

2ﬁﬁ 22 <0 forl<ly. (4.8)

2) Case of high frequencies :

We are going to work with [ > [; where we will determine /1 hereafter. We set then :

1 = eBlAqll3s + Bldi3s + A7 T3, — 2 (Aqr.dy),
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and we choose B and K later on.
Then we take the inner product of (4.2) with d; :

5 dt||dl||L2 +v||Vd |72 — e(NPq, i) — B{Aqy, di) — ¥{AT;, d;) = 0. (4.9)

Moreover we have in taking the scalar product of (4.1) with A2q; :

2dtHAQI||L2 + (A%dy, Agy) = (4.10)

And in the same way with (4.3), we have :

5 dt”A I|I72 + | Til 72 + 0l AT ) = 0. (4.11)

After we sum (4.9), (4.10) and (4.11) to get :

Q.|g‘

-(BlldillZ: + eBllAail 72 + A7 T72) + By Va7 + o] 77

N =

(4.12)
- Bﬁ(‘/\qlv dl> - B7<A777 dl> + 5<dl7A_17;> = 0.

Then like previously we can play with (Ag;,d;) to obtain a term in ||[Ag[|7.. We have then

again the following equation :

d
7 A di) + IAdi |72 — v{Adi, Aqr) — e[| A7z — BllAal7: — V(AT Ag) = 0. (4.13)

We sum all these expressions and get :

5 dtfl + [BYI|Vdillze = KlIAd7:] + allTilIze + K [BlAal 7> + el Aall7:] )

— BB{Aqy, di) — BY(AT;, dp) + 8{dy, A"'T)) + Kv(Ady, Aq) + vK (AT, Ag;) =0

The main term in high frequencies will be : |A%q[|7.. The other terms may be treated by

mean of Young’s inequality :

1 a
[(Agr, dy)| < _HAQIH2L2 + —HAdzHib
1

< s I3 + SlIAd .

We do as before with the others terms in the second line of (4.14) and we obtain :

g

SR+ (By — KIAIR:] + all T3 + K (L

2 2
e )% <

1 a vb 2 ~ ’}/Cl
B'Y[Z_a”m‘%z + §”Adl”2L2] T K[?HA%H%Q + 7“1\651\\%2 + 2—61\\71”%2 + 7“1\2(11”%2}

d 1

+B[ 222l‘

IA%q 72 + |Ady|[72] + 5[ 1732 + 5 — IAdi22].

2d 2211 2e 22l1 2 2211
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We obtain then for some a, b, c/, d, e to be chosen :

e 1 9
2dtf, [Bv— (K + Bys —i—Kz/b +352 oo 05 =) 1 AdilZz
1 1 1
+ o= (Byg, +7K57 +52 o )] I3 (4.15)
BK b
+ [ +e K'<Ku——7K'«—BB%HWJHA%Mizéo.
We claim that a, b, ¢, d, e, l;, K may be chosen so that :
a 2 d e 1
1 1 1
— (By— K—; 4.1
a—( s +7 57 +52€C22ll)>0 (4.17)
OK b 11
v +eK — KV— - ’yK— - B62d o2 0. (4.18)
We want at once that for (4.16) and (4.18) :
a d
—v=— = 4.1
V=15 —05>0, (4.19)
— Vé — C—, >0 (4.20)
€ 5 75 . .
So we take : y /
e=1,a=2hd, d=2h, h=———, b=208h,

2(v6 4+ B)’
g

2(v6(v + @) + vB)

i

¢ =26(v+a)h and h' =

With this choice, we get (4.19) and (4.20). In what follows it suffices to choice B, K small

enough and [ large enough. We have then :
fi = Max(1,2)[lqrl| 2 + [|di| 2 + Min(1,2") | T3]l 2

We have so obtain for [ <y, I > [; and for a ¢ small enough :

1d

'92l 2 <
2dtfl +c f 0.
3) Case of Medium frequencies :

For [y <1 <y, there is only a finite number of terms to treat. So it suffices to find a C'

such that for all these terms :
(B) lallzz 2y < €, ldill 2y < C, | Dillpyz2) < € for all T € [0, +o0]
and r € [1,400]

with C large enough independent of T'.
And this is true because the system is globally stable : indeed according to proposition 4.8,
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we have :

< e—cl(f)t
LQN

a
HW(t) b Va,b,c € L*

L2

with ¢1(£) = mingy ¢ <on (Re(A1(£)), Re(A2(€)), Re(A3(€))) where the A;(£) correspond
to the eigenvalues of the system. We have then in using the estimate in low and high fre-

quencies in part 4.1 and the continuity of ¢;(§) the fact that there exits ¢; such that :

c1(§) > 1 > 0.

So that we have :

v [ la®lL 1 T 1 [I(go)ellz2
</ ()15 dt> < (/ e-c”sczs) [(uo)illgz | for lo <1<1y.
0 0
17 (@) 1(Zo)ul .2

And so we have the result (B).

4) Conclusion :

In using Duhamel formula for W and in taking C' large enough we have for all [ :

max(1,2) ()22 + [|di ()] 2 + min(1, 27| T (@) 2 < Cem " (max(1,2")]|(qo) 2
+ l(do)ull 2 + min(1, 27| (To)ull 2) +C/ ~EH0) (max(1,22) | Fill 2 + Gl

+min(1,27) || Hy 12)ds

s—l—l—%)

Now we take the L” norm in time and we sum in multiplying by 24 for the low

frequencies and we sum in multiplying by 9Us+3) for the high frequencies.
This yields :

”qHLT (B>~ 1+2, .s+2 + ”T”Lr (B> 1+2,5-2+2 +HdHLT (B>~ 42y = quuésfl,s + ”%”Es‘fl,sﬁ

2 T T B T -
+ldollps + Y20+ ( /O =) (|E)| g + 1G] 2 + qu<T>HLz>dT) dt)

1<0 0

n Z2l s+ 2 (/ </OT eI (IVE(T) |2 + 1Gi(T) 2 + H*’\_lHl(T)HLZ)dT>Tdi)1 -

>0

Bounding the right hand-side may be done by taking advantage of convolution inequalities.
To complete the proof of proposition 4.9, it suffices to use that u = —A~'Vd — A~1divQ
and to apply proposition 3.5. O
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4.2 Global existence for temperature independent coefficients

This section is devoted to the proof of theorem 2.1 and 2.3. Let us first recall the spaces
in which we work with for the theorem 2.1 :
B :[Cb(RJ’_’ES—l,S) n LI(R+§8+1,5+2)] % [Cy(Ry, BSHYN A LRy, BSHY)N]
% [C’b(R+,§S_1’S_2) A Ll(RJ’_,ES"Fl,S)].

In what follows, we assume that N > 3.

Proof of theorem 2.1 :
We shall use a contracting mapping argument for the function v defined as follows :
F(g,u,T)
G(q,u,T) | ds. (4.21)

do ¢
V(gu, T)=W(t, )« | wy |+ / W(t—s)
) 7 H(q,u,T)

In what follows we set :
p=p(l+q), 0=0+T,T=0"'0).

The non linear terms F, G, H are defined as follows :
Clp) C(_p)} Vdiva

F = —div(qu),
G:—u.Vu—I—V(%|Vp|2)—|— {M—@}Au+ [7 5
P, TP Py(p) +TP;(p (4.22)
—|—(V((K(p)—K(ﬁ))Ap)—|— |: o(P) +p l(p) _ O(p) +p l(p):|vp
Pi(p)  Pup) X(p)Vpdivu  (du+ Vu)u'(p)Vp
f L\If’(T) ﬁqf’m]w T, , ’
where we note : ( = A+ p, and :
X Tpi(ﬁ) - TP;(p) divu — u*. V6 + D:Vu . (4.23)

- (g

N .

1) First step, uniform bounds
2

Let :
n= HQOHE%—L% + HUOHB%4 + ”76”5%4
We are going to show that ¢ maps the ball B(0, R) into itself if R is small enough. According
to proposition 4.9, we have :
q0
Wity | wo |1y <Cn. (4.24)
T
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We have then according (4.21), proposition 4.9 and 4.24 :

(w7l g < Co+ 1F(a. . Dl pyor g, + 16w DI, o
(4.25)
+1|H (g, T)|

L(BYLE-2)
Moreover we suppose for the moment that :

(H) gl oo rxmY) < 1/2.
We will use the different theorems on the paradifferential calculus to obtain estimates on
1Pl gy 160 T)]

1) Let us first estimate ||F'(gq,u,7 )|

L(BE-LEy

pEE Yy According to proposition 3.6, we have :

i ~ <
and :

laul, s, < el el

lawll gyseny < Dl g el g, + el g el
Because B2 27! < B2 and B2 2! < B2 1! (from proposition 3.2), we get

divqu)ll gy ) S Mall o e lull gy +llall o oy el -
2) We have to estimate ||G(q,u T)||L1(B%71). We see straight away that :
[M _ M]Au = K(q)Au
p p

for some smooth function K such that K(0) = 0. Hence by propositions 3.7, 3.6 and 3.2

yield :
e - e

p D

SIHE (9l

(BT L”(B%)HUHU(B%“)’

Sllall oo g lull

Lo(BY)

SH(]HLOO(EJQYA,%)HuHLl(B—IQ\lﬂ) .
In the same way we have :

1) COhg g
p p

¥y Sl gy-ylull

IV(E () = KENAD oy -1y S Mlall iy lall s ey

Po(p) _ Polp) P

== = =5=190ll, lall - s
Sl gy vy lal

L1 BjJrl 7+2) :
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After it remains two terms to treat :

!

TP(p) TP (p) Pi(p)  Pi(p)
R AR [ G LT L
Pl(p) Pi(p) Pi(p)
> TquLl(Bg,l)JrHT(—p - )VqHLl(Bgfl),
TP(p) TP(p)
H[ ; . Vp ||L1 - < ||q”Loo(BQM*1)HqHLl(B%“) + HTquLl(B?MA)

HIEUDTVll ) gy

According to proposition 3.7, we have :

1TVl gy S NN o gy g el g ey
DTVl gy < Cllal om0 1TV 3 -
Therefore :
AR TRy v Sl g
At lall oo - 3 T g el 4 -

In the same spirit :

Plp P

I - B0y s S Bl g 1T o,
Pi(p) Pi(p)
I - B0y, sy <l s T

+dll, ., Y g|ﬂhFH By

where we have :
TBF = ZAlT and THF = ZA[T .
<0 >0

Next we have the following term :

[w* Vull S lull

Ll(Bgfl) —71)HUHL1(B%+1)

And finally we have the terms coming from div(D) which are of the form :

N (p)Vpdivu - N(p ,
VPR sy < W@ pdivil, oy + 1D Vpaival s

P) |uWBT’ L'(BT

where we have set :
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Afterwards we can apply proposition 3.7 to get :

: <
IVp d1vu||L1(B%,1) ~ ||U||L1(B%+1) HQHLoo(B%)'

IL@Vpdivall, oy < IL@I, . [Vodivall

L= (BY) )

As we assumed that (H) is satisfied, we have in using proposition 3.7 :

I1L(a)]l < Cllqll

LOO(B'Q' - Loo( 37) )
So we have :

X (p)Vpdivu
AVedve,
P (B2

< H ”L1 B7+1 Hq”Loo(é%*Lg)(l + HQH

Lw(é%*l%))’

In the same way we have in using 3.6, 3.7 and 3.2 :

du+ Vu)Vp i (p
At TV s < Cllal v el ) 0+ D )
K. K, K, K,
IV TP vy S NE = ZDIVPPI, o, + 12V AP,
S Iy, 170P g, + VAP,

S lal, o HVpH;(BN VA,
SN 7 T 7

!
K,
2

o~

where L(q) =

o

3) Let us finally estimate ||H(q,u,T)||L1(§%LL?1}72) :

div(x(p)Ve .
|FED XA, s ey SIK @A EL QO 515

+[|div (K (q) VO] il A COZAXC] [P e

LYBT1E2 Ly(Bz-hz2y

and we have :

v (K @V, 51 g-a) < Clall ey, 1T 0y
So finally :

div(x(p)VO) X
| D B EAHHU(E%*%*?) S ||q||1;oo(§¥*1%)”T”Ll(ggﬂ,%)

X @+ lal sy,

79



Next we have :

0P(p)  OP(p)

”( Ap AF_) ) 1(5%71 %72)§ ”TdiVUH 1(5%71,%72)
+ 1|7 L1(q )leUHLl(E%,L_fQ\L,g) + ||L1(q)divu||L1(§%7L%),
where we denote : P01 D P
51+ _
Li(z) = 1_,0 1_,0
p(l+ ) p
On one hand,
ITdived oy e SITH s Bl v
HLI( )dlqu -12\1 1, 12\7-72) S HLl(q)HLOO(E—JQ\Lfl,—JQ\LfQ)Hu||L1(B—12\£+1)7
whence the desired result :
OP(p)  OP.(p)
I~ 2 Phdival, oy S ol gy 1ol
TN oy Nl g, (Ll o)

We proceed in the same way for the others terms which are similar, and we finish with the

last two following terms :

1™ VOl gy gy SITH Ly ey lull oo gy
D :Vu
| P s a8 SIE@Vu:Vul | gy HIVe: VUl )y iy
and :
1K (@) Vu - Vull gy gy Slall o gyl p -
so the result :
D :Vu
=l g1y S At llall gy gl o 8

Finally in using (4.24), (4.25) and all the previous bound, we get :

l¥(q,w, T)ll .y < C(C+1)n+R)% (4.26)
Let ¢ be such that | - HB% < ¢ implies that : || - ||z < 1/3. Then we choose R and 7 such
that :
inf(R, c)

R <inf((3C)7 %, ¢, 1), and n < i

So (H) is verified and we have :

Y(B(0,R)) C B(0,R) .
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2) Second step : Property of contraction
We consider (qi,ui,’ff), (q;,u;,’le) in B(0, R) where we note :
0i=Ti+0, T, =0 (6)
and we set :
(6g =g — q1, Ou =y —uy, 6T =T, = Ty) .

We have according to proposition 4.9 and (4.21) :
||’I’Z)(QL7'U«L7’TL)(q27 Ug, 7—2) - w(qL,uL,TL)(QM Uy, ,Tl)HE_Jg 5

HF(Q2,U2,T2)—F(Q1,u1,7—1)\|L1(§g,1g) 27

+ G (g2, u2, T2) — G(Ql,ul,Tl)HLl(Bg,l)

+ || H (g2, u2, 72) — H(q1,u1,71)||

L(BY-LE-2)
where we have :

F(QQa uz, 75) - F(qh Uy, 71) = —diV(Q2U2) + diV(Q1U1)

1 ! !
Glaz,u2, 1) = Glar,u1, ) = 0u". Vg + uf. Vou + V(5 (K, — K,)|Vpa|?)

LK (Ve — V1) — () 0w+ P2 Asu — ¢(5) Viiv(6u)

+ V(5K -

Py(p2) _ Fylp1)

VK (p)A(p5) + V(K (p2) K (p)pa) + [P - 20

]pViq

’

(Po’(pn - Po’gﬁ))v(éq) gt

2V (8q) + TPy(p)Voq + pAST Py(p)
P1 p p

_|_

+ P AP (p2) ~ PL(p1))Vas + [Pi(p2) = Pu(p0)]V0: + 1 [Pi(p) — Pr(p)]VOT

N(p2) /\I(PI))vp2 diviy + X (p1)

+ 5 A0 Py (p1) Vg + (
P2 p1 P

(p Vi qdivus

V() 1) G 1 D) (450 + VouT
p2 p1 1

+ Vpidiv du

+ pV(6q)(dug + Vug)).
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And we have for the part pertaining to H :

H(qo,u2,T2) — H(q1,w1,Th) = (p—l2 - %) div(x(p2)Vb2) + %div((x(ﬂz) —Xx(p1))V2)

P P T
) - Palpa) | Oy Pule2) 0T (s g,
p1 p2 A p2 A

1
+ o div(x(p1)VoT) +
1

1 1
Pi(ps) @dlv&t —uiVOT + (— — —)D3 : Vug — p—D1 Viou — p—(Dg — Dy) : Vug

p2 A P2 p1

Let us first estimate ||F(q2,u2,72) — F(q1,u1,71)| , ~n . We have :

(BT 1Y)

1F (g2, u2, T2) — F(Qlaulag-l)”Ll(égfl,%) < [|div((g2 — Q1)U2)|’L1(§g71g)

+ [|div (g1 (u2 — u1))|

iz

L(BE!

S0l g ol gy, + 00, i N2l iy, + 000l e el

anl g 190l oy, + Nl gy 1800 ) + Nl 19l

2(B%) Lo(BY) )

Next, we have to bound ||G(g2,u2,72) — G(q1,u1, 7’1)||L1(B71}71). We treat only one typical

term, the others are of the same form.

We use essentially the proposition 3.7 to treat the product and the composition, so we get :

S U+ llall, a0 )lou]

N .
p1 Ly Bzt ~ Loo( BT L1(BZ T

Bounding HH((]% uz, 75) - H(qh Uy, 71)”
using the proposition 4.9 :

L1(§%71,%72) is left to the reader. So we get in

196516, T3) = (g, T oy <C 100 00.0T) (16100 Tl
0 )l + 2w, Ty )

If one chooses R small enough, we end up with in using (4.27) and the previous estimates :

e~ w

19(d5, . T3) — W(ay, iy, Ty < 5 (60, 60 6T)]| .

We thus have the property of contraction and so by the fixed point theorem, we have

existence of a solution to (NHV'). Indeed we can see easily that E 2 is a Banach space.

3)Uniqueness of the solution :

The proof is similar to the proof of contraction, hence we will have the same type of es-

timates. So consider two solutions in E2 (q1,u1,77) and (g2, u2, 73) of the system (NHV)
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with the same initial data. With no loss of generality, one can assume that (q1,u1,77) is
the solution found in the previous section.
We thus have :
1
(H) g1l oo (o, xRN) < 3
Let T be the largest time such that g verifies (H). By continuity, we have 0 < T < T.

Next we see that :

0g=q2—q1, ou=uy —u1, 67 =T, -

verifies the system :

atéq + divou = F(q27u277—2) - F(qlvulvgi)v

Iz Co s = LN e Pi(p)
0r6u — =Adu — =Vdivéu — pKVAdq + (P, + TP, Véq+ ——=VoT
:G(Q27U2772)—G(QI,U1,TI),

_ TP (5
a1557— - %A(ST_‘_ %d“’5u§ = §H(QQ,UQ,75) - H(Qlaulaz)‘

We apply the proposition 4.9 on [0, 73] with 0 < T3 < T and we have :
1(6g, 6u, 6T )| -y < A(T1)[|(9q, u, 0T )| - x

where we have for 77 enough small A(T}) < %

And we thus have : 6¢ = 0, du = 0, 87 = 0 on [0,73] for T} small enough and we

conclude after by connectivity. a

We treat now the specific case of N = 2, where we need more regularity for the initial
data because we cannot use the proposition 3.6 in the case N = 2 with the previous
initial data. Indeed we cannot treat some non-linear terms such as ||7 divul| L1(Bo~1y OF
HU*-VHHLl(éo,—l) because if we want to use proposition 3.6, we are in the case s; + s2 = 0.

This is the reason why more regularity is required.

We recall the space in which we are working :
E =[Oy(Ry, B ) 1 L Ry, B )] x [Cy(Ry, B )N 0 L Ry, B2+ )Y
> [Cb(R+,§O’_1+E/) A Ll(R+,E2’1+5,)]

with £ > 0, E' being the space in which we have a solution . And E corresponds to the

space where we show the uniqueness of solution.
E’ :[Cb(R_;_,EO’l—i—e/) ﬂL2(R+,§1’2+€/)] > [Cb(R+,§O7€I)N ﬂL2(R+,§1’1+€/)N]
x [Ch(Ry, B ) A L2(R, B )].
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Proof of theorem 2.2

The proof is similar to the previous one except that we have changed the functional space,
in which the fixed point theorem is applied. So we want verify that the function ¢ is
contracting to apply the fixed point. We denote by (qr,ur,7r) the solution of the linear
system (M') with F' = G = H = 0 and with initial data (go, uo, 7o)

Arguing as before, we get :

LB (4.28)
PG 0Tl o, + 1@ Dl o 1ir -
if :
g0/l go.14e + lluoll o, + 1170l 5o, 14 < 1
Let us estimate HF(q,u,’Z')HLl(EO’HE/), HG(q,u,T)HLl(EOﬁr) and HH(q7U7T)”L1(§O,—1+E,)7

we just give two examples of estimates in the space E ,the other estimates are left to the

reader.
Idiv(qu) 1 o, < gl gan) + gl s
and :
lqullLr sy < lallzzsyllullLz sy,
Il 1 sty S Nallimamllal ooy + all o ool ooy
We do similarly for ||G(g,u,T)||

HH(Q7 u, T)HL1(§0,71+5’)
needed. Proposition 3.6 enables us to write :

(G0 y The new difficulty appears on the last term

. In fact it’s only for this term that that additional regularity is

HTdiVu”L1(§07,1+5l) 5 HTHLOO(EO,71+€,)Hu”Ll(B2).

Hu*'ve‘|L1(§0,—1+s/) 5 HTHLl(El,lJrsl)HuHLOO(BO)'

To conclude we follow the previous proof. Uniqueness in E goes along the lines of the

proof of uniqueness in dimension N > 3. a

4.3 Existence of a solution in the general case with small initial data

In this section we are interested by the general case where all the coefficients depend on
the density and the temperature except k. In this case to control the non-linear terms we
need that 6 be bounded, that’s why we need to take more regular initial data to preserve
the L bound.

As the initial data are more regular, we need to obtain new estimates in Besov spaces on

the linear system (M").
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Proposition 4.10. Under conditions of proposition 4.8 with strict inequality, let (q,u,T)
be a solution of the system (M) on [0,T) with initial conditions (qo,uo,To) such that :

q € és—l,s-{—l’uo e és—l,s’% c Es—l,s‘
Moreover we suppose 1 < ry < 400 and :
Tr =s—3+2 5—14+-2 Tr =s—3+2 5242 Tr =s—34+2 5242
FelLl}B "1 ), Ge L} (B "1 ), HelL}(B "1 ).
We then have the following estimate for all r € [r1,+o0] :
Hq”ffT(ES*H%'”H%) + HUHETT(Esfl‘F%,S‘F%) + HTHZ;(ES*H%'S*%) S ||q0H§sfl,s+1 + Hu0||§s71,s

+ 170l go-1.s + 17|

gz +IGI

s Cean 2 o o2 +|H a3 2 ooy 2 .
L;}(B ) L;}(Bs 3+7“1"5 2+7“1) ” ”L;}(Bs 3+7“1’5 2+r'1)

Proof :

The proof is similar to that of proposition 4.9. Low frequencies are treated as in pro-
position 4.9 because we don’t change the regularity index for the low frequencies. On the
other hand in the case of high frequencies the regularity index has changed so that we have

to see what is new. For the medium frequencies we can proceed as in proposition 4.9.

Case of high frequencies :

We are going to work with [ > I; where we will determine [; hereafter. We set :
fi = eBl A7z + Blldill7z + 1 Til17: — 2K (Aq, di)
where B and K will be chosen later on.
Then we take the scalar product of (4.3) with 7;, we get :
Ld
2dt
After we sum (4.9), (4.10) and (4.29) to get :

ITl|72 + al| VT |17z + 6(Ad;, T;) = 0. (4.29)

1d

__(BHdl”2L2 + EBHAQIH2L2 + HZ”%z) + BI/”leH2L2 + aHV’]Z”zLQ
. (4.30)
— BB(Aq, dy) — By(AT;, d;) + 6(Ady, T;) = 0.
We sum (4.30) and (4.13) and we get :
1d
55132 + [By|Vd)||2: — K||Ady||22] + al|[ VT2 + [BK ||Aqi]22 + eK||A%q||2,]
(4.31)

— BB(Aql, dl> — B’y(A’T, dl> + 5<Adl, ’ZD + KV<Adl, Aql> + ’YK(AT, Aql> =0.
We interest us after only to the terms of high frequencies, so arguing as in proposition 4.9
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we get :

e
2dtfl [Bv— (K + Bys—o 221 +Kub + B 2% + 0] l1Adi] 32
1 1 1
Flo— By + K5 + 05— AT (1.32)
BK b ¢ 11
+( 2201 +eK — KV— 7K 22[1 _Bﬁ2_d22—ll)”A2QIH%2 <0.

Let us assume that :

e
BV—(K+B’y2 520 +Kub+B[32 520 +(5§)>0,
1 1 1 1
— (By— K—
(1) o (72 + v 57 +52€22ll)>0
BK b ¢ 11
22[ +€K KV_ ’YK2C2211 _B/B%?—ll>0

We recall that v > 0, and « > 0. Next we want to have :
b
—v=>0.
e-vy
So we take : b = £ (we recall that ¢ > 0). So with this choice we get (1) in taking B, K

small enough and [; big enough in following the same type of estimate as in the proof of

the proposition 4.9. We have then for I <o, I > {1 and ¢ small enough :

fl +e 221f2<0

2 dt
and :
fr = max (1,29l 2 + |l dill 2 + |1 Tl 2
Next we conclude in a similar way as in proposition 4.9. O

In the general case the coefficients depend on the temperature and we have to control
the norm L in order to apply the theorems of composition. This motivates us to work in

the following spaces :

T
o]l
vz

L
vz
)

F2 =[Cy(Ry, B2 12 N LY RLBE1249)] x [Cy(R
L'Ry, BN« [Gy(Ry, B2 7)1 LY Ry, B2 L3 +2)],

Proof of theorem 2.3 :
The principle of the proof is similar to the previous one and we use the same notation. We
define the map ¢ as before with the same F', G and H except that our coefficients depends

on the density and the temperature. We will verify only that ¢ maps a ball B(0, R) into
itself, the end is left to the reader.
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1) First step, uniform Bounds :

We set :

Qo = ”qo”~—71 T + HUOHNN Ly + H']'0H~771 N -

]

We denote (qz,ur,7z) the solution of (M') with initial data (qo,uo,Zo). We have so in

accordance with proposition 4.10 the following estimates :

gz, v, To)l .y < Cag, (4.33)

”w(qvuvT)”F% < Coag + ”F(q?u77)” SN

N
L#(ijlijrl)

(4.34)
G w Dy gy HIH@Gw D, gyayy
Moreover we suppose for the moment that :
(H) gl oo mxrry < 1/2 and [T | peomxryy < 1/2 .
We will now treat each term : ||F(q,u,7)|| By |G(q,u,T) and

LB L (BE L)
HH(Qa u, T)‘|L%(§-JQ\171,12V—)'

1) We notice that :

i <
v (@l sy < el 00,

< lql + [lull

LQ(B—2—+2 || HLZ(B_Q_ Ll(B—IQ\Lﬁ»Z)HqHLOO(B—IQ\L)'

2) After we focus on HG(q,u,T)HLl(E%%%). We have according to proposition 3.7 :

< ||K(q, T

VBTN

H[M(Z 0) u(f; 9)]Au

)HLOO(BJQV') ||UHL1(§-21\1+1,-12\1+2)

2

S (lall e gy, I

2) LOO(BQ )||uHL1(BN+1 N+2)

We proceed in a similar way for the term :

(C(p) — ¢(p)) Vdivu.

Next we have in using propositions 3.6 and 3.2 :
169 (5(6) = w2 A 55 1.0 S (1] vl

+ uqnmé%1,g+1)\|q||y(3g+2))<1 Fllall, o gen)

pFo(p ‘(5
I 2( : ~ R Val gy -y < ldl GRS
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Next, we have to treat the following terms :

TpP(p) (-
1= TP () Val s ) S I @L(TIVal s s
L@Vl gy, + 1TV, gy ooy
where L1 and Ls are regular function in the sense of proposition 3.7. And we have :
I @Vall, gy S lall o gy lall gy
12(T)Val,, -0, ||T||Lm(§ il g
Finally :
ToP(p) -
H[ pl - TP1(p)]V(Z||L1(§_JQ\L,L_12\L) S ||QHLOO(§-12\171,-12\1+1)HTHLOO(E%LfLJQY)HQ||L1(B-12\1+1)
b (lal oy + 1T ol 5y,
and
Pi(p)  Pi(p)
_ <
H(p\Il/(f ﬁ\I/I(T))V9HL1(§_1§71 —JQ\L) ~ ||L1(q)VT||L1(B—2— 1, —2— + HL2( )V9HL1(§_12\L,1’_12\£)

+ ||L1(Q)L2(T)V9HL1(§-JQ\£71 N

,-2-)’

12TV, gy gy ST o gy -1 1T gy

”Ll(Q)VHHLl(E%A %) S HQHLOO(E%A N+1)”T”L1(§%+1,%+2)'

Finally :

I Pi(p)  Pi(p) o

@ v @ ey S Wl gy PITI g
+ (HTHLM(§74 N+ HQH %*1’%“))HT||L1(BN“ N+2)

After we have the following terms :

2
Ll(é—gl—l,%) S HUHLQ(E%'%+1).

And we have the terms coming from div(D). We will treat this one :

X (p,0)Vp divu
O At s S M@ T)Vpdivall, sy, + IV pdivd

0 L\(B F-ud

S (Ul gy gy + 1T

Y1, 7 N.) Hq”Lw(égﬂ,%H)Hu”Ll(é%H,%ﬂ)'
Afterwards in the same way we can treat the terms of the type :

(du + Vu)Vp py(p,0) (du+ Vu)V0 1s(p,6) and Ao(p, 0) V6 divu

P P P
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Finally, we have :

IV (Vo) SN, = KR)IVPll, VP,

N N
2b7

uj\z
Sk

LB ) LY(B i)

2
5 (1 + ”qHLoo(g%*lv%H))”qHLz(BNH N+2)

3) Let us finally estimate || H (g, u,7)||

1,5

~N :
LY(BZ2~h7)

div(x(p,0)V0)  x(p.9) ,, ”
p p LY(B

| ¥y, < K (@)div(Ea(e, T)VO)]|

LN(BY 1Y)

+div(EL (g, THIVO |, sy, +IK@AON gy g,
and in using the propositions 3.7 and 3.6 we get :
Idiv (K20, IO, 5y, S (i, 170, IT T e
+ gl 400, + ||THL2(§;;,%)>||THL2(B;;H).
Next we have :
TPi(p) TP(p), ..
2 vl o ) S Ia@)dival o g
where :
Ia@divall, gy, Sl gy oo Il e
||L2(T)divu||L1(§-12\l 1-12\1 S HTHLOO(E-IQYA,-JQ!)HUHLl(B—IQ\lﬂ)
so we get :

TPi(p) TPi(p)

= 5 Vel gy S 1T e gy el gy lal e gy,
+ (lall o gy, TIT N gy Il iy
To end with, we have the last two terms :
Il VOl gy —n gy STy gy gy lull o py-nk)
25 vy < IK@T s Tl o + 190l )
(1+ llqll )l g,égﬂ)HUHLz(Bé}H)

Finally we have in using (4.33), (4.34) and the previous bounds :
(g ', T g2 < CUC + 1)y + R)? (4.35)
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Let ¢ such that || - || gv/2 < ¢ implies that : || - ||z~ < 1/3 then we choose R and «q such

that :
(R,c)

C+1°

R <inf((3C)71,¢,1), ag < inf

So (H) is verified and we have then :
$(B(0,R)) € B(0, R) .

Next one can proceed as in the proof of the theorem 2.1, we have to show the contraction
of the application v to use the theorem of the fixed point.

The uniqueness of the solution in the space F> follows the same lines as in theorem 2.1.
The details are left to the reader.

5 Local theory for large data

In this part we are interested in results of existence in finite time for general initial data
with density bounded away from zero. We focus on the case where the coefficients depend
only on the density with linear specific energy, and next we will treat the general case.
As a first step, we shall study the linear part of the system (NHV') about non constant

reference density and temperature, that is :

8tq + divu = F,

(V) dyu — div(aVu) — V(bdivu) — V(cAq) = G,
O T — div(dVT) = H,

5.1 Study of the linearized equation

We want to prove a priori estimates for system (N) with the following hypotheses on
a,b,c,d :

O<a<a<M <oo,0<cm<a+b<My<oo, 0<c3<c< Mg<oo,

0<ey <d< My < oo.

We remark that the last equation is just a heat equation with variable coefficients so that

one can apply the following proposition proved in [13].

Proposition 5.11. Let 7 solution of the heat equation :

8T — div(dVT) = H,

we have so for all index T such that —% —-1<7< % — 1 the following estimate for all
a€[l,+o00] :
1T 2,y < 1Tl + Vg ory + IVl o 9T gy iy
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We are now interested by the first two equations of the system (V).

(N,) 8tq + divu = F
Oyu — div(aVu) — V(bdivu) — V(cAq) = G

where we keep the same hypothesis on a, b and c¢. We have then the following estimate of

the solution in the spaces of Chemin-Lerner :

Proposition 5.12. Let 1 <r; <r < +o0o,0<s <1, (g,u) € BYts % (B%—HS)N’
and (F,G) € LI} (B2 ~2ts+2/m) 5 (Lh (B2 —3+s+2/ri )N

N
2

Suppose that Va , Vb , Ve belong to E%(B ) and that Oic € L%(L‘X’).

Let (q,u) € (Lip(B2+2m) 0 L3 (B2 1) x (Lip(B2H" 2 )N 0 (L2 (B2 +9)N) be
a solution of the system (N').

Then there exists a constant C depending only on r, r1, A, i, K, c1, c2, My and Ms such
that :

(Vg u) (1= ClIVellrz =) < (Vo wo)l ,y + [I(VE, G|

E}(B%*1+s+2/r) Z;} (B—IQ\L73+3+2/T1)

IV i 100l aoe) + 1Y@, v (1Yl

) IVl )

).

+ ||Vl ~
IVellz, %,

Proof :

Like previously we are going to show estimates on ¢; and u;. So we apply to the system
the operator 4; , and we have then :
Orqy + divuy = F (5.36)
Oy — div(aVuy) — V(bdivyy) — V(cAq) = G + Ry (5.37)

where we denote :
Ry = div(la, AJVu) = V([b, A]divey) — V([e, A]Ag).

Performing integrations by parts and usinf (5.36) we have :

1d

—/ wV(cAq)dx = =— |V |*dx —/ (divey (V. Ve) + Ve
RN 2dt RN RN 2

+ C.Vql.VFl) dx.

’ 2

8t C
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Next, we take the inner product of (5.37) with u; and we use the previous equality, we have
then :

1d .
5@(”%”%2 +/ |V |*dx) +/ (G|Vuz|2+b|dlvuz|2)d$=/ (Gi+ Ri)w d
RN RN RN
. IVa?|
+ ((dlvul(Vc.Vql)—i- 5 3tc+chl.Vﬂ)) dz .
]RN

In order to recover some terms in Ag; we take the inner product of the gradient of (5.36)

with u;, the inner product scalar of (5.37) with V¢, and we sum, we obtain then :

d
—/ Vg .udr + / c(Aq)*dx :/ (Gy + R).Vq + |divy|* + w.VF,
dt Jgn RN RN

—aVuy : V2q — bAqdivu)dz. (5.38)

Let o > 0 small enough. We define :

K = w2 + / (Rl Val’ + 20Vgm)dr (5.39)
R
In using the previous inequality and the fact that a1b; < %a% + %62, we have in summing :
1d , 1 9 9
sk + 5 [ (alVul|” +ablAq|)de S ([|Gill 2 + [ Rl 2)
2 dt 2 RN

1
x (@llVallze + lullz2) + IVEl 2 (@llurllzz + [eVallz2) + Sloel<Valzz 5 40y

+ [IVell= [Vall 2 [Vl 2 -

For small enough «, we have according (5.39) :
1 3
3 <lhulP+ [ relVafds < 342 (5.41)
2 RN 2

Hence according to (5.40) and (5.41) :

1d
skt K2k < ki (Gl g2 + 1 Rill 2 + IV E z2) 10sel 2 [V aill 2 + 2% k7 (| Vel 2 -

By integrating with respect to the time, we obtain :

t
ki(t) <e K%'k (0) + C / e KD (|9, L |V (T) |2 + IV F () |12 + 1Go(7) | 2
0

+ | Ri(7) 2 + 2k (7) | Ve(T) | 12 )dr
After convolution inequalities imply that :
— — r—1/r _2
&l o,z < (277 ky(0) + (27 2OF/7=1/ I)H(VFlle)‘|L;1(L2) + 27 |Rill 22y

_2
+27 HV(NHL%’(L2)HatCHL%ﬂ(LOO) + HVCHL%(L‘X’)||kl||LT([O,T]) . (542)
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Moreover we have :
c! k < HVquLz + ”ul”Lz < Ck.

—1+s+2)

Finally multiplying by 25 and using (5.41), we end up with :

H(quU)HL%(B%fusm/r)(l _CHVC”LQ(LOO)) < |[(VF, G)”Nn B7fs+s+2/r1)

I(
(Va0 wo)ll py v T 1Vl 7 3y -1s) IOl oe) + 3 2GRy gy ey -
leZ

Finally, applying lemma 1 on the appendix to bound the remainder term completes the

proof
(X 4s-1)
%%2 5 1Rl L (22) <C’||aH~ )HU||~ (B %)""CHbHE%(B%“)HUHE%(B%)
+C|yc|yZ B HqH Yy

5.2 Local existence Theorem for temperature independent coefficients

We recall the space we will work with :

N
2

Fr =[Cr(B7) N LH(BZ)] x [Cr(BT YN 0 LB )V x [Cr(BZ %) N Li(B7)]

endowed with the following norm :

g w. Dller =llall , py o) +llally +HUH N+l
LT ) T

N
Le(BY) LEB2

+I7] +117 5,

LL(BY) 52y

We will now prove the local existence of a solution for general initial data with a linear
specific intern energy and coefficients independent of the temperature. The functional space
we shall work with is larger than previously, the reason why is that the low frequencies
don’t play an important role as far as one is interested in local results.

In what follows, N > 3 is assumed.

Proof of the theorem 2.4 :

Let :

"= +q pP"=p1+¢), v =u+a", T"=T°+T" and 0" =0+ T"
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where (q°,u", 7°) stands for the solution of :

0ig’ — Ag® =0,
o — Aul =0,
&TO — ATO =0,

supplemented with initial data :

°(0) = qo , u°(0) = ug , T°(0) = Ty

Let (Gn,un,7,) be the solution of the following system :

( O Gn+1 + div(tp41) = F,
Oplin 11 — div(prl)Vu"Jfl) Y <%div(u"+l)> —V(K(p™AF) = Gy,
(V1) )
- - x(P") £
O Tnt1 — d1V<1 i ann+1>= Hy,
\ (q;z-i—l; ﬂn+l7 ,-Z_;L—i-l)t:() - (07 07 0)7
where :

F, = — div(¢"u") — Aq® — div(u?),

K 7 n
G == (u")".Vu" + V(—=|Vp"?) - V(”(p’; Ndiva® + V(C(/; )\ divur

| X@)Vprdiver (4 V) i (") V" [ o
T Thgn o ()

L (") + TP (0] Vg _Auo+div<u(p )Wo>

14 g™ 1+q»
Vo3 A n
# 9 (ML ) )49 (5 () A,
1+ g™
Hy = V(5 ) VO (") - TP gy — (i wgn 4 2oz V2

— Ay + div( i‘ifql v6°).

1) First Step , Uniform Bound

Let ¢ be a small parameter and choose T small enough so that in using the estimate of

the heat equation stated in proposition 3.5 we have :

0 0 0
] + + <
( ) ” HL%(B%) ”u HL%(B%jq) ”q HL%(B%+2) SN
© 0 0 0
7|~ + - 4+ ~ < Ap.
H HL%"(B%*Q) Hu HL%O(BlQV-A) Hq HL%"(B%) = Ag
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We are going to show by induction that :
(PTL) ||(q_n7an77n)||FT é €.

As (o, o, 7o) = (0,0,0) the result is true for n = 0. We suppose now (P,,) true and we are
going to show (Pj41).
To begin with we are going to show that 1+ ¢" is positive. Using the fact that B T L™

and that we take £ small enough, we have for ¢ € [0,7T] :

14" = ol omyseny S Iiva®ll, o i@ ), oy + vl
T T T

< n—1, n—1

S 2+,
and :
n—1, n—1 n—1 n—1 n—1 n—1

< .
7= sy S 187 e 0y ey 187 g i [
Hence :

1" — qoll oo (0,7 xmN) < C1(2e + (Ao + €)e).

Finally we thus have :

11+ qoll Lo 0,7y xmY) — 14" — ol oo (0,1 xmY) < 1+ 4" < [T+ goll Lo (0,7) xR
+ 11g" — qoll Lo (0,7) xRN
whence if € is small enough :
o c1ygr <y loolze
2p p
In order to bound (¢", 4", 7") in Fr, we shall use proposition 5.12. For that we must check

that the different hypotheses of this proposition adapted to our system (IN7) are satisfied,

so we study the following terms :

7 ‘3 '3
g = M) S0 = K(py), d" = x(p")
In using (P,,) and by continuity of x and the fact that p is positive on [,5 (1 + min(qo)) -
o, p(1+ max(qo)) + ], we have :

1(p")

0<c <a™ =
1< 1+

<M.

We proceed similarly for the others terms.
Next, notice that :

n 1(p") _ n
n ¢(p") _ n
HVC"HZQT(B% < C”qn|’pT<B%+1> .

95



To end on our hypotheses we have to control d¢¢™ in norm || - HL%(UX,). As BY < L, it

actually suffices to bound ||8tc"||L1 &Yy We have :
T

Q" = K'(p")0iq" = K (p")(div(q" 'u"™") — div(u")) .
And we have in using the propositions 3.6 and 3.7 :

1K (o) (div(g" ") — div(u™)| < |IK (p™)div(g" umY)||

Z302 ) 1Y)
I () diva)]
n n—1, n—1
S 107 e gy N )+ 170, )
n n—1 n—1
S U 10 e e 0y gy, 187 19770
n—1 n—1
g gt 107 g )
We now use proposition 5.11 to get the bound on 7", so we obtain in taking 7 = % —
x(p")
n <
n
AT )
So we need to bound d" in L%O(B%) :
mn
IVl gty < €l

Now we show by induction (P,+1). Finally, applying the estimates of propositions 5.12 and
5.11, we conclude that :

”(q—n-i-l7an+177_-n+l)”FT(l - C(HanHL%(B—JQ\i+1) + ”bn”L%(B—IQYJrl) + chHL%(BJQV'+1)
(5.44)
1, 00, ) € NV Fw Gl s, + Il

Bounding the right-hand side may be done by applying propositions 3.6 and 3.7. For

instance, we have :
. .0 0
1Enll Ly garey < ldiv(g"u™)l o1 (gavzy + ldive”| o (gryzy + 1AG | L1 ey
Since :
||U"qn||L1T(BN/2+1) S ||<]"||L39(BN/2)||Un||LgF(BN/2+1) + ||qn||L2T(BN/2+1)HunHLQT(LOO)a

we can conclude that :
1Full Ly ey < C(Ao + e+ vE)?
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Next we want to control the different terms of G,,. According to propositions 3.6 and 5.12,

we have :

n\* n <
[[(u")*.Vu HLIT(B_QMJ) ~ HunHL%O(B‘IQ\l”)HunHLlT(BlQV"H)

!

V(221902 L SIL@Ill o+ (90l
9 Pn L’}‘(B771) ~ q Pn L%(BT) Pn L%(B7)

< n|2 2
<1+ ||q HL%O )Hq IILQ(BTH).

After we have :

P ) w(p™ =
IV vl oy S vl g IV =20y
< Ol o '] 3,

IV, ) <l

n
After we study the term coming from div(D) :

X (p")Vpdiv(u®)

S IL(Vo" A )] o) + 90" v, Ly

< n mn
S U 0 e it Iy o 17 e
We proceed similarly for the following term :

(du™ + Vur)p (p")Vp"
1+qm ’

Next we study the last terms :

[Po(p™) + TPy (p")]Vg" S g
1= 1+q$ s (1) S IE@OVE N, gy T IE@TVE, oy
TV gy
< n||2 n n n
< Tlg HL%O(B%)H\T HLQT(Bgfl)Hq HLQT(BgH)(H”q ”L;s(B%))’
Py . )
EalGRIt %1, < OU o, + DIT" Ny

laiv(ZC) g0y

<
LSV, gy S (4 0]

0
S 5

We proceed similarly with the other terms :

— AP, v<fgf7;ldiv(u0)>, V(K (p™)Ad).
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. We obtain :

Let us estimate now ”H"”L;(B%*%
1 n T n qn n
IV () Oy g S KV )90y ey
q" n
OV, v

< n n n

We have after these last two terms :

(L v, e SIK @A, s+ K@) KT v, s
" ¥z ~IAW LY )% Lh(B2 )
n 4 n
+ ”Kl(T )leU HL%(B%72)’
with K and K regular in sense of the proposition 3.7 and :
NN Jixr0 M < n "
| K (¢™)divu HL%F(B%,Q) STl ”L;O(B%)Hu ”L%O(B%—l) )
NN Jixrp T n "
||K1(T )dlvu ||L%(BN/2—2) 5 HT HL?FO(B%*Z)HU HL%F(B%H) )
so finally :
ERES D) < (Tllg" " !
IRl o) S I, + 177 o) I 8
n n n
I e ) 1T e ) 1y
and, since N > 3 :
n n < n n
|u". V6 HLlT(B%*Z) < [lu IIL%O(Bgfl)IIG ||L1T(Bg),
n . n < n|2
[Vu™ : Vu HLlT(B%*Q) < HL%(B%).

We obtain in using (5.44) and the different previous inequalities :
(@415 Ty 1, Tng1) || (1 = O2vE(Ag + VE)) < Cr(e(Ag + Ve)? + T(Ag + VE)).

In taking 7' and ¢ small enough we have (P,1), so we have shown by induction that
(¢",u™,T™) is bounded in Fp.

Second Step : Convergence of the sequence

We will show that (¢",u™,7") is a Cauchy sequence in the Banach space Frp, hence

converges to some (q,u,7) € Fr.

Let :
oq" = q"Jrl —q", ou" = vt — um, 0T" = L
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The system verified by (d¢™, du™,67"™) reads :

0:6q¢" + divou"™ = F,, — F,_1,

Oou" — div (%vw) —V <<(p'fl") div(éu“)) V(K (p")ASG") =

Gn - Gn—l + G/n - G;@—lv

8,6T" — div < ffqzl v57n> = H,— Hyy + H, — H,_,,

5¢"(0) =0, 6u™(0) = 0, 6T™(0) = 0,

where we define :

G, = —div((U) )Gty (1 (o) — K(p) g™

pn+1 pr
() i),
Tn the same way we have :
H, — div(( X" x(e") ey

L+gmtl 14¢7

Applying propositions 5.11, 5.12, and using (P,,), we get :
154", 6u™, 6T ™)l < CIFw = Frctllpy ey + 1Gn = Gy + Gy, = Gl g (svreny
+ || Hy, — Hy_y + H, — H;—1||L1T(BN/272))7
And by the same type of estimates as before, we get :
1(3q", 6u™, 6T™)|[py < CVE(L+ Ag)?[[(6¢™F, 5u™ 1, 6T 1)y

So in taking € enough small we have that (¢",u",7") is Cauchy sequence, so the limit
(q,u,7T) is in Fp and we verify easily that this is a solution of the system.
Third step : Uniqueness

Suppose that (g1, u1,77) and (g2, uz, 72) are solutions with the same initial conditions,
and (q1,u1,77) corresponds to the previous solution.

Assume moreover that we have :
lqu(t)||z < o, VEe€[0,T].

We set then :
0¢=q2—qu, ou=1uz —u1, 07T =To —Th.
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The triplet (dq, du,d7T) satisfies the following system :

0:0q + divou = Fy — F,

Orou — div(%vau) _ v(%dwu)) V(K (p2)ASq) = Gy — Gy + G

00T — div(%VéT) =Hy,— H +H,
2

5q(0) =0, du(0) =0, 67(0) =0

with :

3 v<(C(P2) N <(p1))div(u1)>,

P2 P1
’ . X(P2) X(Pl)
— - .
H —dlv<(1 » 1 ql)VHQ

Let T the largest time such that : [@2]l oo ((0,7)xmY < v As g2 € C([0,T7; BN/?), we have
by continuity 0 < T < T.

We are going to work on the interval [0,7}] with 0 < Ty < T and we use the proposition
5.12, so we obtain in using the same type of estimates than in the part on the contraction :

1(6g, 6u, 6T)|| _y < Z(T)||(0q,0u,6T)|| _x

ﬁT FT2
with Z(T) —7_0 0.
We have then for 77 small enough : (dqg, éu,07 ) = (0,0,0) on [0,7}] and by connectivity

we finally conclude that :

q1=q2, w1 =uz, Ty =T on [0,T].

Proof of the theorem 2.5

In the special case N = 2, we need to take more regular initial data for the same rea-
sons as in theorem 2.2. Indeed some terms like W(f)divu or u*.V6 can’t be controlled
without more regularity.

The proof is similar to the previous proof of theorem 2.4 except that we have changed the
functional space Fr(2), in which the fixed point theorem is going to be applied. As we
explain above we can use the paraproduct because we have more regularity, so we just see
the term ©*.V#. The other terms and the details are left to the reader.

We then have :

1™ VOl ) Goravery STy goaser 1l oo o)
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5.3 Local existence theorem in the general case

Now we suppose that all the coefficients depend on the temperature and on the density,
and that conditions (C') and (D) are satisfied with strict inequalities.
One of the problem in the general case is the control of the L* norm of the temperature
f in order to have control on the non linear terms where the physical coefficients appear.
Indeed in the theorem of composition we need to control the norm L°.
So we must impose that 0y is in B 7 to hope a L control. And in consequence the others

initial data have to be also more regular.
Proof of theorem 2.6 :

We proceed exactly like in theorem 2.4 except that we ask more regularity for the ini-
tial data. We define then :

"=+ =+ @, T =T+ T" and 0" =T" + 7T

where (¢°,u", 7°) stands for the solution of :

0id° — Ag” =0,
ou® — Aul =0,
0,T° — ATY =0,

supplemented with initial data :

¢°(0) = qo , u®(0) = ug , 6°(0) = b,

Let (Gn, Un,0y) be the solution of the following system :

oG 4 div(@a" ™) = F,

7

a,am ! — div<%vi—bn+l> v <%div(ﬂ”+l)> —V(k(pM)AF) = Gy,

o7 — i [ X i) _
14qgn

(q—n—i-l’ ﬂn+17 Tn+1)t=0 = (07 07 0)
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where :
F, = — div(g"u") — A¢® — div(u®),

K’n n Aon n An
G =~ (") T+ V (~L [V P) - v(%)amn T v(%)divun
A (p™, 0"V pdivu™  (du™ 4 Vu™) )y (p", 0™)V p"
+ +
14 qn 1+ gn

)\2(/) , 0™V divu™ N (du™ + Vu™) (o™, ™) VO™
1+4q" 1+4q"
L [Re") + TPV [ Pi(p")
1+ qm pn¢’ (Tn)

]V@"

(o™, 0m) p(p"™) + A(p") .. n
— Al + d1v<WVu0> +V <de(uo)> +V (k(p")AG"),

TP, D" :Vu"
).V x(p", 0") — p )dl vu" — (u")*.Vo" + D7 Vun

Hn :V —_—
(1+q" p" p"

TL ’ﬂ)

— Afy+ div(%veo).

1) First Step , Uniform Bound

Let € be a small positive parameter and choose 7' small enough so that in using the

estimate of the proposition 3.5 we have :

0 0
1700, 8 on) + I

7 L, B‘T”

(He)
I17°0.

0
- " "

N
2

)

After we are going to show by induction that :

(P”) ||((jn,'L_Ln,,j;L)||FT S €.

As (qo, 1ip, To) = (0,0, 0) the result is true for (Py). We suppose now (P,,) true and we are
going to show (Pj41).
To begin with we are going to show that 1+¢" is positive. In using the fact that B> < L™

and that we can take £ enough small, we have for t € [0,T] :

14" = qoll oo 0.y xrvy < Cr(lldiv(@)|, . x +Hd1v( n—lyn=1y)|

LL.(BY)
+ ||div(u?)

Lk (B
1 N )’
L (B7)
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and by induction hypothesis (Pn_l) :

N+1) §\/T‘|qn_l||

n—lun—luL1 54
T

N g

||q L2 (B_IQY+1)

+VT "

L2 (BY)

|

L2 (B'TH | Lm(B%)’

thus :
4" — qoll Lo (0,1 xRNy < CIVT(2e + (Ag +€)e).

Finally we have :
11+ qoll Lo 0,7y xrY) = 14" = ol Loo (0, 1y xRN < 1+ 4" <1+ qoll Loo((0,7) xrN)
+11g" = qoll oo (0,7) xRN Y

£ <14 "<1+HPOUL°°

%
So we have shown that :

(*) llg" | e < 240

and that p” is bounded away from 0.

To verify the uniform bound we use the propositions 5.11 and 5.12. For that we have

to verify the different hypotheses of these propositions, so that we study the following

x(p",0")
1+4+qg"

terms :

n M0, (0, n
=5 o b = T = K n) o d =
¢ I+q7 1+ q" ¢ (pn)

In using (P,) and by continuity of p and the fact that p is positive on [p(1 + min(¢%)) —
a, p(1 + max(q°)) + a] x [#(1 + min(7?)) — a, p(1 + max(7°)) + o], we have :

7#(/)”,9") <M.

0<c <a™ =
b= I+q¢™ —

We proceed similarly to verify the bounds of the other terms.

After we use the proposition 3.6 and the fact that ¢" is bounded. We get :

Va"||;

S +I7"

I2.(8%) L2(BY 1342 ACERON
HVanL2 B'Q' < an”EQT(B-IQ\lJrl,—JQ\iJrz) + HTn”EQT(B—IQYH) :
Ve ) S 16 g 00300

N
2

Next we want to estimate 9;c" in L1.(B2). For that, we use the fact that :

o = K'(p)dhq" = K (p")(div(g" ) = div(u™)
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And we have :

1K (p) (div (g™ u" ) = div(u™))]|

byt < K @,
I (v,
S U107 e Dy ) 180 ),
0 YUy vy 08 1y
1" gy 1 )

L2(BY)

Now we want to show (P,+1) by induction and in this goal we will apply the estimates
of proposition 5.11 and proposition 5.12. This is possible as we have verified above the

validity of the hypotheses. We obtain :

n+l —ntl Fntl n " "
@t @ T ey (U= Ol gy + I8l ey + 1%
(5.45)
+ ”dnHL2 (B_Q_ + ||0ye nHLl (B‘JQ\L))) < H(VF"’G")HL%F(B'JQ\L) + ”Hn”LTlF(B_IQ\L) .

We want to control now the part on the right-hand side of (5.45), for this we do like

previously in using proposition 3.6. We have :

< : n, n 0
1Bl g ony < "0y o, + VGO, e+ I8N, e
with :
T o L PR i OO (7 S

il

<Ilg"

n
L (B BYF+ [|u L%F(Bﬂm)“‘ﬁ”q ||L2 (BN+1 2+2)||u ||L,%O(B%)‘

One ends up with :

1Enll

Next we want to control the dlﬁerent terms of GG,,. We have :

nyx* n n "
I vl ) < VT |u | ¥ 10" W (g3 1)

!

K »
19 (ZE 1900 ), 3, < VIS

L L%—?(B_JQV_+1 )Hq HL2 B—2—+2)

After we have :

IV vl vy < g e (VTN i + 1T )
We treat similarly the term :
V0 971
\% <7C(Pp; ) > divu™.



Next we study the term :
N (p", 0™V p"div(u®)

| | S (T llg"l

1_|_qn L%«(B_JQ\L) ~ LOO(B_Q_ )\/—Hu H +1)Hq HL%O(B—IQYJA) N
We proceed similarly for the following term :
(du™ + Vur) (p", 0™)V p"
14 qgm
Next we have :
[Po(p™) + T"P{(p")]V "
|t s ¥y S TIE e 17
q T(37 L 37 LBz
FTIT ) 1 v, (L1471 )
Py(p")
— v < (VT (||lg" + |7
FVIIT ) 10 e T )
(™0 o n 0
i (2T ) S (071, + 1T VI, e
100y gy (VI oy 177 )

We proceed similarly with the other terms :
V0 HTL
— AP, V<C(1p+7’qn)div(u0)>, V(k(p™)AG).

After we want to estimate the term ||H"|| y .. So we have :

Ly (BZ)
IV () VO DI, ) S (LI ) + 1T )
VTN 3oy 1T 0
We have after these last terms :
IR, ) S VT, + 177 (I e )
<l

and :

098", iy < VIl 1T

[Vu™: V| <,

LhB% L2(B7)
we obtain in using (5.45), the hypothesw of recurrence to the state n and the previous

inequalities :

1(@nt1s Tt Tng1) ||y (1 — C2v/E(Ag + VE) < Ci(e(Ag + vE): + T(Ag + V7).
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In taking 7" and e small enough we have (P,41), so (¢",u",7") is bounded in Fr. To
conclude we proceed like in the proof of theorem 2.4 and we show in the same way that
(", u™, T™) is a Cauchy sequence in Fr, hence converges to some (q,u, 7 ) in Fr. We verify
after that (p,u,0) is a solution of the system.

Uniqueness :

We compare the difference between two solutions with the same initial data and we use
essentially the same type of estimates than in the part on contraction. The details are left

to the reader.

6 Appendix

This part consists in one commutator lemma which enables us to conclude in proposition
5.12. Moreover we give the proof of proposition 3.7 on the composition of function in hybrid
spaces adapted from Bahouri-Chemin in [2].

N
2

Lemma 1. Let 0 < s < 1. Suppose that A € E%(B 1Y and B € E%(B%_Hs). Then we

have the following result :

“uN 14
0414, ABll gy 12 < Cai " E AN, Ly 18]

~ N .
L2,(B2 1'%

with Y ey = 1.

Proof :

We have the following decomposition :
uv = Tyv + T;u

where : T,v =3 ;7 Si—1ulAw and : T{,u = ez Si+20Au.

We then have :
OklA, A|B = 04 Th,pA — AT A + [Ta, AJORB + Ty aA B — ATy AB.  (6.46)

From now on, we will denote by (¢;);ez a sequence such that :

ch <1.

leZ

Now we are going to treat each term of (6.46). According to the properties of quasi-

orthogonality and the definition of 7" we have :

OTapA= Y Ok(Sms2lBALA).

m>1—2
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Next, in using Bernstein inequalities, we have :
”3kTAlBAHL1T(L2) S Z 2mHAlB”L2T(L°°)”AmAHL%(LQ)
m>1—2

N —mN o om( N
<2FABl e 3 2 F )AL Al g2)
m>1—2

— — S N _ S m N
<2 I(N/2—-1+ )(2l(2 1+ )”AIBHL%(L%) Z (2 (2+1)”AmA”L2T(L2))

m>1—2

< cl2—l(N/2—1+5)HBHL%(B%AH)HA”ZQT(B%“).

Next, we will use the classic estimates on the paraproduct to bound the second term of the
right-hand side of (6.46). We obtain then :

IT5Al =~ 1Al

N N N .
LBz 2Bzt 2 (BTt

After in using the spectral localization we have :
/ l /
1Ok A TR Al L1 (12) S 2 N1ATBA| L (12)

(N1
Sa27'z +S)HB”E2T(B%71+S)HAHpT(B%ﬂ)'

According to the properties of orthogonality of Littlewood-Payley decomposition we have :

[Ta, AJOkB = Y [Sm14, AJARB .

m—1]<4

In applying Taylor formula, we obtain for 2 € RV :
1
Sc1 4, 8080 B(@) =27 [ [ )08 VA — 271 1) Bl 2 y)drdy
RN Jo

By an inequality of convolution we have :

1[Sm-14, A A Bl 2 < 27 VAl oo | A8k Bl 2 -

So we get :

N 14
I1Tas AR Bll 1,12y S 2”271 )HVAHL%(LOO)HBHE%(B%

71+5) *

Finally we have :

Ty aDB= > Sn 10:AMNA,B.
li—m|<4
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Hence :
[To,aABl| 1112y < 10k All 2. (Lo<) 1A Bl 12,12 -

And the classic estimates on the paraproduct give :

N
|1 To, a0 B] S a2 Tl
T

L%(B—JQ\I—fl) B—JQV—)”BHE%(B—JQV—71+.5) .

The proof is complete. O
Proof of proposition 3.7 :

To show (i) we use “first linéarisation” method introduced by Y.Meyer in [24], which

amounts to write that :

Fluy,ug, - ug) = Y (F(Spraun, -+, Spraug) — F(Spur, -+, Sptia)).
PEZL

According to Taylor formula, we have :

F(Spirut, -+ Spprtig) — F(Spur, -+, Spug) = mpul + -+ + mZuZ

with uf = Apu; and
' 1
m; = / 8ZF(SP'LL1 + Sull), e ,Spui + S'LL;,?, o 7Spud + Sufl)ds‘
0
Observe that :
||z < IVF| .

We have :
ApF(ul,UQ,"' JUg) = All,—i—Al%

where we have decomposed the sum into two parts :

A =% (Ap(ug!m;) +o Ap(ugm;)>,

q2p
RS <Ap<ugm;> - Ap<ugm;>>.
g<p—-1
Now we bound ||A1(,1) ||L%(Lp) in this way :

|’A§71)“L§(LP) < Z (HU?HLPT(LP)HméHL%O(Loo) + HUZHL;(LP)Hmcl,HLOTO(Loo))
q=>p

< Z: ”VF”LC’Oz_qSCq(”Ul”E;(Bg) +o+ HudHZPT(B;))
a=p
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with (c,) € 11(Z).

Therefore, since s > 0 :

> 2 AD | e ey < CIVF [z ([Jualiz oy T T luallze ss)-
PEZL

To bound HAg) I L2(Lv) We use the fact that the support of the Fourier transform of AI(,Z)

is included in the shell 2PC, so that according to Bernstein inequality :

||A e p.(rr) < Z (HAp(U(fmé)HLPT(Lp) +tooet HAP(ugmé)HL”T(LP)),
q<p—1

<Collsl) Z (Ha[s}—i_l(u({mé)HL?(LP) 4o ||8[s}+1(u§m;)\|LpT(Lp)).
q<p—1

Moreover we have according to Faa-di-Bruno formula :

Fmi —/ Afl,,,lmFmJrl u) + suf) Haln u) + su?))ds.
0 4. +lm_k I #0

Hence we get for all k € N :
||8kmf;||L§9(Loo) < Cy, 12

‘We have then :

IIAI(,Z)HL;(LP) < g2p(sl+D) ;1cq2q(—s+[s}+l)0u1,,,7ud(||u1HZ%(B;) 4t ||ud||Z;(B;;))'
qsp—

Hence the result :
%21)8“A§12)”L;(LP) < Culy“‘vud(“ul“Z%(B;) +oo ”ud”Zg(Bg))'
pe

So the first part of the proof is complete.

For proving (ii) we proceed in the same way as before. We get :

u) = Z Mgy

qEZ
And we have for p > 0 :
ApF(u) = A+ A2

SO

/ —
1A ze 22y < D IF (22 P2eqllulize (gory
q>p
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Hence in using convolution inequality :
S22 g z) < Ol ool zp (oo
p>0

After we get for all s >0 :

A7z 12y < C27PEHFD N0 (mgug) | 1o 12,
q<p—1

< ¢2—plsl+1) Z 2q([8}+1—s(q))cq||uq‘|zp (ot
g<p—1 !

)

with s(q) = s1 or so.

So we obtain :

Z ops2 HA?)HL;(B) < Z 9—p([s]+1-s2) Z cng([s}ﬂ—sl) HUHE%(ESI’52)

250 p>0 q<0 (6.47)
+y 2t R T e 2t |, -

We have to choose s, so for the first term of (6.47) we just need that : [s] +1 — s > 0 and
[s] +1—s1 > 0 and for the second term of (6.47) we just have a inequality of convolution.

So we can take s = 1 + max(si, s2).

We do the same for p < 0 and we have :

D2 Al 12y D2 Y NE e 2 gl o e

p<0 p<0 q=>p
/ —
D02 S F 27 el o o
p<0 p<q<0

We conclude by a inequality of convolution.
And for the term Az% we get :

Z 9Ps1 HA?)HZ,P(LQ) < Z 9—p([s]+1-s1) Z CqQII([S}—H—sO ||UHZP(§51,52).

p<0 p<0 q<p—1

For proving (iii) and (iv), one just has to use the following identity :
1
Go) ~ Glw) = (v =) [ H(u+ 70 = w))dr + G (0)(0— )
0

where H(w) = G’ (w) — G'(0), and we conclude by using (i), (ii) and proposition 3.6. O
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7 Annex : Notations of differential calculus

If f: R" - R, we denote :

"9
af =) 8;:@2- = 0, fdx;
i=1

with the summation convention on repeated indices and the simplified notation :

_9f
8Zf_ 8$Z

The vector field associated to the differential df is noted V f,

_of 0

Let f: R™ — R™. Let denote f; the ¢ th component of f, and :

(df)ij = 0;fi
By analogy with the case of the scalar, we denote :
Vi=df)", so(Vf)ij=0ifj

The curl of f is given by :
(curlf)i; = 0if; — 0;fi.
The divergence of the vector field f is given by :
div f = trdf = 0;f;.
If A: R" — R™ ", with coefficients a; j,we set :
. . . 0
(div A); = 0sa;; , divA = div(As—) dx;.
8:Ej

In particular, for f scalar, we have :

div(fI) = df.

And finally we set :

A:B= ambm .
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Chapitre 3

Existence of solutions for
compressible fluid models of

Korteweg type

This chapter is devoted to proving existence of global weak solutions for a general
isothermal model of capillary fluids derived by J.E Dunn and J.Serrin (1985) [5], which
can be used as a phase transition model.

We distinguish two cases when the dimension N =2 and N = 1, in the first case we need

that % € L°°, when N =1 we get a weak solution in finite time in the energy space.

1 Introduction

1.1 Derivation of Korteweg model

We are concerned with compressible fluids endowed with internal capillarity. The model
we consider originates from the XIXth century work by van der Waals and Korteweg [10]
and was actually derived in its modern form in the 1980s using the second gradient theory,
see for instance [9, 16].
Korteweg-type models are based on an extended version of nonequilibrium thermodyna-
mics, which assumes that the energy of the fluid not only depends on standard variables
but also on the gradient of the density.
The model derives from a Cahn-Hilliard like free energy (see the pioneering work by
J.E.Dunn and J.Serrin in [5] and also in [1, 3, 6]), the conservation of mass reads :
gp + div(pu) =0,

ot (1.1)

%(pu) + div(pu ® u) — pAu — (A + p)Vdivu + VP(p) = kpV Ap,

and :
uw>0 and 2u+ >0
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where p represents the density, u € R the velocity, P is a general pressure, p, A are the
coefficients of viscosity and k the coefficient of capillarity. The term kpV Ap corresponds to
the capillarity term and allows to describe the variation of density in the interfaces between
two phases.

One can now rewrite pVAp in the following form to understand the difficulty of the non

linear terms in distribution sense :

kVAp = divK,
. o ) ) (1.2)
with K;; = §(Ap —|Vp )5i,j — I{aipajp.

One can recall the classical energy inequality for the Korteweg system. Let p > 0 be a

constant reference density, and let II be defined by :

/ !

so that P(s) = sII (s) —II(s), IT (p) = 0 and :

OI1(p) + div(ull(p)) + P(p)div(u) = 0 in D'((0,T) x RY).

Notice that II is convex as far as P is non decreasing (since P'(s) = sII' (s)), which is
the case for y-type pressure laws or for Van der Waals law above the critical temperature.

Multiplying the equation of momentum conservation in the system (1.1) by pu and inte-

grating by parts over RY, we obtain the following estimate :

/RN (%pW + (I(p) — (p)) + g\Vp\z)(t)da: + 2/0 /RN (2uD(u) : D(u)

2
o) < [ (0 @) - 16) + 519 . )
RN
We will note in the sequel :
&) = [ | (GoluP + (o) ~11p) + 5 19) (), (14

It follows that assuming that the initial total energy is finite :

€ = / (9L 4 (11(p0) 1)) + E1W o) < +oc
RN 2p 2 ’

then we have the a priori bounds :
M(p) — TI(p), and pluf? € L}(0, 00, L'(RY)),
Vp € L™(0,00, LX(RM)N, and Vu e L2(0, 00, RV
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In the sequel, we aim at solving the problem of global existence of weak solution for the
system (1.1). Assuming that we dispose from a smooth approximates sequel (py, Uy )nen of
system (1.1), one can remark easily that it is difficult to pass to the limit in the quadratic
term Vp, ® Vp,, which belongs to L>(L'). According to the classical theorems on weak
topology, Vp, ® Vp, converges up to extraction to a measure v, the difficulty is to prove
that v = Vp ® Vp where p is a limit of the sequence (p,,)nen in appropriate space.
Another difficulty in compressible fluid mechanics is to deal with the vacuum and we will
see that this problem does appear in the model of Korteweg, when estimating Vp. As a
matter of fact, the existence of global solution in time for the model of Korteweg is still an
open problem.

The first ones to have studied the problem, are R. Danchin and B. Desjardins in [4]. They
showed that if we take initial data close to a stable equilibrium in the energy space and
assume that we control the vacuum and the norm L of the density p, then we get some
weak solution globally in time. Controlling the vacuum amounts to bounding % in L.
Recently D. Bresch, B. Desjardins and C-K. Lin in [2] got some global weak solutions for
the isotherm Korteweg model with some specific viscosity coefficients. In effect, they as-
sume that p(p) = Cp with C > 0 and A(p) = 0. In choosing these specific coefficients they
can get a gain of derivative on the density p and obtain an estimate for p in L2(H?). It
is easy now with this type of estimate on p to pass to the limit in the term of capillarity.
However a new difficulty appears with the loss of information on the velocity u and it be-
comes difficult to pass to the limit in the term pu ® u. Hence the solutions of D. Bresch, B.
Desjardins and C-K. Lin require some specific test functions which depend on the density

p. Indeed the loss of information is on the vacuum.

Our result is in the same spirit as the one by Danchin and Desjardins : we want to improve
the energy inequality which allows a gain of derivative on the density p. We show that we
don’t need to control p in L*° norm to get global weak solution. However the control of
the vacuum seems necessary.

In section 2 we recall some definitions on the Orlicz space and some energy inequality on
the system in these spaces. In section 3 we show a theorem on the global existence of weak
solutions in dimension two under some conditions which amount to controlling the vacuum.
In the last section we investigate the case of the dimension one, and we get a theorem of
local existence of solution in the energy space and a result of global existence with small

initial data.

2 Classical a priori estimates and Orlicz spaces

2.1 Classical a priori estimates

We first want to explain how it is possible to obtain natural a priori bounds which

correspond to energy when the density is close to a constant state.
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We first rewrite the mass equation in using renormalized solutions, and the momentum
equation. We get the following formal identities :

1 0 _ _ .
m&(ﬂy — 0 =" (p— p)) + div[u

! (7 =7 )] =u V(")

0 |ul® Jul?

2.5
p§7+pu'VT—,uAu-u—ﬁVdivu'u—l—au-Vp'y:/-ﬂpu-VAp, (2:5)

where we note : £ = u+ A.

Therefore we find in summing the two equalities of (2.5) :

a _ v . ary _
e LG S A i 'p)] + le[U(7 (0" =p"""p)

2
+ P%)] — pAu-u—EVdivu - u = kpVAp - u. (26)

Notation 2. In the sequel we will note :

Jv(p) =p"+(y=1)p" =" "p.

We may then integrate in space the equality (2.6) and we get :
[u>  a
(pT + o 137( p) + k|Vp|*)(t, z)dx +,u ds |Du| dx
2
—1-5/ ds/ |divu|®dx </ (,00% + ﬁ]'y(po) +/€|V,00|2)(x) dx.

Notation 3. In the sequel we will note :

a y—
0= [ B+ I+ (= D7 =29+ VAP )

2
uo a —
fﬂ:/ (polol 2' + (0 + (v = )7 = 70" po)da
RN ’7—1

We now want to estimate this quantity j,(p) and in this goal we recall some properties
of Orlicz spaces.

2.2  Orlicz spaces
We begin by describing the Orlicz space in which we will work :

LYRNY = {f € Lo RN) /£l 5125y € LP(RY), flgp15s) € LYRN)}
where 9§ is fixed, § > 0.

First of all, it is not difficult to check that L} does not depend on the choice of § > 0 since

xP

~a is bounded from above and from below on any interval [01, 2] with 0 < 01 < Jy < +00
In particular we deduce that we have :

fEELg(RN) if fELg(]RN) and p, g > e.
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Obviously we get meas{|f| > §} < +oc if f € LE(RY) and thus we have the embedding :
LZ(RN) CLZ}(RN) if 1<q<qg<+oo, 1<p<p;<+oo.

Next, we choose ¥ a convex function on [0, +00) which is equal (or equivalent) to 2P for =

small and to 29 for x large, then we can define the space L} (RY) as follows :

Definition 2.8. We define then the Orlicz space LL(RY) as follows :

LYRY) = {f € L,o(RY)/¥(f) € L'(R™)}.

We can check that Lj(RY) is a linear vector space. Now we endow Lj(R"Y) with a norm

so that L}(RY) is a separable Banach space :

~

[fllzg@ry = inf{t >0/ ¥(3) < 1}

~

We recall now some useful properties of Orlicz spaces.

Proposition 2.13. The following properties hold :

1. Dual space : If p > 1 and q > 1 then (LE(RN)) = LZ, (RN) where ¢ = =1 p = 27

2. L =LP+ L9 if1<q<p<+o0.
3. Composition : Let F be a continuous function on R such that F(0) = 0, F is diffe-
rentiable at 0 and F(t)|t|™ — a # 0 at t — +oco. Then if ¢ >0,

7 (mN N
F(f) € Ly(RY) if f e L{R™).
Now we can recall a theorem on the Orlicz space concerning the inequality of energy
Proposition 2.14. The function j,(p) is in LYRYN) if and only if p— p € L3.
Proof :
On the set {|p — p| < d}, p is bounded from above, since v > 1 we thus deduce that
j~(p) is equivalent to |p — p|? on the set {|p — p| < 6}

Next on the set {|p — p| > 0}, we observe that for some v € (0,1) and C € (1,40c0), we

have :

vlp = pl" < jy(p) < Clp—pl".

Link with our energy estimate
We recall the definition of the fractional derivative operator A® :

Definition 2.9. We define the operator A* as follows :
Aof=lelf
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We recall now some useful results, we start with a proposition coming from the theorem

of interpolation by Riesz-Thorin.

Proposition 2.15. The Fourier transform is continuous from LP in LT with p € [1,2],
q € [2,+00] and :

-+ -=1
p q

We recall the definition of homogeneous Sobolev space.

Definition 2.10. Let s € R. f is in the homogeneous space H if :
€1°f € L*®Y).

Proposition 2.16. Let f € H® with s >0 and f € LP + L? with 1 < p < 2. Then f € L2.

Proof :

Indeed we have as f € H* :
| eI e < oo
RN

SO fl{\fl>1} c L2(RN). And as f = fi + fo with f; € LP(RY) and f, € L. In using the
Riesz-Thorin theorem, we know that f; € LY(RY) with % + % = 1.

As ¢ > 2 we then have fl{\f\ﬂ} € L2(RY). This concludes the proof. O

According to the above theorem and our energy estimate we get that for all T € R,
p—p e L(0,T; L}(RY)).

Remark 3. We have then in using previous properties on Orlicz spaces and (2.7) :
— if v > 2 then LY(RY) — L2(RY) and so p — p € L®(H'(RY)).
— if v < 2 then following the proposition 2.16 and the fact that L] = LY + L? we get
p—p € L(H'(RY)).

We can now explain what we mean by weak solution of problem (1.1) in dimension
N =1,2.
Definition 2.11. Let the couple (po,uo) satisfy;

1. po € L3(RN), Vpo € L*(RY) and - € L>(RY).

2. poluol® € L' (RY)

3. pouy = 0 whenever z € {py = 0},
We have the following definition :

— A couple (p,u) is called a weak solution of problem (1.1) on I x RN with I an interval

of R if :
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— p € L®(LI(RN)), Vp € L®(L2(RY)), pp € L2(H™(RYN)) Va €]0,1], and Yy €
CS(RY).
~ 5 € L®((0, +00) x RY).
- Vu € L2(L2(RN)), plu? € L*=(LY).
~ Mass equation holds in D' (I x RN).
— Momentum equation holds in D (I x RN)N.
- lim,_,g+ fRN p(t)p = f]RN poy, Yo € D(RY),
- limy, g+ fRN pu(t) - ¢ = f]RN (pu)o - ¢, Yo € DRM)V,
— The quantity &) is finite and inequality (2.7) holds a.e in I.

3 Existence of global weak solutions for N = 2

3.1 Gain of derivability in the case N =2

In the following theorem we are interested by getting a gain of derivative on the density

p. This will enable us to treat in distribution sense the quadratic term Vp ® Vp.

Theorem 3.7. Let N =2 and (p,u) be a smooth approzimate solution of the system (1.1)
such that 71) € L>®((0,T) x RY). Then there exists a constant n > 0 depending only on the

constant intervening in the Sobolev embedding such that if :

IVeollpzm2) + [[vPoluol || 2 2y + 1175 (po)llLr < n
then we get for all ¢ € C(RY) :
H(pp2HL%(H1+%)SM with 0 <s <2,

where M depends only on the initial conditions data, on T, on @, on s and on ||%HL<><>.

Remark 4. In fact instead of supposing that %, we can just assume that Vlog p € L>(L?).
This will imply that p will be a weight of Muckenhoupt.

Remark 5. In the sequel the notation of space follows those by Runst, Sickel in [14].
Proof of theorem 3.7 :
Our goal is to get a gain of derivative on the density in using energy inequalities and

in taking advantage of the term of capillarity. We need to localize the argument to control

the low frequencies. Let ¢ € C5°(RY) and we have then :
Opdiv(ppu)+0;,(ppuiuj) — (A +2p) Alpdivu) + A(eP(p))

. (3.8)
= 58 (Alpr?) = ¢l Vpl*) = 507 (£0:(p)0;(p) + Ry
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with :

0 .
o —(pu - V) + (05, 50) puiu; + 203 0;(pujuj) — (21 + X)) Aedivu

—2(2u+ NV - Vdivu + Apap” +2aVe - V(p7) — gAgo(Apz —|Vp?)

Ry =

— KV - V(Ap? — |Vp?) + /ﬁ(@fjgo)&p(‘)]p + 26050 0;(0;pdp) — KA(Vp - Vp?)
K
- §A(P2ASD)-

We can apply to the momentum equation the operator A~!'(A)~ldiv in order to make

appear a term in Ap? coming from the capillarity. Then we obtain :

K K, _ _ 8
§A(90P2) +5A Yo Vp*) + kAT R R (00ip0;p) = —A~ 3ale(<ﬂpu)
(3.9)

+ AT R R (ppuiug) — (21 + M)A (pdivu) + A7 (9P(p)) + A7H(A) 'Ry,
where R; denotes the classical Riesz operator. We multiply now the previous equality by

A5 (pp?) and we integrate on space and in time :

k[T 148 2112 k[T 2 2
s |t Pasde 5 [ [ (09N o dade
2 0 RN 2 0 RN

T

o [ ] SRR 00N (e = [ A (p () (T
0 RN T RN

27]

T
- / A73div(ippo uo) A (g da: — / A-3div(ppu) A+ L (op)dudt

T T
+ (2u+A) / / edivu A®(pp?)dzdt — / / Z R;Rj(ppusu)A*(pp?)dxdt
0o JrN 0 JRN

//RNcpP YA® (pp?) da:dt—i—/ /]RN )R Ascpp)da:dt

Now we want to control the term fOT S |AY*2 (pp?)[2. Before getting in the heart of the

proof we want to rewrite the inequality (3.10) in particular the term :

T
/ A3 div(ppu)*s 2 (o).
RN 8t

In this goal we recall the renormalized equation for ¢p? :

2 (00") + div(ppPu) = —gppdivu 7, (3.11)

with r, = =V - p2u.

So in using the renormalized equation (3.11) we have :
T B T
/ / A73div(ppu) AT = (p?)dadt = —/ A2div(ppu) A (pp*dive)dzdt
RN at 0 RN

T T
—/ A_2div(<ppu)Asdiv(gopzu)d:Edt—I—/ A~3div(ppu)ry
RN 0 RN
(3.12)

121



In combining (3.10) and (3.12) we get :

K T s K T
s [ [ e Pede 5[] (6950 o dade
2Jo Jry 2 Jo Jrw

T
w0 3 R (D0 o it = [ A ep (o) (D)
0o JrRN = RN

—/ A3div(ppo u) AT (p?) dm—/ A_Qdiv(gppu)As(gpp2divu)dxdt

/ A2div(ppu)A*div(pp*u)dzdt + (20 + N) / / odivu A* (¢p?)dzdt (3.13)
RN

/ / ZRR (ppusuy)A* (pp? dxdt—l—/ / p) A8 (p?)dxdt
RN

T \ T
+/ / (A)_lRpAH%(@pZ)dajdt—i—/ A~3div(ppu) AT dadt.
0 RN 0 RN

In order to control fOT Jrn |AY*3(pp?)]?, it suffices to bound all the other terms of (3.13).
Next we will have a control of A1+§(cpp2) and so a gain of 5 derivative on the density.

We start with the the most complicated term which requires a control of % in L*.

1) Ji fan (0 Vp2)A* (0p?) -

By induction we have V(pp?) € L2 (H%) So by Sobolev embedding we get V(pp?) €

L?(LP) with 1 = 5 — 7 (we remark that the case s = 2 is critical for Sobolev embedding) .

Now we have goV,o = v(;ppp )

©Vp € L?(LP) because pVp € L=®(L") forall 1 <r < 4+ooasp—p € LOO(Hl).

We now consider A%(pp?). We have by induction A%(pp?) € L2(H'"2) and A*(¢p?) €
L?(L?) because pp? € L?(L?) which enables us to control the low frequencies of A®(¢p?).
We have then A®(pp?) € L2(H'"2).

Finally by Holder inequality we get ¢|Vp|?A%(pp?) € LL(L'(RY)) because 3 + % + % =
2—|————+4—1::—mdwehave

pVgo and we recall that by hypothesm € L™, so we have

/ /N(cp!VpP)AS(sopz)dxdt S IVollLse ) IV () 2. oy 1V ol | 22,109
0 IR (3.14)

1 s
S H;HL%O(LOO)IIAHQ(sopz)llizT(Lz)IIV,OIIL;O(m)-

We proceed similarly for the term :
T
/ / > RiR;(0;p0;p)A* (pp®)dadlt
0 RN

because we have in following the same lines pd;pd;p € L*(L9) with % = 1— 7 and we have

the Riesz operator which is continuous from LP in LP for 1 < p < +4o00.
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We next study the term [px A™3div(pu) A5 (pp?)(t)dadt.

2) [an A73div(ppu) A (pp?)da
We rewrite the term [px A™3div(pu)A1T(¢p?) on the form :

A-3div(ppw) AT (pp?)da = /R AN div(ppw) A~ (pp?)da

Z/ Ri(ppui) A~ (pp?)d.

1<i<N

RN

As % € L¥(L*>) then we have u € L3°(L?). We recall that p — p € L(H") then ¢p €
L®(LP) for all 1 < p < +00. We deduce that ppu belongs to L®(L?>~? N L) for 8 > 0. So
we have R;(ppu;) € LF (L") for all 1 < r < 2 by continuity of the operator R; from L to
LP when 1 < p < +o0.

Case 1 <s<?2:

Next we have :
V(ep®) = 20pVp + p*Vep

then we get V(¢p?) € L>®(L?>~P), in using the fact that p—p € L (H"') and Sobolev embed-
ding with Holder inequalities. We get then that ¢p? belongs to L°(W,_ 5) = L>®(H}_ 5)
We have then A*~!(pp?) € L™ (Hg:g) By Sobolev embedding we get A*~1(pp?) € L>®(LP)
with % = ﬁ — % = ﬁ + 5 — 1 with 3 small enough to avoid critical embedding.
Finally we get R;(ppu)A~1F5(pp?) € L%F(Ll(RN) Indeed we have 1 TR 1ﬁ = 2ﬁ +5-1<1
in choosing § small enough and % + ﬁ = -1+ 5= ﬁ + 2 > 1 in choosing ( small

1+ﬁ
enough if necessary, we conclude by interpolation.

We have finally :
! A 3div(ppu) AT (pp?) dﬂj“ < M,

with My depending only on the initial data.

Case 0<s<1:

In this case we conclude by interpolation with the previous case. We now want to study

the other terms coming from the renormalised equation (3.11).

3) fo Jpn A72div(pp u)AS (pp?divu)dedt and fo Jpn A72div(pu)A® (div(ep? u))dadt

We start with :

T T
/ A7ldiv(ppu) AT (div(pp® u)) = / div(ppu) A2 (div(pp® u)).
0 RN 0 RN
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Case 1 <s<2:

We have :
div(epu) = u- V(pp) + ppdivu.

By Holder inequalities and Sobolev embedding we get that div(ppu) belongs to L2(L?~7)
for all 8 €]0, 1].

Next we rewrite div(yp?u) on the form :
div(ep? u) = u - V(pp?) + pp*divu.
As previously div(pp?u) is in LZ(L?>7P) for all 8 €]0,1]. Now by Sobolev embedding we

have A*~2div(pp? u) € L4 (LP) with % = ﬁ — 225 with 8 small enough to avoid critical

Sobolev embedding.

We conclude that div(ppu)A*~2(div(ep? u)) is in LL(L) because ﬁ + % = ﬁ — 28 =

ﬁ — 1+ 5 <1 with 8 small enough if necessary and 1 + % > 1, so we obtain the result

by interpolation. Finally we have :

T
‘ / A~2div(ppu)A® (div(pp? u))dxzdt| < My
0o JrN

with My depending only on the initial data.

Case 0<s<1:

We have the result by interpolation with the previous case.

Next we proceed similarly for :
T
// A div(ppu) A (pp*divu)dadt.
0 JRN

4) Last terms

We now want to concentrate us on the following term :

T
| [ 3 BaRstepuiu)a(op? dade
0 JRNS

We know that u € L°°(L?) and Du € L?(L?) then u € L4(H"') and by Hélder inequalities
and Sobolev embedding we can show that ppu;u; € L2(L?) and so RiRj(ppuiu;) €
L2(L?).
We have seen that A*(¢p?) € L2(H'~%) then we have as 1 — 5>0:
2 218

140y < Mo+ I99* 1 s,
with 0 < § < 1.
We have then :

T
| > RiR;(ppuiug) A (@p?)dwdt] < Mo + [ A2 (0p) |1 12
0 JRN i (L?)
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with 0 < 6 < 1 and Mj depending only on the initial data.
We are interested by the term :

t
// odivu A (p?)dzdt
0 JRN

We have then divu € L?*(L?) and we have shown that A*(pp?) € L°(L?) so we conclude
in the same way than the previous term.

We finally conclude with the term :

/OT /RN QP (p)A*(pp®)dadt.

Similarly we have A*(pp?) € L4(L?) and ¢P(p) € L2(L?) because pp is in L>°(H'), and
we conclude by Sobolev embedding.

To finish we have to control the term with R, and r, that we leave to the reader. These
terms are easy because they are more regular than the preceding terms. We finally get in

using all the previous inequalities :

1AM 2 (0p*) 172 (22) < CollValloe (1) |AF 2 (00 17212y + ColIA2 (007175 12y + Mo
with 0 < 8 < 1 and Cy, C1, My depends only of the norm of initial data.
As we have by energy inequalities ||V pl|ze(r2) < & < 1, we can conclude that :
H(’Dp2||L2(H1+%) < My
with My depending only on the initial data. a

Corollary 1. Let the assumptions of theorem 3.7 be satisfied with the exception of hypo-
thesis on the viscosity coefficients which is replaced by :

— it exists ¢ > 0, so > 0 such that Vs > so p(s) > c.

— it exists ¢; > 0, m > 1 such that ¥s > 0 p(s) < 5

c1 ’
’

— it exists cg > 0, m’ > 1 such that ¥s > 0 A(s) < %
We get similar results as in theorem 3.7 for all ¢ € C(RY) :

2 .
llpp HL%(H”%) <M with 0 <s<2,
where M depends only on the initial conditions data, on T, on ¢, on s and on ”%HL“’-

Proof :

Indeed the only term which changes are the viscosity term. We have then in applying

the same operation as in the proof of theorem 3.7 the following terms to control :

/ / op(p)D(u)A* (pp*)dadt and / / ©R; j(Mp)Osus)A® (pp?)dadt.
RN RN

We conclude easily by the fact that \/u(p)Vu and /A(p)Vu belong to L?(L?) and as
p € L®(H') we get that \/u(p) and \/A(p) belongs to L>°(LP) for all p > 2 by Sobolev
embedding. We can then conclude by Holder inequality. O
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3.2 Existence of global weak solutions for N = 2 away from vacuum

We may now turn to our compactness result. First, we assume that a sequence (pn, U )neN
of approximate weak solutions has been constructed by a mollifying process, which have
suitable regularity to justify the formal estimates like the energy estimate and the previous
theorem.

Moreover this sequence (py,, Uy )nen has initial data ((pg)n, (u0)n)) close to the energy space.
In using the above energy inequalities, we assume that j((00)n), |V (po)n| and (p0)n|(uo)n|?
are bounded in L*(RY) so that (pg),, is bounded in L3 (RY) .

Then it follows from the energy inequality that :
L. jy(pn)s [V ponl?, pnlun|? are bounded in L>(0,T, LY (RY)),
2. Duy, is bounded in L2(RY x (0,T)),
3. U, is bounded in L%(0,T, H*(Bg)) for all R,T € (0, +00).

Extracting subsequences if necessary, we may assume that p,, u, converge weakly respec-
tively in LY((0,T) x Bg), L*(0,T; H'(BR)) to p, u for all R,T € (0,+0c).We also extract
subsequences for which \/prpun, pptn, prnin ® u, converge weakly as previously.
Our goal now is to verify that the non-linear terms converge in the sense of the distribution.
The unique difficult term to treat is Vp,, ® Vp,.
Moreover we assume that pin is bounded in L*°(L*°) and in using the previous theorem we
get :

Vo € CFRY)  @p? is bounded in L*(H'2) forall 0 <s<2.

We can now show the following theorem :

Theorem 3.8. Let N = 2. We assume that there exists § > 0 such that for alln € N :
pn(t,z) > B for a.a (t,z) € (0,+00) x R
Then there exists n > 0 such that if :

IVpslle> + IV eglus > + 5y (o)l <n

then, up to a subsequence (pn,uy) converges strongly to a weak solution (p,u) (see definition

2.11) of the system (1.1). Moreover we have ¥V p, ®V p,, converges strongly in L} (R x RM).
Proof of the theorem 3.8 :
According to theorem 3.7 we have seen that for all ¢ € Cg°(RN) o(p2 — %) € L2(H'*3).

We can now use some results of compactness to show that V2 converge strongly in L? (LlQO )

to Vp?. We recall the following theorem from Aubin-Lions ( see Simon for general results

[15]).
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Lemma 2. Let X — Y < Z be Hilbert spaces such that the embedding from X in Y
is compact. Let (fn)nen a sequence bounded in L1(0,T;Y), (with 1 < q < 4o00) and
(%)neN bounded in LP(0,T;Z) (with 1 < p < +00), then (fn)nen is relatively compact in

L0, T;Y).

We need to localize because we have some result of compactness for the local Sobolev

2
loc*

space H. EJC which is compactly embedded in L2 .. Let (xp)pen be a sequence of C§°(RY)
cut-off functions supported in the ball B(0,p + 1) of RY and equal to 1 in a neighborhood
of B(0,p).

We have then in using mass equation :

%V(pi) + Vdiv(p2u,) = —V(p2divuy,)

We can then show that (%(XPV(/)%)))%N
a < 0 in using energy inequalities and (XPV(p%))n N 18 uniformly bounded for all p in
L2(H§). Apply lemma 2 with the family (XPV(p%))neN and X = XpHg, Y = xpL?%
Z = xpH®", then use Cantor’s diagonal process. This finally provides that :

is uniformly bounded for all p in LY(H®) for

Yp >0 XpV(02) —nmtoe oV (07) in L2(L%). (3.15)

We now want to show some results of strong convergence for Vp,.
We have then for all ¢ € C§° :

1
6(Von — V)| < p—lcb(Vpi — Vo) + Vo6 )| = An + B,

1 1
pn P
We have A,, converges to 0 in L?(L?) because pin is uniformly bounded in L*>°(L*>°) and in
using (3.15) for all ¢ € C5°, ¢V p2 converges to Vp2 in L?(L?). In the same way we have
pin converges a.e to 71) (because we can show in using again the theorem of Aubin-Lions
that p, —p — p — p in L?(LY) up to an extraction with 1 < ¢ < 400 then we can extract

again a subsequence so that p,, converges a.e to p). Moreover we have :

then by the theorem of dominated convergence we have B, tends to 0 in L?(L?).

We can conclude that :

Vo € C5°, ¢Vpn @ Vp, —n ¢Vp@Vp in LY(LY).

4 Existence of weak solution in the case N =1

We are now interested by the case N = 1. To start with, we focus on the gain of

derivative for Vp?.
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4.1 Gain of derivative

We can now write a theorem where we expose a gain of derivative on the density p in

using the same type of inequalities as in the case N = 2.

Theorem 4.9. Let (p,u) be a reqular solution of the system (1.1) with initial data in the

energy space. Then we have :

||'02||L%(H1+%(R)) < MO

with 0 < s < % and My depending only of the initial data.
Remark 6. We observe the two important facts :
1. We don’t need any hypothesis on the size of the initial data.

2. We don’t need to localize because we know that p € Ly5,.

3. We don’t need to assume that % € L™, this is important. In fact if we assume that pg
admits some vacuum, we could show that ¥ py,(t,x) — Vp a.e on the set A = {p > 0}

because we have by compactness up to an extraction Vp% — Vp2 a.e.
Proof of theorem 4.9 :
We use the same estimates as in the previous proof except for the delicate term : fOT fR |02 p|2A% 2.
We have then d,p € L>(L?) and p — p € L¥(L?) so p— p € L=(H") and we have then
by Sobolev embedding p € L*°(L*°). By composition theorem on the Sobolev space we

get (p—p)? € L®(HY) and p? — p2 = (p — p)? + 2p(p — p) € L°°(H?). Finally we get for
0<s<1,A%?%e L®°(H'*). Now for 0 < s < 1 by Sobolev embedding we obtain :

Asp? € L®(L™).

So we can control the term fOT Jg 10-p2|A%p? as follows :

T
9ep2IA%P?| S 1100pl 5 12
o JR T

We treat the other terms similarly as in the previous proof. O

4.2 Results of compactness

We can now prove our result of stability of solution in the case N = 1 in using the
previous gain of derivative. Let (pn,un)neny @ sequel of approximate weak solutions of

system (1.1).

Theorem 4.10. Let (pg,uy) initial data of the system (1.1) in the energy space what it

means that :
[ BVl 4 5,08) + 0.0 P < 0

128



with M > 0.

Moreover we assume that pyy > ¢ > 0. Then there exists a time T such that up to a
subsequence, (pp,uy) converges strongly to a weak solution (p,u) on (0,T) xR in the sense
of the distribution (see definition 2.11).

Moreover Oyp, converges strongly in L>(R x R) to Oyp.

Proof of the theorem 4.10 :

We want now to control the vacuum of %. We recall that p—p € L°(H') and %p € L>(LP),
then we have by Aubin-Lions theorem for all ¢ € C§°, ¢(p — p) € C([0,T], L>).

Moreover we set :

fu(t) :/R|amp|21]R\B(0,n)

then we have f,, is a decreasing sequence and converges to 0. Then in using the theorem
of Dini we get that on [0,7T], f,, converges uniformly to 0. Let € > 0, then it exists ng € N
enough big such that for all n > ng :

/R 102(p — P)*1r\B(om) < €

we proceed similarly to show that for a né] big enough we have for all n’ > né] :

12
/IR = P e o) < €

then we have for ¢ € C§° with a big enough support (p —p)(1 — ¢) € L(H') with a norm
inferior to € then it exists ¢ such that by continuity with 0 <e <c < p, |[p—p| <c.
Finally we have % € L>®°(L*>) and we can conclude as in the previous theorem 4.9 show
that :

Vo € C°  ¢dppn —n ¢dpp in L*(L2).

Theorem 4.11. Let (pf,ug) initial data of the system (1.1) in the energy space.
Then it exists € > 0 such that if :

10206 1|2 + 11V o5 lug | 2 + 1155 (P6) l2r < &

then up to a subsequence (pn,uy) converges strongly to a weak solution (p,u) on R xR (see
the definition 2.11).
Moreover Oyp, converges strongly to Ozp in L>(R x R).

Proof of theorem 4.11 :

1

We can show easily that ||pn, — pllpe(g1) < Ce and so we have 5 is uniformly boun-

ded in L*°(L*°). We can then conclude as in the proof of theorem 4.9.
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Chapitre 4

Study of compactness for
compressible fluid models with a
capillary tensor for discontinuous

interfaces

This chapter is devoted to the global stability theory of solutions for a general isothermal
model of capillary fluids derived by C. Rohde in [18], which can be used as a phase transition
model.

This chapter is structured in the following way : first of all inspired by the result by P.-L.
Lions in [16] on the Navier-Stokes compressible system we will show the global stability
of weak solutions for our system with isentropic pressure and next with general pressure.
Next we will consider perturbations close to a stable equilibrium as in the case of strong

solutions.

1 Introduction

1.1 Presentation of the model

The correct mathematical description of liquid-vapor phase interfaces and their dy-
namical behavior in compressible fluid flow has a long history. We are concerned with
compressible fluids endowed with internal capillarity. One of the first model which takes
into consideration the variation of density on the interface between two phases, originates
from the XIXth century work by Van der Waals and Korteweg [14]. It was actually derived
in his modern form in the 1980s using the second gradient theory, see for instance [13, 19].
Korteweg suggests a modification of the Navier-Stokes system to account additionally for
phase transition phenomena in introducing a term of capillarity. He assumed that the thi-
ckness of the interfaces was not null as in the sharp interface approach. This is called the

diffuse interface approach.
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Korteweg-type models are based on an extended version of nonequilibrium thermodyna-
mics, which assumes that the energy of the fluid not only depends on standard variables
but on the gradient of the density. In terms of the free energy, this principle takes the form
of a generalized Gibbs relation, see [19].

In the present chapter, we follow a new approach introduced by Coquel, Rohde and their
collaborators in [4]. They remark that the local diffuse interface approach requires more
regular solutions than in the original sharp interface approach. Indeed the interfaces are
assumed of non zero thickness, so that the density vary continuously between the two inter-
faces, whereas in the sharp interface models, the interfaces represent zone of discontinuity
for the density. Coquel, Rohde and their collaborators present an alternative model with

a capillarity term which avoids spatial derivatives. The model reads :

Op + div(pu) =0
(NSK) O(pu) + div(pu ® u) — pAu — (A + p)Vdivu + V(P(p)) = kpV D]p]
(pt=0, ui=0) = (po, o)
with :
w>0 and A+2u>0
where p denotes the density of the fluid and u € RY the velocity, 4 and A represent the

viscosity coefficients, x is a coefficient of capillarity, P is a general pressure function. We

are particulary interested by Van der Waals type pressure :

P:(0,0) — (0,+00)
_ RT*P_ap2
b—p

P(p)

where a, b, R, T, are positive constants, R being the specific gas constant. For fixed values a,
b we choose the constant reference temperature 7 so small as P to be monotone decreasing
in some non-empty interval.

Further we impose the conditions :
u(t,z) — 0, p(t,x) — 0 as |z| — +oo, (1.1)

In the last section, we consider also more general situations : monotone pressure, other

conditions at infinity than (1.1), namely :
u(t,z) = 0, p(t,x) —p as [z = +o0, (1.2)

where p is a given nonnegative constant.

The term kpV D[p] corresponds to the capillarity which is supposed to model capillarity
effects close to phase transitions in [14]. The classical Korteweg’s capillarity term is D|[p] =
Ap.

Based on Korteweg’s original ideas Coquel, Rohde and their collaborators in [4] and Rohde
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in [18] choose a nonlocal capillarity term D which penalizes rapid variations in the density

field close from the interfaces. They introduce the following capillarity term :
Dlpl=¢=xp—p
where ¢ is chosen so that :

¢ € L°RY) N CLRN) nWwHLRY), (x)dz =1, ¢ even, and ¢ > 0.
RN
This choice of capillarity term allows to get solution with jumps, i.e with sharp interfaces.

Before tackling the global stability theory for the system (NSK), let us derive formally

the uniform bounds available on (p,u).

1.2 Energy spaces

Let II (free energy) be defined by :

TI(s) = s</0 %w), (1.3)

!

so that P(s) = sII (s) — II(s), II' (p) = 0 and if we renormalize the mass equation :
O I1(p) + div(ull(p)) + P(p)div(u) = 0 in D'((0,T) x RM).

Notice that II is convex whenever P is nondecreasing. Multiplying the equation of momen-
tum conservation by u and integrating by parts over RY, we obtain the following energy

estimate :

1 t . Diw

[ GolE +100) + Eyalpl @)z + [ [ (uD) : D) -
2 |

+ (A 4 p)|divu|?)de < /R y (% + (po) + Egiobat[po]) da,

where we have :

Eglobal [p(7 t)](‘r) = Z RN (25(1' - y)(p(y7 t) - p(l’, t))zdy’

The only non-standard term is the energy term Egopq which comes from the product of u

with the capillarity term kpV (¢ * p — p). Indeed we have :
[ uttdolt.) - (lo s ple, ) — plt, )

= div(u(t, 2)p(t, x))([¢ * p(t, )](x) — p(t, z))dz,

(&, 2) ([ * p(t,)I(2) — p(t, x))d,

- RNap

-4 /R Egiobalp(t, )](@)de
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To derive the last equality we use the relation :

%/RN Egiobatlp(t, )] (z)da = g/RN ox oz —y)(p(t,y) — P(t,w))%p(t,y)dydx

w5 | L o= a)olt.2)  pte. ) 2

=K / d(x —y)(p(t,y) — plt, w))%p(t, y)dydz,
RN JRN

== [ (5ot )(@) = plt. ) ol a)d

where we just use integration by parts.

In the sequel we will note :

1
(“:(p, ,O’LL)(t) = /RN §p|u|2(t, :E) + H(p)(tv :E) + Eglobal [p(7 t)])(t7 ﬂj‘)dﬂj‘, (15)
We are interested to use the above inequality energy to determine the functional space we
must work with.
So if we expand Egopa[p(.,t)](x) we get :

Egiopat|p(t, )] (x) = g(p2 +¢xp* —2p(¢ % p)).

Because by the mass equation we obtain that p is bounded in L*(0,T; L*(RY)) if we
suppose that py € L' and we have supposed that ¢ € L>®(RY), we obtain that p (¢ * p)
is bounded in L>(0,T; L'(RY)). So we get that p? + ¢ * p?> € L°°(0,T; L*(RY)) and as
¢ > 0 and p > 0 we get a control of p in L>(0,T; L?(RY)) (a property which turns out
to be important to taking advantage of the theory of renormalized solutions, indeed p in
L>=(0,T; L>(RY)) implies that p € L2 (RT x RY) and we will can use the theorem of
Diperna-Lions on renormalized solutions, see [15])
In view of (1.4), we can specify initial conditions on p/_q = po and pu—o = mg where we
assume that :
e po>0 acin RY, pg e L'(RY)N L (RY) with s = max(2,7),
e my=20 aeon py=0,

mol®

; (defined to be 0 on pg = 0) is in L'(RY).
0

(1.6)

We deduce the following a priori bounds which give us the energy space in which we will
work :

— p € L>®(0,T; LY(RN) N L*(RY)),

~ pluf? € L=(0,T; L1 (RN)),

~ Vu € L*((0,T) x RM)V,
We will use this uniform bound in our result of compactness. Let us emphasize at this
point that the above a priori bounds do not provide any control on Vp in contrast with
the case of D[p] = Ap (see in [6]).
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1.3 Notion of weak solutions

We now explain what we mean by renormalized weak solutions, weak solutions, and
bounded energy weak solution of problem (NSK).
Multiplying mass equation by b’ (p), we obtained the so-called renormalized equation (see
[15]) :

2 b(0) + div(b(p)u) + (ob (5) — b(p))divu = 0. (1.7)
with :
be CO[0,400)) NCH(0, +00)), [b ()] <ct™, te(0,1], Ao <1 (1.8)

with growth conditions at infinity :
b ()] < ct™, t>1, where ¢>0, =1 < A\ < g -1 (1.9)

Definition 1.12. A couple (p,u) is called a renormalized weak solution of problem (NSK)
if we have :

— Equation of mass holds in D' (RV).

— Equation (1.7) holds in D' (RN) for any function b verifying (1.8) and (1.9).

Definition 1.13. Let the couple (po,uo) satisfy;
~ po € LYRN), TI(pg) € L'(RY), Egioparlpo] € L*(RY), po > 0 a.e in RV,
~ pouop € (LYRN NN such that poluo|®1py>0 € L' (RY)
- poug = 0 whenever x € {py = 0},

where the quantity 11 is defined in (1.3). We have the following definitions :

1. A couple (p,u) is called a weak solution of problem (NSK) on R if :
(a) p€ L"(L"(RN)) for s <r < +oo0,
(b) P(p) € L*(L*(R")), p>0 a.e in R x RY,
(¢) Vue I(T2(RY)), pluf € I®(L'(RY)).
(d) Mass equation holds in D' (R x RV).
(e) Momentum equation holds in D' (R x RN)N.
(f) Timy_o+ fon p(t)p = [an o, Vio € DRY),
(g) limy_ o+ fRN pu(t) - ¢ = fRN pouo - ¢, V¢ € D(RV)N.
2. A couple (p,u) is called a bounded energy weak solution of problem (NSK) if in
addition to (1d), (1e), (1f), (1g) we have :

— The quantity &y 1is finite and inequality (1.4) with € defined by (1.5) and with &
in place of E(p(0), pu(0)) holds a.e in R.
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1.4 Mathematical results

We wish to prove global stability results for (NSK) with D[p] = ¢ * p — p in functional
spaces very close to energy spaces. In the non capillary case and P(p) = ap”, P-L. Lions

in [16] proved the global existence of weak solutions (p,u) to (NSK) with k = 0 (which

3N

becomes the compressible isotherm system of Navier-Stokes ) for v > g EN>4,7> 375

if N =2,3 and initial data (pg, mg) such that :
o, PYs Imol” ¢ 1)
Po

where we agree that mg = 0 on {z € RY/ py(z) = 0}. More precisely, he obtains the
existence of global weak solutions (p,u) to (IVSK) with £ = 0 such that for all ¢ € (0, 400) :

~ p€ L®(0,T; LY (RY)) and p € C([0,T], LP(RN)) if 1 < p < 7,

~ p€LI(0,T) x RN) for g =~ — 1+ 2 > .

— plul? € L*°(0,T; LY(RY)) and Du € L2((0,T) x RY).

Notice that the main difficulty for proving Lions’ theorem consists in exhibiting strong

p

P (RT x R™) spaces required to pass to the

compactness properties of the density p in L
limit in the pressure term P(p) = ap”.

Let us mention that Feireisl in [9] generalized the result to v > % in establishing that we
can obtain renormalized solution without imposing that p € L? (RT x RY) (what needed
Lions in dimension N = 2, 3, that’s why v —1+ %’ > 2), for this he introduces the concept
of oscillation defect measure evaluating the loss of compactness. We refer to the book of
Novotny and Straskraba for more details (see [17]).

Let us mention here that the existence of strong solution with D[p] = Ap is known since the
work by Hattori an Li in [10], [11] in the whole space RYV. In [6], Danchin and Desjardins
study the well-posedness of the problem for the isothermal case with constant coefficients in
critical Besov spaces. We recall too the results by Rohde in [18] who obtains the existence
and uniqueness in finite time for two-dimensional initial data in H*(R?) x H*(R?).

In the present chapter, we aim at showing the global stability of weak solutions in the
energy spaces for the system (NSK). This work is composed of four parts, the first one
concerns estimates on the density to get a gain of integrability on the density needed to
pass to the weak limit in the term of pressure and of capillarity. The second part is the
passage to the weak limit in the non-linear terms of the density and the velocity according
to Lions’ methods. The idea is to use renormalized solution to test the weak limit on
convex test functions. In this part we will concentrate on the case of pressure laws of
type P(p) = ap”. We get the following theorem where (p,,, u,)nen is a sequence of regular
bounded energy weak solu- tions of (NSK) where, in addition, the sequence p,, is bounded
in L"((0,T) x RV)) N LY((0,T) x RN) with a certain r > max(v, 2).

Theorem 1.12. Let N > 2. Let v > N/2 if N > 4 and v > 1 else.
Let the couple (pg,uy) satisfy :
- % is uniformly bounded in L*(RN) N L¥(RN) with s = max(v,2) and pi > 0 a.e in
RY,
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~ POu|? is uniformly bounded in L'(RY),
— and such that pjug = 0 whenever x € {py = 0}.
In addition we suppose that pO converges in L*(RY) to py.
Then up to a subsequence (py,uy) converges strongly to a weak solution (p,u) of the system
(NSK) satisfying the initial condition (po,uo) as in (1.6). Moreover we have the following
convergence :
~ pn —n p in C([0,T), LP(RV)) N L"((0,T) x K) for all 1 < p < s, 1 <r < q, with
qzs—i—%— if N > 3, where K = RN except when N > 4 and v < %(1—#%)
where K s an arbitrary compact.
— pn —n p in C([0,T], LP(R?)) N L"((0,T) x K) forall1 <p<s,1<r<gq, with K
an arbitrary compact in R? if N = 2.
In addition we have :
~ pptiy, — pu in LP(0,T; L™ (RN)) for all1 <p < +oo and 1 <7 < sa_—sl,
= pn(Wi)n(uj)n — pnujuj in LP(0,T; LY(Q)) for all 1 < p < 400, 1 < i,j5 < N if
N > 3, where K = RY except when N > 4 and v < %(1 + %) where K is an
arbitrary compact.
— pn(Wi)n () — prusuj in LP(0,T; LY (Q)) for all 1 < p < 400, 1 <i,5 < N with Q

an arbitrary bounded open set in R? if N = 2.

In the third part we will focus on general pressure laws, and particulary van der Waal’s
pressure. In the fourth part we concentrate on the case of initial data close to a constant
p, and we will work in Orlicz space, this case is the most adapted for the strong solution
because it enables us to control the vacuum so that one can use the property of ellipticity

of the momentum equation.

2 Existence of weak solution for a isentropic pressure law

2.1 A priori estimates on the density

In this part we are interested by getting a gain of integrability on the density and we
consider the case where P(p) = ap?. This will enable us to pass to the weak limit in the

pressure and the Korteweg terms. It is expressed by the following theorem :

Theorem 2.13. Let N > 2 and v > 1, with in addition v > % if N > 4. Let (p,u)
be a regular bounded energy weak solution of the system (NSK) with p > 0 and p €
L®(LY N L) where we define € below. Then we have if v > %(1 + %) for N >4 :

2
/ (pVJFE —|—p2+€)dxdt <M forany 0<e< —vy—1 if N >4,
(0,T) xRN N

4
and O<E§N—1 if N=2,3.

with M depending only on the initial conditions and on the time T .
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Ifv < %(1—#%) for N > 4, we have :

, 2
/ (P75 + p2+€)dxdt <M forany 0<e< —~v—1.
(0,7)x K N

for any arbitrary compact K with M / depending only on the initial conditions, on K and

on the time T.

Proof :
We will begin with the case where N > 3 and we treat after the specific case N = 2.

Case N > 3 :

We apply to the momentum equation the operator (—A)~!div in order to concentrate

us on the pressure and we get :

0
ap” = —(=A)"div(pu) + (=A)7LO? (pujui)+(2p + N)divu
P = (= A) div(pu) + (~A) 02, (puiuy)+ (20 + A) 210
— k(=A)"Mdiv(pV (6 % p — p)),
and in multiplying by p® with 0 < e < min(%, %7 — 1) to estimate p7*¢, we get :
K 1. _
ap” + 5p" " = = kp™ (= 0)THdiv(p(Ve # p)) + (= A) T O (puiuy)
0 0
+ a(ps(—ﬁ)_ldiV(pU)) - [gps](—ﬁ)_ldiV(pU) + (p+ Q)divu
(2.11)
where we note £ = A\ + u. We now rewrite the previous equality as follows :
K 1. _
ap”"e + 5/)2*8 = —rp" (= A) " div(p(Ve * p)) + p* (=) 10 (p(ui) (u;))
+ %(pa(—A)_ldiv(pu)) + div[up® (—A) " Ldiv(pu)] + (1 + ¢)divu (2.12)

— (p)fu- V(=A)"tdiv(pu) + (1 — e)(dive)p® (—A) ~tdiv(pu) .
Next we integrate (2.12) in time on [0,7] and in space so we obtain :
[ e = [ () ()] + (o Ol
(0,T) xRN 2 (0,7) xRN \ Ot
+ (1 — &) (divu)p*(—=A) " div(pu) + p°[RiR; (puiu;) — ui RiRj(puy)]

T divup® (—A) div(pu)] — rpF(—A)Ndiv(pV (6 p>>>dm it |

(2.13)
where R; is the classical Riesz transform.
Now we want to control the term fOT fR N (p'”e +5 p*te )da:dt. As p is positive, it will enable
us to control [|p||,++- and |[p| p2+e- This may be achieved by bounding each term on the
t,x , T
right side of (2.13).
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We start by treating the term f(o T)xRN % [p°(—A)~tdiv(pu)]. So we need to control p¢(—A)~tdiv(pu)
in L°°(0,T; LY(RY)) and p§(—A)~tdiv(poug) because :

a £ - . . c B .
/(o,T)XRN E[p (—A) " div(pu)](t, )dt dx _/szp (—A) " Ndiv(pu)](z)dz(t)

_ /R A=) div(pouo))(x)d,

We recall that p, p2, p7 and pl|u|? are bounded in L>°(L') while Du is bounded in L?((0, T') x
RM) and u is bounded in LQ(O,T;L%(RN)) by Sobolev embedding. In particular by
Holder inequalities we get that pu is bounded in L*(0, T, (L% N L%)(RN )). Thus we get
in using Holder inequalities and Sobolev embedding :

pf(—A)~tdiv(pu) € L>=(0,T, L* N LY) with :

vy+1 3 1
2y~ <1
5 1) N <

3 .
— = — 4 min(
a s

The fact that p®(—A)~div(pu) € L°°(0,T, L') is obtained by interpolation because p €
L*(L') and in using less integrability in Sobolev embedding.
Next we have the same type of estimates for Hpg(—A)_ldiV(pouo)HL1(RN).

Finally (2.13) is rewritten on the following form in using Green formula :

T T
/ / (P + gp2+€)dxdt <C(1+ / / [ [divulp®(1 + |(—A)~tdiv(pu)|]
0 JrRN 0o JrN

+ p°| RiR; (puju) — wi RiRj(puj)| + kp°|(—=A) " div(pV (¢ * p))] dt da).
Now we will treat each term of the right hand side. We treat all the terms with the same

type of estimates than P.-L. Lions in [16] , excepted the capillarity term.

We start with the term |divu|p®|(—A)~'div(pu)| where we have :
divu| € L2(L?), p° e L®(L?), pue L*0,T,L" (RV))

with 2 = L + 222 and by Sobolev embedding |(—A)~1div(pu)| € L2(Ls/) with si, =1_1
(this is possible only if r < N). We are in a critical case for the Sobolev embedding ( i.e
r > N) only when N = 3 and v > 6, that’s why for N = 3 and v > 6.

So by Hélder inequalities we get |divu|p®|(—A)~tdiv(pu)| € LY(L**) with : é = 8%—#%—#% =

1—%+%§1aswehaves>%.
Moreover by interpolation |divu|p®|(—A)~1div(pu)| belongs to L'(0, T; L*(RY)).
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We now treat the case N = 3 and v > 6 where we choose case € = %’y — 1. We have :

divul o[ (—A) " div(pu)|[ 1 < ||DUHL2(L2)HPH‘2w+sHPUHL%(L%)’

w+3 2(2y—3
5 5 3
< Cllpllsellpul LB 5 Clolfzselloul? * s vl Gy
2(2y—3)
S ol 7
2(L~+6 o (Ly+L)

S CHPH%W‘F57

+o =1 s+ s — D=1 and 2 3000 <

i 1
since we have 5 + +e) 6(v+e) By—e 137+3

e
We now want to treat the term : p°|(—A)~1div(pV (¢ * p))|, so we have : pV(¢ * p) =
p(V + p) € L®°(L' N Lz) by Holder inequalities and the fact that we have p € L(L")
and V¢ € L.

After we get that p°(—A)~tdiv(pV(p*p)) € L(L™) with : % =f42_L 2 L
We conclude that p*(—A)~!div(pV (¢ *p)) is L°(L') in using interpolation when N = 2, 3.
Indeed we have pV(¢*p) € L>°(L') and in choosing e = 2s—1we have : 1 — &+ +2s—1>1
when s > E(l + %) This is the case when N = 2,3, and this is the case when N > 4 and
v > (1 + )

In the other case we need to work in arbitrary compact.

We have after the term (div(u))p®. We recall that pf is in L‘X’(L% NL:). If e > 3 (e
s > %N ), the bound is obvious because % +¢e > 1 and % + £ < 1, we can then conclude
by interpolation. On the other hand, this rather simple term presents a technical difficulty
when e < 3 since we do not know in that case if divup® € LY(RY x (0,7')). One way to
get round the difficulty is to multiply (2.10) by p°1;,>13. Then we obtain an estimate on
Pt 51y in L1((0,T) x RN) as p°1 51y |divul < pldivu| € L1((0,T) x RY) (where € < )
and we can conclude since 0 < p*™1;,.1)y < p on (0,7) x RN and p € L®(L").

We end with the following term p°(R;R;(puiju;) — uiR;Rj(pu;)). In the same way than in
the previous inequalities we have p°R;R;(pu;u;) is bounded in L'(0,T; LY(RY)). Indeed
we have by Holder inequalities and the fact that R; is continuous from LP in LP with
I <p<+o0: %+2%+§ :1—%—#% < 1 (because s > %) And we conclude by
interpolation. We treat the term pu; R; R;(pu;) similarly.

We have to treat now the case N = 2 where we have to modify the estimates when

we are in critical cases for Sobolev embedding.

Case N =2:

In the case N = 2 most of the proof given above stay exact except for the slightly more
delicate terms pdivu|(—A)tdiv(pu)| and p®(R;R;j(puiu;) — uiRiR;(puy)).
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We start with the term |p°divu(—A)~tdiv(pu)|. In our previous estimate it was possible to
use Sobolev embedding on the term (—A)~!div(pu)| only if r > N (see above the notation),
so in the case where N = 2 we are in a critical case for the Sobolev embedding when v > 2.
This may be overcome by using that, by virtue of Sobolev embedding, we have :

divu|p®|(—A) " 1di < S e .
[|divau|p®|(—=A) " div(pu)|[ 2 < Cllpl|7+ (W>|!pu|!L2W)(L3<g;;)

Indeed by Holder inequality, we have :

1 241 1 1
e ik DT )<1

1 € y+e+1 1
2 y4+e  2(y+4e) 2 2 242y 2 y4+e 2(v+e

)

thus :

1 1
— 4+ c <1.

+ S
2 y+e 2y +e)
Moreover we have as pu = \/p\/pu, hence :

1
< 2
loul. . 228 < ol

and thus :

. a_l’_
Jldivalo®|(~2) " divpu)lllz: 21y < Clloll5h 2. ey

Next we are interested by the term p®(R;R;(pu;uj) — u;R;Rj(pu;)). We use the fact that
u is bounded in L2(0,T; H') and thus in L?(0,T; BMO). Then by the Coifman-Rochberg-

Weiss commutator theorem in [3], we have for almost all ¢ € [0,77] :

R ) — R R . < .
| R Rj(pujuy) UZRZRJ(pu])HLi(Q_E‘T%(L%) < CHUHLQ(BMO)||PUHL2(’Y+E)(L2W‘(Q_€+Q)

So we have : 1
+_
0" (RiRj(pusuj) — uiRiRj(puj))ll 1 < C||P||€was(m+s)-

In view of the previous inequalities we get finally :

1te
”p”z—""/_is Lw+€) ~ C(l + Hprﬂ‘FE(L"/Jrs))

and the LY7¢(L7*¢) bound on p is proven since 3 +& < v +¢. O

2.2 Compactness results for compressible Navier-Stokes equations of

Korteweg type in the case of isentropic pressure

In the sequel we are not going to treat in details the case with N > 4 and v < (1+ ),
we just remark that the proof is the same as in the case N = 2, it suffices to localize because
we can only apply the theorem 2.13 on the gain of integrability on any compact K.

So let follow the theorem 2.13 and assume that v > % if N >4 and v > 1 such that if
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(p,u) is a regular solution then p € LI((0,T) x RY) with ¢ = v +1 — %’ We can observe
that in this case ¢ > s = max(y,2). We will see that it will be very useful in the sequel
to justify the passage to the weak limit in some terms to get a gain of integrability on the
density. Indeed the key point to proving the existence of weak solutions is the passage to
the limit in the term of pressure and in the term of capillarity pV (¢ % p — p).
First, we assume that a sequence (pn,un)neny of approximate weak solutions has been
constructed by a mollifying process, which have suitable regularity to justify the formal
estimates like the energy estimate (1.4) and the theorem 2.13. (p,, upn)nen has the initial
data of the theorem 1.12 with uniform bounds.
In addition :

~ py is bounded uniformly in L>(0,7; L' N L*(RN)) N C ([0, T]; LP(RN)) for 1 < p <

max(2,7),

— pn >0 a.e. and p,, is bounded uniformly in L7(0, T, R") for some ¢ > s,

~ Vauy, is bounded in L2(0,T; L2(R™)), pn|us|? is bounded in L*°(0,T; LY (RY)),

— uy, is bounded in L%(0,T; L%(RN)) for N > 3.
Passing to the weak limit in the previous bound in extracting subsequence if necessary, one
can assume that :

~ pn — p weakly in L*((0,T) x RY),

— u, — u weakly in L2(0,T, H (RY)),

~ p — p7 weakly in L"((0,T) x RY) for r =

— p2 — p2 weakly in L™ ((0,T) x RY) for r,

%>1,
g
=4>1

Notation 4. We will always write in the sequel B(p) to mean the weak limit of the sequence

B(py) bounded in appropriate space that we will precise.

We recall that the main difficulty will be to pass to the limit in the pressure term and
the capillary term. The idea of the proof will be to test the convergence of the sequence
(Pn)nen on convex functions B in order to use their properties of lower semi-continuity with
respect to the weak topology in L'(R™). In this goal we will use the theory of renormalized
solutions introduced by Diperna and Lions in [7]. So we will obtain strong convergence of

Pn 10 appropriate spaces.

2.3 Idea of the proof

We here give a sketchy proof of the theorem 1.12. First, we can rewrite mass conservation
of the regular solution (py,, tu,)nen on the form :
0 ) / .
E(B(pn)) + div(upB(pn)) = (B(pn) — pnB (pn))divuy,.
Supposing that B(py,) is bounded in appropriate space we can pass to the weak limit where

we have in the energy space p, — p and u,, — u, so we get :

O (BG) + divuB() = Hpidva with bo) = B(p) ~ pB (). (2.14)
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Arguing like P-L. Lions in [16] p 13 we will get :

0
prid + div(pu) = 0. (2.15)

After we will just have to verify the passage to the limit for the product pu. Next we
will use the theorem on the renormalized solutions of Diperna-Lions in [15] on (2.15) in
recalling that p € L>°(L?). So we get :

a
dt
Next we subtract (2.14) to (2.16), so we obtain :

(B(p)) + div(uB(p)) = b(p)div(u). (2.16)

%(W — B(p)) + div(u(B(p) — B(p))) = b(p)divu — b(p)divu. (2.17)

Consequently, in order to estimate the difference B(p) — B(p) which tests the convergence
of pn, we need to estimate the difference b(p)div(u) — b(p)div(u). We choose then B a
concave function and we have :

B(p) - B(p) <0.

The goal will be now to prove the reverse inequality in order to justify that B(p,) tends
to B(p) a.e.

So now we aim at estimating the difference b(p)divu — b(p)divu. This may be achieved by
introducing the effective viscous pressure P.sr = P — (2 + \)divu after D. Hoff in [?],
which satisfies some important properties of weak convergence.

In fact owing to the capillarity term we adapt Hoff’s concept to our equation in setting :

K :
Py =P+ §p2 — (21 + N)divu.

Proof of theorem 1.12

We begin with the case N > 3, and next we will complete the proof by the case N =2 in
specifying the changes to bring.

Before getting into the heart of the proof, we first recall that we obtain easily the conver-
gence in distribution sense of p,uy, to pu and pp(un)i(un); to pusu;. We refer to the classical
result by Lions (see [16]) or the book of Novotny and Straskraba [17].

Case N >3

As explained in section 2.3 our goal is to compare B(p) and B(p) for certain concave

functions B . From the mass equation we have obtained :

0 (B(p) - Blp)) + div(u(B(p) — B(p))) = bp)div(u) - blp)div(w).  (2.18)

So before comparing B(p) and B(p), we have to investigate the expression b(p)div(u) —
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b(p)div(u). By virtue of theorem 2.13 which gives a gain of integrability we can take the
function B(z) = x° , as we control for € small enough p**¢. Our goal now is to exhibit the
effective pressure JBeff, and to multiply it by p° to extract m . We will see in the
sequel how to compare it with b(p)div(u).

Control of the term divub(p)

Taking the div of the momentum equation satisfied by the regular solution yields :

0 ;o K
—div(ppun) + 82-2- ntn)) — CAdivuy, + A(ap)) =kdiv(pn (Vo * pp)) — =A i ,
5 Aiv(Pntin) + 07 (p )—¢ (apy) (Pn(V@ % pn)) = 5 Alpn) (2.19)
with ¢ = X + 2u. Applying the operator (—A)~! to (2.19), we obtain :
0 . K
— (=AM iv(ppun) + (—A) L (ppulud) + [Cdivu, — apl — = p2
57 (—A) T div(pnun) + (=A)79;(p )+ (¢ Pn = 5Pn] (2.20)

= “(_A)_ldiv(pn(VQS * pp)) -

After we multiply (2.20) by pf, with e that we choose small enough in (0,1) :

[¢divuy, — ap], — gpi]pi = kp5 (—A) T div(pn (Ve * pn))
5 (2.21)

= P (—A) 7 div(pntn) — pi (=) 0 (pnuiyh ).

So if we rewrite (2.21), we have :
. K 14 _ i i
[Cdivun — apy, — S plph, = £p5 (=) div(pn(Ve * pn)) — piy(=A) 710 (pnu'ns)

- %((ﬂn)a(—A)_ldiV(Pnun)) + [%(ﬂn)a](_A)_ldiV(pnun)a

Next we have :

[Cdivu, — ap), — gpi]p;i = ki (—A) 71 div(pn (V% pn)) — p5, (= A) 07 (pnuyul,)
0
- a[(pn)e(—A)‘ldiV(pnun)] — div{un (pn)*(—=A) " div(pnun))
+ () un - V(=A) M div(ppun) + (1 — &) (divun ) (o) (=A) " div(ppun),
(2.22)
or finally :
(Cdivu, — ap), = 5 p2lpi, = rpf, (—A) 1 div(pu(V % pn)

0

= g 1Pa(=8) " div(pnun)] = diviun (pn)*(—A) " div(pun)]
(2.23)
+ (pn) [un-V(=A) " div(pnun) — (—A) 7102 (pup,ud,)]

+ (1 — &) (divun) (pn)*(—A) " div(pnun) -

Now like in Lions [16] we want to pass to the limit in the distribution sense in (2.23) in

order to estimate divu(p)®.

145



Passage to the weak limit in (2.23)

We shall use the following lemma by P-L Lions in [16] :

Lemma 3. Let Q be an open set of RY. Let (g, hy) converge weakly to (g, h) in LP*(0, T, LP?(£2)) x
L (07 T7 L (Q)) where 1 < P1,P2,491,92 < 400 SCZtZ'Sfy)

1 1 1 1
—+—=—+—=1.
p1 q1 D2 q2

Assume in addition that :

a(?it is bounded in L'(0, T, W~™Y(Q)) for some m >0 independent of n.  (2.24)

and that :
A" =" (.- + E)lparo,r,L2()) — 0 as [§] — 0, uniformly in n. (2.25)
Then, g"h™ converges to gh (in the sense of distribution on Q x (0,T)).

So we use the above lemma to pass to the weak limit in the following four non-linear
terms of (2.23) :

Ty = unpy(—A) " div(ppun), Ty = pi (=)~ div(pnuy),

Ty = pp(=2) " div(pa(Ve x pn)), Ty = (divug)(pn)*(—A) 7 div(pnun) -

So we choose the different g%, and hf, as follows :

for T, g =tn(pn)* g' = up® hy = (=A) " div(ppuy)
for T7 G = 15, g =7 hiy = (=A) " div(pnun)
for T g3 =y, g =0 hy = (=A) 7 div(pn(V * pn))
for Ty gp = (divun)(pn)® ¢* =divup®  hyy = (=A)""div(pnun)

To show that u, (p, )¢ converges in distribution sense to up® we apply lemma 3 with h,, = u,,
and g, = p5,. We now want to examine each term and apply the above lemma to pass to
the limit in the weak sense.

We start with the ﬁrst term T;}. We have that pfu, € L=(L9) N L?(L") with % =5+ %
and 1 = (N 2) +<=3 % + <. In addition the hypothesis (2.24) is immediately verified
(use the momentum equation)

We now want to verify the hypothesis (2.25), so we have h} belongs to LOO(VVI o« R¥) N
LQ(I/Vl}JCT (RM)) with 2 7= 5 + % and 4 - = ( ) —|— < 2 —|— < — +. This result enables us
to verify the hypothesis (2.25) by Sobolev embeddmg

’

So we can choose (with the notation of the above lemma) ¢; = 2 and q2 € (r ]\]fvr ), p1 =2,

and py = 1—4 - which is possible by interpolation. Indeed we have : 7 —|—— 1-£ —|— e < 1.

s =

We proceed in the same way for 72 and T2
We can similarly examine 773, because p5, € LOO(L% NL2) and pp(Vxpp) € L¥(L'NL3),
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we can choose py = 2, we have then (A)~1divp, (Ve =*p,) € L>=(0,T; Wh2) so that we can
choose 1 =2, ¢2 € (1, %) We can conclude by interpolation.
2

Finally we have to study the last non linear following term that we treat similarly as
P-L.Lions in [16] :

Ap = (pn)E[un.V(—A)_ldiv(pnun) - (_A)_lagj(ﬂ’n(ui)n(uj)n)]-
We can express this term A,, as follows :
Ap = (pn)a[uszij](pnuiz)’

where R;; = (—A)—lagj with R; the classical Riesz transform.
Next, we use a result by Coifman, Lions, Meyer, Semmes on this type of commutator (see

[5]) to take advantage of the regularity of [uf,, Ri;](pnub).
Theorem 2.14. The following map is continuous for any N > 2 :

Wl,rl (RN)N % [72 (RN) N Wlﬂ"B (RN)N

(a,b) — [aj, R;R;]b; (2.26)

gp o1 1 4 1
thh'Tg_T1+r2'

To pass to the weak limit in A,, we will use the previous lemma. We start with the case
with s > 3. This quantity belongs to the space L'(W9) provided that Du,, € L?(L?) and
pu’ € L2(L") Where%z%—l—%z%—%—l—%inwhichcase%:%—I—%:l—%—l—%gl.
After we can use the above lemma applied to h, = [R;;,ud](pnul) and g, = p5. We can
show easily in using again lemma 3 that h,, converges in distribution sense to [R;;, u;](pnu;).
So we can take : g1 = 1, p1 = +00 and ¢2 € (¢, ]3—]17(1), pp=1-— q%’ this one because we can
use interpolation and we can localize as we want limit in distribution sense.

In the case where s < 3, a simple interpolation argument can be used to accommodate
the general case. It suffices to fix L"™2(RY) in the application (2.26) and use a result of
Riesz-Thorin.

Finally passing to the limit in (2.21), we get :

[Cdivu p* — (ap7+e) — gp”a] = pF(=A)"1div(p(Ve * p)) — %W(—A)‘ldiV(pU)l
— div[pFu(—A)"tdiv(pu)] + pF[u.V(=A) " div(pu) — (=A) 719 (pusu;)]

+ (1 — e)divu pf(—A) " Ldiv(pu).
(2.27)

Inequality between the terms pf divu and divu p®

Now we are interested in estimating the term pfdivu in order to describe the quantity

pf divu — divu pf before considering the quantity p® divu — divu pe. We pass to the weak
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limit directly in (2.20) and we get in using again lemma 3 :

9 . - ivu — ap?
5 (=2) Ydiv(pu) + (=A) 7107 (puiuy)+[(n + €)dive — apT] = (2.28)

— (=2) " div(p(Vo x p) + 507

Now we just multiply (2.28) with pf and we can see that each term has a distribution sense.

So we get in proceeding in the same way as before :

(cdivup® —(ap) p7) = 577) = 77 (=) div(o(Vé + )
- F% [p(—A) " div(pu)] + 7.V (—A) " div(pu) — (—A) 7 035 (puiu)] (2:29)

— div[p®u(—A)"tdiv(pu)] + (1 — e)divu(p)s (—A) " div(pu).

Subtracting (2.29) from (2.27), we get :

Cdivu(p)e — aprte — gp2+€ = (divu pf — ap?¥ pf — g?ﬁ a.e .

Next we observe that by convexity :

()= > (), (pre)aE > () ae.

So we get :
divu (p)& > divu p®. (2.30)

m =

Comparison between p and p°

£

As (pn,un) is a smooth approximate solution, applying equality (2.16) to B(z) = x

yields :
0
E(pn)E + div(un (pn)?) = (1 — e)divun (pn)°. (2.31)
Passing to the weak limit in (2.31), we get :
o— .. -
ape + div(upf) = (1 — e)divup®. (2.32)

Combining with (2.30) we thus get :

o — _ _
E(p)E + div(u(p)?) > (1 — e)divu(p)®. (2.33)
Now we wish to conclude about the pointwise convergence of p, in proving that (F)% =p
and to finish we will use the following theorem (see [9] p 34) applied to B(x) = < which

is convex.

Theorem 2.15. Let (v,)nen be a sequence of functions bounded in L*(RY) such that :

v, = v  weakly in L*(RY).
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Let ¢ : R — [—00,400) be a upper semi-continuous strictly concave function such that
o(vp) € LYRY) for any n, and :

o(vp) — o(v) weakly in L*(RY).

Then :

and if p(v) = p(v) then :
vp(y) — v(y) a.e.

extracting a subsequence as the case may be.

Now we want to use a type of Diperna-Lions theorem on inequality (2.33). Our goal
is to renormalize this inequality with the function B(x) = ¢ so that one can compare p
and F% Although (2.33) doesn’t correspond exactly to the mass equation, we can use the
same technics to renormalize the solution provided that p € L°°(L?) which is the case.

We recall Diperna-Lions theorem on renormalized solution for the mass equation.

Theorem 2.16. Suppose that p € L>=(L?), B € C[0,00) N C*(0,00);R) and the function
b(z) = 2 (2) — B(z) is bounded on [0,00) with moreover 3(0) = b(0) = 0.
We have then :

95(p)

=5 Hdiv(B(p) u) = (B(p) — pB (p))divu

in distribution sense.

We now want to adapt this theorem for our equation (2.33) with G(x) = z< , S0 we may
regularize by w, (with w, = O%Nw(a) where w € C§°(RY), supp w € By and [wdx = 1)
and find for all 8 € C§°([0, +00)) :

%(F*wa) + divu p® * wa] > (1 — €)divu pf * wy + Ra

where we have :
Ry = div{u pf * we] — div(u p®) * we + (1 — ¢)[divu pf] * we — (1 — €)divu p© * wq

We get :

%(ﬁ(ﬁ #wa)) + divu 807 * wa)] = (1 — e)divu 7 * wa B (7 * wa)

+ (diva) [B(0F * wa) — 0F * waf (0F * wa)] + RafB (0F * wa)
= —&(divu)(p)*8 (p7) + (divu) B(pF) + Raf3 (07 * wa) -

After we pass to the limit when o — 0 and we see that R, tends to 0 in using lemma on

regularization in [15] p 43. This looks like a rather harmless manipulation but it’s at this

'In our case it is very important that p € L™ (L2)7 indeed it avoids to have supplementary conditions

on the index ~ like for the compressible Navier-Stokes system in [16].
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point that we require to control p in L?(0, T} RN ). And in our case we don’t need to impose
v > % for N =2, 3. Hence :

0

E(ﬁ(W)) +divfu §((p)?)] = - e(diva)p?8 (5) + (diva) B().

We then choose § = (\I/M)% where Wy = MU(57), M > 1, ¥ € C§°([0, +00)), ¥(x) =
on [0,1], supp¥ C [0, 2], and we obtain :

0 1
8t(‘PM( p°)e

1
€

) + diviu W (p7) ]

1
€

> (dive) W (07) e W), ()77 + (dive) Ua (7°)
. —1_ — 1 A —
> divaW s (p%) = [War (%)= = W (0F) 0] e

where Cy = sup{|\If(:E)|%_1|\I’(x) — 2V (z)], z € [0,400)}.

Now we claim that : 5
¢ ((P)F)=) +div(u(p)?)

m =

) > 0. (2.34)

1
For proving that, we notice that by convexity (p)¢° < p, so we get :

Il divul M= ‘e mllor@r@yy < Idivelpz 2@y ”P1P>M5”L2 2@y — 0 as M — H-o0.

We have concluded by dominated convergence.

™ =

At this stage we subtract the mass equation to (2.34) and we get in setting r = p — (p)¢

0
ot
We now want to integrate and to use the fact that » > 0 to get that r = 0 a.a. To

= () +div(ur) <0. (2.35)

justify the integration we test our inequality against a cut-off function ¢p = ¢(5) where
0 € C(RY), p=10n B(0,1), Suppy C B(0,2) and R > 1. We get :

0
/[0 . 5"t )er(@) —ult, 2)r(t o )RW(R)dt dx < 0. (2.36)

Next we notice that :

t t <
A e L U SN ||L1<0TLN—N(RN>)

X EHV‘:DHLM(RN)'

It implies that :

/ u(t, z)r(t,z)— Vgp( )dtdx — 0 as R — +oo.
[0,T] xRN R "R
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We have then :

/ 9 () or(w)dt dz = / F(T,2)or(T, )de — / #(0, 2)¢ (0, 2)da.
0,7]xRN O RN RN

In order to conclude, it suffices to verify that r(0,-) = 0. Indeed we will obtain that :

lim r(T,z)pr(T,z)dx — r(T,z)dx <0 and r>0.
R—+oo JrN RN

then r = 0.

We know that p,, is uniformly bounded in L>°(L' N L*(RY)), then pf is relatively compact
in C([0,T]; L? —w) with 1 < p < s (where LP — w denote the space LP endowed with weak
topology). As moreover (pf), converges to pf, we deduce that 7(0) = 0 a.a.

Now as r = 0 we conclude in using the theorem 2.15 that p,, converges a.a to p and that
pn converges to p in LP([0,T] x Bg) for all p € [1,q) and in LP'(0,T, LP*(Bg)) for all
p1 € [1,40), p2 € [1,5) and for all R € (0, 4+0c0).

Conclusion

We wish now conclude and get the convergence of our theorem in the total space.

We aim at proving here the convergence of p, in C([0,T], LP(RY)) N Le (RN x (0,7))
forall 1 < p < 5,1 < ¢ < ¢q. We have just to show the convergence of Pn to p in
C([0,T], LY (RY)). To this end, we introduce d,, = \/p,, which clearly converges to \/p in
L?P1(0,T, L*2(Bg)) N L*(Bg x (0,T)) to d = \/p for all R € (0, +00).

We next remark that p € C([0,T], L*(RY)) and thus d € C([0,T], L*>(R"). Indeed, using
once more the regularization lemma in [15] we obtain the existence of a bounded p, €
C([0,T], L*(RN)) smooth in z for all ¢ satisfying :

% +div(ups) =re in LY(0,T) x RY) as a — 04,

with rq = div(ups) — div(pu) * w, (where w is defined as in the previous part).
po — pin LYRYN x (0,T)), pa/i=0 — p/i=0 in L}(RN) as a — 0.

From these facts, it is straightforward to deduce that :

0 .
E‘P«x - Pn‘ + div(u|pa — Pn’) = |ra — T'n

T
sup/ |pa — pnldz = / / 7o — p|da.
[0,7] /RN 0 JRN

Since p € C([0,T], LP(Br) —w) (for all R € (0,+00), 1 < p < s), we may then deduce that
pa converges to p in C([0,T], L*(RY)).

Next, we observe that we can justify as we did above that d,, and d satisfy :

and thus :

ody, .. 1. .
5 + div(u,d,) = édndlv(un),
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od . 1. .
N + div(ud) = Eddlv(u).

Therefore once more, d,, converges to d in C([0,T], L2(RV) — w).
Thus in order to conclude, we just have to show that whenever ¢, € [0,T], t, — t, then
dn(tn) — d(t) in L2(RY) or equivalently that :
/ dp (tn)?dz = / pn(tn)dx —, d(t)?dx = / p(t)dz.
RN RN RN RN

This is the case since we deduce from the mass equation, integrating this equation over RV

and justifying the integration exactly like previously that :

pu(tn)de = [ (po)ndx —n [ podz= [ p(t)dz.
/” /” R™ /n

We then conclude by uniform continuity that ||p,(tn) — pn(t)||z1 tends to 0.

Case N =2

First of all, the main difficulty is the fact that we no longer have global LP bounds
on u,. That’s why most of the proof is in fact local and we know that w, is bounded in
L2(0,T; LP(BR)) for all p € [1,4+), R € (0, +00).

As we need to localize the argument, we get the following limit :

1 — 1= = /
(Cdivuy, — ap), — 5/)%)/)2 —p, (Cdivu — ap? — §p2) o in D'(RY x [0,7]).

Let ¢ € C(‘)X’(RN), 0 < ¢ < 1, suppp C K for an arbitrary compact set K € RY. We
apply the operator (A)~!div to the momentum equation that we have localized and we
pass directly to the weak limit :

0 14 . —
(= 8)7Mdiv(pu) + Ry (ppuiny) + [Cdivu o — a7
t (2.37)

= K(=8)"'div(gp(Vé+ p) — Zp?) + (-8)'R.
with :
R = 0;00;(puiuj) + (9ijp) puiuj — (Apdivu — (Ve - Vdivu + pAu - Vi
+ Apap? +aVp - Vo7 + gAcp? + ngo V2.
Now we multiply (2.37) with p and we verify that each term has a sense.
So we get in proceeding in the same way as before, we can verify that (p,)(—A)"'R,

converges in distribution sense to pf(—A) 'R for small enough €. We get as in the previous
case for N > 3 :

- K . — - R/
plCdivu(p)® — ap7*e — Zp*7¢] = p[((divu)p p* — appT p° — Spp?pF] ae.

We then deduce the following inequalities as in the previous proof :

%(E)% +div(u(E)%) >0 in D((0,T) x RM).
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We see that the only point left to check is the justification of the integration over R? of
1
terms like div(pf<u) or div(pu) and more precisely that the integral vanishes. This is in fact
straightforward provided we use the bounds on p € L*(L'(RY)) and pl|u|? € L>®(LY(RY))
and so pu € L®(L'(RY)). Then, letting ¢ € C5°(R?), 0 < ¢ < 1, ¢ = 1 on B(0,1) and
¢ = 0 on °B(0,2). We set pr(-) = ¢(5) for R > 1, we have similarly as in the previous
case :
r 1
\/0 dt /R2 ru - Vop(z)de| < HV‘PHLC’O(RZ)E”pu”Ll(O,T)sz) —0 as R— 400
1

We can then conclude as in the previous proof in using the fact that that 0 < pf= < p. O

Proof of the convergence assertion on p,u,

We now want to show the convergence of p,u, to have informations on strong conver-
gence of u, modulo the vacuum. We recall in this part some classical inequalities to get
the convergence of ppuy, for more details see Lions in [16]. We use once more a mollifier
ko = aiNk(a) where k € C°(RY) and we let g, = g * k, for an arbitrary function g. We
first observe that we have for all % <p<s:

|((Pnun)a - pnun) (z)| = | /RN [pn(t,y) — pu(t, 2)|un(t, y)ka(x — y)dy

+ pu(t, x) ((un)a - un) (t, 517)‘
We have in using Holder inequalities with the measure ko (z — y)dy :

p—1

[((pntin) = prtn) ()] < [/RN put) = pult. @) Pkale — y)dy) 7 (lun|77) .7

+ pul(tn)a — unl(t, 2).
Hence for all ¢t > 0

L) = prwn) @i < [ [ da [ 1u(t.9) = pulton)Phae = )]

LA

p—1

_p_
X N (lun TG lIEE + llonlloll(un)a = wall ooy,

< [ sup lloa(- +2) = pallee]llunll oos + llpaller [l (un)a = unll oos

|2|<a

Next if we choose p > ]\2,—]):2, so that -5 < 245 then ||(un)a — unHLQ(O,T;L%) converges
to 0 as a goes to 0y uniformly in n. In addition, the convergence on p, assure that
SUD|s|<q llPn (- + 2) — pnllLr converge to 0 as o goes to 04 uniformly in n. Therefore in
conclusion, (ppin)a — pPnitn converge to 0 in L2(0,T; L') as o goes to 04 uniformly in n.
Next (ppin)q is smooth in z, uniformly in n and in ¢ € [0,T]. Therefore, remarking that
%(pnun)a is bounded in a L?(0,T; H™) for any m > 0, we deduce that (p,uy)a converge
to (pu)a as n goes to +oo in L1((0,7) x RY) for each a. Then using the bound on p,u, in
L (Lsi_sl), we deduce that p,u, converges to pu in L'((0,7) x R") and we can conclude
by interpolation.

The last convergence result is a consequence of the strong convergence of p,, and p,u,. O
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3 Existence of weak solution with general pressure

In the sequel we focus on the cases N = 2,3. We now want to extend our previous
result to more general and physical pressure laws. In particular we are now interested by
two cases, the first one concerns monotonous pressure law (close in a certain sense that
we will precise to p? pressure) , the second one is the case of a slightly modified Van der
Waals pressure.

The technics of proof will be very similar to the previous proof, only technical points

change.

3.1 Monotonous pressure

In this section, we shall investigate an extension of the preceding results to the case of
a general monotonous pressure P, i.e P is assumed to be a C' non-decreasing function on
[0, +00) vanishing at 0.
We want here to mention in the general situation our new energy inequality, we recall the

inequality (1.4) :

/RN(%/MP +11(p) + Egioar [p(., 1)]) (2)dz (t) +/0 /RN(MD(U) : D(u)

2
) m
+ (A + p)|divul?)dz < /]RN (% + (po) + Egiobat|po]) daz.

where we define II by : %(@) = % for all ¢ > 0.
There are two cases worth considering : first of all if P(¢) is such that fol Ps(f Jds < +o0
then we can choose I(p) = p [/ %d&

In the other case, i.e lim;_.q @ = ¢ > 0, we can choose II(p) = pfpl %ds and IT behaves

like plog p as p goes to 0.

We now consider a sequence of solutions (p,,u,) and we make the same assumptions on
this sequence as in the previous section except that we need to modify the assumptions
on p,. We assume always that p, is bounded in C([0,7], L' (RY)), P(p,) is bounded in
L>(0,T, L' (RY)),

(pn)n>1 is bounded in L>(0, T, L?),
and we also assume that we have :
(p5P(pn))n>1 is bounded in L'(K x (0,T))
for some € > 0, where K is an arbitrary compact set included in R¥.

Theorem 3.17. Let the assumptions of theorem 1.12 be satisfied with in addition P a
monotone pressure.

Then there exists a renormalized finite energy weak solution to problem (NSK) in the sense
of definitions 1.12 and 1.13. Moreover P(p,) converges to P(p) in L'(K x (0,T)) for any

compact set K.
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Proof :

The proof of theorem 3.17 is based on the same compactness argument as in the theo-
rem 1.12. In particular, there is essentially one observation which allows us to adapt the
proof of theorem 1.12. Namely we still obtain the following identity for the effective viscous
flux :

K

B(pn)(¢divu, — P(pn) — 5

with B(p) = p® for £ small enough. We have then :

p2) = Bp) (Cdivu — P(p) — 57,

Cprdiva — Plp)p? — 5p77%) = Cdivue — P(p)i — 50°7°), (3.38)

Now we can recall a lemma coming from P.-L. Lions in [16] :
Lemma 4. Let p1, po € C([0,00)) be non-decreasing functions. We assume that pi(py,),

p2(pn) and p1(pn)p2(pn) are relatively weakly compact in L*'(K x (0,T)) for any compact
set K C RYN. Then, we have :

p1(p)p2(p) = p1(p) p2(p) a.e.

We get finally as in the proof of theorem 1.12 in using lemma 4 :
divu p¢ > divup®,

All remaining argumentation of the proof of theorem 1.12 can be performed to conclude.
O

3.2 Pressure of Van der Waals type

In this section we are interested by pressure of Van der Waals type which consequently
are not necessarily non-decreasing. That’s why in the following proof we will proceed
slightly differently.

So we consider the pressure law :

_ RT.p

P(p)—b_p

—ap? for p<b—6 for some small § >0

and we extend the function P to be strictly increasing on p > b — 6.
We have then :

1. P is bounded from below, that is :

/

P (p) > —p forall p>0.

2. P is a strictly increasing function for p large enough.
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Under the above conditions, it is easy to see that the pressure can be written as :
P(p) = Pi(p) — Pa(p).
with P; a non-decreasing function of p, and
Py € C%0,40), P, >0, P, =0 for p>7.
Remark 1. The a priori energy estimate give us the bound of p in L°(L?). We have thus :

Tl o
[(t,7) € (0.T) x BY/|o(t 2)| > b}| < — =L ED)

Hence the set where P is different from the Van der Waals law is of finite measure.

We obtain the following theorem.

Theorem 3.18. If in addition to the above assumptions, we assume that p® converges
in LY(RN) to py then (p,u) is a weak solution of the system (NSK) satisfying the initial

condition and we have :

4
pn — p in C[0,T), LPRN)NL7((0,T) x RY) forall 1<p<2,1<r< L+

Proof :

Most of the proof of theorem 3.18 is similar as theorem 1.12. We will use a approximated

sequel Ty (introduced by Feireisl in [9]) of p by some concave bounded function.
Definition 3.14. We define the function T € C®(RN) as follows :

T(z) =z for z€[0,1],

(2)

T(z) concave on [0,+00),
T(z)=2 for z >3,
T(z) = —-T(—z) for z¢€ (—o0,0],

And Ty, is the cut-off function :

Ty(z) = kT(%).
In following the proof of theorem 1.12, we get :
%(Lk(ﬂ) — Li(p)) + div((Tx(p) — Ti(p))w) + Ti(p)divu — Ty(p)divu

= (Tx(p) — Tx(p))divu in D'((0,T) x RY),
where Li(p) = plog(p) for 0 < p <k, and 0 < Li(p) < plog(p) otherwise.

So we get in integrating in time on [t,t2] :

/ (Li(p) — Li(p)) (ta)da — / (Zi(p) — Li(p)) (t1)da
RN RN

to to
/ / Ti(p)divu — T(p)divu dxdt = / / — Ty(p))divu dzdt.
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We can show that :

1Tk (p) — T ()|l L2((0,1) xRN ) — k=400 O

For proving the previous inequality, we see that ||T}(p) — Tk (p) |1 ((0,r)xrn) — O for k —
+00. We then conclude by interpolation with Ty (p) — Ti(p) € L9(0,T) x RY) with ¢ > 2.
By Holder inequality we obtain that :

to
/ / Ty (p))divudzdt — 0 for k — +oo.

We have then :

i [ (T~ Lio) (e — [ (Tao) - Lu(o) (1)

k—+o00 N N
® b (3.39)
= — lim / Ti(p)divu — Ty (p)divu dxdt.
k—-+oo Jy RN
We set :
Aftlon — A0 = tim [ (Tlp) — Lalp) (1)
—+o0 JRN

to
Ak, p) = /t /RN Ti(p)divu — Ty (p)divu dxdt.
1

We can show as in the previous proof of theorem 1.12 that :

to
/ / Tk (p)divu — T (p)divu dxdt
t1 K

= lim / P(pn) + pn)Tk(pn) (P(p) + = p2)Ti(p)) derdt.

n—+0o0o 2

for any compact K C RV,
Using the lemma 4 we deduce that :

p*)Tk(p)dzdt) < 0

im [ /R (Pi(pn) + 202 Talon) — (PRH) +

n—-4o00 t

| =

We have then :

dftlpn — pl(t2) — dft[pn — p](t1) < lim < lim /t2 . Py(pr)Tk(pn)

k—-+oo0 \ n—-+00

- B Tt )

As the sequence (py,)nen is bounded in L>(0,T, L2(RY)), and P, is a bounded function,

we have :

lim < lim /t / Py(pn)Tr(pn) — Wda:dt)

k—-+oo \ n—+400

= lim / Py(pn)pn — Pa(p) pdzdt.
1 JRN

n—-+00 t

Since the function P» is twice continuously differentiable and compactly supported in

[0,400), there exists A > 0 big enough such that both p — Aplogp — pPs(p) and
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p — Aplogp + pPs(p) are convex functions of p, indeed the second derivative are posi-
tive.

As a consequence of weak lower semi-continuity of convex functionals, we obtain :

to

lim Py(pn)pn — Pa(p) pdx dt

n—-4oo t RN
17 to
<A / (p log p — p log p)dxdt + / / (P2(p) — Pa(p))p da dt.
t1 RN t1 RN

Futhermore we have :

/t ltz /R N(Pg(p)—T(p))pdxdtg /: /,, Spr(zaz(p)_f(p))p

to
< A/ / (p log p — p log p)dzxdt
t1 Jp<pr

to
< Ap, / / (p log p — p log p)dxdt
t1 RN

The previous relation gives :
to
Atlpn = pl(t2) < dftlpn — o)+ [ dftlon 1),
t1

Applying Gronwall’s lemma we infer :

dftlpn — pl(t2) < dftlpn — pl(t1) exp(w(t2 — t1)).

We conclude that dft[p, — p](t) = 0 Vt, because pO converges strongly in L' to po.

4 Weak solutions with data close to a stable equilibrium

We consider in this section one situation which is rather different from the three cases

considered in the preceding sections. This situation is relevant for practical applications
and realistic flow and they involve conditions at infinity different from those studied.
We wish to investigate the system (NSK) with hypothesis close from these of the theorem
for strong solutions. We want then to study the system with a density close from a stable
equilibrium in the goal to can choose initial data avoiding the vacuum. We look now for a
solution (p, u) defined on R x RY of the system (NSK) (where P(p) = ap”) with p > 0 on
R x RV,

In addition we require (p, u) to satisfy the following limit conditions :
(p,u)(z,t) — (p,0) as |z| — +oo, forall t>0

where p > 0.
Such an analysis requires the use of the Orlicz spaces. We define the Orlicz space Lg(RN )

as follows :

LYRNY = {f € L, RN)/f151<5y € LP(RY), fl{p15s) € LYRN)}.
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Definition 4.15. We define ¥ as a convex function on [0,400) which is equal (or equi-
valent) to xP for x small and to x? for x large.

LYRY) = {f € Lj,o(RY)/¥(f) € L'(RY)}.

We can check that LL(RYN) is a linear space. Now we endow Li(RY) with a norm so that
Li(RYN) is a separable Banach space, by setting :

. /
£l g rvy = inf (£ > 0/ ‘I’(?

We recall now some useful properties of the Orlicz space :

) <1).

Corollary 1. We have :
1. Embedding :

Lg(RN) CL%(RN) if 1<q1<g<+4o00, 1<p<p < +oo.
2. Topology : fn —n 0 in LARYN) if and only if U(f,) —n 0 and that :

L1 40

\Ij - <4
NPT

We recall now some useful properties of the Orlicz space :

Proposition 4.17. We then have : /
— Dual space : If p > 1 then (LL(RYN))" = LZ, (RN) where ¢ = =1 p = o2
— Let F be a continuous function on R such that F(0) =0, F is differentiable at 0 and
F)|t|™ - a#0 att — +oo. Then if ¢ >0,

F(f) € LE(RY) if f € LYRY).
Our goal is now to get energy estimate. We have to face a new difficulty. Indeed
p, plul?, p7 need not belong to L.
We first want to explain how it is possible to obtain natural a priori bounds which corres-
pond to energy-like identities.

Next we write the following formal identities :
1 d

ﬁa(/ﬂ - =" (p—p) + diV[U7 — 1(/7“’ — ) =u-V(p)
d |u|? |u|? ) (4.40)
pET—Fpu'VT—,uAu-u—delvu-u—i—au'Vp“’:,‘ipuV(qﬁ*p—p).

We may then integrate in space the equality (4.40) and we get :
Mz a Y Y 57—1 5
(| p5 ="+ (=127 =70 p) + Egiobalp — plde) (?)
RN -1

t 2
. Uo a v
+/ dS/ 2u| Dul® + 2¢|divul*da < / Po% + (py + (v = )" —v0" " po)
0 RN RN v—1

+ Eglobal [pO - ﬁ]dl‘
(4.41)
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Notation 5. In the sequel we will note :
Jv(p) =p"+(y=1)p" =" "p.
Now we can recall a theorem (see [16]) on the Orlicz space concerning this quantity :
Theorem 4.19. j,(p) € L'(RY) if and only if p— p € L].

In following this theorem and our energy estimate we get that p—p € L>(0,T; L] (RY))
for all T € R.

Moreover we have :

Egiopatlp(t, ) — pl(z) = g(p =)+ ox(p—p)° =200 —p) (6% (p—p)).
Then in using the fact that p — p € L>(0,T; Ly (RY)) — L®(L*RY) + L7(RY)) and
interpolation on V¢, we get that p — p € L>=(0,T; L*(RY)).
We may now turn to our compactness result. First of all, we consider sequences of ap-
proximate smooth solutions (p,, uy) of the system corresponding to some initial conditions
(P )
In using the above energy inequalities, we assume that j, (%), Egopar[0S — p] and p8|ul)|?

are bounded in L (L'(RY)) and that pQ — p converges weakly in LJ(RY) to some py — p.
n 2

We now assume that :
J2(on): Eqtotatlpn — 7l pulual? are bounded in L%(0, T, L' (M),
Moreover we have for all ,7" € (0,400) and for all compact sets K C RN .
pn —p € L®(LARY) and p, is bounded in LI((0,T) x K),

for some q > s.

Duy, is bounded in L*(RY x (0,T))

u,, is bounded in L?(0,T, H'(Bg)) for all R, T € (0,+00) .
Extracting subsequences if necessary, we may assume that p,, u, converge weakly respec-

tively in L2((0,T) x Bg), L?(0,T; H'(Bg)) to p, u for all R, T € (0, 4+00). We also extract

subsequences for which pnuy,, ppu, ® u, converge weakly as previously.

Remark 2. We notice that the conditions at infinity are implicitly contained in the fact
that (pn — p)? and py|u,|? € LY(RY).

We then have the following theorem.

Theorem 4.20. Let v > 1. We assume that p° converges in L'(Bg) (for all R € (0,+00))
to po. Then (pp,un)nen converges in distribution sense to (p,u) a solution of (NSK).
Moreover we have for all R,T € (0,+00) :

pn —mn p in C([0,T],LP(Br x (0,T)) N L*(Bgr x (0,T)) forall 1 <p<s,1<s <gq.

wz’thq:s—k%—l.
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Proof :

As in the theorem 1.12, we want test the strong convergence of p, on concave function

B. Since the proof is purely local, we have again for small enough € > 0 :

(pn)a((ﬂ + E)divun — a(pn)'Y _ EP%) N, W((M i E)divu B ap_’Y B EF)

2 2
in D/((O,oo) X RN),
so we obtain :
dt( %) + div(up?) > (1 — )(divu)p? in D ((0,00) x RY). (4.42)

Next since (p® ) € L*(Bg x (0,7)) for all R, T € (0,+00), as in the theorem 1.12 in using

a result of type Diperna-Lions on renormalized solutions, we get :

s
() + div(ulp)e

m\»—t

) >0 in D'((0,00) x RM). (4.43)

1
while we have (p)e° < p a.e in RN x (0,400) and (p)° ) /t 0 = Pji=o in RN
Now in subtracting the second equality of (4.43) from the mass equation and setting f =
1
p — pte, we have :
d

dt(f)+d1v(uf)<0 >0 ae, fr—o=0in RY. (4.44)

Next we want again to show from (4.44) that f = 0, in integrating (4.44) and in using the
fact that f < 0 to conclude that f = 0. The difference with the proof of theorem 1.12 is to
justify the integration by parts as we work in different energy space.

We need a cut-off function. We introduce ¢ € C§°(RM), 0 < ¢ < 1, suppy C Ba, ¢ =
1 on By and we set pr = (%) for R > 1. Multiplying (4.44) by @r(x), we obtain :

/ fon / = fu- V(). (4.45)

Next, if T' > 0 is fixed, we see that supp V() C {R < |z| < 2R}, therefore, for R large

enough we have :

d 1 x
G | senteris = [ Erve),

C (4.46)
< E /RN f‘u’l(RS|m|S2R)dx, fort e (O,T),
To conclude that f = 0, we only have to prove that :
1
7 /]RN flullr<jz)<2r)dz — 0 as R — +oo. (4.47)

We now use the fact that f € L>(0,T,L*(RY)) and flu?> € L>®(0,T, L*(RY) for all
T € (0,+00) to control (4.47). The second fact is obvious since 0 < p and plul® €
L>=(0,T; LY (RY)).
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In order to prove the first claim, we only have to show that (p)¢

™=

—p € L™(0,T, L*(RY)).
We rewrite (pn)° — (p)° = (5 + (pn — p))° — (p)° is bounded in L>(0, T, L*(RY)) in using
proposition 4.17 with F(x) = (p + 2)° — (p)°. So we have \/f € L®(L*(RY)) and we get :

1 [T Co 1
E/o dt/RN flull(p<|z|<or)dr < Emeas(C’(O,R, 2R))%.
We recall that :
meas(C(0, R,2R)) ~p_ 100 C(n)RY
Then we get :

d
E/ Jor(x)dr —R_ 100 0
RN

and we conclude as in the proof of theorem 1.12.

At this stage, it only remains to show that, for instance, p, converges to pin C([0,T], L' (Bg))
for all R,T € (0,+00). In order to do so, we just have to localize the corresponding argu-
ment in the proof of theorem 1.12.

Therefore we choose for R, T € (0, +00) fixed, ¢ € C§°(RY) such that ¢ = 1 on Bg, 0 < ¢

on RY. Then, we observe that we have :

0 ) 0 )

57 (F°pn) + div(un(£*pn)) = prun - V*, = (%) + div(u(e®p)) = pu- Vi*
0 . 1, .

5 (PVPn) + div(ua(ppn)) = 5 (divun)oy/pn + Vpntn - Vo,

2 (o /p) + div(u(pp) = S(divu)oy/5 + /ou - V.

From these equations, we deduce as in the proof of the previous theorem, that ¢?p €
C([0,400), LY(RN)), ¢o/p € C([0,400), L*(RY)) and that ¢,/p, converges weakly in
L2(RY), uniformly in ¢ € [0,7]. Therefore, in order to conclude, we just have to show

that we have :

/ @ pn(tn)da — / o’ p(b)da
RN RN

whenever t, € [0,T], t, —, ¢, and this is straightforward since we have, in view of the

above equation :

tn
/ 902pn(tn)dx:/ 902(po)nd:n+/ dS/ Pty - V@ da
RN RN 0 RN
T
—>n/ gpzpodx—l—/ ds/ ,()U'V(,Dzd$:/ op(t)dz.
RN 0 RN RN
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Chapitre 5

Cauchy problem for viscous
Navier-Stokes equations with a

term of capillarity

Abstract

In this chapter, we consider the compressible Navier-Stokes equation with density de-
pendent viscosity coefficients and a term of capillarity introduced by Coquel et al in [13].
This model includes at the same time the barotropic Navier-Stokes equations with variable
viscosity coefficients, shallow-water system and the model of Rohde in [36].

We first study the well-posedness of the model in spaces with critical regularity for the
scaling of the associated equations. In a functional setting as close as possible to the physi-
cal energy spaces, we prove global existence of solutions close to a stable equilibrium, and

local in time existence for solutions with general initial data. Uniqueness is also obtained.

1 Introduction

This chapter is devoted to the Cauchy problem for the compressible Navier-Stokes
equation with viscosity coefficients depending on the density and with a capillary term
coming from the works of Coquel, Rohde and theirs collaborators in [13], [36]. Let p and
u denote the density and the velocity of a compressible viscous fluid. As usual, p is a non-
negative function and w is a vector valued function defined on RY. Then, the Navier-Stokes

equation for compressible fluids endowed with internal capillarity introduced in [36] reads :

Op + div(pu) =0,

(SW)
O (pu) + div(pu @ u) — div(2u(p)Du) — V(A (p)divu) + VP(p) = kpV D|p],

supplemented by the initial condition :

P/t=0 = PO, PU/t=0 = POUD
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and :
Dlpl=¢*p—p

where ¢ is chosen so that :
¢ € L°RY) N CLYRN) n whHLRY), ¢(x)dx =1, ¢ even, and ¢ >0
RN

and where P(p) denotes the pressure, p and A are the two Lamé viscosity coefficients (they

depend regularly on the density p) satisfying :
uw>0  2u+NX>0.

(1 is sometimes called the shear viscosity of the fluid, while A is usually referred to as the
second viscosity coefficient).
several physical models arise as a particular case of system (SW) :

— when k = 0 (SW) represents compressible Navier-Stokes model with variable visco-

sity coefficients.

— when £ = 0 and u(p) = p, M(p) = 0, P(p) = p>, N = 2 then (SW) describes the

system of shallow-water.

— when k = 0 and p, A are constant, (SW) reduce to the Rohde model of chapter four.
One of the major difficulty of compressible fluid mechanics is to deal with the vacuum.
The problem of existence of global solution in time for Navier-Stokes equations was ad-
dressed in one dimension for smooth enough data by Kazhikov and Shelukin in [31], and
for discontinuous ones, but still with densities away from zero, by Serre in [38] and Hoff in
[24]. Those results have been generalized to higher dimension by Matsumura and Nishida
in [33] for smooth data close to equilibrium and by Hoff in the case of discontinuous data
in [26, 27].

Concerning large initial data, Lions showed in [32] the global existence of weak solutions for
v>32for N=2andy > 2 for N = 3. Let us mention that Feireisl in [20] generalized the
result to v > % in establishing that we can obtain renormalized solution without imposing
that p € L%OC, for this he introduces the concept of oscillation defect measure evaluating
the loss of compactness.

Other results provide the full range v > 1 under symmetries assumptions on the initial da-
tum, see Jiang and Zhang [29]. All those results do not require to be far from the vacuum.
However they rely strongly on the assumption that the viscosity coefficients are bounded
below by a positive constant. This non physical assumption allows to get some estimates
on the gradient of the velocity field.

The main difficulty when dealing with vanishing viscosity coefficients on vacuum is that
the velocity cannot even be defined when the density vanishes and so we cannot use some
properties of parabolicity of the momentum equation, see [11], [12].

The first result handling this difficulty is due to Bresch, Desjardins and Lin in [7]. They
show the existence of global weak solution for Korteweg system in choosing specific type

of viscosity where p and A are linked.
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The result was later improved by Bresch and Desjardins in [4] to include the case of va-
nishing capillarity (x = 0), but with an additional quadratic friction term rpulu| (see also
[6]). However, those estimates are not enough to treat the case without capillarity and
friction effects k = 0 and r = 0 (which corresponds to equation (1) with h(p) = p and
9(p) = 0).

The main difficulty, to prove the stability of (SW) , is to pass to the limit in the term
pu ® u (which requires the strong convergence of |/pu). Note that this is easy when the
viscosity coefficients are bounded below by a positive constant. On the other hand, the new
bounds on the gradient of the density make the control of the pressure term far simpler
than in the case of constant viscosity coefficients.

In [6] Bresch and Desjardins show a result of global existence of weak solution for the
non isothermal Navier-Stokes equation by imposing some condition between the viscosity
coefficient and a bound by below on the viscosity coefficient. A. Mellet and A. Vasseur in
using the same entropy inequality get a very interesting result of stability. They get more

general estimate, which hold for any viscosity coefficients 1(p), A(p) satisfying the relation :

u(p) = X (p) = A(p)- (1.1)
Mellet and Vasseur show in [34] the L! stability of weak solutions of Navier-Stokes com-
pressible isotherm under some conditions on the viscosity coefficients (including (1.1))
but without any additional regularizing terms. The interest of this result is to consider
conditions where the viscosity coefficients vanish on the vacuum set. It includes the case
w(p) = p, M(p) =0 (when N =2 and v = 2, where we recover the Saint-Venant model for
Shallow water). The key to the proof is a new energy inequality on the velocity and a gain
of integrability, which allows to pass to the limit.
The existence and uniqueness of local classical solutions for (SW') with smooth initial data
such that the density po is bounded and bounded away from zero (i.e., 0 < p < pg < M)
has been stated by Nash in [35]. Let us emphasize that no stability condition was required
there.
On the other hand, for small smooth perturbations of a stable equilibrium with constant
positive density, global well-posedness has been proved in [33]. Many recent works have been
devoted to the qualitative behavior of solutions for large time (see for example [24, 31]).
Refined functional analysis has been used for the last decades, ranging from Sobolev, Besov,
Lorentz and Triebel spaces to describe the regularity and long time behavior of solutions
to the compressible model [39], [40], [25], [30]. The most important result on the system of
Navier-Stokes compressible isothermal comes from R. Danchin in [15] and [18] who show
the existence of global solution and uniqueness with initial data close from a equilibrium,
and he has the same result in finite time. The interest is that he can work in critical Besov
space (critical in the sense of the scaling of the equation.)
We generalize the result of R. Danchin in considering general viscosity coefficient and in

connecting this result with those of A. Mellet and A. Vasseur. This result improves too the
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case of strong solution for the shallow-water system, where W.Wang and C-J Xu in [41]

have got global existence in time for small initial data with hg, ug € H*** with s > 0.

1.1 Notations and main results

We will mainly consider the global well-posedness problem for initial data close enough
to stable equilibria. Here we want to investigate the well-posedness of the system (SW)
problem in critical spaces, that is, in spaces which are invariant by the scaling of the
equations. Let us explain precisely the scaling of the system. We can easily check that, if

(p,u) solves (SW), so does (py,uy), where :

pa(t,z) = p(N2t, Az) and wy(t,z) = Au(N\t, Az)

provided the pressure law P has been changed into A\2P.

Definition 1.16. We say that a functional space is critical with respect to the scaling of

the equation if the associated norm is invariant under the transformation :

(P u) — (pa, un)
(up to a constant independent of \).

This suggests us to choose initial data (pg, ug) in spaces whose norm is invariant for all
A >0 by (po,uo) — (po(A-), Aug(A)).

A natural candidate is the homogeneous Sobolev space HV/2 x (H N/ 2=1)N "but since HN/2
is not included in L*°, we cannot expect to get L control on the density when pg € HN/Z,
This is the reason why as in the chapter two, instead of the classical homogeneous Sobo-
lev space, we will consider homogeneous Besov spaces Bé\f 1/2 X (Bév 1/2_1)N with the same
derivative index. This allows to control the density from below and from above, without
requiring more regularity on derivatives of p. In the sequel, we will need to control the

vacuum, this motivates the following definition :

Definition 1.17. Let p > 0, > 0. We will note in the sequel :

b
q_

bl‘

Let us first state a result of global existence and uniqueness of (SW) for initial data

close to a equilibrium.

Theorem 1.21. Let N > 2. Let p > 0 be such that : P'(p) > 0, u(p) > 0 and 2u(p)+A(p) >

~ N N
0. There exist two positive constants g and M such that if gy € B%_lﬁ, up € B2~ and :

laoll 5oy 1y +llwoll 3 4 <0
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then (SW) has a unique global solution (q,u) in E% which satisfies :

(g, W)l Ly < M(llaoll 55— + lluoll ),
for some M independent of the initial data where :
N ~N N ~N N N
E> = [Cy(RT, B2 1 2)n LYRY, B2 T12)] x [Cy(Ry, B2 ~HN
N
N Ll(R+,B7+1)N],
In the following theorems, we want to show some result of existence and uniqueness in
finite time for large initial velocity and initial density close to some constant.
The following result shows the existence and uniqueness in finite time with initial data in
critical Besov space for the scaling of the equations. However as we said, we need for some

technical reasons of an hypothesis of smallness on ¢g. We note that we work on Besov space

B, with general index p on the integrability.

N

N N_3
Theorem 1.22. Let p € [1,4+o00[. Let qo € By and ugp € By . Assume also that :

llgoll x < e for a suitably small positive constant € > 0.
B p

P
Under the assumptions of the theorem 1.21 for the physical coefficients, there exists a time
T > 0 such that the following results hold :

N
1. Existence : If p € [1,2N] then system (SW') has a solution (q,w) in Ey’ with :

N N N

N N 1 Tl ~ 21
Ef =Cr(By ) x (Lp(By )NCr(By ).

N
2. Uniqueness : If in addition 1 < p < N then uniqueness holds in F," .

Moreover we have a control on the time T which may be bounded from below by :

1— e—cﬂte2q

~2
. N_q EV
min <n,max (t >0, qEEZ 210 )HAquoHLp( = ) < o U0)>.

where v = min(u(p), \(p) + 2u(p)) and Uy = HUOHB%.

In the next theorem, we consider the case when the initial variational density qg belongs
N N

ot . .
top+ By * * with ¢ > 0 and satisfies 0 < p < p. Here we do not suppose a smallness

condition on HqOHB ~ but we impose more regularity.
P

Theorem 1.23. Let € €]0,1[ and p € [1, ll—e[ and we assume that the physical coefficients

N N
~_7_+
verify the same hypothesis as in theorem 1.21. Let po € p+ By * : for a constant p > 0,
N
ug € Br» 7L Assume that there is a constant P such that :

0< P < po.
N
There exists a time T > 0 such that system (SW) has a unique solution (q,u) in F,\ .
Moreover we have a control on the time T which may be bounded from below by :
N 1— e—cﬂte2q 6;2
inn, t>0,% 2 7)A _ < — .
m1n<n max( qzé% r | Aguol| e ( > ) < V+U0)

where : v = min(u(p), A(p) +2p(p)) and Uo = [uol| -
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The present chapter is structured as follows.
In the Section 2, we recall some basic facts about Littlewood-Paley decomposition and
Besov spaces.
In the Section 3 we prove the theorem 1.21 and in the Section 4 we show the theorem 1.22.
We conclude in the Section 5 by the proof of the theorem 1.23.

2 Littlewood-Paley theory and Besov spaces

2.1 Littlewood-Paley decomposition

Littlewood-Paley decomposition corresponds to a dyadic decomposition of the space in
Fourier variables.
We can use for instance any ¢ € C*(RY), supported in C = {£ € RV/3 < |¢] < £} such
that :

D e =1 if £#£0.

leZ
Denoting h = F~ 1, we then define the dyadic blocks by :

A= p(27'Dyu = 2!V h(2'y)u(z — y)dy and Sju = Z Agu.
R K<i—1

Formally, one can write that :

UZZAku

kEZ
This decomposition is called homogeneous Littlewood-Paley decomposition. Let us observe

that the above formal equality does not hold in S’ (RV) for two reasons :
1. The right hand-side does not necessarily converge in S’ (RM).

2. Even if it does, the equality is not always true in S'(RY) (consider the case of the

polynomials).

However, this equality holds true modulo polynomials hence homogeneous Besov spaces

will be defined modulo the polynomials, according to [15].

2.2 Homogeneous Besov spaces and first properties

Definition 2.18. For s € R, p € [1,400], q € [1,+o0], and u € S (RY) we set :

. 1
lullss,, = (2" Aul|zs)?)7.
leZ
A difficulty due to the choice of homogeneous spaces arises at this point. Indeed, ||.|| B,
cannot be a norm on {u € S (RV), [ullps, < +oo} because [ullps, = 0 means that u is
a polynomial. This enforces us to adopt the following definition for homogeneous Besov

spaces, see [15].
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Definition 2.19. Let s € R, p € [1,+0], q € [1,+00].
Denote m = [s—%] z'fs—% ¢Z orqg>1 andm:s—%—l otherwise.
— If m <0, then we define B} , as :

Byq = {U eSS RY)/ ullBs,, < oo and u = ZAlu in S'(]RN)} ,
leZ
~ Ifm >0, we denote by P, [RY] the set of polynomials of degree less than or equal to

m and we set :

B;, = {u € S'(RY)/Pm[RN] / |lullps, < o0 and u=" A in S'(RN)Pm[RN]} :
leZ
The definition of By, does not depend on the choice of the Littlewood-Paley decom-

position.

Remark 7. In the sequel, we will use only Besov space By, , with ¢ =1 and we will denote
them by By, or even by B® if there is no ambiguity on the index p.

Let us now state some basic properties for those Besov spaces.

Proposition 2.18. The following properties holds :
1. Density : If p < +oc and [s| < N/p , then C§° is dense in B,.

2. Derivatives : there exists a constant universal C such that :

p,r =

C7Mullgy, < IVullgyzr < Cllulls;,,.

_N(LA L
3. Sobolev embeddings : If p1 < pa and vy <19 then By . — B;MZ(“ ”2).
4. Algebraic properties : For s > 0, By . N L* is an algebra. Moreover, for any p €
N N
P

N N
[1,+00] then By — Bploo N L, and B}, is an algebra if p is finite.

5. Real interpolation : (Bp}., By2), ./ = Bﬁ;l,+(1_9)82.

2.3 Hybrid Besov spaces and Chemin-Lerner spaces

Hybrid Besov spaces are functional spaces where regularity assumptions are different
in low frequency and high frequency, see [15]. We are going to give the definition of this

this new spaces and give some of their main properties.

Definition 2.20. Let s, t € R. We set :

1 1
lull g = (3@ Aqule)) " + (3@ 1 Agullze)) ™

q<0 q>0

Denote m = [s — %

z'fs—% ¢7 orr>1 andm:s—%—l otherwise, we then define :
- Byt ={uecS'RY)/ lull oo < +o0}, if m <0

- Byt ={ue S ®RY)/P,RN]/ lul gse < o0} if m > 0.
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Let now give some properties of these hybrid spaces and some results on how they
behave with respect to the product. The following results come directly from the paradif-

ferential calculus.

Proposition 2.19. We give here some results of inclusion :
1. We have B3y = Bs ..
2. If s <t then By, = B, N B orif s>t then Byy = B3, + BY .

3. If s1 < sy and t; > ty then By — B2,
Proposition 2.20. For all s, t >0, 1 <r,p < 400, the following inequality holds true :
el e < Oull ool e + ozl ) (2.2

For all s1, so, t1, to < % such that min(sy + s, t1 + t2) > 0 we have :

]y oy vy < el ol s (23)
<C ] N 4
el < Ol ol il < o (2.4)

For a proof of this proposition see [15]. The limit case s; + s2 = t; +t2 = 0 in (2.3)
is of interest. When p > 2, the following estimate holds true whenever s is in the range

(_%7 %] (see e.g. [37]) :

luoll < Clullsg, ol 5. (2.5)

.00
The study of non stationary PDE’s requires space of type LP(0,T, X) for appropriate Ba-
nach spaces X. In our case, we expect X to be a Besov space, so that it is natural to localize
the equation through Littlewood-Payley decomposition. But, in doing so, we obtain bounds
in spaces which are not type L(0,T, X) (except if r = p). We are now going to define the
spaces of Chemin-Lerner in which we will work (see [8]), which are a refinement of the spaces
LC’}(B;T).

Definition 2.21. Let p € [1,+00], T € [1,+o0] and s1,s2 € R. We then denote :

1 T r
gy = (322 DA g ) + (2272 1A®,0)7)

<0 >0

|~

3

We note that thanks to Minkowsky inequality we have :
”UHLPT(B;};S?) < Hu”ig(ég}ﬂ) if p<r,
lellzy paeny < Mellzg gyeey 3 P 27
We then define the space :

L (By2) = {u € Lh(By)/lull g gov) < o0}

We denote moreover by Cp(B5"*?) the set of those functions of Zi’«o( 51%2) which are
continuous from [0, 7] to E;“SQ. In the sequel we are going to give some properties of this

spaces concerning the interpolation and their relationship with the heat equation.
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Proposition 2.21. Let s, t, s1, so € R, r, p, p1, p2 € [1,+00]. We have :

1. Interpolation :

HUHLP (B” < HUHLM(BSl t1 H |Lp2(BS2 tg

with 1 pel +1p;26, s=0s1+ (1 —0)sy and t =0t; + (1 — )ty

2. Embeddmg :

N
B

E%(Bf,’t) < L£(Co) and Cp(By ) — C([0,T] x R?)

Here we recall a result of interpolation which explains the link of the space Bp 1 with

the homogeneous spaces , see [14].

Proposition 2.22. There exists a constant C' such that for all s e R, e >0 and 1 < p <

400, we have

1+e¢
g, < ¢ ullmy (1 T log

[ull gge + llull gyt >

[ullB;, .

To finish with we adapt the results of the paradifferential calculus on the product of

Besov function to the spaces of Chemin-Lerner. So we have the following properties :

Proposition 2.23. Let p,r € [1,4+o0]. We have the two following properties :
~Lets>0,t>0,1/p2+1/p3=1/p1+1/ps=1/p <1, u& LE(Bpi) N L (LX) and
v € LA (Bii) N LE2(L™®). Then uv € LA.(Byy) and we have :

lwollze sty S lellpor ooy 1ol oa oty + 10l Eo2 nocy lull pos 50

— If s1,89,t1,t5 < ﬂ ,81+82>0,t1+1t3 >0 1/p1 + 1/,02 = 1/p <1l,ue Zgnl(B;}r’tl)
and v € L5? (B;?’tz) then wv € Lh(By' T~ %) and

HUUHL”T ;1T+327%,t1+t27%) S ”UHszl(B;}Tvtl)”v”ig(B;gﬁz)-
The analogous of the endpoint estimate (2.5) reads (for p > 2) :

ol S Wl Il g (26

T p,00

whenever s is in the range (—%,NN] and pil + piz = % < 1 (see the proof in [19]). For
a proof of this proposition see [15]. Finally we need an estimate on the composition of

functions in the spaces ﬂ%(B;’)

Proposition 2.24. Let s > 0, r € [1,+00] and F € WET®(RN) such that F(0) = 0.

loc

There exists a function C depending only on s, p, N and F, and such that :
IE ()l ze (gs1o2y < Cllullzge ey lull go (3102 -
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If v,u € LE(ByY™) N LP(L®) and G € W/lEiJrs’oo(RN) then G(u) — G(v) belongs to
LO.(Bpb*®) and it erists a constant C depending only of s,p, N and G such that :

1G(w) = G(V)ll e (g3y2y < ClllullLge ooy, Vllzge o)) (v = ull o (3152

(1+ HUHL%"(LOO) + HUHL%O(LOO)) + v — UHL%’(LM)(HuHi;(B;};S?) + ||U||i;(B;};82))-

The proof is a adaptation of a theorem by J.Y. Chemin and H. Bahouri in [1].
We end this section by recalling some estimates in Besov spaces for transport and heat

equations. For more details, the reader is referred to [8] and [17].

Proposition 2.25. Let (p,r) € [1,+00]? and s € (— min(%, g), % +1). Let u be a vector

N
field such that Vu belongs to L1(0,T; BN L>). Suppose that qy € By, F € LY0,T, By,

and that ¢ € L (B, ,) N C([0,T);S") solves the following transport equation :
oq+u-Vq=F,
4i=0 = qo-

Let U(t) = fg |Vu(T)] N dr. There exits a constant C depending only on s, p and N,
BP.NL>
and such that for all t Ep [0,T], the following inequality holds :

t
Hq”igo(Bfm) < eXpCU(t) <||q0||B§,r _|_/O eXp—CU(T) ||F(T)||B§m d7'>
If r < 400 then q belongs to C([0,T7]; B, ).

Actually, in [17], the proposition below is proved for non-homogeneous Besov spaces.
The adaptation to homogeneous spaces is straightforward. Let us now some estimates for

the heat equation :

Proposition 2.26. Let s € R, (p,r) € [1,4+00]? and 1 < py < p1 < +oo. Assume that

up € By, and f € E%(E;;Zﬂ/pz). Let u be a solution of :
Oyu — pAu = f
Ut=0 = UQ -

Then there exists C' > 0 depending only on N, u, p1 and ps such that :
L1
HUHZPT1(§;,J;2//J1) < C(HUOHB;,T- + ”f”z;2(§;*2+2/02)) :
If in addition v is finite then u belongs to C([0,T], B, ,.).

The proof of local well-posedness for initial density bounded away from zero requires

estimates in B, spaces for the following linear system :

Opu — fidiv(aVu) — (A + 1)V (adivu) = G,

Ut=0 = U,
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where u(t,z) € RN, 7 = 21 + A > 0 and the diffusion coefficient is assumed to satisfy :
0<a<a(tz) <a. (2.7)

We can prove that the solution of the previous system satisfy estimates analogous to those

of proposition 2.26, see [15].

Proposition 2.27. Let 1 < p < 400, 1 < a3 <7 < 400 and s be such that max(1, %) <

s < % + 1. Set oy = S_LE and let ag be such that a% = a—12 + ai; Let assumption (2.7) be

fulfilled and u be a solutz'pon of (2.3). We suppose that the regularity index T satisfies :

2 N 2
- = ——<7<1——+s
Qg p Qg
Then the following estimate holds for all a € [r,4+00] :

[l

Fa sl S lluollsy +1G1- re2-2 F HVaHEa'Q( . HVUHEQ,2 i
T P T

L. (By By~ (Bp
3 Proof of theorem 1.21

3.1 Sketch of the Proof

In this section, we give the sketch of the proof of theorem 1.21 on the global existence
result with small initial data.
We will suppose that p is close to a constant state p, so that p will be strictly superior to
a positive constant, we will use the parabolicity of the momentum equation to get a gain
of derivatives on the velocity u. The density p has a behavior similar to the solution of a
transport equation. Let us rewrite the (SW) system in a non conservative form in using
the definition 1.17.

Oq +u.Vqg+divu = F

(SW1) O+ u.Vu — @Au — MVdivu + (kp+ P (p)) Vq
—kppxVqg=G

where we have :
F = —qdivu,

G = Alp,u) + K(p)Vq,

where we set :

Alpo) = [diV(u(p)D(U)) P py [V((u(p) +A(p))divu)  u(p) +A(P) Vdivad,
p P p P
K(p) =22 pp)

For s € R, we denote ASh = F~1(|¢|*h). We set now :

d= A"'divu and Q = A tcurlu
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where d represents the compressible part of the velocity and €2 the incompressible part. We
rewrite now the system (SW1) in using these previous notations on a linear form :

Oyq + Ad = Fy,

Ord — vAd — SAq + kA (¢ * q) = Gy

0Q) — pAQ = Hy

u=—A"'Vd— AdivQ

(SW2)

where we have :

= o) 5 M)
p p

We have in our case :

, D=2+\ 0=rp+P(p), and & =rkp.

= —qdivu —u - Vg,
G = —A"div(G),
H; = —A"teurl(G).
The first idea will be to study the linear system associated to (STW2). We concentrate on

the first two equations because the third equation is just a heat equation with a non linear

term. The system we want to study reads :

dg+Ad=F,

Oyd — vAd — 5Aq+ FA(¢ % q) = G .
This system has been studied by D. Hoff and K. Zumbrum in [28] in the case & = 0. There,
they investigate the decay estimates, and exhibit the parabolic smoothing effect on d and
on the low frequencies of ¢, and a damping effect on the high frequencies of ¢.
The problem is that if we focus on this linear system, it appears impossible to control the

term of convection w- V¢ which is one derivative less regular than ¢. Hence we shall include

the convection term in the linear system. We thus have to study :

, Oq+v-Vg+Ad=F,

(SW2) ' i
Od+v-Vd—vAd— 6Aq+ FA(p *x q) = G,

where v is a function and we will precise its regularity in the next proposition. System
(SW?2)" has been studied in the case where ¢ = 0 by R. Danchin in [15], we then adapt
the proof in taking into consideration the term coming from the capillarity.

In the sequel we will assume 7 > 0 and § — &||¢||~ > ¢ > 0. We get then the following

proposition.

Proposition 3.28. Let (¢,d) a solution of the system (SW2)" on [0, T , 1—% <s< 1+%
and V(t) = fg H’U(T)HB_JQ\LHdT. We have then the following estimate :

t
(@ Dl a1 po +/0 (@, (T gerrs  perdT

t
< Ce%YD (|10, d0) | ooy oo + /0 e VO (F, G) ()| ooy o rdT),
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where C' depends only on 7, 8, K, ¢, N and s.

Proof of Proposition 3.28 :

Let (g,u) be a solution of (SW?2)" and we set :
G=e KV 7= KVWy F=eKVOF and G = KV0G. (3.8)

We are going to separate the case of the low and high frequencies, which have a different
behavior concerning the control of the derivative index for the Besov spaces.

In this goal we will consider the two different expressions in low and high frequencies where
lop € Z, A, B and K; will be fixed later in the proof :

12 =0ll@ll?e — 7@, ¢+ @) + il 72 — 2K1 (AGi, dy) - for 1<y,

N 9 N (3.9)
fE=1AG|72 + Alldil[72 — —(Aq,d;)  for 1> lo.
In the first two steps, we show that K; and A may be chosen such that :
2l(s—l)f12 ~ 2l8 max(l, 2—1)“@“%2 + 21(5_1) |’£ZV1H%27 (310)

and we will show the following inequality :

1d , . = =
5o+ amin@ ) f7 < 027 Vayfi([(F,G)l| gy o
(3.11)

+ V@ D gomriogos) — KV £2.

where ., a; < 1 and « is a positive constant.
This inequality enables us to get a decay for ¢ and d which will be used to show a smoothing

parabolic effect on d.

Case of low frequencies
Applying operator A; to the system (SW2)/, we obtain then in setting :
@ = Ayg, dp = Agd.

the following system :

d ~ =~ ro
&+ Auv- V) +Ady = F - KV (D),
J (3.12)
yrENICE Vd)) — vAd; — 5AG + EA(¢p* @) = G, — KV (t)d;.
We set :
f2=0lalz: + ldil|72 — 2K:1 (A, dy) (3.13)

for some K; > 0 to be fixed hereafter and (-, ) noting the L? inner product.
To begin with, we consider the case where F = G = 0, v = 0 and K = 0. Taking the L?

177



scalar product of the first equation of (3.12) with ¢; and of the second equation with d,

we get the following two identities :

HQIHLz + (Ady, q1) =0,

i‘;’f (3.14)
o7 i[> + Pl Adyl|72 — 6(Aqr, dy) + R(A(¢ % qr),dy) = 0.
In the same way we have :
1d
2dt(‘]lﬂ]l ¢)+(Ad17¢*(ﬂ) :07 (315)
because we have by the theorem of Plancherel :
d d d d
(@ ax9)= (dtqz,qmﬁ) th(qz,qmb) 5 (@@ * 9)-

We want now get an equality involving 7(Ady, ¢;). To achieve it, we apply A to the first
equation of (3.12) and take the L?-scalar product with d;, then take the scalar product of

the second equation with Ag; and sum both equalities, which yields :

d
7 —(Aq, dp) + |A) |72 — 8| Aqi32 + R|l¢ * Aq||7> + P(A%dy, Agy) = (3.16)

By linear combination of (3.14) and (3.16), we get :

5 dtfl (7 — KA ||72 + K1 (0| Aqill72 — Bll¢ = Aql|72) — K1 (Ady, Ag) = 0. (3.17)

And as we have assumed that : § — R|]$|]Loo >c> 0 we get :
S oS+ = KA, + Kaclals - 7K (VdpAa) 0. (318)
Using spectral localization for d; and convex inequalities, we find for every a > 0 :

2 a2%o 2 1 2
[(A%dy, Aqy)| < T”Adl”m + %HAQIHLQ'

In using the previous inequality and (3.17), we get :

a22l
5 dtfl (7 — K1 — Ad|IF2 + (K1~ —)||AQlHL2 <0. (3.19)
From (3.13) and (3.19) we get in choosmg a=7vand K; < mln(22+0, 24_221052), then :
f, +a22f2 <0, (3.20)

2 dt
for a constant « depending only on v and Kj.

In the general case where F', G, K and v are not zero, we have :

2 dtfl + (02" + KV) 7 < (Fi, @) + (Gr,d) = K(AFy,dy) = K (MG, @) = (Ai(v - V), @)

— (Ai(v- Vd),di) + K ((AAi(v - V), di) + (AA(v - Vd), ).
Now we can use a lemma of harmonic analysis in [15] to estimate the last terms, and get

the existence of a sequence (oq)1ez such that Y ., oq < 1 and :

fl ( 22I+KV )fl2<alfl (s=1) (”(F G)HBS 1,s w Bs— 1+VH(Q7 )HBS 1,s  Bs— 1)

2 dt
(3.21)
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Case of high frequencies

We consider now the case where [ > [y + 1 and we recall that :
~ 9 ~ 12 2, ~
= [[Aql72 + Alldi||72 — E(Qlydz)-

For the sake of simplicity, we suppose here that F = G = 0, v = 0 and K = 0. We now
want a control HAquiz on e apply the operator A to the first equation of (3.12), multiply

by Ag; and integrate over RY, so we obtain :

2dtHAQI||L2 + (N%dy, Agy) = (3.22)

Moreover we have :

1d

2dtHd/lHLz + 7[|Ady||72 — 6(Aqr, di) + R(A(¢ * @), dy) = 0.

(3.23)
d _
— (Mg dp) + [|Ad)|[7> — 8] Aqil|7> + Fll¢ = Aql|Z> + 7(A%d), Agi) = 0.
dt
By linear combination of (3.22)-(3.23) we have :

1d

2 dt — Hqu”Lz + (AI/ — —) HAle%Z - AS(Aql,dl) + AR(A((ﬁ * ql), dl) =0. (3.24)

Moreover we have :
|~ Ab(Aqr. di) + AR(A(S * @), d)| < A+ R D]l )|(Aar, )
We have now in using Young inequalities for all a > 0 :
@1 A@)| < SAal3a + o N,

So we get :

[

1
SR AP (Ar — L~ )l + (- DAl <0 (325)

R
NJI@

2 dt
So in choosing :

1 2
a=_— and A>max(5,1)

there exists a constant « such that for [ > [y + 1 we have :

2dtfl + fl <0. (3.26)

In the general case where F', G, H, K and v are not necessarily zero, we use a lemma of

harmonic analysis in [15] to control the convection terms. We finally get :

2dtfl (a‘i‘KV/)fl2 S alflz_l(s_l)(u(ﬁv é)”ésfl»s‘stfl (3.27)

+ V@ Dl s o)

This finish the proof of (3.9) and (3.11).
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The damping effect

We are now going to show that inequality (3.11) entails a decay for ¢ and d. In fact we
get a parabolic decay for d, while ¢ has a behavior similar to a transport equation.

Using h? = f? + 62, integrating over [0,¢] and then having § tend to 0, we infer :

A1) + amin(22,1) /O f(r)dr
Sfl(0)+02_l(s_1)/0 a(T)(F(T), G () gooro . podT (3.28)

" / (O D g (1)@, D) gose e — K Si())
0

Thanks to (3.10), we have in taking K large enough :
Y (€27 Vay(n)[(@ )| o5 pe — Kil7)) <0,
I€Z

In multiplying (3.28) by 2/~ and in using the last inequality, we conclude after summa-
tion on Z, that :

1G]] o5 +||dHBs 1 +04/ lg(m)|l 55— 1sd7'+2/ a2!=1) min (2%, 1)||dl( Y| 2dT
leZ

~ t ~ ~
5 H(Ezvo’do)”ésfl’stsﬂ +/0 ”(F7 G)”Esfl,stSﬂdT
(3.29)

The smoothing effect

Once stated the damping effect for g, it is easy to get the smoothing effect on d by
considering the last two equations where the term Agq is considered as a source term .
Thanks to (3.29), it suffices to prove it for high frequencies only. We therefore suppose in
this subsection that [ > [y for a [y big enough.

We set g; = ||d;||z2 and in using the previous inequalities, we have :

1d e .- L

5 dtHleL2 + 7| Ady|32 — 6(AG, di) + (A6 * @), dy) = Gy - dy — KV (8)||dy]|3».
We get finally with o« > 0 :

1d

2dtgl +a22g2 < g (Al 2 + |Gl 2) + gV () (Ca27 ' V)d] g1 — Kgp).

We therefore get in using standard computations :

> 2D )dy(0)]| 2 +a/ > 2 dy ()| pdr < [ldo]| o +/ IG(7) || go-rdr

>l 1>lp

/ S 205G ()l + CV(E) sup (|d(7)]5e).

1>l T€[0,]
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Using the above inequality and (3.29), we have :

t ~
/ > 2y (7) || pedr S (1 4+ V() (llgoll gore + lldollpe—)
0 1210 (3.30)

[ OF s+ 16 )i

Combining that last inequality (3.30) with (3.29), we achieve the proof of proposition 3.28.
O

3.2 Proof of theorem 1.21

This section is devoted to the proof of the theorem 1.21. The principle of the proof is a
very classical one. We want to construct a sequence (¢",u"),en of approximate solutions
of the system (SW), and we will use the proposition 3.28 to get some uniform bounds
on (¢",u")pen. We will conclude by stating some properties of compactness, which will

guarantee that up to an extraction, (¢, u™),en converges to a solution (g, u) of the system

(SW).

First step : Building the sequence (¢",u")nen

We start with the construction of the sequence (¢",u")nen, in this goal we use the

Friedrichs operators (J,,)nen defined by :

where F~! is the inverse Fourier transform. Let us consider the approximate system :

Ohq" + Jp(Jpu™ - VIpq") + AJpd* = F"

Bd™ + Ty (Jou™ - VInd®) — AT, d® — SATnq" — Fip % AJpg™ = G™

8" — DA, Q" = H" (3.31)
Ut = —ATVA" — AT divQ"

(q",d", Q") =0 = (Jnq0, Jndo, Jn )

with :
F" = — I ((Jng™)divJ,u™),
G" = J, A div[A(o(p(1 + Jug™), Juu™) + K (p(p(1 + Jug™)) V"],
H" = J,A teurl[A(o(p(1 + Jng™)), Juu™) + K (p(p(1 + Jug™)) V"]

where ¢ is a smooth function verifying ¢(s) = s for % <s<nandyp> %.
We want to show that (3.31) is only an ordinary differential equation in L? x L? x L2.

We can observe easily that all the source term in (3.31) turn out to be continuous in
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L? x L? x L*. As a example, we consider the term J, A(o(p(1 + Jng™)), Jou™). We have

then by Plancherel theorem :

div(p(p(p(1 + Jng™)) DJpu™)
p(p(1 + Jng™))

[T ( Mz < nllu(e(p(l + Jug™)) DJpu”|| 2

1

X o,
I+ -

< 4Mnn2”unHL2'

where M, = [|u(¢(p(1 + Jng™)| 1o

According to the Cauchy-Lipschitz theorem, a unique maximal solution exists in C([0, T}, ); L?)
with T}, > 0. Moreover, since J, = Jfl we show that (J,q", J,d", J,Q2") is also a solution
and then by uniqueness we get that (J,,¢", J,u™) = (¢",u™). This implies that (¢",d", Q")
is solution of the following system :

hq" + Jp(u".Vq") + Ad" = F

opd™ + J,(u".Vd") — vAd™ — SAq" — kK¢ x A¢" = G

0" —DAQ" = HY (3.32)
u" = ATV — AT dive"

(q",d", Q") ji=0 = (Jnqo, Jndo, JnSo)

and :
F'=—J, (q"divu"),

= JuA”Hdiv[A(p(p(1+¢"), u") + K (o(p(1 + ¢™)) ],
HY = Jo A eurl [A(p(p(1 + ™)), u™) + K (@(p(1+ ¢™M))].
And the system (3.32) is again an ordinary differential equation in L2 with :
. 1
12 = {g € LA(RY) suppg © B(-—,n)}.
Due to the Cauchy-Lipschitz theorem again, a unique maximal solution exists in C ([0, T},); L2)
with 7, > T, > 0.
Second step : Uniform estimates

In this part, we want to get uniform estimates independent of 7" on ||(¢",u")|| y for
ET

all T < T ,; This will show that T, ,; = +oo by Cauchy-Lipchitz because the norms || - ||E ¥

N
and L? are equivalent on L2. E? Let us set :

B(0) = lgoll sy 1.5 + luoll
Elqut) = lall o gyoy) +llal ey o+ el sy +lall oy,

and :
T, = sup{t € [0,T), E(¢",u"™,t) < 3CE(0)}
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C corresponds to the constant in the proposition 3.28 and as C' > 1 we have 3C' > 1 so by
continuity we have T}, > 0.

We are going to prove that T, = TTIL for all n € N and we will conclude that Vn € N
TTIL = +o00. To achieve it, one can use the proposition 3.28 to the system (3.32) to obtain

uniform bounds, so we get in setting V,,(t) = Hun”Ll (BT :
T
CVnl(t r CVn(
I e (S T /0 RO (E Ny oy

HIGT (O g+ HT (7] -1 )dT)

Therefore, it is only a matter of proving appropriate estimates for F{*, G} and H in using
properties of continuity on the paraproduct.

We estimate now || FJ*|| Yoy, in using proposition 2.23 and 2.24 :

LL(B

n 3 n
e S 7 T
We now want to estimate G7 :

= n n n
1AL (P + ")) w)lly oy ay < ClWRI Ly e 1670 ey (A D™ e ),

We can verify that K fulfills the hypothesis of the proposition 2.24, so we get :

n < n||2 n
K (e(p(1+¢")Ve"|| 1y <Clg IIL%(Bg)IIq |

N ~N N
LL(BZ LBz by

Moreover we recall that according to proposition 2.23 :

lg™ |1 < lg"]l . llg"l

L2(B%) Lp(BY1F) LLBEEY

We proceed similarly to estimate ||H {‘HLI BE-1 and finally we have :
T

mn n
IRy ) + BT,

T

n 2/ n . n

+ E¥(q",u", T)),

whence :
(g u)|_y < CeHFOBO)(1+18CEO)(1 +3E(0)))

T

We want now to get :
3C*PO) (1 4 18CE(0)(1 + 3E(0))) < 2
for this it suffices choose E(0) small enough, let E(0) < & such that :

3C?E(0)

1+18CE(0)(1+3E(0)) < - and e

N W
wl»b-
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So we get T, =T, ,;, indeed we have shown that VT such that T' < T, :

E(¢",u",T) <2CE(0).

) <
so by continuity for 7}, +& with e small enough we obtain again E(q", u", T;,+¢) < 3CE(0)
and stands in contradiction with the definition of T),.

So if T;, = T, < 400 we have seen that :
E(¢",u™,T,) < 3CE(0).

As ||anLoo ¥ < +oo and |juy||

)

< +o0, it implies that |gn|lpe (2) < 400
T,
T?'L n n
and [[up|[re (£2) < +00, so by Cauchy-Lipschitz theorem, one may continue the solution
T,

~N
L5 (BT

beyond T,, which contradicts the definition of T},.

Finally the approximate solution (¢",u"),cn is global in time.

Second step : existence of a solution

In this part, we shall show that, up to an extraction, the sequence (¢", u™),ecn converges
in D' (R* xRY) to a solution (¢, u) of (SW) which has the desired regularity properties. The
proof lies on compactness arguments. To start with, we show that the time first derivative
of (¢",u™) is uniformly bounded in appropriate spaces. This enables us to apply Ascoli’s
theorem and get the existence of a limit (¢, u) for a subsequence. Now, the uniform bounds
of the previous part provide us with additional regularity and convergence properties so
that we may pass to the limit in the system.

It is convenient to split (¢", u™) into the solution of a linear system with initial data (g, u,)
and forcing term, and the discrepancy to that solution.

More precisely, we denote by (¢,u7}) the solution to :

Owqr + divul =0
oy — Auf + Vel =0 (3.33)
(a7 V1) jt=0 = (Jnqo; Jnuo)

where : A = A + (A + 1) Vdiv and we set (", ") = (¢" — g}, u™ — u}).

Obviously, the definition of (q7,v}) /1 entails :

~N N
2 Lo

. . AN
(a7) jt=0 — qo in B , (u}) =g — ug in B2 ",

The proposition 2.26 insures that (¢}, u}) converges to the solution (gr,ur) of the linear
system associated to (3.33) in E . We now have to prove the convergence of (¢", u"). This
is of course a trifle more difficult and requires compactness results. Let us first state the

following lemma.
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Lemma 5. (¢",u"))pen is uniformly bounded in 02(R+ B__l) (C’%(RJF;B%_%))N.

Proof :

In all the proof, we will note u.b for uniformly bounded.
We first prove that %q” is u.b in L2(R™, B%_l), which yields the desired result for ¢".

Let us observe that ¢" verifies the following equation

0

Eq" = divu" — Jp(u".Vq") — Jo(q"divu™).
N
2

According to the first part, (u,)nen is u.b in L2(B2), so we can conclude that %q” isu.b

in L2(B%_1). Indeed we have :

(g diva) | o < 0 1

N P

)7

EATER R N,

And we recall that we use the fact that B 2L o, B %

Let us prove now that %d” is u.b in Lg(B%_%) + L4(B 2 %) and that 0;Q0" is u.b in
L%(B%_%) (which gives the required result for ™ in using the relation u® = —A~!Vd" —
A~ LdivQn).
Let us recall that :

8 mn n n - : - n n = n n

5@ = In(u" - Vd) + T ATV [A((P(1 + 4), u") + Ju(K (9(p(1 + ¢")) V™)

+ DAd" 4+ 0AG" — R * Aq",
0

7 = Tn A" eurl[A(p(p(1 + ¢™)),u") + Ju(K(p(p(1 + ")) V4"))] + pAQ™.

Results of step one and an interpolation argument yield uniform bounds for u™ in L*>°(B %_l)ﬁ

L%(B%+%), we infer in proceeding as for %q" that :

An = Jn(u - V") + Ty AT iv[A((p(1 + ¢™)),u") + Jn(K (9(p(1+¢")))Va")] +
is u.b in L%(B

SN N
2 2

Using the bounds for ¢” in LQ(B%) NL>®(B2""2 _%) in using
proposition 2.23. We thus have Jn(K(go(ﬁ(l +¢"))V¢™ ub in Ls (BT_’).
Using the bounds for " in LOO(B%_l) NnL3 (B %) we ﬁnally get Apisubin L3 5 (B

To conclude ¢ * Ag™ is w.b in L4(B%_%), so 2d" is w.b in LS(B 2 ) + L4(Bg %)

- )Wegetq ub1nL4(B

q
Ny N_3
2 272

).

The case of %Q” goes along the same lines. As the terms corresponding to Ag"™ and ¢ * Ag"
do not appear, we simply get 9,0 u.b in Lg(B%_%).

(]
We can now turn to the proof of the existence of a solution and using Ascoli theorem to

get, strong convergence. We proceed similarly to the theorem of Aubin-Lions.
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Theorem 3.24. Let X a compact metric space and Y a complete metric space. Let A be

an equicontinuous part of C(X,Y). Then we have the two equivalent proposition :
1. A is relatively compact in C(X,Y)
2. A(x) ={f(z); fe A} isrelatively compact in'Y

We need to localize because we have some result of compactness for the local Sobo-
lev space. Let (xp)pen be a sequence of C§°(RY) cut-off functions supported in the ball
B(0,p + 1) of RY and equal to 1 in a neighborhood of B(0, p).

For any p € N, lemma 5 tells us that ((xpq", xpu"))nen is uniformly equicontinuous in
C(RT; B> 1x (B%_%)N). In using Ascoli’s theorem we just need to show that ((x,¢"(¢,-),
Xpu"™)(t,))nen is relatively compact in B> 1x (B%_Q)N vVt € [0,p].
Let us observe now that the application u — Xpu is compact from B B>~ L
into F[ %~ ,andfromBz 1N B%"3 into H>~3

After we apply Ascoli’s theorem to the family ((xpg", xpu"))nen on the time interval
[0,p]. We then use Cantor’s diagonal process.This finally provides us with a distribution
(¢,u) belonging to C(R*; H = 1 x x (H %_%)N ) and a subsequence (which we still denote by
(¢", u")nen such that, for all p € N, we have :

. N . _3
(Xpd"™, Xpu™) —nstoo (Xp@ Xpu) in C([0,p]; Hz ! x (H272)N) (3.34)

This obviously entails that (¢",u™) tends to (¢, u) in D (Rt x RN).
Coming back to the uniform estimates of step one, we moreover get that (g,u) belongs
to:

1N N N

LNB? ™2 x (B2 T)N)nL®(Ba 7y x (B2 THY)

(RT; Bg_%) ). Obviously, we have the bounds provided of

N

and to 02(R+ B__l) x (C
the firts step.
Let us now prove that (g, u) solves the system (ST), we first recall that (¢", u™) solves the

following system :

oq" + Jp(u™ - Vq") + divu" = —J,(¢"divu")
O™ — DAU" + 6V " — R * Vq" + Jp(u™ - Vu™) + Jn (K (p(p(1 + ¢™))Vq™)
+ Jn(Ale(p(1 + ¢")),u")) =0
The only problem is to pass to the limit in D'(R* x RY) in the non linear terms. This can
be done by using the convergence results coming from the uniform estimates (3.34).
As it is just a matter of doing tedious verifications, we show as a example the case of the

term Jp, (K (¢(p(1+¢™)))Vq™) and J,(A(p(p(1 + ¢™)),u™)).

We decompose :
In(K(e(p(1+¢")))Vq") = K(p")Vq" = Jn(K(p(p(1 +4")))Vq") — K(p(p(1 +q)))Vg.
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(Note that for n big enough, we have K(p(p(1+ ¢™))) = K(p™) as we control ||p" || and

HpinHLoo). Next we have :
T (K (a1 + @)V — K (@1 + 0)Va = Judn + (o — DE(o(p(1 +0)) V4,

where A, = K(p(p(1+¢")))Vq" — K(o(p(1 + 9))) Vg
We have then (J, — I)K(¢(p(1+ q)))Vq tends to zero as n — +oo due to the property of
Jpn, and the fact that K(o(p(1+ q)))Vq belongs to LOO(B%_l) — L (LY) for some q > 2.
Choose ¢ € C3°([0,T) x RY) and ¢ € Cg°([0,T) x RY) such that ¢’ = 1 on supp), we
have :
| < (Jo = DE(p(p(1 + )V, & > | < |l K(9(p(1+9))Vall oo (22| (Jn = Db 2,

because L! < L? and we conclude by the fact that |(J, — I)¢|/z2 — 0 as n tends to

loc loc
+00.
Next :
< JpAp,p >= I+ 12,

with :

I =< (K(p(p(1+q")) — K(p(p(1 + )Vq", Jntb >,

I} =< K(p(p(1+ q)))V(q" — q), Jntb > .
We have then :

B IE I 0" - q)HLm PN P

Indeed we just use the fact that ¢ 'B2~1 and % i 2 are embedded in L%. Next we

conclude as we have seen that ¢" —,_ o ¢ in Cioe(H,2 ) So we obtain :

I = 0o 0 in D'((0,T%) x RV).
We proceed similarly for I2, indeed we have :
I =< ¢ (¢" = a), ¢ div(K ((p(L + q))) Jn¥)) >
and we have K (o(p(1+q)))Jn € LOO(B%) SO
I < |l¥'(a" = 9) o 1K (@(p(L + ) Tt

We conclude then that :

LOO(HT LOO(BT
I2 —, 4o 0 in D'((0,T%) x RY).
We concentrate us now on the term J,(A(¢(p(1 + ¢")),u™)). Let ¢ € Cg°(R* x RY) and
p € N be such that suppy’ C [0, p] x B(0, p). We use the decomposition for n big enough :
 TnAlp(p(1 +a"),u") = ¢ Alp,u) = @ xpA((P(L +¢")). Xp(u" = u))
+ 0 Al (p(1+ ") = xpp(1 +q)), w).
According to the uniform estimates and (3.34), x,(u" — u) tends to 0 in L1([0, pl; H%H)
by interpolation so that the first term tends to 0 in L'(H %_1) and we conclude for the

second term in remarking that £ tends to £ as p, in L®(L>® N H %)

The other nonlinear terms can be treated in the same way.
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3.3 Proof of the uniqueness in the critical case

Theorem 3.25. Let N > 2, and (q1,u1) and (q2,u2) be solutions of (SW) with the same
data (qo,uo) on the time interval [0,T*). Assume that for i =1,2 :

(in ul) S C([07 T*)7 B]1V,1) and u; € (C([07 T*)7 B?V,l) N Llloc([()? T*)7 B]2V,1))N’
There exists a constant o > 0 depending only on N and physical constants such that if :

” 1HLT*(B11\T,1) ’ (3.35)
then ((hy Ul) (QQ,UQ) on [071 *)

Let (q1,u1), (g2,u2) belong to E> with the same initial data, we set (g, du) = (g2 —
q1,u2 —uy). We can then write the system (SW) as follows :
0
aéq + uo - Véq = Hy,
(3.36)

0
Eéu — vAdu = Hy

with :

Hy = —divéu — du - Vg1 — dqdivus — q1divu,

Hy = —6Vq — R * Voq — ug - Vou — du - Vuy + Alqr, 6u) + A(5q, us).

Due to the term du-Vq' in the right-hand side of the first equation, we loose one derivative
when estimating dq : one only gets bounds in LOO(B?VJ).
Now, the right hand-side of the second equation contains a term of type A(dq, ug2) so that
the loss of one derivative for dq entails a loss of one derivative for du. Therefore, getting
bounds in :
C(R*; Byy) N LY (R By,y)

for du is the best that one can hope. If enough regularity were available, we would not
have to worry about this loss of derivative. But in the present case, the above heuristic
fails because we have reached some limit cases for the product laws. Indeed, a term such as
du - Vuy cannot be estimated properly : the product does not map BJO\,71 X BJO\,71 into B&ll
but in the somewhat larger space B;,’loo. At this point, we could try instead to get bounds
for du in :

C([0,T%); Byo) N Lie ([0, T%); By o)
but we then have to face the lack of control on du in L*(0,T; L*°) (because in contrast with
B}V’l, the space B]l\/,oo is not imbedded in L) so that we run into troubles when estimating
ou-Vqp. The key to that difficulty relies on the following logarithmic interpolation inequality
(see the proposition 2.22) :

lllzy sy, )+ ”“”ZHB?V,M))
)

ullr gy < lull+ log| e +
lullzy sy, ) S ullzy ey, ) g( lellzs sy

and a well-known generalization of Gronwall the Osgood’s lemma (see [14]) that we recall.
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Lemma 6. Let F' be a measurable positive function and -~ a positive locally integrable
function, each defined on the domain [to,t1]. Let p: [0,4+00) — [0,4+00) be a continuous
nondecreasing function, with p(0) = 0. Let a > 0, and assume that for all t € [to, 1],

t

F(t) <a+ / V(s u(F(s))ds.

to

If a > 0, then :
t 1 s
_M(F(t) + M(a) < /t 2(s)ds, where M(x) = / %.

If a =0 and M(0) = 400, then F' = 0.

Proof of the theorem 3.25 :

First step : in which space do we work ?

Let us observe first that in view of Sobolev embedding, ¢; € C(R™; L>°). Therefore, if

« is small enough, by embedding and continuity we get :
1
|gi(t, )| < B

for x € RY and ¢ in a small nontrivial time interval [0, 7).

That observation will enable us to apply proposition 2.24 to the non-linear terms involving
qi-

We shall further assume that 7" € (0, +00) has been chosen so small as to satisfy :

ClVusllLr sy, ) < log2, (3.37)

1
for some appropriate constant C' whose meaning will be clear from the computations below.
To begin with, we shall prove uniqueness on the time interval [0, 7] by estimating (dg, du)

in the following functional space :

Pr = L*([0,T}); By o) x (L([0,T]; By\.) N Ly (By ).

o0

Indeed as explained below, in this space we can control the remainder because it is appro-

priate to the result of paraproduct.

Why (0q,0u) is in Fp?

Of course, we have to state that (0q,du) € Fr, a fact which is not entirely obvious. We
want now to show that (dq, du) belongs to Fp.
According to our assumption on (g;, u;), the estimates of paraproduct yield dyq; € L?F(B?VJ).
Therefore §; = q; — qgo belongs to C’%([O,T],B?\M), which clearly entails by embedding
5qECQQTLB%m)

Let 4; = u; — up, with uz solution to the following linear heat equation :
dyur, — pAuy, = —0Vqo + EV (9 * qo),

uL(O) = Uup.
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We obviously have (u;)p = 0 and :
Oy — VAT = ;- Vg — 0V g + &V (6 % q;) + Alpi, a1) + K (pi, i)

The product and composition laws in Besov spaces insure that the right-hand side belongs
to L%(B;,’loo) (because B?V,l X B?Vm — B;,’loo) thus to E%(B&loo)) (for the last term, we
use that g; € L%O(B?V’l).

Now Proposition 2.26 implies that :

4 € LF (Byl) N LE(By 0))-

Second step : Estimates on (dq, ju)

Let us turn to estimate dg. Proposition 2.25 combined with (3.37) yields for ¢t <7 :

¢
”5QHL§°(B§JV700) S /0 (llow - Vallgg,  + 10 divuallgy  + ”diV‘SU”B?Vm))dT

N
Estimate of type Bploc N L™ X By o — By , with s+ % > 0 enables us to get the following

inequality :

¢
10gl Lge (m3, ) S /0 (H(quB?\,poHdiVUQHB}\,yooﬂLOO +0ullpy, nre(l+ HQ1”B}V’1)d77
whence, according to Gronwall inequality, to the embedding BJIV,I — B}V’Oo N L* and to
(3.35) we get :
H(quLf"(B?\,M) S loullzymy, (T + llarllze sy, ))-

Making use of (3.35) and proposition 2.21, we end up with :

Sl < Il log<e N \|5UHZ%(B?V,OO) + ||5u||E%(B?V,oo)>.

Remark that :
6l )+ I8ulzy ) < V() = Vi8) + Vot
with : .
Vo) = [ g, + g, )i < +oc
since EfO(B?V’l) — E%(B?VJ) for finite ¢.

We finally get :

Vi(t) >
0 < ||6u||= log| e + ) 3.38
logllzy ey, ) S 10ullzy sy ) g< l6ullzy sy (3.38)

with V' non-decreasing bounded function of ¢ € [0, +00).
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Let us now turn to the proof of estimates for du. According to proposition 2.26, we have :
160l gty + 00l Mot~ Vullzy s + G, Gl 5o
+ ”5U : VUlHZ}(B;,}w) + ”A(‘S%UZ)”Z%(BJ;}M) + ”KQQ)VQ?”ZHBK,}OO)
+ “K(Q2)V(5Q“E%(B&}m)-

Let us assume that the a appearing in (3.35) is small enough so that the second term in

the right-hand side may be absorbed by the left-hand side. ||us|| I2(BL ) tends to 0 when
t BN 1

t goes to 0, so if we choose T small enough, the first term may also be absorbed. Using

interpolation of proposition 2.21, we obtain for all ¢ € [0, 7],

t
Ioull ooy Wulzgo, 5 [ g, I8l + (1l oalsg, o
Let us now plug (3.38) in the above inequality. Denoting :
X(0) = I3l ez + I0ulg e, )
we get for t < T,

X(t) < /Ot (1+ V(7)) X (7)log <e + %)df

V' e LY(0,T) and /1L
7 o rlog(e+ V(@)

T

= +OO7

Osgood’s lemma (see lemma 6) implies that X = 0 on [0, T'], whence also ¢ = 0. Standard

arguments of connexity then yield uniqueness on the whole interval [0, +00).

4 Proof of theorem 1.22

We will proceed similarly to the proof of the theorem 1.21. To begin with, let us observe
that under the definition 1.17, system reads :

Oq+u-Vu=H
at’LL — le’LL =-K (439)
(g, u)i=0 = (qo,u0)

with :
H = —(1+ ¢)divu,

K=G—u-Vu+ (P (p)+r)Vp— ko Vp.
As previously we can build approximate smooth solutions (¢",u™) of (4.40) in studying

the Korteweg system with a capillarity coefficient k, = % It is convenient to split (¢", u")

into the solution of a linear system with initial data (g, u), and the discrepancy to that
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solution. More precisely we denote by (¢}, u}) the solution of the linearized pressure-less
system on the intervall [0,7] :

8#]2 + le’U,g = 07

ol — AU} — (A + p)Vdivu} = 0,

(q?n Uz)/tzo = (q87 Ug),

with :

(a8,u5) = (Y Augo, Y Avuo).

ll<n l[|<n
We set :
(¢",u") = (g + q", up, + @)
We can state now that (¢",u") verifies the following linear system :
0q" + diva" = F",
o — pAT" — (X + f)Vdiva" — %VA@" =Gn, (4.40)
(@",a") ji—o = (0,0)
with :
F" = —¢"divu",
G" = —u" - Vu" + A(p", u") — K(p")Vq" + (P (p) + k) Vp" — ko % V™.

We want show that such solution (¢",u™) exists, in this goal we recall some theorem by R.
Danchin and B. Desjardins in [19].

N
Theorem 4.26. Let p € [1,+oc[. Then there exists n > 0 such that if g9 € B7, ug €
N
(B> YN and :
<
lgoll . <,

then there exists T > 0 such that system (4.40) has a unique solution (q,u) in E:’}’“.

In fact, we can extend this result to the case where the viscosity coefficients are variable.
And we can show that the uniform estimates are independent of the capillarity coefficient.

We can obtain the following result on our solution (¢", u")npen.

N
Theorem 4.27. Let p € [1,4o00[. Then there exists n > 0 such that if ¢ff € B?, uj €
N 1N
(B» )" and :

lao | ,x <,

p L
then there exists T > 0 such that system (4.40) has a unique solution (¢",u™) in E?” and

(¢",u™) are uniformly bounded in F}.
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Proof :

We recall a proposition (see [19]) on the following linearized pressure-less system :

8tq + divu = F,

’ (4.41)
O — pAu — (A + p)Vdivu — kVAg = G.

Proposition 4.29. Let s € R, p € [1,4+0], 1 < p1 < 400 and T €]0,+o0]. If (qo,up) €

2 2

s s—1\N TP1 8_2+E s=3+T N .
By x (By=")" and (F,G) € L7 (Bp x (Byp )*Y), then the above linear system has
. . ~ ~ s+ 2= s—1+2
a unique solution (q,u) € Cr (B, x (B;_l)N) NLA (B, ™ x (B, ")N).
Moreover for all p € [p1,400], there exists a constant C depending only on fi, \, K, p, p1

and N such that the following inequality holds :

< s -
o+l sy < Clanlag + ol g

lal,
(B

F .
+ H Hszl (B:;H%) + HGHZpTl (B;73+%))

Remark 8. More precisely we have :
lallzse 35y + Fllall s g2y < Cllaollmg + ol g + 1P gy gy + 1€z 51,

Uniform Estimates for (¢",u"),en

The existence of solutions in the case of general viscosity coefficient follow the same
line as the proof in [19]. It suffices to solve a problem of fixed point.

Denoting by V' (t) the semi-group generated by system (4.41), we have :

(g7, up)(t) = V(t)(q0, ug)-
Let us define :
bugn @) = [ V= )+ T 476 Gl + 0+ 7)) .
where we have set :
F(q,u) = —div(qu),
G(g,u) = —u-Vu+ +A(p,u) — K(p)Vq+ (P (p) + K)Vp — kd % Vp.

In order to prove the existence part of the theorem 4.27, ther’s just have to show that ¢4 n
has a fixed point in Fé,'i. Since Ffl'i is a Banach space, we can prove that ¢gn ,» satisfies the
hypothesis of Picard’s theorem in a ball (B(0, R) of FI. for sufficiently small R. Moreover
R depends only of mathematical constants. We can find a time 7" independent of n such
that for all initial data verifying HqELHB y < £ we have existence of solution (¢",u" at less
on the interval (0,7"). The end of proof consists to verify that (¢",u") is uniform in F:’p), it
suffices to use the proposition 4.29.

We now have builded approximated solution (¢",u™) of system (SW') and we can conclude

in using technics of compactness.
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2) Existence of a solution

The existence of a solution stems from compactness properties for the sequence (¢, u")pen

an we want use some result of type Ascoli as in the proof of theorem 1.21.
Lemma 7. The sequence (0;q", 0yu")nen is uniformly bounded in :
~N N ~ N N
L(0,T5 B 1) x (L0, T5 B~ Mo )N,

for some a > 1.

Proof :

Throughout the proof, we will extensively use that ZC’}(B;) < Lf.(Bj). The notation u.b

will stand for uniformly bounded.

We have :
0q" = —u" - V¢" — (14 ¢")divu",
) (4.42)
Opu" = —u" - Vu" — " A(p", ") — K(¢")Vq" + —VAG".
n
~NN_q
We start with show that 9;¢" is u.b in L?(0,T; Bf > ).
N N ~N N
Since u™ isu.bin L2(B7) and V¢" isu.bin L%O(B?_l), then v"-V¢™ is u.b in L?F(B?’F_l).

Similar arguments enable us to conclude for the term (1 + ¢")dive™ which is u.b in
N N N N 1

~N N_q N N _
LZ(By " ) because ¢" is u.b in L (B, ) and divu™ is u.b in LA(BY ).

Let us now study o;u"*+!

N_o9 N_q N_q
Au"lis wb in L2(By ). Since u™ is u.b in L®(B, ) and Vu" is w.b in L?(By ), so
N ~N_1N_9
P T p )

N_9
u™ - Vu™ is w.b in L2(By ) thus in L?(B
N
Moreover we have ¢" is u.b in L*°(B,’ ) and ¢" is u.b in L, so by proposition 2.24 VK (¢")
N

. According to step one and to the definition of u}, the term

N_1 2
is wbin L>(By ) thus in L?(B ). This concludes the lemma. O

Now, let us turn to the proof of the existence of a solution for the system (SW). We
want now use some results of type Ascoli to conclude in use the properties of compactness
of the lemma 7.

According lemma 7, (¢",u")pen is w.b in :

C:([0,T]; By " ) x (C*=((0,T;: By "» )Y,

~NN_4 N_1N_9
P

thus is uniformly equicontinuous in C’(([O,T];Ep%%_l) X (Ep%_ ’%_2)1\7). On the other
hand we have the following result of compactness, for any ¢ € Cg° (RM), s € R, 6 > 0 the
application v — ¢u is compact from Bj to §5’8_5. Applying Ascoli’s theorem, we infer
that up to an extraction (¢",u")nen converges in D' ([0,T] x RY) to a limit (g, @) which

belongs to :

N N N N 2

(0,7} B ) x (CUa ([0, T} By 2 )N

N
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Let (q,u) = (q,u) + (go, ur). Using again uniform estimates of step one and proceeding as,
we gather that (g, u) solves (SW) and belongs to :

_N N_y N N
P

~ , ~ Ny ~ N
p+LEBy " ) x (LB )nLE®By )Y

Applying proposition, we get the continuity results :

N N N 1

p—peC(0,T),By " ), wecC(0,1],By ).

5 Proof of theorem 1.23

~N N
In this section, we consider the case when the initial density belongs to g+ B > **

and satisfies 0 < p < pg. We consider again the study of a approximate sequence verifying

(4.40) and we proceed as previously.

Construction of approximate solutions
We consider the following system :

g™ +um - Vg = ¢"divu”,

(5.43)
8tun+1 + u” - Vun—l—l . A(un—l-l) + an—l—l — (;vn7

with :
G" = Au") — A(p",u") + K(p")Vg".

Uniform estimates for (¢",u"),en

Let us show that the sequence (¢",u")nen is uniformly bounded in provided that T
and 7 have been chosen small enough.
Let us remark first that according to proposition, there exists a universal condition K such
that for all n € N, we have :

hjll . x < Th.

L (BP)

with Uy = K | 3

N_
L S K2 Al
q€Z

n
LA

Suppose that qu”Bﬁ < 7 for a small constant n and let Cp =1+ quHBQ. According to ,
P P

we can choose a positive time 7' such that the following property holds for all n € N :

1
gl x <Up and [uf|l_ . <n'Up '
LFB?) Lr(BP™h

Let us now show by induction that the following estimates are satisfied :
<V

_n <
1) + Hu ”ElT(B%Jrl) =N

~ N
LP(BP)

lu -

L, x
LB

195



N
From now, we suppose that n < (2C1)~2 where C is the norm of the injection B> < L.
This ensures us that the following inequality is satisfied :

1

B <1+4q"< ;
According to proposition, we have :
Cllun|l N

I, e a1 )

Moreover we have by Proposition :
Cllu™l | N4

0y Se T (el I )

whence according to proposition :
Bl i, ST ) vl o S (1 U,

and we get finally : )
1
n N < (1 U 3 C(1+UO)77]
I 5 ) = (1 Do) nexp

Obviously if 1 has been chosen small enough then ¢"*! satisfies the estimate in (P, 1)
Applying proposition to the second equation of yields :

)

N
TBr

|

< ™ - V™ Ko(q"
sy SV 1 Ko(d")

V n
) q HL%(B%71

)
+ [lA(g", u™)|

We now use proposition 2.24 as in the proof of theorem 1.22 to conclude.

Existence of a solution

We can now easily show that (¢",u™) is a Cauchy sequel in our space Frp of uniqueness
and so (qn,un) — (g, u) in Fp.

It rests to verify by compactness that (g,u) is a solution of the system (SW). O
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Chapitre 6

Approximate solutions for Navier
Stokes equation with capillarity

term

Abstract

This chapter is devoted proving global existence of solutions for an general isothermal
model of capillary fluids derived by Rohde in [6], which can be used as a phase transition
model.

This chapter is structured in the following way : first of all inspired by the result by P-L.
Lions in [4] on the compressible Navier-Stokes system we will show the global existence
of weak solutions for our system with isentropic pressure and next with general pressure.
Next we state global existence for data close to a stable equilibrium as in the case of strong

solutions.

1 Introduction

We want to construct approximate solutions for the system (SW) and we use a similar
scheme than those in [2] and [5]. Here we employ a three level approximation scheme based

on solving the following system of equations :

Continuity equation with vanishing viscosity

Op + div(pu) =eAp on (0,7)xQ, >0, (1.1)
with the homogeneous Neumann boundary condition :
Vp-n=0 on 09, (1.2)

and the initial condition :
p(0) = pos on Q. (1.3)
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Momentum equation with artificial pressure

O (pu) + div(pu @ u) — pAu — (A + p)Vdivu + V(P(p) + 6p°)

+eVu-Vp=kpV(pxdp—p) on (0,7)xQ, §>0, 5> N. (1.4)

with :
u=0 on 01, (1.5)
(pu)(0) =mgs on Q. (1.6)
We suppose that :
N
P(s)=5s", v> 5 (1.7)
We also assume that :
>0, A+ 2 >0 (1.8)
p>0, At < >0. :

The extra term eAp in (1.1) represents a vanishing viscosity with no specific physical mea-
ning. From the mathematical viewpoint, however, it converts the hyperbolic equation (1.1)
into a parabolic one. As a result, one can expect better regularity properties of the densities
p constructed at this level of approximation.

The quantity 6p° added to the momentum equation (1.4) can be considered as an artifi-
cial pressure, which was introduced to make the pressure estimates compatible with the
vanishing viscosity regularization of (1.1). More precisely, the pressure estimates based on
multiplication of (1.4) by the quantity VA~!p® will still remain in force for the modified
system (1.1), (1.4) only if w = 1. Accordingly, one must take 3 = §(NN) large enough to be
able to exploit the ideas of the proof of proposition 2.13. We assume then that :

0>0 and 8> N. (1.9)

In the same spirit, the new quantity eVu - Vp was introduced in (1.4) in order to eliminate
the extra term arising in the energy inequality to save the a priori estimates.

The initial data is modified as follows :

1. The density pos € C?**(Q), v > 0, satisfies the homogeneous Neumann boundary

condition :
Vp075 : n/aQ =0. (1.10)

Furthermore, we suppose :

1
0<d<pos(x)<d 2 forall z e, (1.11)
2. The initial momentum mg s are defined as

mos(x) =mg if x) >0,
0,5(x) o if pos(z) > (1.12)
=0 for pos(z) < po(x).
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In particular, the initial value of the modified total energy :

1 Jmo,6[?

2 076 ( 0, ) 076 ( )

B0) = Ex0) = | 5

is bounded by a constant independent of § > 0.

The principal strategy of the proof of the theorem 2.28 will be to solve first the system
(1.1)-(1.6) for positive values of the parameters € and 4, then to let € — 0 to get rid of the
artificial viscosity in (1.1) ; and finally, evoking the full strength of the pressure, we pass to

the limit for § — 0 to recover the original Rohde system.

Mathematical result on continuity equation with dissipation

In the first part of this section, we deal with the heat equation complemented with the

Neumann boundary conditions. We recall the classical results about existence, uniqueness
and regularity in the LP setting.
The continuity equation with dissipation forms one part of the system (1.1)-(1.6), we then
need of several properties of this equation such as existence, uniqueness and regularity
of solutions, pointwise lower and upper bounds. For these results we refer to Novotny,
Straskraba in [5].

Regularity for the parabolic Neumann problem

We recall that  is a bounded domain of RY and that I = (0,7), where T > 0. We

consider the following parabolic initial and boundary value problem :

Oip—elAp=nh in I x £,
p(0,z) = po(z), =z € Q, (1.14)
Onp =0 in 1 x 09,

where € > 0, pg and h are given functions on 2 and I x €2 respectively.

We have then the well-known statements about the regularity of parabolic systems, see
Chapter IIT in Amman [1].

Proposition 1.30. Let 0 <0 <1, 1 < p,q < 400 and 2 be a bounded domain. If :
Qe C?, pye WH(Q), he LP(I,L9(Q)),

(where Wz_%’q(Q) is the completion of the space {z € C®(Q); Onz/90 = 0} in Wz_%’q(ﬂ))
— 2
then there exists a unique p € LP(I, W>1(Q)) N CO(I, W »U(Q)), dip € LP(I,LI())

satisfying equation (1.14) and which verifies estimate :

1—1
g ® HPHLMU’W%%@(Q)) + 0ol Lo (1,9 (02)) + €llpll Lo (1, w2.0(0)) w15

1
< e(p, 0. Q)" P llpolly-z o + 1l oz, Lacoy].
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In the sequel, we shall need the following existence and uniqueness result for the Neu-
mann problem (1.1)-(1.6) with the right-hand side in divergence form h = Vb. Suppose
that :

QeC? pyeLIQ), be LP(I,L1(Q)),

Then there exists a unique p € LP(I, Wh4(Q)) N CY(I, L(2)) which satisfies the second
equation of (1.14) with :

d _ ,
—/m7+€/Vp-V77=—/b-Vm1760""(9), in D (1),
dt Jo Q Q

and :
51_%\\P\\Lw(1,m(ﬂ)) +elIVollLe(r,La)) < c(p, ¢, [ 7 [lpollze + 1l e (1, Laey)- (1.16)
Continuity equation with dispersion
Next we investigate the equation :
Op + div(pu) —eAp =0 in (0,T) x Q, (1.17)
completed with initial conditions :
p(0) = po in £, (1.18)

and boundary conditions :
Bup =0 in (0,T) x Q. (1.19)

Q) is a bounded domain, € > 0 is a given constant, py is a given function. We recall the

following proposition, see in [5].

Proposition 1.31. Let 0 < 6 < 1, Q be a bounded domain of class C*?, 0 < p<p<oo,
and :
po € Wl’OO(Q), such that p < pg < p.

Then there exists a unique mapping :
o0 1,00 T s oY
Spo - LT, Wy (@)Y) — COT, W(@),

where Wol’OO(Q) = Whe(Q) N {90 = 0} such that :
1. Sy (u) € Ry with :

Rr = {pc L*(I, W*P(Q)) N CO(I,W'P(Q)),dp € L*(I,LP(Q))}, (1.20)

where 1 < p < 0.
2. The function p = Sy, (u) satisfies (1.17) a.e in (0,T) xQ, ((1.18) a.e in Q and (1.19)

in the sense of the trace a.e in I).
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3. Moreover we control the vacuum :
pe—fot lu(m)llc0dr < S, (w)] (t, ) < ﬁef(f lellrecdr ¢ € T for gax e Q. (1.21)

4 f |l oo (1 w100 () < K, where K > 0 then :

£ 2 —
150 ()l oo (101252 <C||,00||1 geze KHED e T,

1728 (W) 22 (0,10 2) < \[HPOH12K€2E(K+K otel, (1.22)
1828 po (W) L2 0.1y x2) < (M Hlpoll o Kez FHEDE ¢ e T,

5. Fort e I, we have :
1[S00 (1) — Spo (u2)](D)ll0,2,0 < (K, e, Tt poll1,2llur — uallpoo(, wreerayy-  (1.23)

The constant C' in estimates (1.22) depends at most on Q, in particular, it is independent
0f€: K} T} Po, U

We now give a proposition for renormalized solution of (1.17) see [5].

Proposition 1.32. Assume that Q is a domain in RY. Let 2 < 8 < 0o and let 1 < p < oco.
Suppose that a couple (p,u) satisfies :

peL®1,LP

D), Ape Ll (IxQ), p>0 aeinlxQ, ue LAI,(W22(Q)N), (1.24)

loc loc

and
Op+div(pu) —eAp=0 inD (I x Q).

Then for any convex function :
b e C([0,00)) N C*((0,00)),

satisfying growth condition of Diperna-Lions theorem on renormalized equation for mass

equation (see [3]), we have :

Ayb(p) + div(b(p)u) + (pb (p) — b(p))dive — eAb(p) <0 inD (I x Q). (1.25)

2 Construction of approximate solutions

Consider a finite-dimensional (Hilbert) space :

Xn = span{n; }j_;

where 7; € D(Q)V are linearly independent vector functions ranging in the N-dimensional
Euclidean space RY.

The approximate velocities u,, € C([0,T]; X,,) are looked for to satisfy an integral identity :

/pun nd:n—/mM nd:z:—/ /pun®un— W] 2 Vi + [P(p) + 6p°)divy dx:

+ /0 /Q[KpV((JS xp—p) —eVu,.Vpl-ndxds o
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with :
Sp = u(Vuy, + Vul) + Adivu,l

for any test function n € X,,, and all ¢ € [0, T]. The system can be interpreted as a projec-
tion of the infinite-dimensional dynamical system represented by the equation onto a finite
system of differential equations on X,,.

The density p = p[u,] appearing in the integral on the right hand side of (2.26) is determi-
ned as the unique solution of the problem (1.1) with u replaced by w,. We know (see [5])

that there exist countable sets :
(An)nN, 0< A <A< -+, and (n))jen € (Wol’p(Q)N N Wz’p(Q)N),l <p< oo,

such that :
—pAn; — (p+ A)Vdivy; = Ajn;.

First, we want to find an approximate solution of system (1.1)-(1.6). We have the following

proposition.

Proposition 2.33. Let p, A satisfy (1.8), v satisfy (1.7), 6, 8 satisfy (1.9) and €, p, p
satisfy :
e>0, 0<p<p<+oo. (2.27)

Assume that Q is a bounded domain of class C*?, 0 € (0,1] and :
0<p<po<p, po€ WH(Q), up € Xp.

Then there exists a unique couple (pn,u,) with the following properties :

1.
pn € COULWHP(Q)) N L2(1, WP(Q)), dupn € L*(I, LP(R)),
pn >0 inl xQ, u, € CUI,X,),0u, € L*(I,X,), (2.28)
2 0 07 0
Vo, € L*(I, Ep(Q))7 prun € C7(1, Ep(Q))‘
2.
[ ououn®) -z + [ (05 = i, ~ (4 N Veliva, + 9
@ @ (2.29)
+ 0Vl +eVpn - Vup] - n = / KpnV (S * pp — pn) -n, t €1, n € Xp.
Q
3.
Orpn + div(ppuy) — eAp, =0 a.e. in Qp. (2.30)
/.
pn(0) = po,  un(0) = up. (2.31)
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5. If § € (0,1), the following estimates hold :

[onll Lo (0,7, Lmax2y) < L(&o, T),

6% loall o1, < L(E0,T),

VelIVpallL20rxa) < L(&0,6,9Q,T),

lonllLo+1(0,myx0 < L(&o,€,6,9Q,T), (2.32)
HPT%HLZ(O,T,WLZ(Q)) < L(&o,¢,6,Q,T),

lunllz20,mw12(0)) < Lo, T),

[v/Prtnll Lo 0,712y < L(&0,T).

Here L is a positive constant which is, in particular independent of n and we have

set :

[mo?
= 11 Eioba dx,
&o /RN ( % +(po) + Egiobat [po]) dz

where Egopq is defined in chapter 4.

Next in passing to the limit for n — +oo in the equation (2.29) and (2.30) we obtain a
sequence (pse, use) which verifies system (1.1)-(1.6). In the following proposition we give

some estimates of (ps ., us) independent of e

Proposition 2.34. Let ¢, p and p satisfies (2.27) and :
p<po<p,po€WH.

Then there ezists a couple (pse,use) which verifies (1.1)-(1.6) with the following estimate
if 0 €(0,1) :

1 ) _
/Qpn(T)(g‘ucS,slz + Eglobal [pé,e(’a t)]) + H(ﬂ&,s) + ﬁpgﬁ 1)d‘73

T T P’ 3
+ 5/ / Ss.e + Vusedx dt + E/ / !Vpcs,s!z(% +0Bp A+ 1)dedt  (2.33)
0 JQ 0 JQ ’

5,6

1 B
< / —mo,s - us(0) + po,sIL(po,s) + / Egiobatlpo.s] + =——=p} 50,
Q2 Q g—-1""

)
usellL2(rwr2)) < L&, T),
IvPsctsellLe(r,r2(0) < L(&,T),
1
67 psell oo (1,0(0)) < L(&o, T),
. 2
19521l s (0,7 0) < L(E0, 2, T), withs =+ N7~ 1, (2.34)

/ 2
< L(&y, 2, T) mboxwith s =~ + -1

NV
d9—2 1
an _le b

1
G+ Hp6,£ ||LS, ((0,T)x )

\ \/EHVPCS,EHLZ((O,T)XQ) < L(807 QaT)

Here L is a positive constant independent of e.
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Next we show that we can pass to the limit in € and obtain a sequence (ps,us) of

solution for the following system :

Op + div(pu) =0, (2.35)
Ay (pu) + div(pu @ u) — pAu — (4 Ndivu + Vo7 +6Vp° = kpV(p % p — p), .

in (0,7") x , with initial conditions (1.3), (1.6), with boundary conditions (1.2), (1.5) and
with :
9 >0, f > max(y,2,N). (2.36)

A weak solution of the original problem (SW) will be obtained as a weak limit (p,u) as
0 — 0 to the sequence (ps,us). This limit process has for main ingredient the following

proposition which states estimates independent of 9.

Proposition 2.35. We assume that (po,ug) satisfies the energy estimate and :
po € LP(Q), po >0 a.e inQ.

Then there exists a couple (ps,us) which verifies (2.85) on D ((0,T) x Q) with the following

properties :
1. (ps,us) are renormalized solutions.

2. Foré € (0,1), 0 = %’y — 1, the following estimates hold :

1 1) _ T
/QP(S(T)(§|U6|2+Eglobal[p6('at)])+H(P(S)+—p§ 1)d$+5/ /QS(;:Vu(;dxdt
0

6—1
1 o 3
< [ (zmos - un(0) + posIl(pos))de + | (Egioallpos) + =—=pp s)d,
Q 2 Q g—1""
(2.37)
sl 2 wi2) < L(&,T),
Ivpsusl Loe(1,L2(0)) < L(&o, T),
1
67 psll oo (1,08(0)) < L(&0, T), (2.38)
. 2
loslie(omyxa) < L&, D T), withs =~ + 5y =1,
1 . / 2
§B+e H'O‘SHLSI((O,T)XQ) < L(&y,Q,T), withs =~ + N7 1.

L is a positive constant, independent of o.

Theorem 2.28. Let N > 2. Let v > N/2 if N > 4 and v > 1 else.
Let the couple (po,uo) satisfy :
— p° belongs to L*(RN) N L*(RY) with s = max(y,2) and pg > 0 a.e in RV,
2
- % belongs to L'(RY),
— and poug = 0 whenever x € {py = 0}.
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Under the above conditions there exists a solution (p,u) of the Rohde system satisfying the
above initial conditions and such that p € Lmax(z’y)((o T)xRN). In addition (p,u) satisfies

loc

the following energy inequality for almost all t € [0,T] :

/RN(%p’uF(t)—i_H( )( )+Eglobal[ dﬂ:‘i‘/ /RN IU,D )( )

+ (A + p)|divu(t)|?)dz < /]R N (’ zp’ +I(po) + Egiovat[po]) (x)dz

(2.39)

2.1 Proof of proposition 2.33
Local existence

Following the standard approach we solve (1.1)-(1.6) on a possibly short time interval
via a fixed point argument, establish estimates of the solution that are independent of the
length of this interval, and iterate this procedure to obtain, after a finite time number of
steps, a solution defined on the whole time interval [0, 7.

Given

p € CY0,T],L1(Q)), dpe L'((0,T) xQ), ess  inf  p(t,z)>p>0, (2.40)
(t,2)€(0,T)xQ2

consider a family of linear operator :
M(p): X, — X, <M(p)v,w>= / pv - wdz,
Q

Here X, is considered as a (finite dimensional) Hilbert space with a scalar product induced
by the standard L2-norm. As always, the symbol X* stands for the dual space of X,.
Realizing that the W’“’(Q) norms, k=0,1,---, 1 < p < oo are equivalent on X,, as X, is
a finite dimensional space, we obtain :

Mol x, ) < cn) /Q ot 2)d.

Moreover, it is easy to see that the operator M is invertible provided p is strictly positive

on 2, and )
M~ ()] < o (2.41)
Moreover, the identity :
M7Hp' = MTHp?) = M| (M[p?] — M[p' )M [p'],
can be used to obtain :
M7 ' = M7 ol 2 (xsx) < n )le P2llL (), (2.42)

1 ﬂ ; 1 ﬂ > ﬂ,
Q Q
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Now the integral equation (2.26) can be rephrased as :

t
wn (t) = MTS,, (un)] (ano —I—/ PIN(Sy, (un),un]ds>, (2.43)
0
where P is the orthogonal projection of L?(£2) onto X,, and :

N(p,u) = pAu+ (u+ N)Vdivu — Vp? — VP —div(pu @ u) — eVp - Vu

(2.44)
— kpV (¢ * p — p).

We denote :
Apymo = {t € (0,T] \ there exists a unique (p,u) € Ry x C°(I;, X,,)
satisfying (2.43) and (1.1) — (1.3)},

where R; is defined in (1.20).
Consider a bounded ball B in the space C([0,T], X,,) :

B = {v € C([0,T], Xp); [o()llcor, x,) < KT

where we will precise later 7y and K.

Finally, define a mapping :
t
Tnlun] = ./\/l;plo(un) <m8n +/0 PN (uy,(s5), S, (un)(s))ds>

We now want to use the fixed point theorem to establish the existence of u,. We have to
show that 7, maps the ball By -, into itself and that 7;, is contractant.

Firts we derive some auxiliary estimates which concerns couple (Sy,(un),u,) where u,
belongs to CO(I, X,,) and [Jun||co(rx,) < K.

From (2.44), by using equivalence norms for a finite dimensional space, we get :
IPA (o, 0)x,, < elmlvlx,, + Iollosolollx, + 015, + 1213 o0 + 10110 + 1611 ). (2.45)
From (2.45) and (1.21) we deduce that :
IPN(p,0)lx, < M(K.5.T,m), tel. (2.46)

where M is non decreasing in the second variable.

Using (2.44) along with Taylor formula we obtain :

< N(p1,v1) = N(p2,v2), ¢ >=

/Q[,uA(vl — )] + (p+ N)Vdiv(vy —v1)] - @ + /Q /pz (vs771 + 685N dsdive
p1
+ /Q(pl — po)uiul 90" + /Q po(ul — ub)ul 9;0° + /ng(u{ — ud)ubd;p’ (2.47)
+e /Q<p1 = p2)(Avr - @ + Qjuid;p') + £ /Q p2(A(vz —v1) - @ + 0;(uy — u})05]
w5 [ (1= V(65 p1 = 1) 0 P2V (65 o1 = p2) = o1 = pa)) -

209



By virtue of (2.47), (1.21), due to elementary properties of the projection P = P, and

using the equivalence of W*P? norms on X,,, we get :

IPIN (p1,v1) — N (p2, v2)](t) | x,, < MK, p,T,n)([lvr — vallx,, + | (pr—p2)(#)ll0,1).

tel,
(2.48)
where M is again nondecreasing in the second variable. Due to (2.42) and (1.21), (1.23),
we have :
_ _ M(K,T,n)
1 1 )
M50 i) = Missniollecen x < —— 7 lleolliatllvn = valleoz, x,., (2.49)
v,ve € CUILX,), tel, I =(0,1).
Since :

to

t1
Mityon f, PV = Moy [, PV (S0)
t1 to
_ Aq-L 1 1
= M[Sp()(v)](tl) /t2 P[N(SPO (U)7U)] + (M[Sp()(v)}(tl) - M[Sp()(v)}(tQ))/O P[N(Spo (U),U)],

thanks to (2.41), (2.46) on one hand, and due to (2.42), (2.46), (1.20) on the other hand,
we find that M[_slpo " PIN (S, (v),0)] € C%I, X,,). Even more simply, we observe
that :

()]()

¢
”M[_Sio(v)]/o P[N(Spo(v),v)]”co(ixn) < My(K,p,p, T,n)t, tel, (2.50)

where M is nonincreasing in the second and nondecreasing in the third variable.
Similarly, M[_S:L (U)](Pmo) € C%I,X,) and :
0

Mg, @ Pmo)lleogr x,y < pe[Pmollx,,, te I (2.51)

We now can choose K and Ty such that :

P
(205 g, )< (2.52)
and we take : me I
TOZTO(KvB,f’aT,n) :min<%7M7T>v (253)

so that Ty is nondecreasing in the second and nonincreasing in the third variable. With
this choice we have p~1e®70|| Pmg| x, < % and M7, < % Therefore by virtue of (2.43),

(2.50), (2.51), the mapping 7, m, maps :
BKvTO = {u S CO(fTO,Xn); HUHCO(I_TO,WL‘X’) < K} (254)

into itself, for any 0 < 19 < Tp.

We now prove that 7,, ,, is a contraction. Due to the formula :

M (01) = M (v2) = (M, = M) (1) + M (o1 — v),

p1 p2
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and due to (2.43), we get the identity :

t
Tpo,mo(vl) - Tpo,mo(vl) = (Mgplo(vl) - Mgplo(vz))<Pm0 +/0 P[N(Spo (Ul)vvl)]>
(2.55)

MG ) [ PV on), )] = PIN S (02). ).
0 0

We apply (2.46), (2.49), (2.52) to bound the first term and (2.41), (2.48), (1.21) and (1.23)
to bound the second term. We finally get :

1 Zp0,mo (V1) = Tpg,mo (V1) || x,, (8) < Ma2(K, p, p,n)(1 + [poll1,2)tllor — vallcoz,, x) (256

te 1707U17U2 € BK,TQ)

where M> is nonincreasing in the second and nondecreasing in the third variable. If we
take :

~ min(TQ,Tl)

1
T = , wWhere 7 < —,

L+ 1lpoll1.2 M,
then 7, m, maps B 7 into itself and is a contraction. It therefore possesses in By 7 a
unique fixed point u, ;VhiCh satisfies (2.43). 7
The couple (p = Spyu, ) fulfils (2.26) and (1.1)-(1.3), or equivalently (2.43) and (1.1)-(1.3).

Existence is thus proved. We observe that T has the form :

f N M3(K7£7 ﬁ7 T7 TL)
L+ 1poll1,2

(2.57)

where M3 is nondecreasing in p and nonincreasing in p.
Now this procedure can be iterated as many times as necessary to reach T'(n) = T as long
as there is a bound on u,, independent of 7T'(n). The existence of such a bound will follow

from estimates derived in the next section.

Global existence by energy estimate
In this section, we shall show that the a priori estimates obtained for exact solutions
are compatible with our approximation scheme. Two types of bounds will be obtained :
1. estimates that are independent of time but may depend on the dimension n of X,
2. estimates independent of n.

We start with the energy estimates. Before to differentiate in time (2.29) we recall that :
u, € C°I, X,), (2.58)
moreover we need to improve the regularity of u,, in the variable ¢, due to (2.43) we have :

Optty, = Mp_lMatpnM_l(PmO,n + Mp_lp[,/\f(pmun)] (259)

Pn

Using (2.41) and (2.46) together with (1.20), (1.21) to evaluate the last expression, we get
that :
dyun € L2((0,T(n)), Xp). (2.60)
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Now differentiating (2.26) with respect to ¢ and integrating by parts, one gets :

/ é(pnun) -ndx — / pnu;uflajnida: + ,u/ ol O’ dx + (p + )\)/ divu,divn dz
o0t Q Q Q

= / [P(pn) + 6pP)divy da — 6/ (Vuy, - Vpp) -ndr — /{/ (¢ * pp, — pn)divy dz,
Q Q Q
holds on (0,7'(n)) for any n € X,,. Moreover :

/ Po,6U0.5n(0) - ndz = / mos - ndx for any n € X,. (2.61)
Q Q

We now set :

Using integration by parts, employing (1.1), thanks to regularity (1.20), (2.58) and (2.60)
for (pn,un), we can jusitfy to take n = u,(t) and we obtain :

d

1 o _
5 | onGlunl + Egosalpn (0 (@) + Tpn) + 5o pi " do
Q

31

/Apn|un| dm—l—s/ |Vpn ,On) + 6080, p- 2—1—1 dx—/P pr)divu, dz  (2.62)

— / (Sn : Vuy, +e(Vu,Vp) - un)dx — 6/ PO * ppda.
Q RN
Let us recall that :

Plpa)divi, = —div(paTl(pu)tn) — O4(paTT(pn)) + £Ap, (H<pn> T

P(pn P'(pn
[ 2. (H<pn> n ﬂ)da: - [ Eedio, pa
QO Pn Q Pn
and :

d 1 d
/(% Pntin) — (Pt @ uy) : Vugdr = / — |t [Pdz + = /(—pn+div(pnun))]unl2dx
i 2 Jo @

where :

d
dt/ —pnlun|?dz + = /A,on|un| dx

. /R (s )pn(t,2) - V(6 % pult, ](w) — pult, )
= [ div(un(t )l 2) (9 pult. (@) = (b))

= [ (pnlts) = <Bpa)(6 % pults @) = gt )
RN
% | Bvalpalt. Nwlds = [ Apalfos e, (@) = pa(t,0)do

And we have :

/ Apn((6 # pult ](@) — put, )z = — / 01 (836> pu(t, D)) — Dipn(t 2))da
RN RN

:/ pnA¢>kpndx+/ |V p|2d
RN RN
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To derive the last equality we use the relation :
d K 0
— | Egobalpn(t,))(x)dz = 5 o(z —y)(pn(t,y) — pu(t, 7)) 5, pu(t, y)dyda
dt RN 2 RN JRN 8t

w5 [ o= Dot ) = palt. ) onlts 2y,
= [ 8 Dontt) — pult ) et iy,
RN JRN

= [ (65 pult. @) = pult. ) gt )

Now, equation (2.62) reads :

d

)
at Pn( ’Un\z-i-ﬂ(pn)—i-—pn )dx+5/S Vupdz

g—-1

(o) (2.63)
—I-/ |V pn|? (i + 630872 + 1> dx = —5/ PnlAG * ppda.
Q Pn RN

Note that we got rid of the integral fQ App|uy|*dz thanks to the extra term eVu, - Vp,
n (1.4).
Moreover, one can integrate (1.1) to recover the principle of total mass conservation :

/p(t)d:r = / po,sdx  for any t > 0.
Q Q

Additionally, integration of (2.63) in time reveals a modified energy equality :

[ pulr )Gl + gl 0D + o)+ - o)

+5/ /S Vundxdt—l—s/ /|v nl?( p")+5ﬁ P=2 4 1)dz dt (2.64)

0
/ —Mos* un(0) + Po, sII( Po, 5) / global Po 5] ﬁ — 1Pg,6d$v

for any 7 € [0,T(n)].
By virtue of (1.12), (2.61), we have :

Imo,5|°

+mos - uo,g(O)dﬂj,
Q  Po,s

0,6
/mo,a'uo,(s,n 0)dx < — /’ ‘ + po 5|u05| d:z:_§
Q

We deduce that :
uy, is bounded in L2(0,Tn;W01’2(Q,RN)),

by a constant that is independent of n and 7'(n) < T'. Since all norms are equivalent on
X, this implies that the approximate u, are bounded in L'(0,T(n); W1 (,RY)), in
particular, by virtue of (1.21), the density p,, is bounded both from below and from above
by a constant independent of T'(n) < T.

Since py, is bounded from below, one can use (2.64) to deduce uniform boundedness in ¢ of

u, in the space L?(2,R"). Consequently by equivalence of the norm, the functions w, (t)
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remain bounded in X, for any ¢ independently of T'(n) < T.

Thus we are allowed to iterate the previous local existence result to construct a solution

defined on the whole time interval [0, 7] and we have shown Proposition 2.33.

2.2 Proof of Proposition 2.34

Estimates independent of n

Our goal now is to identify a limit for n — +o0 of the approximate solutions p,,, u, as a

solution of problem (1.1)-(1.6). In order to achieve this, additionnal estimates are needed.

Proposition 2.36. Assume that 3 > max{4, %}

Then the approzimate solutions constructed in proposition 2.33 satisfy the following esti-

mates :
onll Lo 0,7,07) < E(6),
[onll Lo 0.1,2.8) < E(9),
\/_HanHL?(OTXQ) £(9),
”Pn”LBH(OT) £(6,¢),
[unll g2 0T W2 (QRN)) S £(9)
and :

”\/p_nun”LOO(O,T,Lz) < 0(5)7

where all the constant are independent of n.

Proof :

To begin with, it is easy to see that the energy equation (2.64) yields :
8
Veps bounded in L?(0, T; W12(Q)).

Evoking the embedding W2(Q) C L?"(Q) we get :
— o bounded in LY(0, T} L%(Q)) if N >3,
- pg bounded in L(0,T; LY(Q2)), ¢ > 1 arbitrary finite if N = 2,

where these bounds depend only on § and . Moreover we have :

P is bounded in L>(0,T; L(Q)).

Pn

Consequently as § > % by interpolation, we have :
|onllLa+1(0,mx0) < c(€,0) independent of n.

Indeed we have :

i ﬁ_ N 2ﬁ~227N
[ oirta =100 s <10, Iy N =S
Q B () 2( )
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where we need % < 1. The case N = 2 is similar.

Next, equation (1.1) multiplied by p,, yields :

T T 1
-/ /Q IV pnl2dadt < C(T)(lpo sl + Nonliee o ripsian) /0 JZREOR

Consequently we deduce the estimate :

VElIVonllr2(omxa) < cle,9),

provided g > 4.

The first level approximate solutions

At this stage we are ready to pass to the limit for n — +o0o in the sequence of approxi-
mate solutions (pn, un)nen in order to obtain a solution of the system (1.1)-(1.6). To this
end, we observe that the system of test functions (¢;);=1,... 400 forms a dense set in the
space C}(Q,RY).

It follows from equation (1.1) and the estimates obtained in proposition 2.36 that the
time derivative 0;p,, is bounded in the space L?(0,7; W ~%2(Q)) provided 8 > N. Conse-
quently, one can use the Aubin-Lions lemma to deduce that the sequence (p;,)nen contains

a subsequence such that :
pn — p in LA((0,T) x Q), (2.67)

where p is a non-negative function.

Moreover we have .
up —u in L2((0,T); Wy *(Q,RY)), (2.68)

where the limit velocity u satisfies the no-slip boundary condition (1.5) in the sense of
traces.

Since the convergence in (2.67) is strong, we also have :

2
Pntin — pu weakly in L°°(0,T; L™= (Q,RY)) with me, = % (2.69)
Y

Lemma 8. There exists r > 1 and p > 2 such that :

— Otpn, App are bounded in L7 ((0,T) x ),

~ Vpy is bounded in LP((0,T); L*(Q,RN)),
independently of n. Accordingly, the function p belongs to the same class, satisfies equa-
tion (1.1) for a.a (t,xz) € (0,T) x Q together with the homogeneous Neumann boundary

conditions in the sense of trace.

Proof :

We can write :
div(ppun) = Vpn - up + ppdivu,, (2.70)

where, by virtue of estimate (2.65),
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— Vpn - Uy is bounded in L(0,T; L%(Q)), for N >3,
~ Vpp - uyp is bounded in L1(0,T; L4(R2)), for any ¢ < 2 if N = 2,
and :
26
pndivu, is bounded in L?(0,T; L7+2 (Q,RY)).

The idea is to apply the LP — L9 estimates stated in proposition 1.30. Due to this, however,
we need an extra bit of information concerning integrability of the first term of (2.70) in
time.
Since ppuy, is bounded in L*(0,T'; L%(Q,RN)) N L2(0,T; L%(Q,RN)) for N >3
and ppuy, is bounded in L>°(0, T'; L%(Q,RN))HLQ(O, T;L9(Q,RN)) for any ¢ < 2if N = 2,
one can take § > N to obtain :

~ Py is bounded in LP(0,T; L?(Q, RY)) for a certain p > 2.
Indeed the interpolation inequality (for N > 3) yields :

2(B=N) N

lonunll L2 ryy < llonunll 5" [lonn ] ons )
LB+ (Q,RN) L2N+B(N=2) (QRN)

so we need 25];]\[ > 1.

Now in using (LP-L9) estimates p, is bounded in LP(0,7, W12(Q)). In particular, Vp,
belongs to the space L7(0,T; L4(Q,RY)) for a certain g > 2.
Thus we have :
— div(ppuy) bounded in L"((0,T) x Q), with a certain r > 1,
and the rest of the proof follows from the standart (LP-L?) estimates (1.15). O

The estimates obtained in lemma 8 together with those of proposition 2.36 can be used to

deduce from (1.1)-(1.3) that the integral mean functions :
t— / (Pnun.n;)(t)dx forms a precompact system in C([0,77)
Q
for any fixed j. This implies that :

2y
prtin — pu in C([0,T]; Lyl (RY)).

weak
2
As vy > %, the space L%(Q) is compactly imbedded into W~12(€), and consequently :

Prtin @ Up — pu @ u weakly in L2(0,T; LCQ(Q,RNZ))

2N
whenever 1 < ¢y < Nt i

(N —2)
The functions p,, and p, being strong solutions of the problem (1.1), they satisfy the energy
equality :
t ¢
lon Ol + 2 [ [Fpulfade =~ [ [ divun piddt + 1ol
0 0 Jo
and :

t t
lo(B)]22 + 2¢ /0 IVp|2adt = — /0 /Q diva p*dedt + |pos| 2.
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We deduce that :
IVoulZz = Vo7

and :
lpn(®)lI72 — llp(t)[|72  for any ¢ € [0, 7]

which yields strong convergence :
Vpn — Vp in L2((0,T) x Q),

In particular,
Vi - Vo — Vu-Vpin D ((0,T) x Q).

2.3 Proof of proposition 2.35

Our next goal is to let ¢ — 0 in the modified continuity equation (1.1). To this end,
let us denote by p.,u. the corresponding solution of the approximate problems the exis-
tence of which was stated in proposition 2.34. At this stage of the proof, we definitely
loose boundedness of Vp. and, consequently, strong convergence of the sequence (p:)e>0

in L1((0,T) x Q) becomes a central issue.

Local pressure estimates

We evoke the local pressure estimates discussed in chapter ??. Since the data pg s, mo.s
are fixed, the energy inequality (2.33) renders :

~ pe is bounded in L>(0, T, LP)

— u, is bounded in L?(0,T, Wol’z(Q,RN))
which, together with Sobolev embedding and Hélder’s inequality, yields :

~ peue is bounded in L2(0, T, L(Q,RY)) with ¢ > 2
provided 8 > N.

Lemma 9. For any compact set K C ((0,T) x Q), there is a constant ¢ = ¢(, K) inde-
pendent of € such that :
5 / pP+ldz dt < o(5, K) (2.71)
K

Remark 3. We notice that the estimate (2.71) is independent of .

Proof :
Although the heuristic principle is the same as in chapter 4, the proof of (2.71) requires a
slight modification to accommodate the extra terms in (1.1) and (1.4).

Set :
B, = PZJ
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In accordance with lemma 8, the functions p., u. satisfy (1.1) a.e on (0,7) x £ together

with the boundary conditions (1.3), in particular,
Aype + div(peus) = ediv(1qVp:) in D ((0,T) x RN), (2.72)
provided p., u. were extended to be zero outside of €. Consequently we have :
8B, + div(B,uz) = h, inD (0,T) x RY),

with :
hy = div(Byue) — div([peus]?) + ediv(1qVpe)®

As a matter of fact, equation (1.4) contains the extra term eVu..Vp. which is however
bounded in L'((0,T) x Q) and does not cause any additional problem in the proof of
theorem 2.13.

Vanishing viscosity limit

In accordance with the estimates established in proposition 2.34, specifially the energy
inequality (2.33), we can assume that :
pe — p weakly in L>°(0,T; LP(Q)),

(2.73)
u. — u weakly in L*(0,T; W01’2(Q,RN)).

Next we have :
ediv(1qVp:) — 0 in L*(0, T, W~ L3(RN))

Therefore :
pe — p in C((0,T], L. ()

weak

Moreover :
eVu..Vp. — 0 in L'(0,T; L*(Q,RY)).
s
As pe, u, satisfy the energy inequality (2.33), the momentum (pu). is bounded in L>(0, T, L (G RNY),
whence : 25
(pu)e — pu in C([0,T), LI (2 RY))

provided p., u. were extended to be zero outside 2. In particular we have shown that the

limit functions p, u satisfy the continuity equation :
Ayp +div(pu) =0 in D' ((0,T) x RY).
Moreover as Lﬁz_fl is compactly imbedded into W~12(Q) as soon 3 > %, we infer that :
Pelle ® Uue — pu®u weakly in L2(0,T; L (Q,RY)),

with ¢y > 1.

So we recover the momentum equation in the form :

O (pu) + div(pu @ u) + VP(p) + kp? + 6pP = divS + V(¢ * p).
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Strong convergence of densities

The next step will be to show strong convergence of the sequence of densities (pe)e>0
in L1((0,7) x Q). We have to adapt the proof of chapter 4 on the density oscillations.
In accordance with the estimates (2.34), we obtain similarly to the proof of the theorem
2.13 in chapter 4

Lemma 10. We have :

T
lim / / Un(P(pe) + rp? + 6p8 — (A + 2p)divue ) p-dz dt
0 Q

e—0

T —_— —_— _
= / / Yn(P(p) + kp? + 5pP — (X + 2p)divu) pda dt,
0 JO
for any ¢ € D(0,T) provided 8 > max(N,4,7).

Now, since the limit functions satisfy the continuity equation in D'((0,7) x RN) and p
belongs to L2((0,T) x RV), we deduce that p is renormalized solution of the mass equation.

In particular :
d:(plog p) + div(plog pu) + pdivu = 0 D'((0,T) x RY). (2.74)

On the other hand, by virtue of lemma 8, p. satisfies (1.1) a.a on the set (0,7") x €2. Thus
we are allowed to multiply by B'(p.) to obtain :

8 B(pe) + div(B(p)ue) + (B (p)p- — B(p:))divue
=eAB(p:) — EB,,(p€)|Vp€|2,

for any function B € C?[0, c0) with B', B” uniformly bounded. Moreover since p, satisfies
the homogeneous Neumann boundary conditions and u. vanishes on 92 in the sense of the

traces, we have :

0t B(pe) + div(B(p:)ue) + (B,(pe)pe — B(p:))divue

. (2.75)
— cdiv(1oVB(p.)) — 10 B’ (o) V. ?

provided B(0) = 0.

If in addition, B is convex, we deduce :

/()T/Qw(B/(pa)pE_B(pa))divuadxdt§/B(PO,&)dﬂf-i-/OT/thB(Pa)dxdt

Q
for any ¢ € C°[0,T], ¥ > 0,(0) = 1, ¥(T) = 0. Consequently, approximating z — zlog z

by a sequence of smooth convex functions we get :

T T
/ /wpadivuada:dtg/p()’(;log(po,g)dx—k/ /¢tpa log(pe)dx dt.
o Ja Q 0o Ja

Here, the approximation of zlog(z) can be taken, for instance as :
P Tk zZ
Li(p) = Z/ Z(2 iz
1
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Passing to the limit for ¢ — 0 we obtain :

T T
/ / Ypdivudz dt < / po,5 10g(po.s)dx + / / Yeplog(p)dx dt
0 Q Q 0 Q

from which we discover :
/ / pdivudz dt < / po.510g(po.s)dx — / plog(p)(T)dx (2.76)
0 Jo Q Q

for any Lebesgue point 7 of the function plog(p) a weak limit of the sequence (p: log(pe))e>0
in (0,7, L9()), ¢ < 3.

One can use :
p(t,x) = (t)n(z), ¥ € D(0,T), ¥ > 0,1 > 0,7 € DRY), no =1,
as a test function to obtain with (2.74) :
/OT /Q pdivudz dt = /onﬁ log(po,s)dx — /Qplog(p)(T)dx (2.77)

for any 7 € [0,T]. Note that the function :
t— [ plog(o)tds
Q

Taking the sum of (2.76), (2.77) we arrive at inequality :

is continuous on [0, 7.

/(p log p — plog p)(1)dz < / /(pdivu — pdivu)dx dt for a.a T € [0,T], (2.78)
Q 0o Ja

where, by virtue of lemma 10,

T
. 1 _
/0 /Q (pdivu — pdivu)dw dt > T2 lim E1E)f0 ; [ (P(p)p + 5pﬁ+1 + kp?)

— (P(p) + 0p% + kp?) p] dadt,

for any compact set O C ((0,7") x Q).

Now, as the function z — 827 is increasing, we get :

T
lim inf / / P2t — 3P pdadt > 0. (2.79)
Q

e—0 0

Futhermore, since non-linear composition of p. satisfy (2.75), together with estimate (2.33),
yields :
B(p:) — B(p) (strongly) in L*(0,T; W~12(Q2)), (280)

for any function B € C2[0,00) with B', B” uniformly bounded.
Accordingly, relation (2.78) reduces to :

/plogp plog p)(7) _2 +A// P(p)pdz.
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The same argument as in the proof of theorem 1.12 can be used to conclude that :
plogp=plogp a.aon (0,T) x Q,
which entails strong convergence :
pe — p in LY((0,T) x Q).
Consequently, the limit functions p and u satisfy the momentum equation (2.35) in D' ((0, T") x

Q).

Proof of the theorem 2.28
Our ultimate goal in the proof of theorem 2.28 is to carry out the limit process when
the parameter § tends to zero. Denote ps, us the corresponding approximate solutions
constructed in proposition 2.35.
Energy estimates
In light of the energy inequality stated in proposition 2.35, we have :
e ps bounded in L*°(0,T; L7(Q)),
e /psus bounded in L°(0,T; L*(Q,RY)), (2.81)
e us bounded in L2(0,T; Wy (€, RV)).
Strong convergence of densities

Having established all necessary estimates we adress the question of convergence. As the
approximate sloutions ps, us satisfy the equation of continuity (1.1), and the momentum
equation (1.4) without any extra terms, the result obtained in chapter 4 can be used without
modification.

It follows from estimates (2.81) that if w > 0 then :

/ P(ps)p5dzdt < c((0,T) x ),
O
for any compact set O C (0,7") x Q. This implies local estimates :

sl 1+ 0y < ¢(O), (2.82)

and :
q/ﬁ“mﬁgdm, (2.83)
o

for any compact set O C (0,7) x Q.

In view of the above estimates, we may assume that, up to a subsequence,

ps — p In C([O’T]vlﬂ (Q))7

weak
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us — u weakly in L*(0, T, W012(Q))
Moreover, thanks to our choice of initial data po s,
p(0,z) = po(z) a.aon,

and )
5/—/)5 dr — 0 for § — 0.
qB—1"700

As we have already observed, the space L7(2) is compactly embedded into W ~%2(2) and,

consequently :
pstus — pu weakly(—*) in L>(0,T; L™= (2, RY)), (2.84)
with : )
_a
Moo = o

The bound on 9;(psus) resulting from the momentum equation in (2.35) can be used to
strengthen (2.84) to :

psts — pu in C([07T]7 Ly (QvRN))y

weak

which yields, because of compact embedding L™ into W12, convergence of the convective
terms :

psus @ us — pu @ u weakly in L2(0,T; L (Q, RNQ)),

with ¢g > 1. Moreover,

pu(0,x) = my(x) a.a on Q.

In order to establish strong convergence of the sequence (ps)s=o, we pursue the approach

developped in chapter 4. More specially, a direct application of chapter 4 yields :

T
ti [ [ on(Ps = -+ 2x)diva) i)
—vJo Q

(2.85)

T _—
—tim [ [ on(BF -+ 2)divas Tilphdodt,
- 0 Q

where, as usual,
— ytw
P(ps) — P(p) weakly in L5 (0),
and :

Ti(ps) — Telp) in C(0,T] LY, () for any ¢ > 1,

weak

for any compact set O C (0,7") x Q. Note that :
3p) — 0 in L'((0,T) x Q)

as a consequence of (2.83).
The limit function p is a renormalized solution of the mass equation in sense of Diperna-
Lions. Finally, the result on propagation of oscillation stated in chapter 4 can be now used

in order to conclude that :

ps — p strongly in L*((0,T) x Q), (2.86)
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which can be improved, similarly to chapter 4 to :
ps — p in C([0,T], L*(Q)). (2.87)
Consequently, the limit function p, u satisfy the mass equation :
dyp +div(pu) =0 in D' ((0,T) x RY),

as well as in the sense of renormalized solutions. In other words, they represent a variational
solution of equation (1.1)-(1.6) in the sense of definition of chapter 4.

Similarly, the momentum equation :
O¢(pu) + div(pu @ u) — pAu — (A + p)divu + VP(p) = kpV (¢ * p — p),

is satisfied in D' ((0,T) x Q).
Finally, the limit quantities p, u satisfy the energy inequality :

oGl + P < [ (2

Q  Po

| 2

+poP(po))dx

for a.a. 7 € [0, 7], which can easily be verified.

Passage to the case = RV

In order to treat the case Q = RY, we then consider (pr, ug) the solution of (1.1)—(1.6)
set in the ball B(0, R) with Dirichlet boundary conditions on dBg. We choose R > Rg so
that [ B, Podz > 0. In particular, we have for almost all ¢ (0,7) :

1 t
/ (zprlurl* + Lp}é) dx + / ds/ (1| Dug|® + &(divug)?) dr < 0.
Br 2 v—1 0 Br

The conservation of mass and this inequality yield, as usual, bounds uniform in R on pg in
L>(0,T; L* N L7(BR)), on prlugl? in L>=(0,T; L*(Bg)) and on Dug in L*((0,T) x Bg).
If N = 2, we have a bound on ug in L?(0,T; LY(By)) for all 1 < g < 400, M € (0,+00)
and in L?(0,T; BMO) considering up as a function on R? by extending it to R? by 0.
Next, as in the chapter 4 we show that pr is bounded in LP((0,T) x Byy) for any M € (0, 00),
with p = v+ %’y — 1, uniformly in R > 1+ M.

It only remains to apply the compactness analysis of chapter 4 in order to recover a solution

of the Rohde system in whole space.
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Chapitre 7
Perspectives

Suite a de nombreux travaux tres récents comme ceux de Bresch, Desjardins, Mellet,
Varet, Vasseur et tant d’autres, de nombreuses avancées en mécanique des fluides ont été
réalisées et ouvrent ainsi de nouvels horizons. Ainsi les problemes liés a l'existence de
solutions faibles pour le systeme de Navier-Stokes compressible ainsi que pour le systeme
de Korteweg, ont abondamment progressé depuis deux trois ans et laissent place encore
a de nombreuses questions ouvertes. Dans ce dernier chapitre, je vais donner quelques
directions envisagées pour des travaux ultérieurs et exposer différents problémes encore

ouverts et faisant suite aux travaux de certains auteurs précités plus haut.

1 Probleme des équations du systeme de Korteweg

Nous allons commencer par considérer le syseme de Korteweg. Rappelons la forme du

systéme (voir [11]) dans le cas isotherme :

Op +div(pu) =0
A(pu) + div(pu @ u) — div(2u(p) D (u)u — V (A(p)divu) + V(P(p)) = kpVAp
(P/t=0s1/t=0) = (Po; uo)

Je vais exposer ici quelques projets d’étude qui font suite aux résultats obtenus dans cette
these.

— A Theure actuelle le probléme reste completement ouvert en ce qui concerne 1’exis-
tence de solutions faibles pour des coefficients de viscosité constants méme en dimen-
sion N = 2. Cependant nous avons vu qu’il suffit en dimension N = 2 de controler
le vide (i.e % en norme L>°) pour obtenir des solutions faibles globales a condition
de prendre des données initiales petites. Il peut étre alors intéressant d’étudier le
comportement asymptotique en temps du systeme de Korteweg. Effectivement le but
serait de vérifier si le vide peut étre contoler en temps grand, ceci en utilisant le gain
de régularité sur la densité obtenu dans le troisieme chapitre . En fait on s’attend a ce

que la densité soit proche d’un état constant. Ainsi essayer d’avoir un comportement
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asymptotique en temps de nos solutions pourrait nous permettre d’obtenir ’existence
globale de solutions faibles & partir d’un temps assez grand.

— D’autre part on a vu que dans le cas de coefficients de viscosité de type Saint-

Venant, Bresch, Desjardins et Lin dans [1] obtiennent 'existence de solutions faibles
pour des fonctions tests dépendant de la densité et s’écrivant sous la forme py avec
v € C§°(R x RN ). On a vu en utilisant les résultats du second chapitre que 'on peut
obtenir de véritables solutions faibles en temps grand pour N = 2 car I'on controle
le vide, il peut étre alors tres intéressant de connaitre exactement le comportement
asymptotique des solutions en déterminant précisément leur décroissance en temps
toujours en dimension N = 2 afin de savoir a partir de quel temps T les solutions de
Bresch, Desjardins et Lin deviennent de véritables solutions faibles.
On peut aussi plus généralement étudier en dimension quelconque le comportement
asymptotique des solutions fortes avec données petites du systéme de Korteweg dans
les espaces de Besov critiques. Ce genre de résultat est a lier aux résultats de Hoff
et Zumbrum [7],[8] et ceux de T. Kobayashi et Y. Shibata [9], [10] dans le cas du
systeme de Navier-Stokes compressible.

— Enfin je m’intéresse aussi actuellement a construire des solutions approchées globales
du systeme de Korteweg qui puissent vérifier les inégalités d’énergie du troisieme

chapitre en dimension N =1 et 2.

2 Probleme des équations du systeme de Rohde

Nous allons maintenant donner quelques prolongements envisagés pour le systeme de

Rohde ( voir [63]) que nous rappelons :

Op + div(pu) =0
O (pu) + div(pu @ u) — div(2u(p)D(u)) — V(A(p)divu) + V(P(p)) = kpV Dlp]
(pt=0,ut=0) = (o, uo)

avec D[p] = ¢ * p — p représentant le terme de capillarité non local.
Je présente ici quelques travaux en cours.

— Dans un travail en cours j’étudie le lien entre le systeme de Rohde et celui de Korte-
weg, c’est a dire comment peut-on passer d’un systeéme a l’'autre en faisant varier la
fonction ¢. C’est en fait d’un point de vue physique expliciter les différences de com-
portement entre une méthodes a interfaces discontinues et une a interfaces diffuses.
La difficulté pour relier ces deux systemes est que les solutions fortes obtenues dans
le cas du systeme de Rohde sont moins régulieres que celles du systeme de Korte-
weg. Effectivement on perd l'effet régularisant da a la capillarité en kpV Ap en haute
fréquence, et cela est di au fait que dans le cas du systeme de Rohde ngb tends vers 0
A linfini. 1 s’agit donc de relier les deux systéme en fonction du support de ¢.

— Dans le cas ou la capillarité s est nulle, et en choisissant des coefficients de viscosité
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comme ceux de Bresch et Desjardins, il serait intéressant de prolonger les résultats
de Bresch, Desjardins, Mellet et Vasseur a des données proches d’un état d’équilibre,
comme c’est le cas dans le quatrieme chapitre ou ’on travaille dans des espaces de
Orlicz.

— Il reste aussi a voir si on peut étendre les résultats de Bresch, Desjardins sur le
systeme de Rohde et ainsi expliciter des solutions faibles avec des données initiales
plus régulieres qui se rapprocherainet plus des données initiales concernant les solu-
tions fortes.

— De méme, je vais m’intéresser également a trouver des solutions approchées globales
pour le systeme de Rohde afin d’obtenir un résultat d’existence globale de solutions
faibles, le quatrieme chapitre étant un résultat de stabilité.

— Sinon il reste & voir si au niveau des solutions fortes on peut obtenir I’existence de
solutions fortes dans les espaces de Besov critique pour le scaling sans imposer une
condition de petitesse du type ||po — ﬁHB N < € comme c’est le cas dans le cinquieme
chapitre.

— Enfin comme pour le systeme de Korteweg je m’intéresse au comportement asymp-

totique en temps des solutions fortes avec données initiales petites.

3 Problemes ouverts actuels

Je vais ici présenter de nombreux problémes liés a ces équations restant encore ouvert
et faisant suite aux travaux de Bresch, Desjardins, Mellet, Vasseur et autres, nous pouvons
citer ainsi les cas suivants :

— Mellet et Vasseur ont monté un théoréeme de stabilité pour les coefficients de Bresch et
Desjardins (voir [2]) incluant notamment le cas de Saint Venant, par contre 1’existence
de solutions approchées vérifiant leurs inégalités d’énergie reste ouvert. Effectivement
ces inégalités étant fortement non linéaires, il est difficile de trouver des solutions
régulieres conservant les bornes uniformes sur la vélocié u. Ainsi les solutions ap-
prochées de Bresch et Desjardins dans [3] ne sont pas adaptées a 1'inégalité d’énergie
sur u, effectivement on ne peut contréler le terme régularisant en ep.V (11 (p A% u(pe))
avec s > 1.

— Bresch et Desjardins montrent actuellement ’existence de solution forte en dimension
N = 2 pour le systéme de Navier-Stokes compressible avec leur choix de coefficients
de viscosité et de pression (voir [2]).

— Alazard, Bresch, Desjardins étudient le comportement du nombre de mach des solu-
tions faibles globales de [2].

— Un probléme restant ouvert est celui de l'unicité fort-faible, peut-on obtenir des
résultats dans le cadre des solutions faibles de Bresch-Desjardins dans [2].

— Enfin un probléme ouvert intéressant est celui de I'existence de solutions fortes avec

des données initiales comportant du vide pour le systeme de Korteweg. Peut-on ainsi
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avoir un pendant des résultats de Choe et Kim ainsi que Cho et Choe [4], [5], [6] qui
sont dans le cas du systeme de Navier-Stokes compressibles.

— Un autre travail peut étre d’étudier le comportement asymptotique des solutions
faibles de Bresch et Desjardins dans [2] comme le font Novotny et Straskraba [12]

pour le cas des solutions faibles de Feireisl.
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