Chapter 4: Continuous semimartingales

Contents

1 Functions with bounded variation 1
2 Finite variation processes 5
3 Local martingales 6
4 The quadratic variation of a local martingale 9
5 Continuous semimartingales 20

1 Functions with bounded variation

Throughout this section, 7" > 0 is fixed and all functions are deterministic.

Proposition 1. Let I : [0,7] — R, be non-decreasing and continuous, with F'(0) =
0. There exists a unique positive measure dF on ([0,T],B([0,T7)), called the Stieltjes
measure associated with F, such that

VO<s<t<T, dF ((s,t]) = F(t) — F(s).
Moreover dF ({s}) = 0 for every s € [0, T, and dF(]0,t]) = F(t).

Note that the absence of atoms is a consequence of the continuity of F: for
s> 0,dF({s}) = lim, (F(s) — F(s— %)) = 0.

Proof. Uniqueness follows from the fact that two finite measures which coincide
on the intervals (s, t] (a T-system generating B((0,77)), and give the same (zero)
mass to {0}, are equal.



Existence: we proceed as for the cumulative distribution function of a random
variable. If F(T') = 0 then F = 0 and dF' = 0 works. Otherwise, set

G(r) =inf{t >0, F(t) > r}, re[0,F(T)),

which is well defined since F'(T') > r. By continuity of F, F/(G(r)) = r, and one
checks that
{r<F@)}c{Gr) <t} c{r<F@)}

Let U be uniformly distributed on [0, F'(7")) and i be the law of G(U), a probability
measure on [0, 7. Since P(U = F(t)) = 0 for every ¢,

1((s,t]) =P(s < GU) <t) =P(F(s) <U < F(t)) = F(T) ' (F(t) — F(s)).
Hence dF := F/(T') pu is a solution to the existence problem. O

Definition 2. (i) A signed measure on a measurable space (E, €) is the difference of
two positive finite measures on (E, E).

(ii) A continuous function a : [0,T] — R with a(0) = 0 has finite variation if there
exists a signed measure da on [0, T'] such that

a(t) = da(0,1]), Vt € [0,T].

Remark 3. (i) If a is C' (and a(0) = 0), then a has finite variation and da(dt) =
a'(t) dt.

(ii) The measure da is unique (by uniqueness of measures that coincide on intervals).
But a decomposition da = py — o, With pu, j1o positive finite measures, is not
unique.

(iii) The decomposition becomes unique if we moreover impose that p; L o, i.e. that
there exists A € B([0,T]) such that u1(A) = 0 = pa(A°).

Proposition 4. If a has finite variation, there exists a unique couple (da., da_) of posi-
tive finite measures on [0, T'|, mutually singular, such that

da = da, — da_.

Proof. Existence. Let ji1, o > 0 be such that da = p; — po, and set v := py + po,
a positive finite measure with 1y < v and p; < v. By the Radon-Nikodym
theorem, there exist h; > 0,7 = 1,2, such that du; = h; dv. Let h := hy — ho; then,
with z; = max(z,0) and z_ = max(—z,0),

da=hdv=h,dv—h_dv=:day —da_.
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These two measures are mutually singular: with A := {t € [0,T], h(t) > 0}, we
have da, (A°) = 0 = da_(A).

Uniqueness. Let da = 11 — po with p; > 0 and py(A) = p2(A°) = 0 for some
Borel set A. We claim that, necessarily, for every Borel set F/,

i (F) = sup {da(C), C C F, C € B(0,T))},

so that i1, and then ps = py — da, are determined by da. Indeed, for C' C F,
da(C) = p1(C) — po(C) < puy(F); and for C = A°N F,

da(A°NF) = (A°NF) = (AN F) =y (F) —pu(FNA) = m(F). O

Remark 5. The positive finite measure |da| := da + da_ is called the total variation of
da. One has |da|(A) > |da(A)| for every Borel set A, and

da = (].D+ — ]-D,) |da|,
where D is a Borel set such that da(D$) = 0 = da_(D, ), and D_ := DS. Indeed, for
every Borel set F,

/F(lD+ — 1D_) \da| = |da|(F N Dy) — |da|(FND_-) = da(F),

since |[da|(FNDy) =da (FNDy)+da_(FNDy)=day(F), and similarly |da|(F N
D_)=da_(F).

Note also that da, hence |da|, have no atoms when a is continuous: by the formula of
the uniqueness part of the lemma, da ({s}) = max (da({s}),0) = 0, since da({s}) =
a(s) — a(s—) = 0 (and similarly for da_).

Remark 6. Let o : [0, T] — R be continuous with finite variation.

(i) For f :[0,T] — R measurable such that f[Oﬂ |f(t)||dal(dt) < oo, we set

/Odea = /OTf(S) da+(d8)—/0Tf(s) da_(ds)
and

/OTf |da| := /OT f(s)day(ds) +/OT f(s)da_(ds).

[ sl < [ 1511
3

(ii) We then have



(iii) Moreover, the function

t T
= / f da = / f 1[0’15] da
0 0

is also continuous with finite variation (continuity follows by dominated conver-
gence, since |da| has no atoms), and

dg = f da, dg, = fyday + f_da_, dg_ = f_day + fida_.

(The two measures on the right are carried respectively by (D, N{f > 0})U(D_N
{f < 0}) and by its complement, hence are mutually singular.)

Proposition 7. If a has finite variation, then for every t € (0,7,

|dal([0,t]) —sup{Z‘

Moreover, the supremum is the limit of the dyadic sums

<t

I
~
——

on

= Z |a(i27"t) — a((i — 1)27"1)].

Proof. The lower bound is easy: for 0 =ty < --- <t, =1,

Z |a(t,) — a(ti_1)| = Z |d(l((tl_1,tz])
< Z |da|((ti-1,t:])

= ]c;a]((o,t]) < |dal([0,]).

For the upper bound, we use a martingale argument, and show that S,, — |dal(]0, t]).
We may assume |da|([0,¢]) > 0. On Q2 = (0,¢], endowed with B((0,¢]) and the
probability measure
|dal

|dal ([0, 2])
(recall that |da|({0}) = 0), consider the random variable X := 15, — 1p_, so that
| X| =1and E[X1;] = da(I)/|da|([0,t]) for every Borel set I. Let D,, be the o-field
generated by the dyadic intervals I]* = ((i — 1)27"¢, i27"¢], 1 <7 < 2". Then

2m

X, := E[X | D,] Z

=1 7,

(with the convention 0/0 = 0)



is a bounded martingale, which converges a.s. and in L'to E[X | D] = X, since
Do = (U, Dn) = B((0, t]). Therefore

Z||da E[|Xn|] m]EU)q] -1 0

Idal 't dal([0

Lemma 8. Let a : [0,7] — R be continuous with finite variation, and f : [0,7] — R be
continuous. Let A, = (0 =ty <t} < --- <ty =T) be a sequence of subdivisions of
[0, T'] whose mesh |A,,| := max;(t} — t ;) tends to 0. Then

| 1) dats) = tim th:n (1)~ alt ).

Proof. Let f,(s) = >_%", f(t71) Lgser , 4]y~ The formula holds for f,,, since [ f, da =
> f(ty) da((t?_,t}]). Moreover f, — f pointwise on (0,7 (by uniform conti-
nuity of f), and |f,| < sup|f|, with |da| finite and |da|({0}) = 0. Dominated
convergence concludes. O

2 Finite variation processes

We work on a filtered probability space (€2, F, (F¢):>0, P) satisfying the usual con-
ditions.

Definition 9. A finite variation process A = (A;):>o is an adapted process whose paths
are a.s. continuous with finite variation on [0, T'] for every T' > 0, and such that A, = 0.
The process A is non-decreasing if its paths are a.s. non-decreasing.

Thanks to the completeness of the filtration, we may and do assume that all
paths are continuous with finite variation (set A = 0 on the exceptional null set).

Remark 10. Let A be a finite variation process, and for every w let A} (w) = dA, ([0, t])(w),
Ay (w) = dA_([0,¢t])(w), where dA(w) = dA4+(w) — dA_(w) is the decomposition of the
lemma above (applied on every [0,T]). Then A™ and A~ are continuous non-decreasing
adapted processes, and A = AT — A~. Indeed,

A = 3(1dA|([0,1]) £ Ay),

and |dA|([0,t]) = lim, 327 |Ajpny — Ai—1)2-n¢| 18 Fi-measurable by Proposition 7;
continuity follows from the absence of atoms of |dA|.



Proposition 11. Let A be a finite variation process and H a progressively measurable
process such that, for every t > 0,

t
/|Hs||dA5|<oo 2.6,
0

Then the process

t
(H-A), = / H, dA, (defined w by w)
0

is also a finite variation process. In particular it is adapted (and, being continuous, pro-
gressively measurable).

Proof. Continuity and finite variation of the paths follow from the previous re-
mark on g(t) = fot f da, applied w by w. It remains to prove adaptedness. We
write

t t t t t
/HsdAs:/ H+(s)dA;_/ H_(s)dA:_/ H+(s)dA;+/ H_(s)dA-,
0 0 0 0 0

where H. are progressively measurable and A* are adapted by Remark 10 (this
is where the progressive measurability, and the adaptedness of A%, matter). So,
without loss of generality, we may take /7 > 0 and A non-decreasing.

(i) Fixt >0.ForO<u<v<tandI € F,

(1(u7”]1r ' A)t = 1F (Av - Au) < 3~t.

The class 8 = {I" x (u,v], I' € F, 0 < u < v <t} (completed by the sets I' x {0},
for which (1py) - A)¢ = 0) is a 7-system generating B([0,t]) ® F;, and the class
of sets G such that (15 - A); is F;-measurable is a monotone class (use monotone
convergence for increasing unions). By the monotone class theorem,

(1g-A) € F, VG e B([0,t]) @ Fy.
(ii) Since H is progressive, H1jy is B([0,t]) ® F-measurable, hence H1y, =
lim, 1 H", with H" =}, a;1¢n, a; > 0, G} € B([0,1]) ® Fy. By (i), (H" - A); € Ty,

and by monotone convergence (H - A); = lim,(H" - A);. Hence (H - A); is F-
measurable. O

3 Local martingales

Let (2, 7, (F})i>0, P) be a filtered probability space satisfying the usual conditions.
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Notation 12. For a stopping time T and a continuous process X = (X;)i>0, we denote

by
X7 = (X] = Xipr)

t>0

the stopped process.

Definition 13. An adapted continuous process (M;):>o is a (continuous) local martin-
gale if there exists a non-decreasing sequence of stopping times (7,,),>o with 7, T 0o a.s.,
such that for every n, (M™ — M,) is a uniformly integrable martingale. The sequence
(Tn)n>o0 1s called a localizing sequence.

Remark 14. If M is a local martingale, M, is not necessarily in L*(P); and there is
no integrability assumption on M, either (except that M, is Fo-measurable). If X is
any Fo-measurable random variable and (M,),>o is a martingale, then (X + M,);>o and
(X M,)s>o are local martingales: the sequence 7, := nlyx|<n} is localizing. More gener-
ally, if M is a local martingale with My = 0 and localizing sequence (T,,), then X M is a
local martingale, localized by 7,1¢x|<n}-

Remark 15. (i) A continuous martingale is a local martingale (1,, = n is localizing).

(ii) “Uniformly integrable martingale” can be replaced by “martingale” in the defini-
tion (replace t,, by 7,, A n). [Exercise]

(iii) If (7,) is localizing for M and (o,,) is a sequence of stopping times with o,, 1 oo,
then (o, A\ T,) is still localizing.

(iv) Local martingales form a vector space.

(v) If M is a local martingale and 7 is a stopping time, then M7 is a local martingale
(with the same localizing sequence, by the optional stopping theorem).

Careful! Results that are valid for martingales are not obvious for local mar-
tingales.

Proposition 16. Let M be a (continuous) local martingale.
(i) If My € L' and M > 0, then M is a supermartingale.
(ii) If E[supycpq | Ms|] < oo for every t > 0, then M is a martingale.

(iii) The sequence T,, = inf{t > 0, |M; — My| = n} is localizing.



Proof. (i) Let () be localizing. Since M, € L', M™ is a martingale (by definition,
(M — My)™ is). Hence

E[Mt/\ﬂ'n |3:$} = MS/\Tn a.s., S S ta

which is simply the martingale property of M.,.,. By Fatou’s lemma (condition-
ally on J5), since lim,, M., = M,,

E[M,|5,] < M, as.

Taking s = 0 and expectations gives E[M;] < E[M;] < oo, i.e. M; € L'. Hence (i)
(integrability and supermartingale property).
(ii) We have M, € L' too, M;,,, — M, a.s., and

|Mipr,| <Y :=sup|M,| € L'

s<t

Conditional dominated convergence allows to pass to the limit in E[M;,,, | F] =
MS/\Tn'

(iii) This is a consequence of (ii): (M — M;)™ is a bounded local martingale
(Remark 15(v)), hence a bounded, thus uniformly integrable, martingale. It suf-
tices to check that 7,, — oo a.s., and this follows from the continuity of the paths
of M. ]

Remark 17 (Caution). If M is a local martingale and if, for every t, the family (M )o<s<
is uniformly integrable, then M is not necessarily a martingale. We will see later an ex-
ample of a local martingale which is bounded in L* on every [0, t] but is not a martingale.

Theorem 18. Let M be a local martingale with finite variation. Then, almost surely,
Vt Z 07 Mt = MO.

Proof. Replacing M by M — M;, we may assume M, = 0 without loss of generality.

(i) Assume first that M is a true martingale, bounded by some constant &, and
that its total variation is bounded: fooo |[dMs| < K. Lett > 0and 0 =ty < t; <
.-+ < t, = t. Using the martingale property (orthogonality of increments),

E[(Z(M -~ )] = Z_p:IE[(Mti MY

i=1

E[M]

1<i<p

p
< ]E[ max |Mtz - Mti—1| Z |Mtz - Mti—l|i| < K]E|:1H<lla<}§o |Mt1 - Mti—1| )
=1 -

J

'

<[|dM|([0,t]) <K
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where we used the characterization of |dM | via subdivisions (Proposition 7). By
continuity and boundedness of M, and dominated convergence, the right-hand
side tends to 0 as the mesh of the subdivision tends to 0. Hence E[M?] = 0, i.e.
M, = 0 a.s. for every ¢, and by continuity again, a.s. M; = 0 for every ¢.

(ii) General case: M is a local martingale with M, = 0 and finite variation. Let

t
mo=int {00, 31+ [ Jant) > n},
0

a stopping time (the process ¢ — f[f |dM;| is continuous and adapted, by Re-

mark 10). We have 7, 1 ~ a.s., since fOT |dM,| < oo for every T'. Then M™ is a
bounded local martingale, hence a true martingale (Proposition 16(ii)), bounded
by n and with total variation bounded by n. By (i), a.s. M/ = 0 for every ¢, i.e.
M, =0 foreveryt € [0, 7,]. Letting n — oo concludes. O

Remark 19. (i) The proof works verbatim on a finite horizon: a local martingale on
0, T'| with finite variation is a.s. constant on [0, T'.

(ii) The continuity assumption is crucial: if N is a Poisson process with intensity A,
then (Ny; — At)i>o is a martingale with finite variation, which is (of course) not
constant.

4 The quadratic variation of a local martingale

In this section, we prove the most important (and somehow also the most diffi-
cult, or at least the most technical) result of these lectures.

For a subdivision A = (0 = ;) < t; < --- < t, = t) of [0,¢], we denote by
|A| = max<;<,(t; — t;—1) its mesh.

Theorem 20. Let M be a (continuous) local martingale. There exists a unique (up to in-
distinguishability) non-decreasing, adapted and continuous process, denoted ({M);)i>o,
with (M) = 0, such that

(M7 — (M)y),., is alocal martingale.

>0
Moreover, for every t > 0, if A, = (0 =t < 1} < --- < {7 = t) is a sequence of
subdivisions of [0,t] with |A,,| — 0, then

Pn

> (My = My )" —— (M)..
=1



The process (M) is called the quadratic variation of M. It does not depend on My: (M) =
(M — Mo).

Remark 21. (i) If M = B is a Brownian motion, then (B); = t, since (B — t);>0 15
a martingale.

(ii) Discrete case: if (M,)n>0 is a martingale in L?, then

Ay =) E[(My — My_1)*| Fii]
k=1

is F,,_1-measurable (predictable), and M? — A, is a martingale. We do not insist
here on predictability, which, in our continuous setting, is replaced by continuity.
If M had jumps, the situation would be much more delicate.

The proof relies on two lemmas.

Lemma 22 (Fundamental lemma). Let t > 0, p > 1, and for every n, let (X7)qcjo,q be
a continuous adapted process, such that

]E[ sup | X" — X;“V’] o

SE[O,t} ,M—00
Then there exists a continuous adapted process (X)sejo,q such that

E[ sup | X" — Xs|p] — 0.

s€[0,t] n—00

Proof. We write [|Y]|, = E[|Y [P]*/?. Let (n4 )0 be an increasing sequence such that

E[ sup |X§—X§”|p} <27k Vn,m > ny;
s€[0,¢]

in particular E[sup,c(y 4 |Xs** — X*[P] < 27%. Then, by Minkowski’s inequality
(and monotone convergence),

H Z sup | X — X < sup | X — X < Z2‘k/p < 0.
k>0 s€[0,t] p s€[0,t] p >0
It follows that

sup | X — XM < o0  as.,
>0 s€[0,t]
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so that the series Y, (X" — XI*) converges normally, hence uniformly in
s € [0,t], almost surely. That is,

X2 X= X0+ ) (X — XP%),  uniformly in s € [0, ¢],

k—o0
k>0

to a limit which is continuous and adapted (on the negligible set where the series
diverges, we set X = 0; the filtration being complete, X is adapted). Moreover,

sup [ X, — X¥|

s€0,t]

<
j2

sup | X[ — X7
s€[0,t]

k—o00

< Z 2-tr .
P sk

Conclusion: by triangle inequality,

limsup || sup |Xs — X7|
n s€[0,t] p
< lim sup lim sup < sup | Xg — XJ*||| + || sup | X% — X7 ) =0,
n k s€[0,t] p s€[0,t] P
and this completes the proof. O

Lemma 23 (second fundamental lemma). Let M be a bounded continuous martingale
(say |M| < K) such that My = 0. Lett > Oand A, = (0 =tf < --- <t} =1)be
subdivisions of [0, t] with |A,| — 0. Set

Pn

X, = Z M (Mt;l/\s - Mtf_lAs), s € 10,1].

=1
Then (X' )o<s<t is a bounded continuous martingale. Moreover,

E[|X} - X]"[)] —— 0. (1)

n,Mm—00

Proof. X™ is a bounded continuous martingale. Continuity is clear. It suffices to show
that, for0 < a < b <t

Us == Ma/\s(Ms/\b - Ms/\a)a s € [Ovt]v

is a martingale (it is bounded by 2K?). Note that, for s > a, Uy = M, (Mg, — M,),
while U, = 0 for s < a. Let s < w.

e lfu<a:E[U,|Fs] =0="U,.
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e [fs<a<wu U, =0and

E[Uu | ?S] =E [MaE[Mu/\b - Mu/\a | Sr‘a}

ffs} —0,
since E[Myny | Fo] = M, = E[Myna | Fa) (optional stopping, or simply the
martingale property of M° and M?).

o Ifa<s<wE[U,|Fs] = MyE[Mynp — Mypa | Fs] = My(Mspp — M,) = Us.

Proof of (1). Fix n,m, and let 0 = ro < r; < --- < ry = t be the points of the
common refinement A, UA,,. Forr € [0,1), let m,(r) := max{t} € A,, t! <r}and
similarly for 7,,,. Each interval (r;_;, ;] is contained in a unique interval (¢! ,, 7|
of A,,, namely the one with #}' | = m,(r;_1). Splitting each increment M;» — M;» |
into a telescopic sum along the refinement, we get

q q
X = Z Mﬂn("jfl)(M’”j - MTjﬂ)? X" = Z Mﬂm(ijl)(MTj - M’”jfl)‘
j=1 j=1
Therefore

q
X=X => Hj (M, —M,,_,),  where Hj_y =My, ) — Mn, ()
j=1

(When A,, C A, the refinement is A,, itself and =,,(r;_1) = rj_1.) Using that
E[M,, = M,,_, |F,,_,] = 0and that H;_, is F,,_,-measurable (the cross terms van-
ish), we obtain

q q
E[(Xp - X7 =E[ Y0 H2, (M, - M, ) < E[SHL (M, - ML),
j=1 j=1

with ﬁj ‘= MaXp<kp<y |Hk‘ for 0 < j < q — 1, and ﬁq = ﬁqfl. Note that ﬁj,1 is
J,,_,-measurable, and non-decreasing in j. We also have

E[(M,; — M,,_)*|F,,_,| =E[M; — M} |5,

vl

therefore
q q
E[(X; - X7?) < B[S CH (M2 - M2 )| <E[ S (/M2 - H M2 )|
j=1 j=1
= E[H,M;].
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by a telescopic sum, and using M, = 0. The second inequality is where the mono-
tonicity of H is used (this is why we introduced H): indeed ﬁf M} — Ff_lej_l -
Fjil(M% - M} )= (ﬁjz — ﬁil)M% > 0. Since |M,| < K, we derive

E[(X] - X;"?] < K*E[H,].
Now, ﬁ; < 4K?and, since r — m,(r) < |A,] and r — (1) < |A,,],
H, <wm(|An|VIAL]), where wy(6) := max {|M,—M,|, u,s € [0,], u—s| < &}.

By (unif_orm) continuity of the trajectories of M on [0,¢], wp(d) — O a.s.as d — 0,
so that /, — 0 a.s. as n, m — oo. Dominated convergence ends the proof. O

Proof of Theorem 20. Uniqueness. If M2 — A and M?* — A are two local martingales,
with A, A as in the statement, then so is A — A = (M2 — A) — (M? — A), which
moreover has finite variation, and value 0 at t = 0. By Theorem 18, A — A=0.
The same argument works on a finite horizon [0, ¢].

Step 1: M bounded (hence a true martingale) and M, = 0. Let |[M| < K. Fixt > 0
and a sequence A, of subdivisions of [0, ] with |A,| — 0, and let X" be as in
Lemma 23.
e Fundamental decomposition. Writing M? = 77" (Mg, — M. ) and
b* —a® =2a(b — a) + (b — a)?, we get, for every s € [0,1],
Pn )
AL = M2 =2X7 =) (Mypae — M )"

i=1

In particular, for s = ¢} € A,, A;‘g = Zle(Mt;L — M 1)2, so that A" is non-
decreasing on the points of A, and A} = 7", (M — My ).

e By Lemma 23, X" — X™ is a continuous martingale with E[| X" — X[*|*] — 0.
Doob’s L? inequality gives

E[ sup | X* — X;"|2] <AE[IXP - X)) —— 0.

SG[O,t} n,Mm—00

By the fundamental lemma (Lemma 22, with p = 2), there exists a continuous
adapted process (X)o<s<: such that

E[ sup | X" — Xs|2] —0.

s€[0,t] n—o0
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e X is a martingale on [0,¢]: for v < s < t, E[X!|JF,] = X, and both sides
converge in L? (conditional expectation is a contraction in L?), so that E[X; | F,,| =
Xu-

o Set A, := M? —2X,, s € [0,t]. Then A is continuous and adapted, 4, = 0,
M? — A = 2X is a martingale on [0, {], and

E| sup |A? — A,)*| —— 0.

s€[0,t] n—oo

In particular Y 7" (M — My )* = A} — Ayin L2,
e Ais non-decreasing. Let 0 < s’ < s < t. With 7, (r) = max{t!' € A,, t! <r},
we have 7, (s") < m,(s) and, by the fundamental decomposition,

n n n n 2 n
AS 2 Aﬂ'n(s) Z A ) = AS/ - (MS/ - Mﬂ'n(sl)) Z AS' - WM(’AH|)27

(s’

with wy, the modulus of continuity of M on [0,¢] introduced in the proof of
Lemma 23. Take a subsequence along which sup,c( 4 |AY — As] — 0 a.s.; since
wrm(]Ay|) — 0 a.s., we obtain, almost surely, A; — Ay > 0forall0 < s <s <t

e Extension to R;. The construction above, performed on [0, N| for every
N € N, provides processes AY) on [0, N]. By uniqueness on [0, N], ANM+D =
AW on [0, N] up to indistinguishability, so that there is a continuous adapted
non-decreasing process A on R, = |Jy[0, N] such that M? — A is a martingale.
By uniqueness again, the process constructed on [0,¢] from any sequence (A,)
coincides with A on [0, t]: (M) := A depends neither on ¢ nor on (4,,), and

Pn

3 (Mg — My )* = (M),

n—oo
i=1
Step 2: M local martingale with My = 0. Let
T, = inf{s > 0, |M,| > n},

which is localizing (Proposition 16(iii)). The process M™ is a bounded martin-
gale, hence, by Step 1, A" := (M ™) exists.
Let m > n. The process (M2 AT")s>0 is a martingale, hence (by stopping)

SATm  *'s

M? — A7

SATRN\Tm SN\Tn

:M2 —A™

SN\Tp, SA\Tn,

is a martingale. Since (A7) . )s>o is continuous, adapted, non-decreasing and null

at 0, by uniqueness it is the bracket of M/ ™:
Am

SA\Tn,

= AT (= M™),).

14



Applied with m = n, this gives A7, = A7, so that

SA\Tn,

m
AS/\Tn

SATR )

m > n.
So there exists A continuous, adapted, non-decreasing, such that

Vn>1, A, = A"

SATp *

it suffices to put

A= A ety = Jim AT (10 =0, Ao =0).

n—00
n>1

Then M? — A is a local martingale, since for every n > 1,

_ M2 An

SATn ~ “1s

M2

SA\Tn,

- As/\‘rn = M2

SNA\Tn

— A"

SN\Tp,

is a martingale; hence (7,,) localizes M? — A (Remark 15(ii)). It remains to show
that

Pn
. 2
Ay =P-lim 3 (M — My )"
i=1
From Step 1, for every k,
Pn )
Ap = lim Y (Mg — Mgk )" in L.
i=1
Let Q. := {7 > t},; then lim; P(Q;,) = 1, and

Qe C{AF = AN {M™ = M,, Vs € [0,t]}

(just the definition of stopping). It follows that, for every € > 0,

Pn

P[4 =" (M = My )| 2 ) <P(@5) +P(] i (M7 — Mg ) — A
=1

26>,

=1

and we let n — oo, then k — oo.

Step 3: removing the assumption My = 0. Let N := M — M,, a local martingale
with Ny = 0, and set (M) := (N). It suffices to show that M? — (N) is a local
martingale. Indeed,

M? — (N) = (N? = (N)) + 2MoN + Mg,

15



where N? — (N) is a local martingale by Step 2, MyN is a local martingale (M,
being Jy-measurable and N, = 0), and the constant process Mj is trivially a local
martingale. Also,

Pn Pn

> (M~ My )" = > (N — New )* —— (N}, = (M),

i=1 i=1

the convergence being that of Step 2 for N. Uniqueness holds by the general
argument above. O

Proposition 24. Let M be a local martingale and T a stopping time. Then
(M7) = (M)".

Proof. M?— (M) is a local martingale, so is its stopped process (M7, — (M)inr) -,
(Remark 15(v)). Since (M) is continuous, adapted, non-decreasing and null at 0,
uniqueness in Theorem 20 gives the result. O

Theorem 25. Let M be a local martingale such that My = 0 a.s. Then
E[(M)] < o0 Vt>0
if and only if
M is a (true) martingale, square integrable, i.e. E[M}?] < oo Vt > 0.
In this case, (M7 — (M);)¢>o is a (true) martingale, and E[M?] = E[(M),].

Proof. Let 7, = inf{t > 0, |M;| + (M); > n}; then 7, — oo a.s. The process
(MZ.,. — (M)inr,)i>0 is a bounded local martingale, hence a martingale, and

E':MI?ATH] = E[<M>t/\7-ni|'
e If M is a (true) martingale in L?, then, by monotone convergence,

ERM)J - liqgnE[(M>MTJ = liTrlIlE[MfMJ - E[ME]’

the last equality by dominated convergence: M7, < sup,c,, M7 € L' by Doob’s
inequality, and M2 — M} as.

e Conversely, assume E[(M);] < oo for every t > 0. The process M™ is a
bounded martingale, so Doob’s L? inequality gives

E[ sup MSQATJ <AE[M2, ] = 4E[{M)in,,] < AE[(M),].

s€[0,¢]

16



Hence, by monotone convergence,

]E[ sup Mf} <AE[(M),] < o0 Vt.

s€[0,t]

Therefore (Proposition 16(ii): a local martingale with E[sup,¢(o [M|] < oo for
every t is a martingale), M is a martingale, which moreover is in L.
e Finally, in both cases E[sup,( ; MZ] < 0o, s0

E[ sup |M? — (M)s” < E[ sup Mf} +E[(M),] < oo,
s€[0,¢] s€[0,t]

hence (M7 — (M););>0 is a martingale likewise, and E[M?] = E[(M),]. O

Remark 26. We will see that if M is a local martingale such that My = 0 and E [(Mﬁ”} <
oo for every t, then M is a (true) martingale.

Corollary 27. (i) If M is a martingale in L* such that My = 0, then E[M?] =
E[(M)] for every t > 0.

(i) If M is a continuous local martingale such that M, = 0 and (M), = 0 for every
t >0, then M = 0 up to indistinguishability.

Proof. (i) is part of Theorem 25. For (ii), Theorem 25 shows that A is a martin-
gale in L? with E[M?] = 0, so that M; = 0 a.s. for every ¢, and we conclude by
continuity. [

Definition 28. Let M, N be two local martingales. We set
(M,N)e = 5((M + N)i — (M) — (N)y).
In particular (M, M) = (M), since (A\M) = X\*(M).
Proposition 29. Let M, N be two local martingales.
(i) (M,N)w— (M, N) is bilinear and symmetric.

(ii) (M, N) is the unique (up to indistinguishability) continuous adapted process with
finite variation such that M N — (M, N) is a local martingale.

(iii) If A, = (0 = t5 <t} < --- <t =t)isa sequence of subdivisions of [0, t] with
|A,| — 0, then

Pn

> (Mg — My ) (Nip = Nip ) —— (M, N),. 2)

- n—00
=1

17



(iv) For every stopping time T,

(M,N)" = (M",N") = (M, N7).

Proof. (ii) If MN — A and MN — A are two local martingales, then A — A =
(MN — A) — (MN — A) is a local martingale with finite variation and value 0 at
t = 0; this implies A — A = 0 by Theorem 18. Moreover,

MN = (M, N} = L(((M+ N = (M + N)) = (M = (M) = (N* = (N)) )

is a local martingale, and (M, N) has finite variation, as a difference of non-
decreasing processes.

(iii) follows from the local martingale case (Theorem 20) by polarization, since
(a+b)? —a? —b* = 2ab.

(i) follows from (ii) (or from (iii)).

(iv) Exercise. Hint: use (2), and the fact that stopping M (or N) at 7 only
changes the terms of the sum corresponding to the ¢ such that ¢t} > 7. O

Definition 30. Two local martingales M, N are orthogonal if (M, N) = 0.
Exercise. Two independent local martingales are orthogonal.

Lemma 31. Let F' be a continuous function with finite variation, and assume that F' =
GT — G~, where G*,G~ are continuous and non-decreasing (but not necessarily the
minimal decomposition). Then

|dF| < dG* + dG~ =: dp.

In particular dF < p, so that ‘fi—i exists by the Radon—Nikodym theorem, as a real-valued
function (with || < 1).

Proof. By uniqueness of dF', dF = dG" — dG~. With D, as in the remark on the
total variation, for every Borel set B,

|dF|(B) = dF(BND,)—dF(BND_) < dGT(BND,)+dG (BND_) < p(B). O

Theorem 32 (Kunita—Watanabe). Let M, N be two (continuous) local martingales and
H, K two measurable processes. Then, almost surely, for every t > 0,

/0t|HsKs| |d(M, N),| < (/OtH§d<M>s)l/2(/OtK§ d(N)s>1/2,
18



Proof. It is an “w-by-w” inequality. By bilinearity, for every z € R, (M + 2N) =
(M)+22(M, N)+2*(N) up to indistinguishability, and (M+xN) is non-decreasing.
Fix w outside a negligible set, such that these properties hold for every rational =
(a countable family). We associate the following measures on [0, ¢] to the follow-
ing functions:

(M) — du >0, (N) — dv > 0,

(M + N)+ (M —N) — dn >0, (M,N) — d¢ (signed!).
The Kunita—Watanabe inequality then reads

[mnsiwlicias) < ([ ntsputan) ([ rsruin)”

for all measurable functions A, k on [0, ].

Since (M + N) + (M — N) = 2((M) + (N)), we have n = 2( + v), so that
1 < nand v < 7. Moreover, by bilinearity, (M, N) = 1((M + N) — (M — N)), so
Lemma 31 yields

|d¢| < § dn.
It follows that y, v, ¢ are all absolutely continuous with respect to n. Let
du dv d¢ )
= = - = - d

so that |d¢| = |y| dn. Moreover, for every rational z, (M + xN) is non-decreasing,
so the associated measure

p+2x¢ + 2% is >0,

i.e. a+ 2zy + 2?8 > 0 n-a.e., for every rational x. The union of countably many
n-null sets being n-null, and by continuity in z, this holds n-a.e. for every = € R.
It follows (non-positive discriminant) that

Y <aB  nae.

Finally, by the Cauchy-Schwarz inequality,

/|h s)I¢l(ds) /|hk7|dn</|hk|\/_dn< (/hQan>1/2(/kzﬁdn>l/2

and the right-hand side is ( [ h2du)"?( [ k2dv)"*. Applying this with h(s) =
Hy(w), k(s) = Ks(w) concludes the proof. O
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5 Continuous semimartingales

Definition 33. A process X = (X;)i>o is a (continuous) semimartingale if
Xi = Xo+ My + Vi,

where M is a (continuous) local martingale with My = 0, V' is a finite variation process
(so Vo = 0), and X is Fo-measurable.

The decomposition is unique, up to indistinguishability: if Xy + M +V =
Xo+ M + V', then M — M' = V' — V is a local martingale with finite variation,
null at 0, hence M = M’ and V = V' by Theorem 18.

Definition 34. Let X = Xo+ M + V and X = 550 + M + V be two continuous
semimartingales. We set

(X)e = (M), and (X, X), = (M, M)y,.

Note that (X, X) = L((X + X) — (X) — (X)), since the local martingale part of X + X
is M + M.

Proposition 35. Let A, = (0 =t <t} <--- <t =t) bea sequence of subdivisions
of [0, t] with |A,| — 0. Then

pn
> (X = X ) (X = Xir ) H%J (X, X),.
=1
Proof. By polarization, only the case X = X needs to be established. Then

Pn Pn

Pn
D (X =X ) =D (M = My )"+ (Vi = Vi)’
=1 i=1 i=1
Pn
+2) (M — My ) (Vin = Vi ) = I+ I1, + IT1,,.

=1

By Theorem 20, I,, — (M), = (X),; in probability. Moreover,

1<i<pn 1<i<pn

Pn
T+ 1T < (2 max My = My |+ max [Vig = Vi, |) % 37 [Vip = Vi,
=1

~
gfot |dVs|<oo as.

and the first factor tends to 0 a.s., by (uniform) continuity of s — M, and s — V;
on [0,t]. Hence I1,, + 111, — 0 a.s., and the result follows. O
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