Chapter 6: Itd’s formula and applications (in
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1 Itd6’s formula

We work on a filtered probability space (2, F, (F;)¢>0, P) satisfying the usual con-
ditions.

Theorem 1 (It6’s formula). (i) Let X be a continuous semimartingale, and F' : R —
R of class 2. Then, almost surely, for every t > 0,

P = )+ [ o) b [,

(it) Let X = (X',..., X?), where each X* is a continuous semimartingale, and F :
R? — R of class C2. Then, almost surely, for every t > 0,

1<i,j<d

d ¢
-1
F(X) = F(Xo)+ Y / OF(X,)dX! + ©
i=1 70 2
In particular, F(X) is a continuous semimartingale.
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The integrals are well defined: F'(X) and 0,F(X) are continuous adapted,
hence locally bounded, and F”(X), 0;;F(X) are continuous, hence integrable
against the finite variation processes (X) and (X*, X7).

Proof. (i) Fixt > 0, and let A, = (0 = t§ < ¢} < --- <ty = t)be subdivisions

of [0,¢] such that A, C A,4; and |A,| — 0. Writing a telescopic sum, and using
Taylor’s formula at order 2,

FG) = FO0) + Y (F () — F(X, )

Pn

1 &
= F(Xo) + 3 F'(Xp ) (Xep = Xip ) + 5> fui(Xep = Xip )
=1

=1
where f,, ; is a random variable which satisfies

inf F"(z) < fn; < sup F"(x), L, = [[Xt-f-il’Xt?ﬂ’

fL’EIn,Z' x€l, ;

with the notation [a, b] = [a A b,a V b]. One can take for instance

1
fri = 2/ (1—=0) F"(Xpn | +0(Xpn — Xpn ) df
0

(Taylor’s formula with integral remainder), which is a random variable.
By the convergence of Riemann sums (Chapter 5), applied to the continuous
adapted process F'(X),

Pn t
STF (X ) (X — Xep ) —— | F'(X,)dX..
i=1

n—oo 0

Hence the result follows from

Pn t
D fai(Xp = X )" —— [ F(X) d(X)s, (1)
i=1 e Jo
which gives the formula a.s. for every fixed t, and from the continuity of both
sides in ¢, which gives it a.s. for every ¢ > 0.
Proof of (1). Let m < n, so that A,, C A,. Each interval [t ] is contained

1—17 Y%
in exactly one interval [t ,,t"*], and we write ) . . for the sum over the indices i
y i j

J=b7j
such that ¢, <}, <t <1{7". Then

Pn t
D fui(Xen = X ) - / F"(X) d(X)s = Ly + Iy + Iy,
i=1 0
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with

_ pzm Z (fn - F”(Xt;_n_l)> (Xpr — X )2
ZF” X ) [Z (Xor — Xep ) - <<X>t;.n - <X>t;"_1>},

¥

= 5 F 0 ) (00— (02, ) = [ PR30,

e For m fixed, II,, ,,, —> 0, by the convergence of the discrete quadratic varia-

tionofa semlmartmgale on each of the (finitely many) intervals [t ,, t"] (Chapter

4).

Jl’J

ee We have |1, ,,| < Z,,, C,,, where

and
Zpn = SUp {}F”(Xu) —F(X,)

cu €[04, Ju—v] < |Aul}.

Indeed, by continuity of X, I,,; C {X,, u € [t!,,t"]}, so that f,; lies between
two values F"'(X,,), F"(Xy) with u, v’ € [t} |, ¢}] C [t} t7"]. Since s — F"(X,) is
continuous, hence uniformly continuous on [0, ¢], Z,, — 0 a.s. as m — oc.

eee [l[,, — 0as.as m — 0o, as a Riemann sum of a Stieltjes integral with
continuous integrand and integrator (Chapter 5).

e ¢ o0 Conclusion. Let ¢ > 0 and n > 0. For every m,

limsup P <

n—00

me Xy =Xy )= [ FUX) X)) 2

0

)

< hmsup]P(un,m\ > %) +hmsup1p><y[[nmy > ) +P<uf[m\ > %)

n—oo n—o0

where the second term is 0, and

P(|Fm| > 3) <P(Zp =) +P(Co> o),

hmsup]P’(C > —) < ]P’((X)t >

n—oo " 377



Letting m — oo, and then  — 0, we obtain (1).
(ii) Likewise, Taylor’s formula yields

d
F(Xp) = F(Xp )= ZakF(Xt?—l)<Xt’% - Xt]%_)

Fai (X = X5 ) (X = Xy ).

inf OuF(r) < fd € sup OuF(2),  Ing= [[Xp [ Xp]) <o [[XE X0 ]]

(take again f:f =2 fol(l — 0) O F (X |+ 0(Xp — Xyn ) df, the segment being
contained in the box I,, ;). The proof then goes exactly in the same way as for the
one-dimensional case, using

Pn t

STk = XxE ) (Xh = X ) % O F (X,) d(X*, XY,

Py n—00 0
which is proved as (1), with (X", X) instead of (X),and C,, = 3, [Xfi—Xf || X}n—
X} |, which is bounded in probability since C,, < 3>, (X — Xf )? + (X}n —
Xfﬁ_l)Q)- O

Remark 2. (i) Withd = 2 and F(z,y) = xy, we recover the integration by parts
formula of Chapter 5:

t t
Xth:Xon/ Xdes+/ Yo dX, + (X, V).
0 0

(ii) Let O C R be an open set, F': O — R of class C?, and assume that, almost surely,
Xy = (X},..., X?) € O forevery t > 0. Then the same result holds.

Proof of (ii). Forn > 1,1let O, = {z € R?, d(z,0°) > 1}, and let F,, : R — Rbe
of class €2 such that F,, = F' on a neighbourhood of O,, (for instance F,, = x,,F,
where y,, is a smooth function equal to 1 on {d(-, 0°) > 5-} and to 0 on {d(-, 0°) <
-1}, obtained by mollification of an indicator function). Itd’s formula holds with
F,. Let

T, =1inf{t >0, X; ¢ 0, }.

4



On {7, > 0}, X; € O, fort € [0,7,] (O, is closed and X is continuous), so that
Fn<Xt) = F(Xt), &Fn(Xt) = 8ZF(Xt) and aan<Xt) = &jF(Xt) fort e [O,Tn]. Ap-
plying Itd’s formula with F,, at time ¢ A 7,, (and using the behaviour of stochastic
integrals with respect to stopping, Chapter 5), we obtain It6’s formula with F for
t € 0, 7,]. Finally, 7, — oo a.s., since, for every t > 0,

inf d(X;,0° >0 as.

s€[0,¢]

(X being continuous, s — d(X;, 0°) is continuous, and positive since X, € O
open, hence bounded below by a positive constant on the compact set [0,¢]). [

Example 3. (i) Let B be a one-dimensional (3;)-Brownian motion, with By € F,,
and F : R* — R of class C2. Applying 1td’s formula to X, = (t, B;), since
(Id, B)y = 0 and (Id); = 0, where 1d(t) = t has finite variation, we obtain
LOF LYOF  10*F
F(t,B,) = F(0,B —(s,Bs)dB — + - B .
(t. B,) = F(0. 0)+/0 (s, B)d S+/O (57 + 5757 ) (52 Bo) ds

- OF F
Hence, if 5 + 552

595 =0, then F(t, B,) is a local martingale. For instance
F(t,z) = 2% —t, F(t,r) = 2* — 3tx, Hermite polynomials . . .

(ii) Let B = (B',..., BY) be a d-dimensional (F;)-Brownian motion, with By € .
Then (B*, B’) = 0 if i # j. Indeed, for s < t, since B, — B, is independent of Fs,
with covariance matrix (t — s) I,

E[B{B! — BB]|5.] = E[(B - B)(B! - B])]
+ BiE[B] - B]] + B{E[B; - B] =0,
so that B'B? is a martingale. (More generally, two independent local martingales
are orthogonal, see Chapter 4.) Hence, for F': R? — R of class €2,

it oF o
F(B,) = F(Bo) + > /0 8$‘(Bs)dB;+§/ AF(B,)ds
i=1 ¢

0
t 1 t
:F(BO)+/ VF(BS)-dBS+§/ AF(B,) ds.
0 0

Exercise. Let B be a d-dimensional Brownian motion, d > 2, with By = x # 0, and, for
a>0,
T, =inf{t >0, |B| = a},

where | - | is the Euclidean norm in R%. For 0 < r < |z| < R, compute P(T, < Tg).
(Hint: apply the previous example, with the open set O = R? \ {0}, to a radial function
F such that AF = 0on O.)



2 Exponential (semi)martingales

Theorem 4. Let X be a continuous semimartingale. There exists a unique continuous
semimartingale Z such that

t
Z,—g%4i/‘4dxg t>0. (2)
0

We use the notation Z = E(X), and we have the explicit representation

£(X), = exp (X, — 5 (X),). ©)

If X is a local martingale, so is £(X), by (2).

For instance, with X; = 0B,, where B is a Brownian motion with By, = 0 and
0 € R, E(X), =exp (0B, — £t).

Proof. Existence. Start from (3), and apply It6’s formula with F(z) = e to the
semimartingale X — 1(X), whose bracket is (X) (the bracket does not see the
finite variation part):

1

1 /[t 1

Uniqueness. With G(z) = e"® and Y; = exp ( - X+ %(X>t), Itd’s formula gives

t t
Y, =e X0 —/ Y, dX, +/ Y, d(X),.
0 0
Let Z be a solution of (2). By the integration by parts formula,

t t
Ez:%%+/ymz+/zdn+wyﬁ
0 0

t t t
=1+/ Y;ZSdXs—i-/ ZS(—YSdXS—FYSd<X>S)—/ YSZSd(X>5:1,
0 0 0

since (Z,Y); = — fot Z,Y,d(X),. Hence Y, Z, = 1,i.e. Z, = Y% = &(X);. O

As before, we have the generalization to complex parameters.
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Corollary 5. Let M be a (real-valued) local martingale and A € C. Then

E(AM), = exp (AMt - A;<M>t>

is a C-valued local martingale (i.e. its real and imaginary parts are both local martin-
gales), and

t
EAM), = AMOH/ E(AM), dM,.
0

Proof. Apply It6’s formula to the real and imaginary parts of F'(z,y) = A=y (a
€? function of (z,y) € R?) and to (M,, (M);); the computation is the same as in
the real case. O]

3 Lévy’s characterization of Brownian motion
If X = (X!,..., X% isan (F;)-Brownian motion with values in R?, then (X, X7), =
d;j t. The converse is true:

Theorem 6 (Lévy). Let M!, ... M? be continuous local martingales, with M} = 0,
such that (M*, M7), =t §;;. Then M = (M?*, ..., M%) is an (F,);>0-Brownian motion.

In particular, if M is a local martingale such that M, = 0 and (M), = t, then it is a
Brownian motion.

Proof. Let ¢ € R Then N, := £ - M, is a local martingale with bracket

d
= > GGMI MY, =g (M), = [¢t
7j=1

1<j,k<d

Moreover, by Corollary 5 (with A = 7),

E(IN); = exp (if - M, + @0

is a local martingale, with values in C, and

Vt>0: sup !8 (iN),| <exp(|£| ) c L'(P).
0<s<t

Hence (general result: if M is a local martingale such that E[sup. ., |M|] < oo

for every ¢, then M is a true martingale), (£(:V);)>o is actually a true martingale,

and
Vs<t:  E[E(iN)|T.] = E(N).,
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i.e. ,
E[e€ MM | 5] = o~ - (t-s)

This holds for every ¢ € R? Hence, for A € F, with P(A) > 0, the characteristic
le2

function of M; — M, under P(-| A)is & — e~ (=5 and we have everything:

M, — My ~N(0,(t — s)1;), independent of J,
and M is continuous and adapted, with M, = 0. O

Example 7. Let B be an (3;);>o-Brownian motion with By = 0, and

t
b= / sgn(By)dBs,  sgn(x) = Lizso — Lia<oy.
0

The process sgn(Bs) is bounded and progressive, so f; is well defined as a continuous
(true) martingale, and

(B)e = /0 (sgn(Bs))2 ds = t.

Hence (3 is an (F;)-Brownian motion.

4 Dubins-Schwarz representation of continuous mar-
tingales

Theorem 8 (Dubins-Schwarz). Let M be a continuous local martingale such that
My = 0and (M), = oo a.s. Then there exists a Brownian motion [ such that

M, = B(M)“ t>0.

Remark 9. (i) (5,),>0 is not an (F;)¢>o-Brownian motion in general, but a (G,),>o-
Brownian motion, where

g, =9, 7, = inf{t >0, (M), > r}.

(ii) The assumption (M), = oo a.s. can be relaxed, up to enlarging the probability
space (we omit the proof).

(iii) The proof is simpler if t — (M), is a.s. strictly increasing.



Lemma 10. Let M be a local martingale with My = 0. Then, almost surely, t — M, and
t + (M), have the same intervals of constancy:

Vo<a<b: M, =M, Vt € [a,b] <= (M), = (M),.

Proof. By continuity of M and (M), only the result for fixed a,b (say rational)
needs to be proved: a.s., both properties for all 0 < a < b follow from the same
properties for all rational a < b, by approximating [a, b] from inside by intervals
with rational end points.

First, {M, = M, Vt € [a,b]} C {{M), = (M),} up to a null set, obviously (by
approximation of the bracket by the discrete quadratic variation, along a subse-
quence converging a.s.).

Conversely, let

T =1inf{t > a, (M); # (M),} (> a).

The process

t
Ny := / 1{a<s§7’} dMs = Mipr — Mipa
0

is a local martingale, and, by definition of 7 and continuity of (1),

t
(V) = [ Lacucr) dM). = (M) = (Mo =0
0
Hence N, = 0 a.s. for every t > 0, i.e. M, = M, for every t > a. On the event
{(M), = (M),}, we have 7 > b, hence M; = M, for every t € [a,b]. O
Proof of Theorem 8. Step 1. For r > 0, define
7. = inf{t >0, (M), > r}.

Since (M) = o0 ass., 7, < oo a.s. for every r (we discard the null set where
(M) o < 00). The function r — 7, is non-decreasing and cadlag, and, if » > 0,

T = liglrs = inf{t >0, (M), > r}.

Foreveryr >0, (M), =r = (M), , by continuity of ¢ — (M),.

Step 2. Forr > 0, let G, := F,; (G,).>0 is a filtration (7, is a stopping time, the
filtration (J;) being right-continuous). It satisfies the usual conditions, by right-
continuity of r — 7, and of (F;). Let



B is (9,),>0-adapted. We have
Mt - B<M>t7 le Mt - MT

(M)

To see this, it suffices to check that M is constant on [t, 7as),] (note that ¢ < 7y,),
which is a consequence of Lemma 10, since (M), = (M) (as (M), = r for
every r, with the choice r = (M),).
Step 3. By = M., = 0, since, as in Step 2, M, = M-,
0= M,

Moreover, 5, = M, is continuous: it is cadlag (since M is continuous and
r — 7, is cadlag), and, for every r > 0, 5,_ = ,,i.e. M, = M, , by Lemma 10,
since (M), = (M),,.
Step 4. For every r > 0, M™ is an (J});>0-local martingale with

T(M)y

o’ which is rewritten as

(Moo = (M), =

bounded; hence (M/");>o and ((M;")*—(M™),),. , are uniformly integrable (F;);>0-
martingales (Chapter 4). By the optional stopping theorem, for s < r (so that
T < 7)),

?TS] - M:-ST = MTS = 557
and
E[/B’?‘ -r } 93} = E[(M;:)2 - <MTT>00 ‘ ers} = (M'rs)2 - <M>Ts = ﬁ? - S.

Step 5. Finally, /3 is a continuous (G, ),>¢-martingale such that (3), = r; by Lévy’s
characterization (Theorem 6), it is a (9, ),>o-Brownian motion. O

5 Burkholder-Davis—Gundy inequality

For a continuous local martingale M, we let

M} = sup | M|, MZ, = sup | M.
s>0

s€[0,t]

Theorem 11 (BDG). For every p > 0, there exist constants 0 < c, < C, such that, for
every continuous local martingale M with M, = 0, we have

o E|(M22] <E[(ML)] < G E[(M)22].
If 7 is a stopping time, then M +— M gives

o E[(M)22] <E[(ry| < G E[ ()22,
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The case p = 2 is Itd’s isometry and Doob’s inequality.
Proof. By localization, i.e. replacing M by M™, where
T, = inf{t > 0, |M| + (M); > n},

we can argue with M/ and (M) bounded, and obtain the general case by monotone
convergence. Likewise, we work on [0,¢], and let £ — oo by monotone conver-
gence.

Step 1: upper bound for p > 2. The function ¢(z) := |x[F is of class €. By It0’s
formula,

t ~ 1/ _
= [ plALtsgn() M.+ 5 [ plp— 1) M),
0 0

The stochastic integral is a true martingale, since its integrand and (/) are bounded.
Hence

E[|M,["] = p(p_l)E[/OthS!p‘QﬂMn} <

B 1) *\p—2
> ——E|(M; M),
p(p — 1) \p| P p/2 %
<BE—E|0gy] 7 B[00,
by Holder’s inequality (with exponents £ and £). By Doob’s inequality,

p—2

T e 3 Y I e Y R e

2

(using what we just proved). Divide by E[(/])?] *5" onboth sides (which is finite;
the inequality is trivial if it is 0), and observe that 1 — 7%2 = 12—). Letting t — oo by
monotone convergence, we get

B[(py] < opm[(np?],  with ¢ = (%)W ? <@)p/ "

Step 2: lower bound for p > 4. By the integration by parts formula,

t
(M), = M? + Ly, Li= —2/ M, dM,,
0

and, by convexity of z + |z|P/? (since £ > 1), [a + b[P/2 < 2271 ([a|P/? + |b]P/?).
Hence

E[(M)7?] < 257 (E[|M] + E[IL"] )
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<2t (B[] + ¢ [02]),

by Step 1 applied to the (bounded) local martingale L with the exponent £ > 2.
Now

(=1 [ aaan, <amy (1),
so that

271G B[] < A,E| 52 My, A, =271C

Using A,zy < 2% + %%y2 with z = (M)?* and y = (M;)?/2, and putting every-
thing together, we obtain the key inequality

2
p/2 .1 p/2 -1 f%g *\p
E[(M)?] < 2]E[<M>t |+ (25 + . E[(a)].
Since E[(M)??] < oo ((M) being bounded), it follows that E[(M)??] < (2r/2 +
AZ) E[(M;)*], and, letting ¢ — oo,

1
/ p/2 * \p r
cpE[<M)OO } < E[(Moo) } %=

So far, we have proved

o0

(. /
-~ -~

p>4 p>2

f;,E[<M>ggQ] < E[(M;;)pl and E[(M;O)P} < c;,E[w)m} .
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