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1 Integration with respect to a square integrable mar-
tingale

We work on a filtered probability space (Ω,F, (Ft)t≥0,P) satisfying the usual con-
ditions (Ft = Ft+, and F0 contains all P-null sets).

Let T > 0. We construct the stochastic integral with respect to a continuous
martingale M = (Mt)t∈[0,T ] in L2. Note that Mt ∈ L2 for every t ∈ [0, T ] means
MT ∈ L2, and implies, by Doob’s L2 inequality,

E
[

sup
t∈[0,T ]

M2
t

]
≤ 4E

[
M2

T

]
<∞.

Definition 1. We denote by M2
T the space of continuous martingales M = (Mt)t∈[0,T ]

in L2 such that M0 = 0. It is endowed with the scalar product

(M,N)M2
T

= E
[
MTNT

]
= E

[
〈M,N〉T

]
.

The second equality holds since MN − 〈M,N〉 is a true martingale, null at 0
(by polarization of the corresponding result for M2− 〈M〉 in Chapter 4). This is a
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bona fide scalar product: in particular, if ‖M‖2
M2

T
= 0, then M is indistinguishable

from 0, since
E
[

sup
0≤t≤T

M2
t

]
≤ 4E

[
M2

T

]
= 4 ‖M‖2

M2
T

= 0.

Proposition 2.
(
M2

T , ‖·‖M2
T

)
is a Hilbert space.

Proof. Let (Mn)n≥0 be a Cauchy sequence for the norm ‖·‖M2
T

. By Doob’s L2 in-
equality applied to the martingale Mn −Mm,

E
[

sup
0≤t≤T

|Mn
t −Mm

t |2
]
≤ 4E

[
|Mn

T −Mm
T |2
]

= 4 ‖Mn −Mm‖2
M2

T
−−−−→
n,m→∞

0.

From the fundamental lemma of Chapter 4 (proved in the context of the quadratic
variation), there exists a continuous adapted process M∞, in L2, such that

E
[

sup
0≤t≤T

|Mn
t −M∞

t |2
]
−−−→
n→∞

0.

In particular M∞
0 = limnM

n
0 = 0 and ‖Mn −M∞‖M2

T
≤ E[supt |Mn

t −M∞
t |2]1/2 →

0. It remains to show that M∞ is a martingale. Let 0 ≤ s < t ≤ T . We have
E[Mn

t |Fs] = Mn
s , where Mn

s → M∞
s in L2, and E[Mn

t |Fs] → E[M∞
t |Fs] in L2.

Indeed,

E
[(
E[Mn

t |Fs]−E[M∞
t |Fs]

)2
]

= E
[
E
[
Mn

t −M∞
t |Fs

]2] ≤ E
[
(Mn

t −M∞
t )2

]
−−−→
n→∞

0.

Hence E[M∞
t |Fs] = M∞

s , and M∞ ∈M2
T .

Definition 3. For M ∈M2
T , we let

L2
T (M) =

{
progressive processes (Hs)0≤s≤T such that E

[ ∫ T

0

H2
s d〈M〉s

]
<∞

}
.

Remark 4 (Important). Let P be the progressive σ-field on [0, T ]× Ω, i.e. the σ-field of
the sets A such that the process 1A is progressive. Then

L2
T (M) = L2

(
[0, T ]× Ω,P, νM

)
,

where

νM(A) =

∫
Ω

∫ T

0

1{(s,ω)∈A} d〈M〉s(ω)P(dω).
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HenceL2
T (M) is anL2 space (up to the identification of processes which coincide νM(dω, ds)-

a.e.), equipped with the scalar product

(H,K)L2
T (M) = E

[ ∫ T

0

HsKs d〈M〉s
]
.

It is (of course) a Hilbert space. In particular, for a Brownian motionB (for which 〈B〉s =
s),

(H,K)L2
T (B) =

∫ T

0

E
[
HsKs

]
ds, ‖H‖2

L2
T (B) = E

[ ∫ T

0

H2
s ds

]
.

The strategy for constructing a stochastic integral in this context is the follow-
ing:

(i) the space ET of simple processes (defined below) is dense in L2
T (M);

(ii) for H ∈ ET , the stochastic integral H ·M is defined explicitly; it belongs to
M2

T , and the only point to prove is that 〈H ·M〉t =
∫ t

0
H2
s d〈M〉s, which yields

an isometry property;

(iii) for H ∈ L2
T (M), we take Hn ∈ ET with Hn → H in L2

T (M), and define∫ t
0
Hs dMs as the limit in M2

T of
∫ t

0
Hn
s dMs.

Definition 5. A process H : R+ × Ω→ R is an elementary (or simple) process if

Ht(ω) =

p∑
i=1

H(i)(ω)1(ti−1,ti](t), t ≥ 0,

where p ≥ 0 is an integer, 0 ≤ t0 ≤ t1 ≤ · · · ≤ tp are real numbers, and each H(i) is a
bounded real-valued Fti−1

-measurable random variable. We denote by E the (vector) span
of simple processes, and by ET its restriction to [0, T ].

Note that a simple process is left-continuous and adapted, hence progressive.
Moreover, E is in fact equal to the set of simple processes: a linear combination of
simple processes can be written as a simple process, using a common refinement
of the subdivisions.

Proposition 6. ET ⊂ L2
T (M), and ET is dense in L2

T (M).

Proof. The inclusion is clear: if H ∈ ET is bounded by C, then E[
∫ T

0
H2
s d〈M〉s] ≤

C2 E[〈M〉T ] = C2 E[M2
T ] <∞.
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Recall that a subspace F of a Hilbert space H is dense in H if and only if
F⊥ = {0}. Let K ∈ L2

T (M) be orthogonal to ET . We need to prove that K = 0 in
L2
T (M), i.e.

E
[ ∫ T

0

K2
s d〈M〉s

]
= 0.

Let Xt =
∫ t

0
Ks d〈M〉s, t ∈ [0, T ]. Then X is a finite variation process (Chapter 4),

with X0 = 0. Also Xt ∈ L1:

E
[
|Xt|

]
≤ E

[ ∫ t

0

|Ks| d〈M〉s
]
≤ E

[ ∫ t

0

(
1 +K2

s

)
d〈M〉s

]
= E

[
〈M〉t +

∫ t

0

K2
s d〈M〉s

]
<∞.

For 0 ≤ u < v ≤ T and A ∈ Fu, the process Hs := 1A1{s∈(u,v]} belongs to ET , hence
(H,K)L2

T (M) = 0, i.e.

0 = E
[ ∫ T

0

HsKs d〈M〉s
]

= E
[
1A (Xv −Xu)

]
for all such A,

i.e. E[Xv − Xu |Fu] = 0, and X is a martingale. Since it has finite variation and
takes value 0 at t = 0, it is 0 (Chapter 4): almost surely,

∀t ∈ [0, T ],

∫ t

0

Ks d〈M〉s = 0.

So, a.s., Ks d〈M〉s is the zero measure on [0, T ], hence1
∫ T

0
K2
s d〈M〉s = 0.

We recall the following simple yet fundamental lemma (that we already used
in the previous chapter) :

1Indeed, fix ω such that
∫ T

0
|Ks| d〈M〉s <∞ and the above holds. The finite positive measures

K+
s d〈M〉s and K−

s d〈M〉s coincide on the intervals (0, t], and give no mass to {0}, hence they
coincide on B([0, T ]):∫

A

K+
s d〈M〉s =

∫
A

K−
s d〈M〉s ∀A ∈ B([0, T ]) =⇒ K+

s = K−
s d〈M〉s-a.e.

This implies Ks = 0 d〈M〉s-a.e. since K+ −K− = 0 and E[
∫ T

0
K2

s d〈M〉s] = 0 by taking expecta-
tions.
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Lemma 7. Let N = (Nt)t∈[0,T ] be a continuous martingale, 0 ≤ a ≤ b ≤ T , and ξ an
Fa-measurable random variable such that ξ(Nb−Na) ∈ L1 and ξ(Nt∧b−Nt∧a) ∈ L1 for
every t ∈ [0, T ] (for instance, ξ bounded; or ξ ∈ L2 and N in L2). Then

Ut := ξ
(
Nt∧b −Nt∧a

)
, t ∈ [0, T ],

is a continuous martingale.

Proof. Continuity and adaptedness are clear (Ut = 0 for t ≤ a, and Ut is Ft-
measurable for t ≥ a). Recall that, for Y ∈ L1 and ξ G-measurable with ξY ∈ L1,
E[ξY |G] = ξ E[Y |G]. Let s ≤ u.

• If u ≤ a: E[Uu |Fs] = 0 = Us.

• If s ≤ a ≤ u: Us = 0 and E[Uu |Fs] = E
[
ξ E[Nu∧b −Na |Fa]

∣∣Fs] = 0.

• If a ≤ s ≤ u: E[Uu |Fs] = ξ E[Nu∧b −Na |Fs] = ξ (Ns∧b −Na) = Us.

Theorem 8. Let M ∈M2
T and H ∈ ET , Ht(ω) =

∑p
i=1 H

(i)(ω)1(ti−1,ti](t). We define∫ t

0

Hs dMs = (H ·M)t :=

p∑
i=1

H(i)
(
Mti∧t −Mti−1∧t

)
, t ∈ [0, T ].

Then:

(i)
(
(H ·M)t

)
0≤t≤T ∈M2

T and 〈H ·M〉t =
∫ t

0
H2
s d〈M〉s;

(ii) E
[( ∫ t

0
Hs dMs

)2]
= E

[ ∫ t
0
H2
s d〈M〉s

]
for every t ∈ [0, T ];

(iii) H 7→ H ·M is an isometry of
(
ET , ‖·‖L2

T (M)

)
into

(
M2

T , ‖·‖M2
T

)
.

Remark 9. The definition of H ·M does not depend on the chosen subdivision: if
p∑
i=1

H(i)1(ti−1,ti] =

q∑
j=1

K(j)1(sj−1,sj ],

then
p∑
i=1

H(i)
(
Mti∧t −Mti−1∧t

)
=

q∑
j=1

K(j)
(
Msj∧t −Msj−1∧t

)
.

Indeed, considering a common refinement, we may assume that (t0, . . . , tp) ⊂ (s0, . . . , sq),
with ti = ski , so that K(j) = H(i) for j = ki−1 + 1, . . . , ki (on the non-empty intervals),
and we conclude by splitting each increment Mti∧t −Mti−1∧t into a telescopic sum. In
particular H 7→ H ·M is linear on ET .
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Proof. (iii) = (ii) with t = T (together with the linearity of H 7→ H ·M ), and (ii)
follows from (i) by the property E

[
N2
t

]
= E

[
〈N〉t

]
if N is a continuous martingale

in L2 such that N0 = 0 a.s. (Chapter 4), applied to N = H ·M .
For (i), we write

(H ·M)t =

p∑
i=1

L
(i)
t , L

(i)
t = H(i)

(
Mti∧t −Mti−1∧t

)
.

By Lemma 7 (with ξ = H(i) bounded), L(i) is a continuous martingale, in L2 since
H(i) is bounded, and L

(i)
0 = 0. Hence H · M ∈ M2

T . It remains to compute its
bracket. By bilinearity,

〈H ·M〉t =

p∑
i=1

〈L(i)〉t + 2
∑
i<j

〈L(i), L(j)〉t.

• Cross terms. Let i < j, so that ti ≤ tj−1. Since L(i)
t = L

(i)
ti for t ≥ ti, and

L
(j)
t = 0 for t ≤ tj−1,

L
(i)
t L

(j)
t =

(
H(j)L

(i)
ti

)(
Mtj∧t −Mtj−1∧t

)
,

whereH(j)L
(i)
ti is Ftj−1

-measurable and in L2. By Lemma 7, L(i)L(j) is a martingale,
hence 〈L(i), L(j)〉 = 0 by uniqueness of the bracket.
• Diagonal terms. Using (y − x)2 = y2 − x2 − 2x(y − x),(

L
(i)
t

)2
=
(
H(i)

)2
(
M2

ti∧t +M2
ti−1∧t − 2Mti−1∧tMti∧t

)
=
(
H(i)

)2
(
M2

ti∧t −M
2
ti−1∧t

)
− 2
(
H(i)

)2
Mti−1

(
Mti∧t −Mti−1∧t

)
,

where we used that Mti−1∧t(Mti∧t − Mti−1∧t) = Mti−1
(Mti∧t − Mti−1∧t). The last

term is a martingale by Lemma 7 (with ξ = (H(i))2Mti−1
∈ L2, Fti−1

-measurable).
Moreover, with Z = M2 − 〈M〉, which is a (true) martingale (Chapter 4),(
H(i)

)2
(
M2

ti∧t−M
2
ti−1∧t

)
−
(
H(i)

)2
(
〈M〉ti∧t− 〈M〉ti−1∧t

)
=
(
H(i)

)2
(
Zti∧t−Zti−1∧t

)
is a martingale by Lemma 7 (with ξ = (H(i))2 bounded). Hence (L(i))2−(H(i))2(〈M〉ti∧·−
〈M〉ti−1∧·) is a martingale; the process (H(i))2(〈M〉ti∧t − 〈M〉ti−1∧t) being continu-
ous, adapted, non-decreasing and null at 0, we obtain by uniqueness

〈L(i)〉t =
(
H(i)

)2
(
〈M〉ti∧t − 〈M〉ti−1∧t

)
.
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• Conclusion. Since the intervals (ti−1, ti] are pairwise disjoint,

H2
s =

p∑
i=1

(
H(i)

)2
1(ti−1,ti](s),

and

〈H ·M〉t =

p∑
i=1

(
H(i)

)2
(
〈M〉ti∧t − 〈M〉ti−1∧t

)
=

p∑
i=1

(
H(i)

)2
d〈M〉

(
(ti−1, ti] ∩ [0, t]

)
=

∫ t

0

H2
s d〈M〉s.

Hence, M ∈M2
T being fixed, we have an isometry

H 7−→ H ·M,
(
ET , ‖·‖L2

T (M)

)
−→

(
M2

T , ‖·‖M2
T

)
,

and moreover ET is dense in L2
T (M).

Definition 10. Let M ∈M2
T and H ∈ L2

T (M). We set(
(H ·M)t

)
0≤t≤T := lim

M2
T

(
(Hn ·M)t

)
0≤t≤T ,

forHn ∈ ET such that ‖Hn −H‖L2
T (M) → 0. The continuous (and L2) martingaleH ·M

is called the stochastic integral of H with respect to M , with the notation

(H ·M)t =

∫ t

0

Hs dMs.

Remark 11. (i) The limit exists, since (Hn) is a Cauchy sequence in L2
T (M), hence

(Hn ·M) is a Cauchy sequence in the Hilbert space M2
T , by isometry. It does not

depend on the choice of the approximating sequence: if ‖Hn −H‖L2
T (M) → 0 and

‖Kn −H‖L2
T (M) → 0, then

‖Hn ·M −Kn ·M‖M2
T

= ‖Hn −Kn‖L2
T (M) −−−→n→∞

0.

(ii) H 7→ H ·M is an isometry from
(
L2
T (M), ‖·‖L2

T (M)

)
into

(
M2

T , ‖·‖M2
T

)
, and we

have

E
[
(H·M)t

]
= 0 and E

[
(H·M)2

t

]
= E

[ ∫ t

0

H2
s d〈M〉s

]
, ∀ 0 ≤ t ≤ T.

Indeed, (Hn ·M)t → (H ·M)t in L2 (by Doob’s inequality), Hn1[0,t] → H1[0,t] in
L2
T (M), and both identities hold for Hn by Theorem 8.
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Definition 12. We let

M2 =
{

continuous martingales M = (Mt)t≥0 such that (Mt)0≤t≤T ∈M2
T ∀T ≥ 0

}
,

L2(M) =
{

progressive processes (Ht)t≥0 such that H ∈ L2
T (M) ∀T ≥ 0

}
.

Then, for M ∈M2 and H ∈ L2(M), the process

(
(H ·M)t

)
t≥0

=
(∫ t

0

Hs dMs

)
t≥0

is well defined and belongs to M2.

Indeed, for T < T ′, the stochastic integral constructed on [0, T ′], restricted to
[0, T ], coincides with the one constructed on [0, T ]: this is clear for simple pro-
cesses, and passes to the limit since

∥∥N|[0,T ]

∥∥
M2

T
≤ ‖N‖M2

T ′
and

∥∥K|[0,T ]

∥∥
L2
T (M)

≤
‖K‖L2

T ′ (M).

Remark 13. (i)
∫ t

0
Hs dMs is not a Stieltjes integral: since M has infinite variation

(unless it is constant), dM is not a signed measure.

(ii) If H is adapted, continuous and bounded, then∫ t

0

Hs dMs = lim
L2

2n∑
i=1

H(i−1)t2−n

(
Mit2−n −M(i−1)t2−n

)
,

i.e. the stochastic integral is an L2-limit of Riemann sums. Proof: let

Hn
s =

2n∑
i=1

H(i−1)t2−n 1((i−1)t2−n, it2−n](s) ∈ Et.

By continuity of H , Hn
s → Hs for every s ∈ (0, t]; since |Hn| ≤ sup |H|,

E[〈M〉t] < ∞ and d〈M〉 has no atom, dominated convergence gives Hn → H
in L2

t (M). We conclude by isometry, since the Riemann sum is (Hn ·M)t.

(iii) The discretization (i.e. the evaluation of H at the left end point of each interval) is
crucial:

∫ t
0
Hs dMs is not in general

lim
L2

2n∑
i=1

Hit2−n

(
Mit2−n −M(i−1)t2−n

)
.

8



For example, take H = M = B a Brownian motion2. Then
2n∑
i=1

Hit2−n

(
Mit2−n −M(i−1)t2−n

)
−

2n∑
i=1

H(i−1)t2−n

(
Mit2−n −M(i−1)t2−n

)
=

2n∑
i=1

(
Bit2−n −B(i−1)t2−n

)2 L2

−−−→
n→∞

t,

and not 0!

2 The quadratic variation of a stochastic integral

Theorem 14. Let M ∈ M2 and H ∈ L2(M). Then H ·M is the unique element of M2

such that

〈H ·M,N〉t =

∫ t

0

Hs d〈M,N〉s, ∀ t ≥ 0, ∀N ∈M2, (1)

i.e. 〈∫ ·
0

Hs dMs, N
〉
t

=

∫ t

0

Hs d〈M,N〉s, ∀N ∈M2.

The right-hand side is well defined by the Kunita–Watanabe inequality: a.s.,∫ t
0
|Hs| |d〈M,N〉s| ≤ (

∫ t
0
H2
s d〈M〉s)1/2〈N〉1/2t <∞.

Proof. Uniqueness (up to indistinguishability). If L, L̃ ∈ M2 are such that 〈L −
L̃, N〉 = 0 for every N ∈ M2, then, with N = L − L̃, we find 〈L − L̃〉 = 0, and
we have seen (Chapter 4) that a continuous local martingale with zero bracket is
constant, hence 0 since L0 = L̃0 = 0 in M2.

Proof of the characterization (1) for H simple. Take H =
∑p

i=1H
(i)1(ti−1,ti] ∈ E. Then

(H ·M)t =

p∑
i=1

L
(i)
t , L

(i)
t = H(i)

(
Mti∧t −Mti−1∧t

)
(a martingale).

Fix t > 0, and let ∆n = (0 = sn0 < · · · < snpn = t) be subdivisions of [0, t] with
|∆n| → 0. By the characterization of the bracket as a limit in probability (Chapter
4),

〈L(i), N〉t = P- lim
n→∞

pn∑
k=1

(
L

(i)
snk
− L(i)

snk−1

)(
Nsnk
−Nsnk−1

)
2This is not a completely valid counter-example in our setting since H is not bounded; com-

plete the argument by localization as an exercise!
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= H(i) P- lim
n→∞

pn∑
k=1

[(
Mti∧snk −Mti∧snk−1

)
−
(
Mti−1∧snk −Mti−1∧snk−1

)]
×
(
Nsnk
−Nsnk−1

)
= H(i)

(
〈M ti , N〉t − 〈M ti−1 , N〉t

)
= H(i)

(
〈M,N〉t∧ti − 〈M,N〉t∧ti−1

)
= H(i) d〈M,N〉

(
[0, t] ∩ (ti−1, ti]

)
,

where we used 〈M τ , N〉 = 〈M,N〉τ (Chapter 4). So that

〈H ·M,N〉t =

p∑
i=1

〈L(i), N〉t =

p∑
i=1

H(i) d〈M,N〉
(
[0, t] ∩ (ti−1, ti]

)
=

∫ t

0

Hs d〈M,N〉s.

This holds a.s. for every fixed t, hence, both sides being continuous in t, up to
indistinguishability.

The case of a general integrand H . Let T > 0 and take (Hn)n≥1 ⊂ ET such that
Hn → H in L2

T (M); by definition, Hn ·M → H ·M in M2
T , and, for t ≤ T ,

〈Hn ·M,N〉t =

∫ t

0

Hn
s d〈M,N〉s ∀n. (2)

We let n → ∞, using the following. For the right-hand side, by the Kunita–
Watanabe and Cauchy–Schwarz inequalities,

E
[∣∣∣ ∫ t

0

(
Hn
s −Hs

)
d〈M,N〉s

∣∣∣] ≤ E
[( ∫ t

0

(
Hn
s −Hs

)2
d〈M〉s

)1/2(∫ t

0

d〈N〉s
)1/2]

≤ ‖Hn −H‖L2
T (M) ‖N‖M2

T
−−−→
n→∞

0,

since E[〈N〉t] ≤ E[〈N〉T ] = E[N2
T ] = ‖N‖2

M2
T

. For the left-hand side of (2), recall

that |〈X,N〉t| ≤ 〈X〉1/2t 〈N〉
1/2
t (Kunita–Watanabe again), so that

E
[∣∣〈Hn ·M −H ·M,N〉t

∣∣] ≤ E
[
〈Hn ·M −H ·M〉t

]1/2 E[〈N〉t]1/2 −−−→
n→∞

0,

since, by linearity and Itô’s isometry,

E
[
〈Hn ·M −H ·M〉t

]
= E

[
((Hn −H) ·M)2

t

]
≤ ‖Hn −H‖2

L2
T (M) −−−→n→∞

0

(we used E[X2
t ] = E[〈X〉t] for X ∈ M2). Both sides of (2) converge in L1, which

gives (1) a.s. for every t, and, by continuity, up to indistinguishability.
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Corollary 15. (i) If M ∈M2 and H ∈ L2(M), then 〈H ·M〉t =
∫ t

0
H2
s d〈M〉s.

(ii) If M,N ∈M2, H ∈ L2(M) and K ∈ L2(N), then

〈H ·M,K ·N〉t =

∫ t

0

HsKs d〈M,N〉s.

Proof. (ii) implies (i). For (ii), the preceding result, applied twice, implies

〈H ·M,K ·N〉t =

∫ t

0

Hs d〈M,K ·N〉s,

〈M,K ·N〉t = 〈K ·N,M〉t =

∫ t

0

Ks d〈M,N〉s,

i.e. d〈M,K ·N〉s = Ks d〈M,N〉s, and the result follows3.

Remark 16. Let B be a Brownian motion, and H ∈ L2(B), i.e.
∫ T

0
E[H2

s ] ds < ∞ for
every T ≥ 0. Then (H · B)t =

∫ t
0
Hs dBs is a martingale with bracket

∫ t
0
H2
s ds; in

particular,

E
[ ∫ t

0

Hs dBs

]
= 0, E

[( ∫ t

0

Hs dBs

)2]
=

∫ t

0

E
[
H2
s

]
ds.

Proposition 17 (Associativity). Let M ∈M2, K ∈ L2(M) and H ∈ L2(K ·M). Then
HK ∈ L2(M) and

(HK) ·M = H · (K ·M), i.e.
∫ t

0

HsKs dMs =

∫ t

0

Hs d
(∫ s

0

Ku dMu

)
.

Proof. Exercise. Hint:
∫ T

0
H2
sK

2
s d〈M〉s =

∫ T
0
H2
s d〈K ·M〉s by Corollary 15, and for

N ∈ M2, 〈H · (K ·M), N〉 =
∫ ·

0
Hs d〈K ·M,N〉s =

∫ ·
0
HsKs d〈M,N〉s; conclude by

the uniqueness part of Theorem 14.

Proposition 18 (Crucial for the extension to local martingales). Let M ∈M2, H ∈
L2(M), and τ a stopping time. Then

H ·M τ =
(
H1[0,τ ]

)
·M = (H ·M)τ .

3the integral
∫ t

0
|HsKs| |d〈M,N〉s| being finite by Kunita–Watanabe.
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Proof. For every N ∈M2, 〈M τ , N〉t = 〈M,N〉τ∧t (Chapter 4), hence

〈M τ , N〉t =

∫ τ∧t

0

d〈M,N〉s =

∫ t

0

1[0,τ ](s) d〈M,N〉s ∀N ∈M2.

Since M τ ∈ M2 and 1[0,τ ] ∈ L2(M) (it is adapted and left-continuous, hence pro-
gressive, and bounded), Theorem 14 gives

M τ
t =

∫ t

0

1[0,τ ](s) dMs =
(
1[0,τ ] ·M

)
t
. (3)

By associativity (Proposition 17), it follows that

H ·M τ = H ·
(
1[0,τ ] ·M

)
=
(
H1[0,τ ]

)
·M.

Apply now (3) to H ·M instead of M :

(H ·M)τ = 1[0,τ ] · (H ·M) =
(
H1[0,τ ]

)
·M.

3 Stochastic integration with respect to local martin-
gales

Definition 19. Let M be a local martingale with M0 = 0. We denote by L2
loc(M) the set

of progressive processes H such that, for every t ≥ 0,∫ t

0

H2
s d〈M〉s <∞ a.s.

Theorem 20. (i) Let M be a local martingale with M0 = 0. For every H ∈ L2
loc(M),

there exists a unique local martingale with value 0 at t = 0, denoted by H ·M =∫ ·
0
Hs dMs, such that, for every local martingale N ,

〈H ·M,N〉t =

∫ t

0

Hs d〈M,N〉s, i.e.
〈∫ ·

0

Hs dMs, N
〉
t

=

∫ t

0

Hs d〈M,N〉s.

(ii) If M,N are local martingales (null at 0), H ∈ L2
loc(M) and K ∈ L2

loc(N), then

〈H ·M,K ·N〉t =

∫ t

0

HsKs d〈M,N〉s.
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(iii) If M ∈ M2 and H ∈ L2(M), then H ·M is a true martingale (in L2), and this
definition is an extension of the previous one.

(iv) If M is a local martingale, K ∈ L2
loc(M) and H ∈ L2

loc(K · M), then HK ∈
L2

loc(M) and H · (K ·M) = (HK) ·M .

(v) If τ is a stopping time, M a local martingale and H ∈ L2
loc(M), then

H ·M τ =
(
H1[0,τ ]

)
·M = (H ·M)τ .

Proof. (i) Uniqueness. Let L, L̃ be local martingales, null at 0, such that 〈L,N〉 =

〈L̃, N〉 for every local martingale N . Then, with N = L − L̃, 〈L − L̃〉 = 0, hence
L− L̃ = 0 up to indistinguishability.

Existence. Let

τn = inf
{
t ≥ 0, |Mt|+

∫ t

0

H2
s d〈M〉s ≥ n

}
.

Then τn →∞ a.s., sinceH ∈ L2
loc(M) (hence the continuous process t 7→

∫ t
0
H2
s d〈M〉s

is finite a.s.).
(α) The process M τn is a local martingale bounded by n, hence a bounded mar-
tingale, so that M τn ∈M2 (as previously seen). Also,∫ ∞

0

H2
s d〈M τn〉s =

∫ τn

0

H2
s d〈M〉s ≤ n,

so that H ∈ L2(M τn), and we can define H ·M τn with the L2 theory.
(β) For m ≥ n, since τn ≤ τm, Proposition 18 gives(

H ·M τm
)τn

= H ·
(
M τm

)τn
= H ·M τn .

Hence, a.s., for every m ≥ n: (H ·M τm)s = (H ·M τn)s for s ∈ [0, τn].
(γ) From (β) , the limit

Zt = lim
m→∞

(
H ·M τm

)
t

exists a.s. (the sequence is stationary), and Zτn = H ·M τn for every n ≥ 1. Hence
Z is continuous (since it is continuous on [0, τn] for every n) and adapted (the fil-
tration being complete). SinceH ·M τn is an L2 martingale, Z is a local martingale,
with value 0 at 0, and (τn) is localizing.
(δ) Finally, let us show that if N is a local martingale (with N0 = 0, without loss
of generality, since 〈·, N〉 = 〈·, N −N0〉), then

〈Z,N〉t =

∫ t

0

Hs d〈M,N〉s.
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Let σn := inf{t ≥ 0, |Nt| ≥ n} and Sn = τn ∧ σn. The processes MSn and NSn are
bounded, hence in M2, and H ∈ L2(MSn); hence, by Theorem 14,

〈H ·MSn , NSn〉t =

∫ t

0

Hs d〈MSn , NSn〉s =

∫ t∧Sn

0

Hs d〈M,N〉s.

SinceZτn = H ·M τn and τn ≥ Sn, Proposition 18 givesZSn = (H ·M τn)Sn = H ·MSn ,
so that

〈Z,N〉Sn = 〈ZSn , NSn〉 = 〈H ·MSn , NSn〉 =

∫ ·∧Sn

0

Hs d〈M,N〉s,

and we let n→∞ (note that Sn →∞ a.s.). We set H ·M := Z.
(ii) Same proof as for Corollary 15.
(iii) Let M ∈ M2 and H ∈ L2(M), and let H ·M be the L2 stochastic integral.

For a local martingaleN withN0 = 0, let σn = inf{t ≥ 0, |Nt| ≥ n}; thenNσn ∈M2

and, by Theorem 14,

〈H ·M,N〉σn = 〈H ·M,Nσn〉 =

∫ ·
0

Hs d〈M,Nσn〉s =

∫ ·∧σn
0

Hs d〈M,N〉s;

letting n → ∞, the L2 stochastic integral satisfies the characterization (i), hence
coincides with the integral defined in (i). Moreover, it is a true martingale in L2,
since

〈H ·M〉t =

∫ t

0

H2
s d〈M〉s =⇒ E

[
〈H ·M〉t

]
<∞ ∀t

=⇒ H ·M is a true martingale, in L2 (Chapter 4).
(iv) and (v): as before, using the characterization (i) and its uniqueness part.

For (iv):
∫ t

0
H2
sK

2
s d〈M〉s =

∫ t
0
H2
s d〈K ·M〉s <∞ a.s., and

〈H · (K ·M), N〉 =

∫ ·
0

Hs d〈K ·M,N〉s =

∫ ·
0

HsKs d〈M,N〉s.

For (v):

〈M τ , N〉 = 〈M,N〉τ =

∫ ·
0

1[0,τ ](s) d〈M,N〉s,

so that M τ = 1[0,τ ] ·M , and we conclude by (iv) as in the proof of Proposition 18.

Exercise. Let M be a local martingale with M0 = 0, H ∈ L2
loc(M), and τ a stopping

time. If E
[
〈H ·M〉τ

]
<∞, then

E
[ ∫ τ

0

Hs dMs

]
= 0, E

[( ∫ τ

0

Hs dMs

)2]
= E

[ ∫ τ

0

H2
s d〈M〉s

]
.
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4 Integration with respect to semimartingales

Definition 21. A progressive process H is locally bounded if

a.s., ∀t ≥ 0, sup
0≤s≤t

|Hs| <∞.

Remark 22. (i) A continuous adapted process is locally bounded.

(ii) If H is locally bounded, then
∫ t

0
Hs dVs and

∫ t
0
Hs dMs are well defined, for any

finite variation process V and any local martingale M (with M0 = 0), since

a.s., ∀t ≥ 0,

∫ t

0

|Hs| |dVs| <∞ and
∫ t

0

H2
s d〈M〉s <∞.

Definition 23. Let X = X0 + M + V be a continuous semimartingale, and let H be a
progressive locally bounded process. We define∫ t

0

Hs dXs =

∫ t

0

Hs dMs +

∫ t

0

Hs dVs.

The resulting process is a continuous semimartingale, with local martingale part H ·M
and finite variation part H · V .

Exercise. (i) (H,X) 7→
∫ ·

0
Hs dXs is bilinear.

(ii) If H,K are locally bounded and Yt =
∫ t

0
Ks dXs, then∫ t

0

Hs dYs =

∫ t

0

HsKs dXs.

(iii) If τ is a stopping time, then∫ t∧τ

0

Hs dXs =

∫ t

0

Hs1{s∈[0,τ ]} dXs =

∫ t

0

Hs dX
τ
s .

Lemma 24. Let a : [0, t] → R be continuous with finite variation, f : [0, t] → R
continuous, and ∆n = (0 = tn0 < tn1 < · · · < tnpn = t) subdivisions of [0, t] such that
|∆n| → 0. Then ∫ t

0

f(s) da(s) = lim
n→∞

pn∑
i=1

f(tni−1)
(
a(tni )− a(tni−1)

)
.
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Proof. This is the lemma on Riemann–Stieltjes sums of Chapter 4. Let fn(s) =∑pn
i=1 f(tni−1)1{s∈(tni−1,t

n
i ]}. Then

pn∑
i=1

f(tni−1)
(
a(tni )− a(tni−1)

)
=

∫ t

0

fn(s) da(s),

and the result follows by dominated convergence, since supn ‖fn‖∞ ≤ ‖f‖∞ <∞,
|da| is finite (without atoms), and fn → f pointwise on (0, t].

Proposition 25. Let X be a continuous semimartingale and H a continuous adapted
process. For every t ≥ 0 and every sequence ∆n = (0 = tn0 < tn1 < · · · < tnpn = t) of
subdivisions of [0, t] with |∆n| → 0, we have

pn∑
i=1

Htni−1

(
Xtni
−Xtni−1

) P−−−→
n→∞

∫ t

0

Hs dXs.

Proof. We consider the local martingale part and the finite variation part sepa-
rately.
• The finite variation part follows from Lemma 24, applied ω by ω with f =

H(ω) and a = V (ω).
• So let X = M be a local martingale with M0 = 0. Then

pn∑
i=1

Htni−1

(
Mtni
−Mtni−1

)
=

∫ t

0

Hn
s dMs, where Hn

s =

pn∑
i=1

Htni−1
1(tni−1,t

n
i ](s).

This is the definition of the stochastic integral on simple processes, except that
the Htni−1

are not necessarily bounded, so let us check it. The process Hn is locally
bounded, hence in L2

loc(M). The process Yr :=
∑pn

i=1 Htni−1
(Mtni ∧r − Mtni−1∧r) is a

local martingale (for each i, localize by ρk ∧ ρ′k, with ρk = inf{r ≥ 0, |Mr| ≥ k}
and ρ′k = tni−1 on {|Htni−1

| > k}, ρ′k = ∞ otherwise, and use Lemma 7). For every
local martingale N , using the bracket as a limit in probability, as in the proof of
Theorem 14,

〈Y,N〉t =

pn∑
i=1

Htni−1

〈
Mtni ∧· −Mtni−1∧·, N

〉
t

=

pn∑
i=1

Htni−1

(
〈M,N〉tni ∧t − 〈M,N〉tni−1∧t

)
=

∫ t

0

Hn
s d〈M,N〉s,

so that Y = Hn ·M on [0, t], by uniqueness in Theorem 20.
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Next, for m ≥ 1, let τm = inf{s ≥ 0, |Hs| + 〈M〉s ≥ m}; then τm → ∞ a.s. For
fixed m, on [0, τm] we have |Hn

s | ≤ m and |Hs| ≤ m, so that∫ t∧τm

0

(
Hn
s −Hs

)2
d〈M〉s ≤ 4m2 〈M〉t∧τm ≤ 4m3.

In particular M τm ∈ M2 (its bracket is bounded by m) and (Hn − H)1[0,τm] ∈
L2(M). Hence, by Theorem 20(v) and the isometry of the L2 theory,

E
[( ∫ t∧τm

0

(
Hn
s −Hs

)
dMs

)2]
= E

[ ∫ t∧τm

0

(
Hn
s −Hs

)2
d〈M〉s

]
−−−→
n→∞

0,

by dominated convergence and continuity of H (which gives Hn
s → Hs for every

s ∈ (0, t]). Hence ∫ t∧τm

0

Hn
s dMs

P−−−→
n→∞

∫ t∧τm

0

Hs dMs;

we end with the usual argument: for ε > 0,

P
(∣∣∣ ∫ t

0

Hn
s dMs −

∫ t

0

Hs dMs

∣∣∣ > ε
)

≤ P(τm < t) + P
(∣∣∣ ∫ t∧τm

0

Hn
s dMs −

∫ t∧τm

0

Hs dMs

∣∣∣ > ε
)
,

and we let n→∞, and then m→∞.

We end by a particular case of Itô’s formula, namely the integration by parts
formula.

Proposition 26 (Integration by parts). Let X, Y be two continuous semimartingales.
Then

XtYt = X0Y0 +

∫ t

0

Xs dYs +

∫ t

0

Ys dXs + 〈X, Y 〉t.

In particular,

X2
t = X2

0 + 2

∫ t

0

Xs dXs + 〈X〉t.

Proof. Let ∆n = (0 = tn0 < · · · < tnpn = t) be subdivisions of [0, t] with |∆n| → 0. By
Proposition 25 and the convergence of the brackets (Chapter 4),

pn∑
i=1

Xtni−1

(
Ytni − Ytni−1

) P−−−→
n→∞

∫ t

0

Xs dYs,
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pn∑
i=1

Ytni−1

(
Xtni
−Xtni−1

) P−−−→
n→∞

∫ t

0

Ys dXs,

pn∑
i=1

(
Xtni
−Xtni−1

)(
Ytni − Ytni−1

) P−−−→
n→∞

〈X, Y 〉t,

and, summing these three terms, the left-hand side is equal to XtYt −X0Y0, by a
telescopic sum, since

xi−1(yi − yi−1) + yi−1(xi − xi−1) + (xi − xi−1)(yi − yi−1) = xiyi − xi−1yi−1.

Hence the formula holds a.s. for every fixed t, and, both sides being continuous
in t, up to indistinguishability.
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