Chapter 6: Ité’s formula and applications
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1. Itd’s formula
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Outline

» [t6’s formula, one-dimensional and multidimensional
» Proof
> Extension to an open set

» Examples: time-dependent functions, d-dimensional
Brownian motion
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1t6’s formula
We work on (2, F, (F:)e>0, P) satisfying the usual conditions.

Theorem 1 (It6’s formula, d = 1)

Let X be a continuous semimartingale, and F : R — R of class
C?. Then, almost surely, for every t > 0,

t t
F(X;) = E(Xo) + /0 P’(Xs)dXer% /0 F"(X5) d(X)s.

» F/(X) is continuous adapted, hence locally bounded.
» F(X) is a continuous semimartingale.
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It0’s formula: multidimensional version

Theorem 2 (It6’s formula, d > 1)

LetX = (X!,...,X%), where each X' is a continuous
semimartingale, and F : R — R of class C?. Then, almost
surely, for every t > 0,

d .
F(X) = F(X0) + Y | () dX,
i=1 v0

1 : .
+5 > /O 9;F(Xs) d(X", XI)s.

1<ij<d
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Proof (1/5): Taylor’s formula
Fixt>0,and A, = (0=t5<--- <th =t)with A, C A1,
|A,| — 0.

Telescopic sum and Taylor’s formula at order 2:

Pn
F(X;) = F(Xo) + Y F'(Xpr )(Xpr — Xpr )
i=1

1
5 2 fuiXy —Xe )",
i=1

where f, ; is a random variable such that
inf F”(x) an,i < sup F”(x), In,i = [[Xt?_l,Xt;«ﬂ,

Xelnyj xe[n,i

with [a,b] = [a A b,a V b]. For instance

1
fn,i = 2/0 (1 — 9) E’ (Xt?—l + Q(Xt? — Xt?_1)) deo.
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Proof (2/5): reduction

By the convergence of Riemann sums (Chapter 5):

Pn t
STFXe )(Xe — Xir ) —— | F(X)dX.
i=1

n—o00 0

So the result follows from

Pn t
x> FuiXe —Xp )P —— [ F(X)d(X)s,
i=1

n—oo 0

which gives the formula a.s. for each fixed ¢, and from the
continuity of both sides in t.
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Proof (3/5): decomposition

Letm < n, so A, C A,. Write Z for the sum over i such that
t‘]’”1 <t <t"<tm Then

n t
an,i(Xt;‘ - Xt?71)2 - / P”(Xs) d<X>s = In,m + Hn,m + ﬂ[ma
- 0

Pm
b =3 3 (fu = F'(Xer ) (X = X, )%
=1 i
Pm )
D = > F'(Xer ) [Z (X — Xp )" = <<X>tj”’ - <X>t/f”_1)}a
j=1 it

Pm

I = ZFH(XQ”LJ«X)@" — (XD 1) - /t F"(Xs) d(X)s.
j=1 0
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Proof (4/5): the three terms

o m fixed: I, % 0 (quadratic variation on each [t £"]).

oo |I,, | < Z,,Cy, Where
o 2 P
Co=D (X=X ,)" —— (X,

¢ n—00
i=1

Z,, = sup{\F”(Xu)—F”(Xv)\, u,0€ 0,4, |u—v| < |Am|} 22,9
m—0o0

(fui lies between two values of F”(X,,), u € [t! |, t!], and F"(X)
is uniformly continuous on [0, ¢]).

eee [,, — 0 a.s.: Riemann sum of a Stieltjes integral,
continuous integrand and integrator.
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Proof (5/5): conclusion

Fore > 0, n > 0, and every m, the probability of the event
{l]...] > e} in (%) satisfies

limsupP(|...| >¢) < limsupP(|Lym| > §)
n—o0 n—o00

+hmsuPP(|Hn,m| > %) +P(’mm| > %)7

n—oo

=0
Forn > 0,

P(lnml > 5) <P(Zw > n) +P(Cp > 5,)-

and for small enough 7

1imsupIP’(Cn > %) < P(<X>t > é)
n—o0

Let m — oo, then n — 0. O
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Proof of the multidimensional version
Taylor’s formula:

F(Xp) — F(Xpr ) Zakf? X ) X?—X’t‘?_l)
+f Yo = Xh ) (X — Xie ),
2 S -

W|th f between the inf and sup of 9, F on the box
TLIX X1

Same proof as for d = 1, using

t
Z (X = Xh V(X = Xh ) —— | OF(X,) d(XE, X,

n—oo 0

with (X*, X') instead of (X). O
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Remarks

Remark 3

1. Withd =2 and F(x,y) = xy, we recover the integration by
parts formula:

t t
XY = Xo¥o + / X, dY, + / YedX, + (X, V).
0 0

2. Let© c R? be open, F : © — R of class C?, and assume
that, a.s., X; € O for everyt > 0. Then lIto’s formula holds
in the same setting.
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Proof of 2.

O = {x €RY, d(x,0°) > 1}, and F, : RY — R of class C? with
F, = F on a neighbourhood of O,,.

> [t0’s formula holds with F,,.

» 7, =inf{t >0, X; ¢ O,}: fort € [0,7,], X; € Oy, 50 F,, and
F and their derivatives coincide at X;.

» Hence It6’s formula with F holds on [0, 7,].

> 7, — oo a.s., since for every t > 0,

inf d(X;,0° >0 a.s.
s€(0,f]

(s — d(Xs, O°) is continuous and positive on the compact
0, 1)). O
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Example: time-dependent functions

Let B be a one-dimensional (F;)-Brownian motion, By € Fy, and
F:R? — R of class C?. Ito’s formula for X; = (¢, B;):

tOF  16°F
B)) Bo) B,) oF (107N (o g
F(t, Bi) = F(0, Bo) /a S /(8t+28x2)(s’ s)ds

(since (Id, B) = 0 and (Id) = 0).

Hence, if

OF 15°F
ot 20x2
then F(t, B;) is a local martingale.

=0

For instance: x> — t, x3 — 3tx, Hermite polynomials. ..
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Example: d-dimensional Brownian motion
Let B = (B',...,B%) be a d-dimensional (F;)-Brownian motion.

(B',Bl) = 0fori # j: fors < t, B'Bl is a martingale: indeed, write
BB, = (B. + (B; — B.)) (B + (B, — B.))
so that

E([B{B, | 7] = BiB + 0+ 0+ E[(B} — B)(B, — B.) | 7] = BiBL.
Hence, for F : R? — R of class (2,
4t o Coq gt
F(B,) = F(B S (BYAB + = | AF(B,)d
(®) <o>+;/08xi<s> L+ | AFE
t 1 t
:F(Bo)+/ VP(BS)-dBS+2/ AF(By) ds.
0 0
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Exercise: exit from an annulus

Exercise

Let B be a d-dimensional Brownian motion, d > 2, with
By = x # 0, and, fora > 0,

T, = inf{t > 0, |By| = a}.

For 0 < r < |x| < R, compute P(T, < Tg).

Hint: apply It’s formula on © = R? \ {0} to a radial function F
with AF =0on O.
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2. Exponential (semi)martingales

18/47



Outline

> The equation Z; = ¢X° + [ Z, dX,
» Existence and uniqueness, explicit formula

» Complex parameters
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Exponential semimartingale

Theorem 4

Let X be a continuous semimartingale. There exists a unique
continuous semimartingale Z such that

t
Zt:eXO—i—/ZSdXS, t>0.
0

Notation Z = £(X), with the explicit representation

E(X) = exp (Xt - %(Xﬁ)-

If X is a local martingale, so is £(X).
Example: X; = 0B, &(X); = exp (6B — %t).
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Proof: existence

It6’s formula with F(x) = ¢*, applied to the semimartingale
X — —( ), whose bracket is (X):

t
1
Xi— t }(s—'* -
K30 _ X /O ; (x);)

~

/ X3 (X ) dXs.
0
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Proof: uniqueness

With Y; = exp ( — X; + 3(X);), Ito's formula gives
t t
Y, =e X0 — / YsdXs + / Ysd(X)s.
0 0
Let Z be a solution. Integration by parts:
Y:Z = 1+/ YSdZer/ ZsdYs +(Z,Y);
0 0
t . t
—1+ / Y.Z, dX, +/ Za( — YodXs + Yed(X),)
0 0

t ~
—/ Y. Zsd(X)s = 1.
0
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Complex parameters
Corollary 5
Let M be a real-valued local martingale and A € C. Then
)\2
g()\M)t = exp ()\Mf — 7<M>t>

is a C-valued local martingale (real and imaginary parts are
local martingales), and

t
EOAM); = Mo 4 ) / E(AM)s dMs.
0

Proof.
It6’s formula for the real and imaginary parts of
2
F(x,y) = e~ 2Y, applied to (M;, (M),). O
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3. Lévy’s characterization of Brownian motion
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Outline

» A local martingale with bracket ¢ is a Brownian motion
» Proof via the complex exponential martingale

> Example: |, sgn(Bs) dBs

25/47



Lévy’s characterization

If X = (X*,...,X?) is an (F:)-Brownian motion in R?, then
(X!, X)) = ;. The converse is true:

Theorem 6 (Lévy)

LetM', ..., M be continuous local martingales, with M = 0,
such that (M', M), = t&;. ThenM = (M*, ..., M%) is an
(Ft)e>0-Brownian motion.

In particular, a local martingale M with My =0 and (M); =tis a
Brownian motion.
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Proof (1/2)

Let ¢ € R N; := ¢ - My is a local martingale with

N)i = && (M, Mb): = ¢t

ik
By Corollary 5 with \ =i,
2
E(IN); = exp (1{ M + —- I&F )

is a C-valued local martingale, and

sup ‘E (iN) ‘ < exp(‘§| ) € Ll(]P’).
0<s<t

Hence (E[sups<; |M;|] < oo = true martingale) £(iN) is a true
martingale.
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Proof (2/2)

So, fors < t, E[E(iN)¢ | Fs] = E(iN)s, i.e.

le?

E[e€M-M) | 7] = =29 yge R,

For A € Fs with P(A) > 0: the characteristic function of M; — M;

2
under P(-|A) is e~ =), Hence

M; —M; ~N(0,(t —s)lz), independent of F;,

and M is continuous and adapted, with My = 0. It is a BM

g
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Example

Let B be an (F;)-Brownian motion with By = 0, and
t
Br = /0 sgn(Bs)dBs,  sgn(x) = 1xs0p — Lx<oy-

» sgn(B;) is bounded and progressive: S is a continuous
martingale.

> (B) = fg (sgn(Bs))zds =t.

Hence 3 is an (F;)-Brownian motion.
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4. The Dubins—Schwarz theorem
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Outline

» A continuous local martingale is a time-changed Brownian
motion

» Intervals of constancy of M and (M)

» Proof of the theorem
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The Dubins—Schwarz theorem

Theorem 7 (Dubins—Schwarz)
Let M be a continuous local martingale such that My = 0 and
(M)~ = o0 a.s. Then there exists a Brownian motion 3 such

that
Mt:B<M)m t>0.

Remark 8

1. B is not an (F;)-Brownian motion in general, but a
(Gr)-Brownian motion, where

Gr=Fr, 7, = inf{t > 0, (M); > r}.

2. The assumption (M)~, = oo can be relaxed, up to
enlarging the probability space.
3. The proof is simpler if t — (M), is strictly increasing.
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Intervals of constancy

Lemma 9

Let M be a local martingale with My = 0. Then, almost surely,
M and (M) have the same intervals of constancy:

VO<a<b: M=M, Vteab < (M)= (M),

Proof (=).
By continuity, it suffices to consider fixed (rational) a < b.

{M; = M, Vt € [a,b]} C {(M), = (M),}: approximation of the
bracket by the discrete quadratic variation (along an a.s.
converging subsequence). O]
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Proof of the lemma (<)

Let 7 = inf{t > a, (M); # (M),}, and
t
Ni = / 1{a<s§7-} dMs = Mipr — Mipa.
0

N is a local martingale with

<N>t - /0 1{a<s§‘r} d<M>S = <M>T/\t - <M>a/\t =0.

Hence N =0, i.e. M\, = M, for every t > a.
On {(M), = (M),}, 7 > b, hence M; = M, fort € [a, b].
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Proof of the theorem (1/4): time change

Forr >0, let

7, =1inf{t >0, (M); >r} <oo a.s.

» r+— 7, iS non-decreasing and cadlag, and for r > 0,

T = li%nTs =inf{t >0, (M); > r}.
sr

» For every r > 0, by continuity of (M):

M), =r=(M).
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Proof of the theorem (2/4): definition of g

G, := F-, is a filtration (satisfying the usual conditions). Let

By := M, ((Gr)-adapted).

o M; = /3<M>t’ i.e. M; =M
Lemma 9, since

: M is constant on [t, 7, ] by

T(M);

(M); = (M) (as (M), = rwith r = (M)y).

T(M)

e Jo =M, =0, since 0 = My = M- . = M,,.

(M)
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Proof of the theorem (3/4): continuity, martingale

e (3 is continuous: cadlag (M continuous, r — 7, cadlag), and
Bro =M, =M, =5,
by Lemma 9, since (M), = (M),.
e M™ is a local martingale with (M™)., = (M), = r bounded, so
M™ and (M™)?— (M)

are uniformly integrable martingales.
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Proof of the theorem (4/4): conclusion

Optional stopping, for s < r (75 < 7):

E[5 | Gs] = E[MX

fTs] = MTS = Bsa

E[; —r|Gs| = E[(MZL)* — (Moo | Fr] = B3 —s.

So j is a continuous (G,)-martingale with (3), = r.

By Lévy’s characterization: S is a (G,)-Brownian motion.
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5. Burkholder—Davis—Gundy inequality
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Outline

> Statement: E[(M*)?] is comparable to E[(M)P/?]
» Step 1: upper bound, p > 2
» Step 2: lower bound, p > 4

» A domination lemma, and the remaining values of p
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BDG inequality
M; = SUPse(o,] |Ms|, M3, = SuPs>0 | M|

Theorem 10 (BDG)

For every p > 0, there exist 0 < ¢, < C, such that, for every
continuous local martingale M with My = 0,

C,,E[<M>’;éz} < E[(M:;O)P} < CPE[<M>’;42].

» If 7 is a stopping time, M — M gives the same with co
replaced by .

> p = 2: Itd’s isometry and Doob’s inequality.
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Proof: localization

Replacing M by M™,
T = inf{t >0, |M;| + (M); > n},

we may assume M and (M) bounded; the general case follows
by monotone convergence.

Likewise, we work on [0, ¢] and let t — oo.
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Step 1: upper bound, p > 2 (1/2)

@(x) = |x|P is C2. 1t6’s formula:

t
WWZ/M%W%WWWWﬁ
0

and bracket). Hence

E[IMiF] =

(Holder with exponents

PR M|

Ewmﬂ”EkMﬂﬂ

2
P

-5 and §).

t
5 | po =1 M2 dia

The stochastic integral is a true martingale (bounded integrand

-1
5 )E/]Msf’zd
(M
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Step 1: upper bound, p > 2 (2/2)

Doob’s inequality:

E[My] < (SE) EIMP]

-2
Divide by E[(M;)?] 7 ;note 1 — 22 = 2. Letting t — oo:
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Step 2: lower bound, p > 4 (1/2)

Integration by parts:
M)y =M? + Ly, Li=-2 /OtMs dM.
Convexity (§ > 1): |a+ b[P/2 < 237" (|aP/2 + |b[P/?). Hence
E[(M)?] <257 (E[MP] + E[ILi2))
(0] + ¢ B[ L)),

<2

by Step 1 applied to L with exponent § > 2.

Moreover

D=4 MEAM), < 4 (M) (M),
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Step 2: lower bound, p > 4 (2/2)

With A, = 2-1C, -

v 4 . 4
28710, B[] < Ay B[y ()}
2
Using Apxy < x2 + %yz, with x = (M)/* y = (MF)P/2, we get
the key inequality

2 1 2 v, AS
o{onr] < el o+ B sfonr].

Since E[(M)//?] < oo, letting t — co:

¢ B[] <E[(ry]. o= 2;7/21+Az.
p
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So far

o E[(ML] < B[ (ML)

p=>4

E[(M;O)p] < CQ,E{(M%QZ}

p=>2

It remains to treat small values of p: a domination lemma.
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